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Abstract The Gerstenhaber algebra structure on the rational loop homology H∗(L X, Q) of a simply connected
compact manifold X can be determined in terms of derivations of the minimal Sullivan model of X . Using this
result we compute the Gerstenhaber algebra structure on the rational loop homology of quaternionic Stiefel
manifolds Vn,k(H). Further, we compute the S1-equivariant cohomology of LVn,k(H).

Keywords Gerstenhaber algebra · Sullivan algebra · Sullivan model · loop homology · loop bracket · string
homology

Mathematics Subject Classification 55P62 · 55P35

1 Introduction

Chas and Sullivan [1] showed that the loop homology H∗(L X) of an orientable compact manifold X of dimension
n can be endowed with algebraic structures viz., a product called “loop product” and a degree +1 Lie bracket
called “loop bracket”, making H∗(L X) a Gerstenhaber algebra.

By definition, the loop homology H∗(L X) of an orientable compact manifold X of dimension n is the ordinary
homology of the free loop space L X = Map(S1, X) of X with a shift of degrees by n, i.e., H∗(L X) = H∗+n(L X).

A Gerstenhaber algebra is a graded commutative algebra A = {Ai }i∈Z equipped with a linear map {, } :
(A ⊗ A)i → Ai+1, called a Lie bracket, satisfying

(i) {a, b} = −(−1)(|a|+1)(|b|+1){b, a} (anti-commutativity)
(ii) {a, {b, c}} = {{a, b}, c} + (−1)(|a|+1)(|b|+1){b, {a, c}} (Jacobi identity)

(iii) {a, bc} = {a, b}c + (−1)|b|(|a|+1)b{a, c}. (Poisson identity)

If d : Ai → Ai−1 is a differential on A satisfying

(iv) d(ab) = d(a)b + (−1)|a|ad(b)

(v) d{a, b} = {da, b} + (−1)(|a|+1){a, db},
with the bracket defined by {[a], [b]} := [{a, b}], H∗(A) becomes a Gerstenhaber algebra.

For a simply connected compact manifold X , Gatsinzi [2] showed that the Gerstenhaber algebra structure on
the rational loop homology H∗(L X) can be determined in terms of derivations of the minimal Sullivan model of X .
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This can be concisely described as follows. Let (∧V, d) be the minimal Sullivan model of X , where V = {V i }i≥2
is a finite dimensional graded vector space. For k ∈ Z, let (Der ∧ V )k be the vector space of all linear maps
δ : (∧V )i → (∧V )i−k that satisfies δ(ab) = δ(a)b + (−1)k|a|aδ(b), and let Der ∧ V = {(Der ∧ V )k}k∈Z. For
i ≥ 2, let V #

i = Hom(V i , Q) and V # = {V #
i }i≥2. Let s−1V # be the desuspension of V # i.e.,

(
s−1V #

)
i = V #

i+1.
Then with the grading convention (∧V )i = (∧V )−i , it was shown that (∧V ⊗ ∧s−1V #, {, }) is a Gerstenhaber
algebra, where the bracket {, } is described as follows. For all a, b ∈ ∧V , and s−1θ, s−1η ∈ s−1V #,

{a ⊗ 1, b ⊗ 1} = 0, {a ⊗ s−1θ, b ⊗ 1} = aθ̃ (b) ⊗ 1,

{a ⊗ s−1θ, b ⊗ s−1η} = aθ̃ (b) ⊗ s−1η − (−1)|aθ̃ ||bη̃|bη̃(a) ⊗ s−1θ,

where θ̃ , η̃ are the derivations of ∧V extended from θ and η respectively.
Let ∧∧V s−1 Der ∧V be the exterior algebra obtained as the quotient of the ∧V -tensor algebra T∧V s−1 Der ∧V

= ⊕k≥0T k
∧V s−1 Der ∧V, by the ideal generated by elements of the form x ⊗ y − (−1)|x ||y|y ⊗ x , where

T k
∧V s−1 Der ∧V = s−1 Der ∧V ⊗∧V · · · ⊗∧V s−1 Der ∧V (k-times), and

T 0∧V s−1 Der ∧V = ∧V . Since V is finite dimensional it is isomorphic to V #, and this gives rise to a ∧V -
algebra isomorphism

ϕ : ∧∧V s−1 Der ∧V → ∧V ⊗ ∧s−1V #.

