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Abstract For any real number 7, let [ 7] be the largest integer not exceeding y. As usual, let d(n) be the divisor
function. Recently, Ma and Sun obtain the following

,;Cd (ED =2x + O, <x11/23+g) .

where A = Y 2, % is an absolute constant and ¢ is an arbitrarily small positive number. In this article, we
give a slight generaiization of their formula. Specifically, we prove that for any ¢ > 0, the asymptotic formula

> a(| 2] =0t

n<xl/c

holds, where 6, < % and d. = Zkzl d(k) < ) is a constant.
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1 Introduction

Let d(n) be the divisor function, and let | 7] be the integral part of real number ¢. The celebrate result of Dirichlet
showed that

Zd(n):xlogx+(2y— Dx + 0 (Vx),

n<x

where y = 0.577215664 . .. is the Euler constant. The explorations of the error term turn out to be a significant
issue of number theory [5]. From [3], we know that

Z d (L%J) =xlogx +Q2y —Hx+ 0 (x517/]648+"(1)) )

n<x
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In 2019, Bordelles—Dai—-Heyman—Pan—Shparlinski [1] established an asymptotic formula of
X
H = —
o =r(%])
n<x

under some assumptions of f.In [6], Liu, Wu and Yang established the following variant prime number theorem

Ak
S AR/n) = Y i s + 0671,

n=<x k>1

whose error term improved upon the former ones given by Wu [9], Zhai [10], Ma—Wu [8] and Bordelles [2].
Using the asymptotic formula obtained by Wu [9] to the divisor function, we can get

H;(x) =x ; % + O, (x1/2+8> .

In 2021, The error term x '/2+¢ was improved by Ma—Sun [7] to x'1/23+¢ by using the method of exponent pairs.
Inspired by the above works, in this article we study the asymptotic formula of

X
Sucry =Y d(|]).
n<xl/c
where c is a positive real number. Now, we state our theorem in the following.

Theorem 1.1 For any ¢ > 0 and x — o0, we have

1 1
Sd.c(x) = x!/e Zd(k) (le - W) + 05,c(x9‘+8)a
k>1

where

(1.1)

11

2 . 2

b — ) f0<c<q7,

c — . 2
ez ¢ =17

Taking ¢ = 1 in our theorem, the results are reduced to those of Ma—Sun, so Theorem 1.1 extended Ma—Sun’s
theorem.

2 Auxiliary Lemmas

From now on, let x be a large positive number and n stand for the positive integers. Let ¢ > 0 be arbitrary small
positive number which may not be the same throughout our paper. Put e(y) = ¢>™*¥. For two complex-valued
functions f(x) and g(x), the notation f(x) = O(g(x)) or f(x) <« g(x) means there exists a positive constant
M such that | f(x)] < M|g(x)|]. And D < d < 2D is abbreviated to d ~ D.

Lemma 2.1 ([4, Lemma 2.4]) Suppose that
m n
L(H)=_ AH%+» B;H™",
i=1 j=1
where A;, Bj, a; and b; are positive. Assume that Hy < H». Then there is some H with Hy < H < Hj and

mnon bi—a 1/(ai+bj) i @ n b
L) < Y 3 (47 B + > AHT+ > BiH,
i=1 j=1 i—1 =1

The implied constants depend only on m and n.

The next one is a standard result in the Fourier analysis.
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Lemma 2.2 ([4, Theorem A.6]) Let t be any real number. For x > 1 and H > 1, we have

_ h e(hx)
V== ) ©<H+1> 2min T RHE)

I<|h|<H

where ®(t) = mt(1 — |t|) cot(srt) + |t]| and

1 7]
IRy (x)| < 2H+20<|;<H (1 — ﬁ> e(hx). @2.1)
For D < x, let
)»
T, D) = Y d)y ( i S)A) 2.2)

k~D
Next lemma gives us a bound of s ; (x, D).

Lemma 2.3 Ler § be a fixed nonnegative constant. For large x, we have
%5 (x. D) <o x° ((xszll—zx)l/m + (P DOy 12 x—ADA+1)

forl1 <D <x.

