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Abstract In this article we derive both Hamilton type and Souplet—Zhang type gradient estimations for a system
of semilinear equations along a geometric flow on a weighted Riemannian manifold.
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1 Introduction

The study of gradient estimation was started after the work of Li and Yau [11], where they derived a bound for
the quantity Wu—”l and u satisfies

(A—gx)—0)u(x,t)=0,

which is known as the Li-Yau type estimation. This field becomes much popular after introducing Ricci flow by
Hamilton [5,6]. Later Souplet and Zhang [14] developed this area. Gradient estimations were studied on many
different system of equations. There is a vast literature for deriving gradient estimation for single differential
equations, to get an idea see [7,8] and the references therein. For system of equations we start by considering
the work of Shen and Ding [13] where they considered the following system

up = Au" 4+ ki (1) f1(v),
v = AV + ko (1) fo(u),

with nonlinear boundary conditions, where A is the Laplace Beltrami operator and proved that the solution of
the above system blows up in finite time using differential inequality and Sobolev inequality. A parabolic system
of the form
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uy = Au —V-(mVv),
v =Av—v+u,

is called Keller-Segal system, which was studied by Winkler [16]. Global existence and finite time blow up of

the solution for the following semilinear parabolic system

u; = Au + e P,
v, = Av + Pyl

on hyperbolic space was showed by Wu and Yang [19]. System of nonlinear parabolic equations have numerous
applications in quantum physics, fluid dynamics, laser-plasma interaction, study of Navier-Stokes equation and
many other fields. For example, the system of Zakharov equations plays an important role in laser-plasma
interaction. Various interesting results for this system have been studied by Zheng, Shang and Di [20]. Uniform
stability for Memory-Type Elasticity System have been studied by Li and Bao [10]. In [4], Feng and Liu
studied smooth solutions of compressible Navier-Stokes-Poisson system in R3, which represents the dynamics
of electrons in semiconductors.

Motivated by the works of Wu [17], in this article, we acquire the Hamilton type and Souplet-Zhang type
gradient estimations for the system of weighted semilinear equations

Ay — ) f = —ehP,
(Ap—03) f ) (L.1)
(Ap — d)h = —e? [,
on a complete weighted Riemannian manifold (M", g, e~%d ) along an abstract geometric flow
0
—&ij = 2S8ij, (1.2)

ot

where g(t) is an one parameter family of the Riemannian metric evolving along (1.2), e=?du is the weighted
volume form, ¢ is a twice differentiable function on M, p, g, A1, A, are positive constants and Ay := A — VoV
denotes the weighted Laplacian operator, S;;(t) := S(e;, e;) is a smooth symmetric 2-tensor on (M, g(t)).

2 Preliminaries

This section is devoted to the basic results and evolution equations that will be used later.

Lemma 2.1 [Weighted Bochner formula][1] For any smooth function u, we have
1
§A¢|Vu|2 = |Hess u|2 +(VApu, Vu) + Ricy(Vu, Vu),

where Ricy := Ric + Hess ¢, is called the Bakry-Emery Ricci tensor [2], Hess is the Hessian operator and for
any integer m > n, the (m — n)-Bakry-Emery Ricci tensor is defined by

Vo Ve

Ricg“” := Ric + Hess ¢ —
m—n

Lemma 2.2 [1] If u is any smooth function on M then under the geometric flow (1.2), the expression |Vu|?
evolves by

a
a|W|2 = —28(Vu, Vu) + 2(Vu, Vuy). 2.1
Letxp € M and R > 0, T > 0 be any two real numbers. Define a compact subset of M x (—o0, 00) by

Dr(2R) ={(x,1) 1 di(x,x0) <2R, 0 <1 < T},

where d; (x, xo) is the geodesic distance between x and xo under the metric g(z).
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892 S. Bhattacharyya et al.