Using this isomorphism, Gatsinzi [2] defined a differential D on ∧V ⊗ ∧s−1V # by

D(x) = −{ϕ(s−1d), x},
for x ∈ ∧V ⊗∧s−1V #, which satisfies condition (iv) and (v) above, and he established that H∗(L X) is isomorphic
to H∗(∧V ⊗ s−1V #) as Gerstenhaber algebras.

If (∧V, d), V = {V i }i≥2, is a Sullivan model of a simply connected topological space X , with V finite
dimensional, we call

(∧V ⊗ ∧s−1V #, {, }, D
)

a differential Sullivan Gerstenhaber algebra model of X.
Let X be a simply connected compact manifold whose minimal Sullivan model is (∧V, 0), where V = {V i }i≥2

is finite dimensional. Then interestingly it turns out that the differential D on ∧V ⊗ ∧s−1V # is also zero so that
the Gerstenhaber algebra structure on H∗(L X, Q) is just the differential Sullivan Gerstenhaber algebra model of
X itself.

Let H denote the field of quaternions. For a positive integer n, let Sp(n) denote the symplectic group which
consists of all linear transformations of R

4n that respects the norm ‖ω‖ = √
ωω, where ω ∈ H and ω the

conjugate of ω. For 1 ≤ k ≤ n, the quaternionic Stiefel manifold Vn,k(H) of orthonormal k-frames in H
n is

given by, Vn,k(H) = Sp(n)/Sp(n − k), if 1 ≤ k < n, and Vn,n(H) = Sp(n). Since Vn,k(H) is simply connected
and has minimal Sullivan model of the form (∧V, 0) [3], from the preceding paragraph we have, as Gerstenhaber
algebra H∗(LVn,k(H), Q) is nothing but the differential Sullivan Gerstenhaber algebra model of Vn,k(H).

In [1], Chas and Sullivan also defined a BV operator on H∗(L X) and showed that the loop product with this
operator makes H∗(L X) a Batalin-Vilkovisky (BV) algebra. Recall, a Batalin-Vilkovisky algebra is a graded
commutative algebra A = {Ai }i∈Z with an operator � : Ai → Ai+1, known as a BV operator, that satisfies
� ◦ � = 0 and

�(abc) = �(ab)c + (−1)|a|a�(bc) + (−1)(|a|−1)|b|b�(ac)

− �(a)bc − (−1)|a|a�(b)c − (−1)|a|+|b|ab�(c).

If we denote the loop product, the loop bracket and the BV operator on H∗(L X) by •, {, } and � respectively,
then as shown in [1] the three are related as

{a, b} = (−1)|a|�(a · b) − (−1)|a|�(a) · b − a · �(b). (1)

In [4], H. Tamanoi calculated the structure of a Batalin-Vilkovisky (BV) algebra on the integral loop homology
of complex Stiefel manifolds, whence the Gerstenhaber algebra structure on the same can be determined using
the above relation (1). In this paper we show explicitly the Gerstenhaber algebra structure on the loop homology
of quaternionic Stiefel manifolds with rational coefficients.

Given an orientable compact manifold X , one can see that S1 acts diagonally on E S1 × L X , where E S1

is the total space of the universal S1-bundle. Let E S1 ×S1 L X be the quotient of the diagonal action of S1 on
E S1 × L X , i.e.,

E S1 ×S1 L X := (E S1 × L X)/S1.
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The S1-equivariant homology (cohomology) of L X is defined as the homology (cohomology) of E S1 ×S1 L X .

It is called the string homology (cohomology) of X , denoted by H S1

∗ (L X)
(

H∗
S1(L X)

)
.

