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Abstract We give some formulas and series identities involving the Pochhammer k-symbol. In particular, we
give generalizations of formulas and identities about the Catalan numbers and the Catalan—Qi numbers given in
[F. Qi and B.-N. Guo, Integral representations of the Catalan numbers and their applications, Mathematics 5
(2017), no. 3, Article 40, available online at https://doi.org/10.3390/math5030040.] and [W. Chammam, Several
formulas and identities related to Catalan—Qi and q-Catalan—Qi numbers, Indian J. Pure Appl Math., 50, (2019),
1039-1048; Available online at https://doi.org/10.1007/s13226-019-0372-1].
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1 Introduction
The factorial function is denoted and defined by

xx+Dx+2)..(x+n—-1),n>1, x #0,
1

,n=0.

(X)n = { (1.1)

The function (x), defined in relation (Eq. 1.1) is also known as the Pochhammer symbol. The properties of
this symbol and different generalizations have been studied for a long time. These properties are important in
many mathematical areas, such as combinatorial theory, special functions, probability and statistics. For example,
several authors have focused on the approximation theory and computation using the identities satisfied by these
symbols. Here, we can cite Ablinge [1], Bagdasaryan [2], Srivastava et al. [3], and others. Also, we can refer
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to recent work of Kouba [4] who has proven several identities involving the Pochhammer symbol using the
combinatorial identity of Chaundy—Bullard.

In2019, Qi, Shi and Cerone, in defining the Fuss—Catalan—Qi function, carried out important analytical studies
of this subject (integral representations and their applications, convexity, formulas, identities, inequalities, and
the like) [5], then, they introduced the numbers known as the Fuss—Catalan—Qi numbers as a generalization of the
Catalan numbers, Fuss—Catalan numbers, and Catalan—Qi numbers, which are very important in combinatorics.
The outline of this paper is as follows. In Sect. 2, we introduce the basic background and notation to be used
throughout the paper and we present our main results. Indeed, we give a generalization of Theorems 22 and 23 of
[6] and Theorem 3 of [7]. In Sect. 3, we give new identities for the case p = ¢ of the Fuss—Catalan—Qi numbers.
Finally, we present some relations between the case p = g of the Fuss—Catalan—Qi numbers and the generalized
hypergeometric series.

2 New identities for series involving the Pochhammer k-symbol

Diaz and Pariguan [8, p. 180] introduced the Pochhammer k-symbol as
nk =x(x +k)(x +2k)...(x + (n — Dk), n,k>0. 2.1
It is clear that

xx+DHx+2)...x+n—-1),n>1,
1 ,n=0

1 = (X)p = {
and
(=xX)p = (=D"(x —n+ Dp.
The relation between the Pochhammer symbol and the classical Euler gamma function is

_ '(x+n)

(X)n = >0, 2.2)

, n=z
I'x)

where
o0
r@)=/'t?%”m, Z(z) > 0.
0

The relation (Eq. 2.2) leads us to write the ratio between two Pochhammer symbol as

(*)n _ B(y,n+x)

= ,n> (2.3)
Mn Bx,n+Yy)
and
(mnzBm+ny—m’nZQ (2.4)
(Mn B(x,y —x)
where B(x, y) is the classical beta function defined by
1 | | 00 txfl
B(x,y) = (1 =) dr = ————dt, 2.5
(x,3) /O (1-1 /0 T 25)
for Z(x), Z(y) > 0.
It is easy to see that
I')C(y)
Bx,y) = ——=, ZAx),Z(y) > 0. 2.6
(x,¥) FG+w) (x), Z(y) (2.6)
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It is well known that the Wallis ratio is defined by

Qi—DI! @) 1 Tn+1/2)
el 22 T Jm T+l -

W, =

Hence, it is easy to see that

1
W, = % n>0. 2.7)
(Dn
The Wallis ratio has been studied and applied by many mathematicians, see [9,10], for example, and plenty of
literature therein.
Now we give an important recurrence relation for the Pochhammer p-symbol. In the following, we write

N={0,1,2,..} and N* = N\ {0}.