3 Hamilton type gradient estimate

In this section we derive both local and global Hamilton type estimation for positive solution of (1.1) along (1.2),
for this we consider (f, h) = w3, v3) asa positive solution to the system (1.1). Substituting f = w3, h=v3in
(1.1) we get

{ 3uP(Ap — d)u =  —6u|Vul> —M'v3P, a1

302(Ag — d)v = —6v|Vu|> — ™2,

Lemma 3.1 Let (4, v) be a positive solution to the system of equations (3.1). If there exist positive constants
ki, ky such that Ricy > —(n — 1)k1g and S > —kog then the function H; := u|Vu|2 satisfies

3

(Agp —0)H1 = 41473’}-[% — 4y ! (Vu, VH1) — 2pek"v3p7%u72\/H1H2
+eM VPP H — 2 ((n — Dy + ko) Hy (3.2)

and the function Hy := v|Vv|?* satisfies

(Ag — 8 Ha > 40 ¥H3 — 4v~ 1 (Vv, VHy) — 2ge* a1~ 3v=3 VHH,

+2 39T Hy — 2 ((n — Dk + k2) Ha. (3.3)
Proof Differentiating H| = u|Vu|> with respect to  gives
OHL = |Vul*u; + ud,|Vul|>. (3.4)
In view of Lemma 2.2, (3.4) gives
OH1 = |Vul>u; — 2uS(Vu, Vu) + 2u(Vu, Vuy). (3.5)

Using weighted Bochner formula (Lemma 2.1) we have

ApHi = |Vul* Agu + 2u|Hess u|*> 4+ 2u(V Agu, Vu) + 2uRicy(Vu, Vi)
+4Hess u(Vu, Vu). (3.6)

Subtracting (3.5) from (3.6) we have

(Ap — 0)H1 = [Vul*(Ag — 8)u + 2ulHess u|* + 2u(V(Ag — 8)u, Vu)
+2u(Ricy + S)(Vu, Vu) 4 4Hess u(Vu, Vu). (3.7)

Applying the first equation of the system (3.1) in (3.7) we have
1
(Ap — 0)H) = —§|Vu|ze)‘”v3pu_2 + 2u|Hess u|> + 4Hess u(Vu, Vu)

2
+Z|Vul* — 8Hess u(Vu, Vu) — 2pe ' v3P~ 1y~ (Vu, V)
u

4
+§e)“tv3pu_2|Vu|2 + 2u(Ricy + S)(Vu, Vu). (3.8)
Note that
2 Vu® Vu |
2u|Hess u|® + 4Hess u(Vu, Vu) + —|Vu|* = 2u [Hess u + Yu® v
u
> 0. (3.9)

Hence (3.8) reduces to
(Ap — d)H1 = 03P u=2H| — 8Hess u(Vu, Vu) — 2pe*v3P =1y~ Vu|| Vo
+2u(Ricy + S)(Vu, Vu)
= M3Pu">H, — 8Hess u(Vu, Vu) — 2pe“tv3p*%u7%\/7ﬁ7’(z
+2u(Ricy + S)(Vu, Vu).
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We see that
8Hess u(Vu, Vu) = 4u~"(Vu, VH1) — 4u™>H3. (3.11)

Applying (3.11) and the bounds of Ricy, S in (3.10) we get (3.2).
Due to symmetry we can easily obtain the result (3.3) from (3.2).
This completes the proof. o

Let k1, k1, K2, k2, k1, kp be positive constants. Let 71 € (0, T'] and (x1, 1) € D7, (2R) be any point. For any
X1 € M and R > 0 we may find a cut-off function v : [0, c0) — [0, 1] defined by [11]

1 serqo,
ver= {0, s €[2,00), G-12)

2
belonging to C2(M) satisfying —co < ¥/(s) < 0, ¥ (s) > —c; and |¢¢Es;\ < c1, where cp, ¢ are positive
constants. Let R > 1 be a constant and define

(3.13)

n(x’ t) — -w (M) 3

R

To assume everywhere smoothness of ¥ so that we can use maximum principle, we apply Calabi’s argument
[3]. By generalized Laplacian comparison theorem [9,12, 18] we get

(D) Apdi(x,x1) < (n— l)x/—coth(\/_dz(x,xl)),
2 A¢n > -2 - HVk +5) — &,
SR
Let
G1 =nH1, G2 =nHa. (3.14)
‘We denote
Qi(x, 1) = Qu’ — ' v3Pun 4+ 2((n — Dky + ko),
Q(x, 1) = W3,
Q3(x,1) = 2pe“’v3p_%u%n\/g_,
Qi(x, 1) = Qud — 23 + 2((n — Dky + ka)no3,
Qo(x, 1) = 2y3,
Q3(x, 1) = 2qeM 3030 /Gy,
and
Q=Lm— D(VE + 2)+ 34 + ek,
Q] = QKI + 2((n — Dk + k2)K1’

Q* _ 4«/> 2

iy = ki

Q1 = QKZ + 2((n — Dki + ko)i3,
- 4\/7

&= <

Q= czkle + 263 ((n — Dy + k),
Q= cakaks + 2k5 ((n — Dk + ka),
where 1, G1, G» are defined in (3.13) and (3.14) respectively.