Let X be a simply connected space with (∧(x1, x2, . . .), d) as its minimal Sullivan model, then it has
been proved by Vigué-Poirrier and Sullivan in [5] that the minimal Sullivan model of the loop space L X is
(∧(x1, y1, x2, y2, . . .), δ), where |y1| = |x1| − 1 and the differential δ is defined by δ(xi ) = d(xi ) and on yi ’s
it is defined using δ ◦ s + s ◦ δ = 0, where s : ∧(x1, y1, x2, y2, . . .) → ∧(x1, y1, x2, y2, . . .) is the derivation
defined by s(xi ) = yi and s(yi ) = 0. Furthermore in [6], Vigué-Poirrier and Burghelea proved that the minimal
Sullivan model of E S1 ×S1 L X is (∧(x1, y1, x2, y2, . . . , u), D), where |u| = 2, and the differential D is given
by D(u) = 0, D(z) = δ(z) + s(z)u for z ∈ ∧(x1, y1, x2, y2, . . .).

Basu in his dissertation [7] computed the string cohomology of projective spaces, spheres and product of
spheres over rational coefficients. Here we compute the string cohomology of quaternionic Stiefel manifolds
over rational coefficient.

In what follows, the underlying field is the field Q of rational numbers.

2 Some results on the Gerstenhaber algebra structure on the loop homology of a simply connected
manifold

First we state the following theorem which is due to Gatsinzi [2].

Theorem 1 Let (∧V, d) be the minimal Sullivan model of a simply connected compact manifold X, where
V = {V i }i≥2 is finite dimensional. Then H∗(L X) ∼= H∗((∧V ⊗ ∧s−1V #, D)) as Gerstenhaber algebras.

Now in the above theorem if we restrict to simply connected manifolds X , whose minimal Sullivan models are
of the type (∧V, 0), with V = {V i }i≥2 finite dimensional, we have the following corollary which serves well in
computing the Gerstenhaber algebra structure of such type of spaces.

Corollary 1 Let X be a simply connected compact manifold with minimal Sullivan model (∧V, 0), where
V = {V i }i≥2 is finite dimensional. Then H∗(L X) ∼= ∧V ⊗ ∧s−1V # as Gerstenhaber algebras.

Proof Let x ∈ ∧V ⊗ ∧s−1V #. By definition D(x) = −{ϕ(s−10), x} = −{0, x} = 0. Therefore H∗(L X) ∼=
H∗((∧V ⊗ ∧s−1V #, 0)) ∼= ∧V ⊗ ∧s−1V #. ��

We apply corollary 1 to compute the Gerstenhaber algebra structure on the rational loop homology of
quaternionic Stiefel manifolds.

3 Gerstenhaber algebra structure on H∗(LVn,k(H), Q)

Recall that the minimal Sullivan model of Vn,k(H) is (∧(y1, . . . , yk), 0), where |yi | = 4(n − k + i) − 1 [3]. As
a direct consequence of Corollary 1 we have proved the following proposition.

Proposition 2 For 1 ≤ k ≤ n, the Gerstenhaber algebra structure on the rational loop homology of Vn,k(H) is
given by

H∗(LVn,k(H), Q) ∼= ∧(y1, . . . , yk) ⊗ ∧(s−1η1, . . . , s−1ηk),

where {η1, . . . , ηk} is the dual basis corresponding to the basis {y1, . . . , yk}.
The next proposition gives an explicit expression of the bracket on ∧(y1, . . . , yk) ⊗ ∧(s−1η1, . . . , s−1ηk)

that corresponds to the loop bracket on H∗(LVn,k(H), Q).

Proposition 3 The bracket on the rational loop homology

H∗(LVn,k(H), Q) ∼= ∧(y1, . . . , yk) ⊗ ∧(s−1η1, . . . , s−1ηk)

of Vn,k(H) is given by:
for k = 1,

{
yi1

1 ⊗ s−1η
p1
1 , y j1

1 ⊗ s−1η
q1
1

}
= ( j1 p1 − i1q1)(yi1+ j1−1

1 ⊗ s−1η
p1+q1−1
1 ), (2)
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for k = 2,
{

yi1
1 yi2

2 ⊗ s−1η
p1
1 s−1η

p2
2 , y j1

1 y j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

}

= (−1)i2 j1
[
(−1)i2( j1 p1 − i1q1)(yi1+ j1−1

1 yi2+ j2
2 ⊗ s−1η

p1+q1−1
1 s−1η

p2+q2
2 )