Lemma 1 If a and b are complex numbers such that %#(a), Z(b) > 0 and p € N*, we have the following
recurrence relation:

)

’ﬁ k+a)o,

k+b)o.,
k=0 ” (2.8)
(k + an, p (k + an+1, p
(np +a) —— =mp+>b) n > 0.
P Pn<k+b>n, ”n(k+p>n+1p
Proof 1f a and b are complex numbers such that Z(a), Z(b) > 0, p € N* and n > 0, using
(a)n+l,p =(a+ np)(a)n,p,
we have
p—1
(k +a)n1, (k+np +a)k +a)
tp+b)p [ et b"*”— +b)p]_[ B YT —
k=0 (k + )n+1,p (k+np+b)(k+ )n,p
- -1
(k+np+a) g k+a,
= (np +b), H I1 ’
ig kAnp+b) o (k+b)np
(np +a) (k + a)n,
(np +b)p k=0 (k+b)np
(k + a)n W np
= (np+a)
P H k+ Dy
The required proof is complete. O

Theorem 1 If a and b are complex numbers such that #(a) > 0, Z(b) > p € N*, Z(b) # Z%(a + p) and
n >0, then

n p—1 ( +a) p—1 & +a)
Y T pt@.b. piv ————P = (@), + D(a.b. p:0) — (np + @), [ [ —L 2.9)
V=0 k=0 (k+b)v ! pk:o (k+D)n,p
and
( +a )vp _ A _ L (k+a),,+1,p
;)Hma b, p;v)— L T = (a), + D(a, b, p; 0) (np+b),,lg)—(k+b)mp, (2.10)
with

D(a,b, p;n) = (pln —11+b), — (np +a),.
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Proof For n = 0, it is not difficult to verify Egs. (2.9) and (2.10).
Assume that Egs. (2.9) and (2.10) are true for some n > 0. Then, by induction, using the recurrence relation
(2.8), we have

n+1p—1 n p—1

(k+a)vp (k—l—a)vp
Y [ p@b. piv)yo—2 = 3" [] Dla.b. prv) "L
v=0 k=0 (k + b)v,p v=0 k=0 (k + b)v,p

p—1

(k+a)n+1,p
+ D(a,b,p;n+1) _—
g) (k + b)n+l,p

p—1
(k+a)np
= D(a, b, p;0) — —_—
(@), + D(a, b, p; 0) (np+a>pg(k o

p—1
. (k +a)n+l,l7
-l-[(np—i—b),J ((n+ 1)p+a)p] g—(kﬁLb)nH,p

"k +a)
= (a)p 4+ D(a, b, p;0) — (np + a) —— P
’ g P ”E)(Hb)n,p

p—1
(k + a)n+1 P
+(np +b) PT —
! ,g (k+ b)us1,p

p—1
(k+a)ny1 p
—((n+Dp+a) TR
! }]0 (k+b)us1p

1k + @
= (a)p + D(a,b, p;0) — ((n+ D)p +a) L ntlp
’ ’ ,E) TED g

The proof of Eq. (2.10) is similar to the proof of Eq. (2.9). The proof of the theorem is complete. O
Corollary 1 Ifa and b are complex numbers such that Z(b) > %(a + p) > p € N* andn > 0, then

Zl_[D(a b proy K Dup (b_p)p[l_B(b_“"’;“t”p“Lp)] (2.12)
i (k—l-b) vp B(a,b—a— p)
Consequently,
oo p—1
S T] D@, b. pin Eiig;” b —p)y. (2.13)
n=0 k=0 P
Proof Using Theorem 1 and Eq. (2.6), we obtain the result. O

Example 1 Fora = %, b =2 and p = 1, we find the simple classical result for the Wallis ratio,

n

3 Wo _,_ @utl

U:Ov—{—l n—+1

W,, n > 0. (2.14)

Example 2 Fora = %, b =2 and p = 1, we find the classical results for the Catalan numbers [6],

e
4—5_2 (2n+1)—, n=>0 (2.15)
v=0
and
o0
C
d =2 (2.16)
4n
n=0
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Example 3 Fora = p =2 and b = 5, we obtain

n
1 1
e —1-——, nz0 2.17)
= w+DHw+2) n—+2
Consequently,
o0
Z (2.18)
U 1)(n +2)
Example 4 Fora = p = 3 and b = 4, we have the classical result
n
1 3 3 1 2
Yo+ =—— 5 Bt _ et Dn+2) (2.19)
54 n—+1 2
Example 5 In general, fora = p, b = p + 1 with p € N\{0, 1}, we have
n
D(p,p+1,p;v np +
3 (p.ptlp )=p!—M=p!—p(np+p+l),,_1, n=>0. (2.20)
= v+ 1 n+1
As n — 00, the sums of these series fail to have a limit.
Example 6 1f a and b are complex numbers such that Z(b) > #Z(a + 1) > 1 and p = 1, then
n
1
2@2—[1;—1—(“)—”“],;430 2.21)
=0 (b)y b—a-—1 (D)
and
o0
b—1
3 (Z)” o (2.22)
=0 (b)n —a—-