Theorem 3.1 If (f, h) is a positive solution to the system (1.1) along the flow (1.2) satisfying 1213 <f< K13 and
/223 <h< /c23 in DT (2R) and Ricy > —(n — 1)k1g, S > —kag on Dy (2R) with t € [0, T] then

1
Tf 3 /K1 <4l/+ 4/ 21 +<239€8A,]t+#88)\.2[)4>,
(Q

I A

(3.15)

|Vh| K 4/ 1 4/ 2l 8At 18At
753\/é<ﬂ+ Tz s ))

)?

(sz) 8 8p—4 8 8g—4
+ 556 () + _%P“‘zp i} and ! = == + (@) + 3 g3

where | =
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894 S. Bhattacharyya et al.

Proof Let Gy, Gy achieve maximum at (x1, t1) € D7, (2R). We assume that at (x1, #1), G1 > 0, G> > 0, otherwise
the proof will be trivial. Hence at that point

VG =0, AG <0, 3,G1 >0 (3.16)
and
VG, =0, AG, <0, 3,G2 >0. (3.17)

For ease of calculation we proceed with (3.16) and get
H
VH = ——Lvp. (3.18)
n

By [15], there is a constant ¢, such that

—Hin >

—6‘2](27‘(1 .
Hence

0> (Agp —93)G1
=Hi(Ap — d)n +n(Ay — ) Hy
> —QH1 +n(Ay —0)H) (3.19)
Using (3.2) in (3.19) we have

3

0> —QH| + 47714_37'{% — 4dpu~ Y (Vu, VH;) — 2npe)‘ltv3p_%u_2m
+net VP Uy — 21 (0 — Dkt + ko) i (3.20)

Using the relation n(Vu, VH1) = —H1(Vu, Vn) < fl n2H1 |Vu| in (3.20) and multiplying the resultant
equation with nu>, we obtain

3
2

0> szu3gl+4g2—4*/_ 1G2 — 2peM VP 2u10\/GiGy + 03 PunGy

—2((n — Dk + ka)nu’Gy, (3.21)
or equivalently,
3
0= 4G7 — Q1G1 — 06} — VG- (3.22)
Applying Young’s inequality to the terms in the right hand side of (3.22) we have
Q@) G}
Q < =, 3.23
191 < 2 +3 (3.23)
3
DG < (@) + 67, 3.24
20 —256( DT+ (3.24)
3 3 1 1
Q361 < = p3d? e + 7e“” +33+ zg%. (3.25)
23
Using (3.23), (3.24) and (3.25) in (3.22) we get
2
2 (Q*) 4 8§ 8p—4 4 1 g 2
2G > 256(Qz) ¥ p3K2 + 57¢ 1+ Gs. (3.20)

Similarly, using (3.17) it can be showed that

(9*)2
2 256

8 1
e @'+ zzqw?" el e 4 GE

2G5 <
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For convenience, we denote / = &—i— 256(9 ) pglcfp_“/cf and/’ = &—i— 256(9 ) qglch -4 K5,
thus (3.26) and (3.27) becomes
1
267 <1+ z—e“l' +3;. (3.28)
262 <I' + o At g2, (3.29)

Applying (3.29) in (3.28) and using the result in (3.29) we deduce

g;
g3

W43+,

3.30
WA+ 3+ 90), 330

=
=

where W () = 3 eSM 4 3'12 8128 and Wy (1) = 3% Ledht 4 3'12 8021 Following [1], &1 < u and &> < v implies
H2 < u292 and K5 H2 < v2g2 respectively. Hence (3.30) reduces to

H < L (30 + 21+ w,(0), 4
i+ 2+ 90). '

2

K

) Nlmal\’j.\z)l_aw

Given that H| = u|Vu|?, Hy = v|Vv|*> with u = f% and v = h.%, s0 (3.31) becomes

=t

K

(3 + 2+ W,(1)),

(314 3"+ W) .