+ (−1) j1( j2 p2 − i2q2)(yi1+ j1
1 yi2+ j2−1

2 ⊗ s−1η
p1+q1
1 s−1η

p2+q2−1
2 )

]
, (3)

for 3 ≤ k ≤ n,
{

yi1
1 · · · yik

k ⊗ s−1η
p1
1 · · · s−1η

pk
k , y j1

1 · · · y jk
k ⊗ s−1η

q1
1 · · · s−1η

qk
k

}

= (−1)
∑

1≤m<l≤k il jm
[
(−1)

∑k
s=2 is ( j1 p1 − i1q1)(yi1+ j1−1

1 · · · yik+ jk
k ⊗

s−1η
p1+q1−1
1 · · · s−1η

pk+qk
k ) +

k−1∑

r=2

(−1)
∑k

s=r+1 is+∑r−1
t=1 jt ( jr pr − ir qr )

(yi1+ j1
1 · · · yir + jr −1

r · · · yik+ jk
k ⊗ s−1η

p1+q1
1 · · · s−1η

pr +qr −1
r · · · s−1η

pk+qk
k )+

(−1)
∑k−1

t=1 jt ( jk pk − ikqk)(yi1+ j1
1 · · · yik+ jk−1

k ⊗ s−1η
p1+q1
1 · · · s−1η

pk+qk−1
k )

]
, (4)

where 0 ≤ i1, . . . , ik, j1, . . . , jk ≤ 1, and p1, . . . , pk, q1, . . . , qk ≥ 0.

Proof For k = 1, we have
{

yi1
1 ⊗ s−1η

p1
1 , y j1

1 ⊗ s−1η
q1
1

}

=
{
(yi1

1 ⊗ 1)(1 ⊗ s−1η
p1
1 ), (y j1

1 ⊗ 1)(1 ⊗ s−1η
q1
1 )

}

= (yi1
1 ⊗ 1)

{
1 ⊗ s−1η

p1
1 , y j1

1 ⊗ 1
}
(1 ⊗ s−1η

q1
1 )+

(1 ⊗ s−1η
p1
1 )

{
yi1

1 ⊗ 1, 1 ⊗ s−1η
q1
1

}
(y j1

1 ⊗ 1)

= j1 p1(yi1
1 ⊗ 1)(1 ⊗ s−1η

p1−1
1 )(y j1−1

1 ⊗ 1)(1 ⊗ s−1η
q1
1 )−

i1q1(1 ⊗ s−1η
p1
1 )(yi1−1

1 ⊗ 1)(1 ⊗ s−1η
q1−1
1 )(y j1

1 ⊗ 1)

= j1 p1(yi1+ j1−1
1 ⊗ s−1η

p1+q1−1
1 ) − i1q1(yi1+ j1−1

1 ⊗ s−1η
p1+q1−1
1 )

�⇒
{

yi1
1 ⊗ s−1η

p1
1 , y j1

1 ⊗ s−1η
q1
1

}
= ( j1 p1 − i1q1)(yi1+ j1−1

1 ⊗ s−1η
p1+q1−1
1 ).

For k = 2,
{

yi1
1 yi2

2 ⊗ s−1η
p1
1 s−1η

p2
2 , y j1

1 y j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

}

=
{
(yi1

1 ⊗ s−1η
p1
1 )(yi2

2 ⊗ s−1η
p2
2 ), (y j1

1 ⊗ s−1η
q1
1 )(y j2

2 ⊗ s−1η
q2
2 )

}

= (−1)i1i2(yi2
2 ⊗ s−1η

p2
2 )

{
yi1

1 ⊗ s−1η
p1
1 , y j1

1 ⊗ s−1η
q1
1

}
(y j2

2 ⊗ s−1η
q2
2 )+

(−1) j1 j2(yi1
1 ⊗ s−1η

p1
1 )

{
yi2

2 ⊗ s−1η
p2
2 , y j2

2 ⊗ s−1η
q2
2

}
(y j1

1 ⊗ s−1η
q1
1 ).