3 Sums of finite and infinite series of certain cases of Fuss—Catalan—Qi numbers

In combinatorics, the Catalan numbers are a sequence of natural numbers that arise in various counting problems,
often involving objects that are recursively defined. They are named after the Belgian mathematician Eug ne
Charles Catalan. The nth Catalan number can be expressed directly in terms of binomial coefficients by
! 4T 1
et 4Tty
nln+ 1!  J/alxn+2) -

The first Catalan numbers for 0 < n < 11 are

Cy =

1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786.

Sequence A000108 in the OEIS. One finds in the literature many generalizations of the Catalan numbers, such
as the g-Catalan numbers [11,12], super ballot numbers [13], Fuss—Catalan numbers [14—16]... .

Since 2014, Qi and his co-authors, in defining the Catalan—Qi numbers as a generalization of the Catalan
numbers, have carried out important analytical studies of these numbers [6, 10, 16-27].

The nth Catalan—Qi number can be expressed directly in terms of the Pochhammer symbol by

(a)n n >
(P

where a and b are complex numbers such that Z(a), Z(b) > 0.

Cla, b:n) = ( ) 0, 3.1)
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In particular, we have

C(% 2: n) —C,, n>0.

In 2019 [5], Qi, Shi and Cerone introduced a unified generalization of Catalan numbers, Fuss numbers,
Fuss—Catalan numbers and Catalan—Qi numbers, and discovered some analytical properties of the unified gen-
eralization, known as the Fuss—Catalan—Qi numbers, defined by

I'(pn +a)
b n 2
I'(gn + b)

o) (b)(q—p+l)n

q-p
F@) [T(n+ D]

Q(a,b; p,q;n) = 0, (3.2)

a
where Z(a), Z(b) > 0 and p, g € N*. In particular,

1
Q<§,2; 1. 1;n> =0(1,2:2, 1:n) = C,,
Q(a,b; 1,1;n) = C(a, b; n).

Moreover,

a )2(qu)n 1

0 poaim = (5)" 7 Gy e

and, when p =g ora =b,

Q(a,b;q,p;n)Q(b,a; p,q;n) =1.

Now we will give some sums of finite and infinite series involving the case p = ¢ of the Fuss—Catalan—Qi
numbers using the main results in Theorem 1.

Theorem 2 (Theorem 3.1, [5]) If %(a), Z(b) > 0 and p,q € N¥, the Fuss—Catalan—Qi numbers
O(a, b; p, q; n) can be expressed by

Q(a,b; p,q;n) = [(S)

—1 k+a .
(@-p+) T (B)T [1isy C(55% Lin
a-p+1 T'(b) (P+“):| k=0 (J’: ), n=0. (3.3)

D@T(g+0) ] TTZ e (5, 15n)

Corollary 2 For % (a), Z(b) > 0 and p € N*, the case p = q of the Fuss—Catalan—Qi numbers can be written
as

b)np— (k+a).p

Q(a,b; p,p;n) = <Z > 0. (3.4)
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Proof Using Eq. (3.3), we obtain

TG (p+a)]"k

Q. bip.pim =1\ ) Far(p )

rerp+a”
I'@)I'(p+b) |

(
(
( p
F@C(p+b] ¢ (25)"p"
TB(p+a)]" i (

7

I'@)I'(p +b) |

k
INONCET) ”[”‘
(@ (p+b) |

-] 6] T
a (b)p (a)p
(b 1:[ (k+a)y (k+a)np
a’ (k+b)np

The required proof is complete. O

According to Eq. (2.8), if Z(a), Z(b) > 0 and p € N*, the Fuss—Catalan—Qi numbers with p = ¢ satisfy
the following recurrence relation:

Qa, by p, p;0) = 1, .
(np +),Q(a.bi p. pin+1) = (2 ) (np +a), Q(a. bi p. pim). n = 0.