(3.32)

—

Ol—  \Ol—
2 3
s

—
)

IA

<
=
[3e]
N—
()
A
SQ,I.J“N 5,;|

N

Applying the elementary inequality ./x +y < /x + /y for positive x, y, in (3.32) we get

=3 (’ ”ww)
Bl <3 %<ﬁ+“%l'+;‘/w>.

Using the definition of W (¢), W>(¢) on the above relations completes the proof. O

(3.33)

Now we derive global Hamilton type estimate using Theorem 3.1.

Corollary 3.1 [Global Hamilton type estimate] If (f, h) is a positive solution to the system (1.1) along the flow
(1.2) satisfying 1213 < f=< K13 and /?5’ <h< K23 in M x [0, T] and Ricy > —(n — 1)kjg and S > —kog on
M x [0, T] then

1
VAl <4/L/ 4/2L <3esxlz 1 em:)‘*)
Jr = \/ 29 327 ’
1 (3.34)
[ [12 (\/g 42L _}_(Lg 8)\1t+ 6 szt)“)’
wheret € [0,T], L = %(Q”{)z + zi%p%K§p74K? and ! = %(S_AZT)Z qu?q -4 ;.

Proof Taking R — +o0 in (3.15) we obtain (3.34). m|
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896 S. Bhattacharyya et al.

4 Souplet—-Zhang type gradient estimation

In this section we derive Souplet-Zhang type estimation for positive solution of (1.1) along (1.2). Thus throughout
this section we consider (f,h) = (e“, e") as a positive solution to the system of equations (1.1). Putting
f=é€", h=e"in(1.1) we have

(Ap — 0)u = —|Vu|? — hitvr—u N
(Ap — 0)v = —|VU|2 — phattug—v 4.1
Let it = —eM!tvP—t gpd § = —*2! UGV thep system (4.1) reduces to
(Ap — d)u = —|Vul> + it )
(Agp — 0)v = —|Vv|? + 1. .

Let k1, k1, k2, k2 be positive constants. Define p; = 1 + «1 and py = 1 + k. In this section we assume that a
positive solution (f, &) of the system (1.1) satisfies k1 < f < 1 and Kk < h < k». Hence a solution (u, v) of
(4.2) satisfies Ink| < u <lInkj andInky < v <Inkp. Let xg € M and R > 0 be any real number.

Lemma 4.1 Let (u, v) be a solution to the equation (4.2). If there exist positive constants ki, k> such that

Ricy > —(n — Dkigand S > —kpg

on Dt (2R), then the function W) := (lljlvf,lj)z satisfies
u —Inkg 2|Vu|* 2|Vul|?
(Agp —IIW) =2 ——— ) (VW1, Vu) + 7~ 3
p1—u (o1 —u)>  (p1—u)

2 (p(V0. )~ 1Vu) = 2 (0~ Dy + ko) Vil
- v, Vu) — |Vu - ((n — 1 o) ul”,
(o1 —u)? P (p1 — u)?
(4.3)
; S 4 ;
and the function W, := o) satisfies
Dy — )W >2<v—lnkz><vw Vo) + 2|Vt 2|V _
- h > 2| —— 2, Vv - v
v pr—v (02— v (p2— )3
29 5 2 5
— 5 (a(Vat, Vo) = Vo) = ——— (ks + k)| Vo (4.4)
(p2 — v)? (p2 —v)?
Proof Using weighted Bochner formula (Lemma 2.1) we have
AW 6|Vu|* 2|Vul|? A+ 4 VIV, V)
1= u D E— uj-,vu
¢ o1 —w* " (o —w3 T (o1 —w)?
2
+——— ([Hess u|* + (VAgu, Vu) + Rics(Vu, Vu)) . 4.5)
(o1 — u)?
By Lemma 2.2 we find
2 2 2|Vul|?
oW =—=8Vu, VvV ——(Vu;, vV —Uy. 4.6
Wi o1 =12 (Vu u)+(p1_u)2( U u>+(m_u)3uz (4.6)

Subtracting (4.6) from (4.5) then applying (4.2) we get

6|Vul* 2|Vul* 2|Vul|? 8Hess u(Vu, Vu)