Now by applying the result (2) of the bracket for k = 1, we get
{

yi1
1 yi2

2 ⊗ s−1η
p1
1 s−1η

p2
2 , y j1

1 y j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

}

= (−1)i2 j1
[
(−1)i2( j1 p1 − i1q1)(yi1+ j1−1

1 yi2+ j2
2 ⊗ s−1η

p1+q1−1
1 s−1η

p2+q2
2 )

+ (−1) j1( j2 p2 − i2q2)(yi1+ j1
1 yi2+ j2−1

2 ⊗ s−1η
p1+q1
1 s−1η

p2+q2−1
2 )

]
.
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Finally, for the case 3 ≤ k ≤ n, we prove by induction on k. Let k = 3. Now
{

yi1
1 yi2

2 yi3
3 ⊗ s−1η

p1
1 s−1η

p2
2 s−1η

p3
3 , y j1

1 y j2
2 y j3

3 ⊗ s−1η
q1
1 s−1η

q2
2 s−1η

q3
3

}

=
{
(yi1

1 ⊗ s−1η
p1
1 )(yi2

2 yi3
3 ⊗ s−1η

p2
2 s−1η

p3
3 ), (y j1

1 ⊗ s−1η
q1
1 )(y j2

2 y j3
3 ⊗ s−1η

q2
2 s−1η

q3
3 )

}

= (−1)i1(i2+i3)(yi2
2 yi3

3 ⊗ s−1η
p2
2 s−1η

p3
3 )

{
yi1

1 ⊗ s−1η
p1
1 , y j1

1 ⊗ s−1η
q1
1

}
(y j2

2 y j3
3 ⊗ s−1η

q2
2 s−1η

q3
3 )

+ (−1) j1( j2+ j3)(yi1
1 ⊗ s−1η

p1
1 )

{
yi2

2 yi3
3 ⊗ s−1η

p2
2 s−1η

p3
3 , y j2

2 y j3
3 ⊗ s−1η

q2
2 s−1η

q3
3

}
(y j1

1 ⊗ s−1η
q1
1 ).

Applying the results (2) and (3) of the bracket for k = 1 and k = 2 respectively, we get
{

yi1
1 yi2

2 yi3
3 ⊗ s−1η

p1
1 s−1η

p2
2 s−1η

p3
3 , y j1

1 y j2
2 y j3

3 ⊗ s−1η
q1
1 s−1η

q2
2 s−1η

q3
3

}

= (−1)
∑

1≤m<l≤3 il jm
[
(−1)i2+i3( j1 p1 − i1q1)(yi1+ j1−1

1 yi2+ j2
2 yi3+ j3

3 ⊗ s−1η
p1+q1−1
1 s−1η

p2+q2
2 s−1η

p3+q3
3 )

+ (−1)i3+ j1( j2 p2 − i2q2)(yi1+ j1
1 yi2+ j2−1

2 yi3+ j3
3 ⊗ s−1η

p1+q1
1 s−1η

p2+q2−1
2 s−1η

p3+q3
3 )

+ (−1) j1+ j2( j3 p3 − i3q3)(yi1+ j1
1 yi2+ j2

2 yi3+ j3−1
3 ⊗ s−1η

p1+q1
1 s−1η

p2+q2
2 s−1η

p3+q3−1
3 )

]
.

Therefore (4) holds for k = 3. Assume that the equation (4) holds. We will show that the same holds for k + 1.
We have

{
yi1

1 · · · yik+1
k+1 ⊗ s−1η

p1
1 · · · s−1η

pk+1
k+1 , y j1

1 · · · y jk+1
k+1 ⊗ s−1η

q1
1 · · · s−1η

qk+1
k+1

}

=
{
(yi1

1 ⊗ s−1η
p1
1 )(yi2

2 · · · yik+1
k+1 ⊗ s−1η

p2
2 · · · s−1η

pk+1
k+1 ),

(y j1
1 ⊗ s−1η

q1
1 )(y j2

2 · · · y jk+1
k+1 ⊗ s−1η

q2
2 · · · s−1η

qk+1
k+1 )