Proposition 1 If a and b are complex numbers such that Z(a) > 0, Z(b) > p € N*, and % (b) # %(a + p),
the Fuss—Catalan—Qi numbers with p = q satisfy

(o s

[BE=)
_ <§>F(b)r(p+a> I

(o s

(D rh

Lk @y
o k4D p

||::]

)
)

(3.5)

n
a\k
> (3) Db, pib)Q@.bi p. pik) = b= p)p— (p+a), () Qabi popim  (3.6)
k=0
and
" a\k a\n+l1
Y (3) @b pikQ@.bip. pib) = (b= p)y = p+5)y(3) Qabip.pin+1) 3D
k=0
forn > 0.
Proof Using Eq. (3.4) in Theorem 1, we obtain the results. O
Corollary 3 If a and b are complex numbers such that Z(b) > Z(a + p) > p € N*andn > 0, then
n
a\k B(b—a— ,a+np—+ )
Y- (5) Db, piboa.bip. pil) = (b - p>p[1 - A a4 } (3.8)
P B(a,b—a — p)
and
o0 a n
> (5) D(a,b, p;m)Q(a, b; p, p;n) = (b — p)p. (3.9)
n=0
Proof This follows from using Eq. (3.4) in Corollary 1. O

Remark 1 1Ttis clear that Proposition 1 is a generalizations of the formulas and identities for the Catalan numbers
and Catalan—Qi numbers given by Qi and Guo [6] and by Chammam [7].
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4 Some Relations Between the Fuss—Catalan—Qi Numbers and the Generalized Hypergeometric Series

The generalized hypergeometric series is defined for complex numbers ¢; € C and b; € C\ {0, —1, =2, ...}, for
positive integers p, g € N, by

o (@) (@p)n 2"
Fo(als oy by, by z) =Y 00PN S
pFy(ar, ...;ap: by g 2) ,,2:(:, oo

In [23], Qi et al. discovered that , F) (a, 1; b; %t) is a generating function for the Catalan—Qi numbers C(a, b; n).

Theorem 3 ([23, Theorem 10]) For a,b > 0 and n > 0, the Catalan—Qi numbers C (a, b; n) can be generated

by
2F1<a 1: b; —) ZC(a b: n)e" (4.1)
and satisfy
n . k(" b
C(a,b;n) =(-1) Z(—l) L Fl (a, —k; b; ——). 4.2)
k a
k=0
Lemma 2 Fora,b > 0and p € N*,
1
a a+p—-1_b b+p—1 X (k+ a),
p+1Fp<—,..., axp=" 4.2 .. L ) ST ey, (4.3)
p p p o kKD
Proof Fora,b > 0 and p € N*, we have
1 -1 k
S Cray, S,
- k+b
i S U N n=0 k=0 pn(T)n
oo p—1 (kﬂ
:Z )4 "tn
(%)
n=0 k=0 p /n
—1 (k+
B i” (5% nt
- (M) !
n=0 k=0 p /n
-1 +k
S G
- b+k |
oico (550), M
a a+p—1 b b+p—1
= p+1Fp(_v . ) 19_’ ’ ’ )
p pP p p
The required proof is complete. O
Theorem 4 Fora,b > 0, p € N* andn > 0, the Fuss—Catalan—Qi numbers Q(a, b; p, p; n) can be generated
by
a a+p—1 b b+p—-1 bt)
1 F (—, iy —— I —, o, —— O(a, b; p, p; n)t" 4.4)
PP p p p p a Z
and satisfy
a\n(1-p) P n b
()o@ b popsm = YD) o (0 <k b =), (45)
b = k a
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Proof Using Eq. (3.4) and Lemma 2 we can obtain Eq. (4.4), and using Eq. (4.2) we obtain Eq. (4.5). O

Definition 4.1 [28] Given two sequences {a,},en and {b,},en, We say that the sequence b, is the binomial
transform of the sequence a,, if

by = Xn: (Z)ak.

k=0

Corollary 4 For a,b > 0, p € N* and for all nonnegative integers m, n, s, the Fuss—Catalan—Qi numbers
Q(a, b; p, p; n) satisfy

S ktn—s)(1—
Z(m)((n+k)p)(%)(+ )1 p)Q(a,b;p,p;k_i_n_s)

k=0 kp sp
np
k b
=2 (=Dehr (””) (’” ’ ”) 2Fi(aom = (e +5)pi b =~). (4.6)
kp sp a
k=0
Proof Just note that the sequence ,F) (a, —n; b; —g) is the binomial transform of the sequence (—1)"”
n(l—p)
(%) Q(a, b; p, p; n). Using theorem 3.2 in the paper [28] completes the required proof [29]. O
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