Ap — o)W1 = _ _
eI =t i T (p1 — u)3
2|Hess u/? 2 .
o —wZ T o T Rice + VU Vi
_4Hess u(Vu, Vu) 2 _—
(p1 —u)? (o1 — 1) i, Vu).
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Note that

[Hess u|>  2Hess u(Vu, Vu) |Vul* 1 Vu ® Vu |?
5 3 7= 5 Hessu + ———| >0
(o1 —u) (o1 —u) (p1 —u) (o1 —u) o1 —u

and

2Hess u(Vu, Vu) 2|Vul*

= (VWI1, Vu).
(o1 —u)? (o1 — u)3 :
Hence (4.7) reduces to
2(VWy, Vu) 2|Vul* 2|Vu|i
(Ap =)W1 =2 ————— = 2(VW1, Vu) + 3= 3
pL—u (p1 —u) (p1 —u)
2
- _(Vii,Vu)+ ———(Ricy + S)(Vu, Vu) 4.8
o= "o —ap Kt “9

or,

—1 2|Vul* 2|Vu|2i
(A¢—81)W122(VW1,VM)<M nlq) Vul*  2|Vul*a

pL—u (o1 —u)®  (p1 —u)?
2ii )

———— Vv, Vu) — |Vul") +
—u)

o (Ricy + S)(Vu, Vu).

_?2
(o1 — u)?
(4.9)

We apply the bounds of Ricy and S in the above equation to find (4.3).
Using the symmetry in (4.2) and applying similar method in (4.3) we obtain (4.4). This completes the proof. O

Theorem 4.1 Let (f, h) = (e", e¥) be a solution to the equation (1.1). If there exist positive constants ki, k
such that

Ricy = —(n — Dkigand S > —krg

on D7 (2R), then

1

FA < (14 1n2h)) <2_ +%b/),
S < (Hln(“))(2 b+2°4 )

where b = /A1 + 274 A2 + /pu* and b’ = VA + 271 A2 + /qv* with

A =20 — DR + % + 33 + cako) + 4" +2((n — Dki + k),

S

(4.10)

_ NG}
A2 =2In (%) R’

Al =30 - DR + % + 533 +c2ka) + 45 +2(00 — Dk + ko),
it = ek1t+p12271(|,

vt = MRk gnd t € [0, T

Proof Consider ¥ and n as in (3.12), (3.13). Let G; = nW; and G, = nW;. Fix T> € (0, T] and assume G;
achieves maximum at (xo, fo) € Dr,(2R) with G;(xo, to) > 0 (if G;(x0, tp) < O then the proof is trivial) for
i=1,2.

Hence at (xq, fo) we have

VG =0, AG; <0, 3Gy > 0, @11
VG, =0, AG, <0, 3G, > 0. 4.12)
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Therefore,
w
VW, = ——Lvy, (4.13)
n
VW, = —&Vn (4.14)
n
and
0> (A — 3)G1 = Wi(Ag — 81 + 1Ay — I)W1 +2(VW1, V), (4.15)
0= (Ap —0)Ga2 =Wr(Ayp — 0)n +n(Ay — I)Wa + 2(VINV,, V). 4.16)
By [15], there is a constant ¢, such that
—Win, = —c2koWh, (4.17)
—Wz?’]t > —crkoWh. (4.18)

For ease of calculation we now proceed with (4.11), (4.13), (4.15) and (4.17). Using generalized Laplacian
comparison theorem, (4.13) and (4.17) in (4.15) we get

0> —QWi 4 n(Ay — 0V, (4.19)

where @ = 2(n — D(v&1 + % + 23 + c2ka).

Using (4.3) from Lemma 4.1 in (4.19) we obtain
29|Vul*  29|Vul?

u—Ink
_ — i
(o1 —u) (o1 —u)’

OZ—QWH-ZYI( )(VW1,VM>+

p1—u

2nu 2 2n 2
— s (p(V0, Vi) = V) = (0 = D1 + k)| V.
(p1 —u) (o1 —u)
(4.20)
Multiplying (4.20) with n we get
3 2G
0>-QG;—2In (If—1> ﬂGf +2(p1—u)G%— L i
K1 R p1— U
V||V Vu|?
—Zﬁnsz - 2ﬁn2'—”'2 —2G1((n — Dky + k).
(p1 —u) (o1 —u)
4.21)
Weseethat py —u>1,p0 —v>1,u < —eMItria=K1 gpd n = 1on Dr,(2R). Thus (4.21) becomes
3
0>2G? — A1G1 — A2G — A3/G. (4.22)

where A| = Q + 4eMTPR2=K1 L 2((n — 1)k; + ka), Ay = 21n (%) Yo A3 = 2eMHHPR /Gy By using
Young’s inequality in each terms of (4.22) we obtain the following results.