}

= (−1)i1(i2+···+ik+1)(yi2
2 · · · yik+1

k+1 ⊗ s−1η
p2
2 · · · s−1η

pk+1
k+1 )

{
yi1

1 ⊗ s−1η
p1
1 , y j1

1 ⊗ s−1η
q1
1

}
(y j2

2 · · · y jk+1
k+1 ⊗ s−1η

q2
1 · · · s−1η

qk+1
k+1 )

+ (−1) j1( j2+··· jk+1)(yi1
1 ⊗ s−1η

p1
1 )

{
yi2

2 · · · yik+1
k+1 ⊗ s−1η

p2
2 · · · s−1η

pk+1
k+1 ,

y j2
2 · · · y jk+1

k+1 ⊗ s−1η
q2
2 · · · s−1η

qk+1
k+1

}
(y j1

1 ⊗ s−1η
q1
1 ).

Using the results (2) and (4) we get
{

yi1
1 · · · yik+1

k+1 ⊗ s−1η
p1
1 · · · s−1η

pk+1
k+1 , y j1

1 · · · y jk+1
k+1 ⊗ s−1η

q1
1 · · · s−1η

qk+1
k+1

}

= (−1)i1(i2+···+ik+1)(yi2
2 · · · yik+1

k+1 ⊗ s−1η
p2
2 · · · s−1η

pk+1
k+1 )

( j1 p1 − i1q1)(yi1+ j1−1
1 ⊗ s−1η

p1+q1−1
1 )(y j2

2 · · · y jk+1
k+1 ⊗ s−1η

q2
2 · · · s−1η

qk+1
k+1 )

+ (−1) j1( j2+··· jk+1)(yi1
1 ⊗ s−1η

p1
1 )

[
(−1)

∑
2≤m<l≤k+1 il jm

(
(−1)

∑k+1
s=3 is ( j2 p2 − i2q2)

(yi2+ j2−1
2 · · · yik+1+ jk+1

k+1 ⊗ s−1η
p2+q2−1
2 · · · s−1η

pk+1+qk+1
k+1 )

+
k∑

r=3

(−1)
∑k+1

s=r+1 is+∑r−1
t=2 jt ( jr pr − ir qr )

(yi2+ j2
2 · · · yir + jr −1

r · · · yik+1+ jk+1
k+1 ⊗ s−1η

p2+q2
2 · · · s−1η

pr +qr −1
r · · · s−1η

pk+1+qk+1
k+1 )

+ (−1)
∑k

t=2 jt ( jk+1 pk+1 − ik+1qk+1)

(yi2+ j2
2 · · · yik+1+ jk+1−1

k+1 ⊗ s−1η
p2+q2
2 · · · s−1η

pk+1+qk+1−1
k+1 )

)]
(y j1

1 ⊗ s−1η
q1
1 )

= (−1)
∑

1≤m<l≤k+1 il jm
[
(−1)

∑k+1
s=2 is ( j1 p1 − i1q1)

(yi1+ j1−1
1 · · · yik+1+ jk+1

k+1 ⊗ s−1η
p1+q1−1
1 · · · s−1η

pk+1+qk+1
k+1 )
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+
k∑

r=2

(−1)
∑k+1

s=r+1 is+∑r−1
t=1 jt ( jr pr − ir qr )(yi1+ j1

1 · · · yir + jr −1
r · · · yik+1+ jk+1

k+1

⊗ s−1η
p1+q1
1 · · · s−1η

pr +qr −1
r · · · s−1η

pk+1+qk+1
k+1 ) + (−1)

∑k
t=1 jt ( jk+1 pk+1 − ik+1qk+1)

(yi1+ j1
1 · · · yik+1+ jk+1−1

k+1 ⊗ s−1η
p1+q1
1 · · · s−1η

pk+1+qk+1−1
k+1 )

]
.