Proof Using the well known d(k) = )", _, 1 and the symmetry of factors, we get

A
s, Dy=)" " "’((Hw)

k~D mn=
- ¥ ()
meapn-pym N+ 0)
Z 5 w((”‘””)k% 2 1”((anrw)
2pn~Dfm 2D<m<2Dn~D/m
=2
Z Z I//((mn+8)/\>
2Dh~D/m
By Lemma 2.2, we have
s (x D):_L (E’ + 3 >+2// 23
o i (78 8. 3. )
where
5= X T Y se(7h) (Gr)
S = .
m< 2Dn~D/m1<h<H H+1 (mn + 6)
and

A
23’*_22 Z ((mn—i-(S))‘)

</2D n~D/m
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For X} ,, using exponential pair (k, /) on the sum over n and the fact that 0 < ® (1) < 1(0 < |t] < 1), we
8, g eXp p

obtain

k l A1
1 mhx* D DM
!
sacy ¥ (5 (2) ¢ o]
m=<+2D 1=h<=H
< Z (xkkmk—lDl—)Lk—ka + x—)LD)n-‘rlm—l)
m<~/2D
<<xAkD(l—2)\k—k+l)/2Hk + x—ADA-‘rl log D

for all H > 1. For the theory of exponent pairs, we recommend readers refer to [4, Chapter 3].

For 2(’3’,)&. By using (2.1), we have
A
<(mn + 8)* ) ‘

233<<Z >R
< Y XY (- (o)

2pn~D/m
m<+2Dn~D/mO0=|h|<H

<« DH™ 11ogD+|2 s

where

- 1 ] I
Es,x—ﬁz > (1_H+1>e<(mn+5)k>'

m<~2D n~D/m1<h<H

—

Using the same method as X5 , on Xf ,, we can get

/EZ/Z < DH™! log D 4 Mk pU=2Mk—k+D/2 k| =k pitl log D,

provided H > 1.
Combining (2.3), (2.4) and (2.5), we can obtain that

$5..(x, D) < DH 'log D 4 x* pU=2k=k+D/2 gk | =2 pr+116g D
for H > 1. By taking
m=n=1, ay=k, b =1,

1
A = XMk pU=2k=k+D/2 B — DlogD, H; = 5adez — 400

in Lemma 2.1, we get
1/(2k+2)
s.a(x, D) < (xz“‘D”k*”"+1 (log D)Zk) +
Taking (k, 1) = (%, %) we get that

T, D) g x° (xk/7D11/147)\/7 4 M6 p3/A=h/6 _i_foD)Hrl) .

After a simple calculation, we can get the Lemma.

WM PU=2=K4D/2 | =k pitl 60 .

(2.4)

(2.5)

(2.6)
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3 Proof of Theorem 1.1

Letn e [1, xetD]pe a parameter to be decided later. We split the sum Sy (x) into the following two parts
Sa(x) = S1 + S, 3.1

where

= Ta(|2]) ms= ¥ a(Z):

n<n<xl/c
Using that d(n) <. n®, we have the trivial estimate
S| e nxt. (3.2)

For S, we denote k = I_;_‘J then

k<X cktle () <(x)?
— < — ) <n —-) .

~ n¢ k+1 — \k
Thus we can write

=Y dk) > 1

k<x/n°  (x/k+1)1/c<n<(x/k)l/c

xl/e xl/e x /e xl/e
=2 d<k>{m—w<m)‘m+"’<<k+nl/c>}

k=x/n¢
1 1
_1/c - _ .
= ;d(k) <kl/c k + 1)l/c> + Ro(x) — Ri(x) + O (nx°). 3.3)

where we used the bounds

1 1
1/c E : -
o 4w (kl/c (k + 1)“@) e

k>x/n¢
xl/c xl/c .
> d(k) {w (W) —v (W)} <Y dk) < nx
k<n k=n
and defined
xl/c
Rs(x)= Y dk)y <m)
n<k=x/n¢
with 8 =0, 1.

From now on, let D; = x/(2/7¢) with 0 < i < log(x/n°*')/log2 such that n < D; < x/n°.
For0 < ¢ < %, Lemma 2.3 allows us to deduce that

|Rs (x)] < > Zs.1/¢(x, D;)
l<i<log(x/n“*t1)/log2

N 1/(14c) 1/(12¢) 1/c
e Z £ ((xle.”‘_z) + (xzD?c—z) + (x—lDiH—c) )

I<i<log(x/n°t1)/log2

1/(14¢) 1/(12¢)
<L x° ((xzn“c_Z) + <x2n90_2> + xn_(l+c)> . (3.4)

Taking %/3¢+2)| we obtain

Rcs (.X) <<8 x2/(3c+2)+8.
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Similarly, we have
Rs(x) Ko X <<x11n_llc+2>l/(l4c) " (xzngc_z)l/(lzc) +xn—(1+0))

for%§c<§,and

1/(14c) 1/12
Rs(x) e x° <<xlln_llc+2> + <x9n—9c+2) +xn—(l+c)>

for ¢ > %. Taking n = x'/(11e+12) "we find
Rg(x) <<SC xll/(11C+12)+8.

Inserting these into (3.3), we obtain

. 1 1
Sac@) =x1 ) d() (kl_/ B m) O ().
k>1

This completes the proof.
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