G2
A1G < AT+ Tl, (4.23)
e
MGP < AT+ L, (4.24)
13 4 G2
MG < ZAg + Tl' (4.25)

Using (4.23), (4.24) and (4.25) in (4.22) we get

5, 5, 21, 3.4
201 = AT+ AT+ AL
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4
Applying Young’s inequality on %A; we have

5 27 -

ZG% < A2+ ZA;‘ + p2@*)? + G3, (4.27)
where ii* = etItPR2—HL Similarly from (4.12), (4.14), (4.16) and (4.18), we obtain

5 - 27 -

ZG% <A?+ ZA‘Z* + 42 (@)% + G1, (4.28)

where A = Q + 4?12 L 2((n — 1)ky + kp) and v* = er2/Faki—r2,
Using (4.28) in (4.27) we conclude

20 27 16 27
Gi= 5 AT+ A +P°@) ) + 5 (A + F A1 +4°@ (4.29)
9 4 9 4
and using (4.29) in (4.28) we deduce
16 27 20 27
G3 < A 2 =%\2 A 25%2 ) . 430
9< 1+ A P(u)> 9< 1+ A +g° (%) (4.30)
Since = 1 on D7 (2R), so putting u = In f in (4.29), v = In & in (4.30) we get
2
—|Vf|2 ) 20 ( 2 27 2 =% 2> 16 ( 27 2/=% 2)
<5 (al+ 743 5 AT+ 543 . (431
(f2(p1—lnf) -9 1+4 p() +9 +4 +4q°(v") 4.31)
2
|Vh|? 16/ , 27 5 e 20 , 27 Y
=5 (AT+ 74 A} +=0d )
<h2(02—lnh)) - 9( Pt @ )+ (A A ) (432)

Applying the inequality \/x +y < /x 4+ /y, for positive x, y twice in each of the above equations and using
the fact that p; —In f <1+ 1In (.—'>, o —Inh <1 +ln< ) we obtain

1
|V £l < K1 ) 204 2,
— = \|l+In(x) || —7=0+—F50 |, (4.33)
A K1 V3 V3
VAl _ <1 +1 (K2)> 2 s 20%19/ (4.34)
- n ~_ - = - = K .
h — L J\V3 V2
where b = /A1 + 27 A2 + /pit and b’ = /Ay + 27 A2 + /g v*. This completes the proof. O

As a result we have the global gradient estimate for (1.1) along (1.2) on M.

Corollary 4.1 [Global Souplet-Zhang type estimate] If (f, h) is a positive solution to the system (1.1) along the
flow (1.2) satisfying Ef’ <f< Kf and E;’ <h< K; in M x [0, T]and Ricy > —(n — kg and S > —kag on
M x [0, T] then

p= (i) (s ).
A (4.35)
vh < <1+1n(’(2)><% 2‘%‘3/),

where B = / Ay + pu* and B' =/ 12\1 + /qv* with

Ay = crky 4 4it* +2((n — 1)k1 + k),

A1 = coko + 40 4+ 2((n — Dk + k),
w* MtJrPKz ki
T e*zfﬂkl —k2 andt €0, 7]

Proof From Theorem 4.1 we have the local gradient estimate for positive solutions of (1.1) along (1.2). Taking
R — +o0in (4.10) we get (4.35). ]
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5 Concluding remark

To find an exact solution of a partial differential equation (PDE) in higher dimensions turns out to be impossible
in most of the cases. Gradient estimation allows us to uncover possible nature of the solutions for certain PDE’s,
without calculating its exact solution. In this article we have studied the system (1.1) along (1.2) on a weighted
Riemannian manifold and derived certain constants to bound the quantities %, %, @ and Whi
way, where ( f, h) is a positive solution of (1.1). This allows us to get an idea about the possible upper and lower
bound for the gradient of those solutions.

in a definite
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