��
Since Vn,n(H) = Sp(n), one obtains the Gerstenhaber algebra structure on H∗(L Sp(n), Q):

Corollary 2 The Gerstenhaber algebra structure on the rational loop homology of Sp(n) is given by

H∗(L Sp(n), Q) ∼= ∧(y1, y2 . . . , yn) ⊗ ∧(s−1η1, s−1η2, . . . , s−1ηn),

where {η1, η2 . . . , ηn} is the dual basis corresponding to the basis {y1, y2, . . . , yn}, and the bracket on

H∗(L Sp(n), Q) ∼= ∧(y1, y2 . . . , yn) ⊗ ∧(s−1η1, s−1η2, . . . , s−1ηn)

is:
for n = 1,

{
yi1

1 ⊗ s−1η
p1
1 , y j1

1 ⊗ s−1η
q1
1

}
= ( j1 p1 − i1q1)(yi1+ j1−1

1 ⊗ s−1η
p1+q1−1
1 ),

for n = 2,
{

yi1
1 yi2

2 ⊗ s−1η
p1
1 s−1η

p2
2 , y j1

1 y j2
2 ⊗ s−1η

q1
1 s−1η

q2
2

}

= (−1)i2 j1
[
(−1)i2( j1 p1 − i1q1)(yi1+ j1−1

1 yi2+ j2
2 ⊗ s−1η

p1+q1−1
1 s−1η

p2+q2
2 )

+ (−1) j1( j2 p2 − i2q2)(yi1+ j1
1 yi2+ j2−1

2 ⊗ s−1η
p1+q1
1 s−1η

p2+q2−1
2 )

]
,

for n ≥ 3,
{

yi1
1 · · · yin

n ⊗ s−1η
p1
1 · · · s−1η

pn
n ,

y j1
1 · · · y jn

n ⊗ s−1η
q1
1 · · · s−1η

qn
n

}

= (−1)
∑

1≤m<l≤n il jm
[
(−1)

∑n
s=2 is ( j1 p1 − i1q1)(yi1+ j1−1

1 · · · yin+ jn
n ⊗

s−1η
p1+q1−1
1 · · · s−1η

pn+qn
n ) +

n−1∑

r=2

(−1)
∑n

s=r+1 is+∑r−1
t=1 jt ( jr pr − ir qr )

(yi1+ j1
1 · · · yir + jr −1

r · · · yin+ jn
n ⊗ s−1η

p1+q1
1 · · · s−1η

pr +qr −1
r · · · s−1η

pn+qn
n )

+ (−1)
∑n−1

t=1 jt ( jn pn − inqn)(yi1+ j1
1 · · · yin+ jn−1

n ⊗ s−1η
p1+q1
1 · · · s−1η

pn+qn−1
n )

]
,

where 0 ≤ i1, . . . , in, j1, . . . , jn ≤ 1, and p1, . . . , pn, q1, . . . , qn ≥ 0.

4 Calculation of the S1-equivariant cohomology of LVn,k(H)

Now we compute the string cohomology of quaternionic Stiefel manifolds Vn,k(H) i.e., the S1-equivariant
cohomology of LVn,k(H). As mentioned earlier, the minimal Sullivan model of Vn,k(H) is (∧(y1, . . . , yk), 0),
where |yi | = 4(n − k + i) − 1. Since Vn,k(H) is simply connected, by the description given in the introduction
one sees that the minimal Sullivan model of LVn,k(H) is (∧(y1, z1, . . . , yk, zk), δ), where |zi | = 4(n − k +
i) − 2. The differential δ is defined by δ(yi ) = 0 and on z′

i s it is defined using δ ◦ s + s ◦ δ = 0, where
s : ∧(y1, z1, . . . , yk, zk) → ∧(y1, z1, . . . , yk, zk) is the derivation defined by s(yi ) = zi and s(zi ) = 0. Thus
we have δ(zi ) = δ(s(yi )) = −s(δ(yi )) = −s(0) = 0. That is, δ is the zero differential.

The minimal Sullivan model of E S1 ×S1 LVn,k(H) is given by (∧(y1, z1, . . . , yk, zk, u), D), where |u| = 2,
and the differential D is given by D(u) = 0, D(x) = δ(x) + s(x)u = s(x)u for x ∈ ∧(y1, z1, . . . , yk, zk). Thus
we have D(yi ) = s(yi )u = zi u, and D(zi ) = s(zi )u = 0.
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Proposition 4 The S1-equivariant cohomology of LVn,k(H)
(

H∗
S1(LVn,k(H))

)
is given by:

(i) When k is even,

H even
S1 (LVn,k(H))

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

[uak+1], [zak
k · · · z

bk−p
k−p ] p = 0, . . . , k − 1, 1 ≤ s ≤ k−2

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,[
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k

]
al ≥ 0 ∀ l = 1, . . . , k + 1, bk−p ≥ 1

⎫
⎪⎪⎬

⎪⎪⎭

Hodd
S1 (LVn,k(H))

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,[

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k

]
1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k

⎫
⎪⎬

⎪⎭
.

(ii) When k is odd,

H even
S1 (LVn,k(H))

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

[uak+1], [zak
k · · · z

bk−p
k−p ] p = 0, . . . , k − 1, 1 ≤ s ≤ k−1

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,[
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k

]
al ≥ 0 ∀ l = 1, . . . , k + 1, bk−p ≥ 1

⎫
⎪⎪⎬

⎪⎪⎭

Hodd
S1 (LVn,k(H))

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

1 ≤ s ≤ k−1
2 ,[

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k

]
1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k

⎫
⎪⎪⎬

⎪⎪⎭
.

Proof Denote C∗ to be the equivariant cochain groups of (∧(y1, z1, . . . , yk, zk, u), D).
(i) When k is even. We have

Ceven = Qspan

{
za1

1 za2
2 · · · zak

k uak+1 , 1 ≤ s ≤ k
2 , 1 ≤ i1 < i2 < · · · < i2s ≤ k,

yi1 yi2 · · · yi2s za1
1 za2

2 · · · zak
k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

}
.

Now

D(za1
1 za2

2 · · · zak
k uak+1) = 0,

D(yi1 yi2 · · · yi2s za1
1 za2

2 · · · zak
k uak+1) =

2s∑

j=1

(−1) j−1 yi1 · · · ŷi j · · · yi2s za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1+1,

1 ≤ s ≤ k
2 . Thus one obtains

Imageeven D

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
,
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Kereven D

= Qspan

⎧
⎪⎨

⎪⎩

za1
1 za2

2 · · · zak
k uak+1 , 1 ≤ s ≤ k−2

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
.

Also we have

Codd = Qspan

⎧
⎨

⎩

1 ≤ s ≤ k
2 ,

yi1 yi2 · · · yi2s−1 za1
1 za2

2 · · · zak
k uak+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎬

⎭

D(yi1 yi2 · · · yi2s−1 za1
1 za2

2 · · · zak
k uak+1) =

2s−1∑

j=1

(−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1+1,

1 ≤ s ≤ k
2 . Thus we have

Imageodd D

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
,

Kerodd D

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
.

Now

H even
S1 (LVn,k(H)) = Kereven D

Imageodd D

=
Qspan

⎧
⎪⎨

⎪⎩

za1
1 za2

2 · · · zak
k uak+1, 1 ≤ s ≤ k−2

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

.

But then

Qspan
{

za1
1 za2

2 · · · zak
k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

}

= Qspan

{
uak+1, zak

k · · · z
bk−p
k−p , p = 0, . . . , k − 1

zak
k · · · z

bk−p
k−p uck−p al ≥ 0 ∀ l = 1, . . . , k + 1, bk−p, ck−p ≥ 1

}

.

Therefore
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H even
S1 (LVn,k(H))

=

Qspan

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uak+1 , zak
k · · · z

bk−p
k−p , zak

k · · · z
bk−p
k−p uck−p p = 0, . . . , k − 1, 1 ≤ s ≤ k−2

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1,

bk−p, ck−p ≥ 1

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

[uak+1], [zak
k · · · z

bk−p
k−p ] p = 0, . . . , k − 1, 1 ≤ s ≤ k−2

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,[
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k

]
al ≥ 0 ∀ l = 1, . . . , k + 1, bk−p ≥ 1

⎫
⎪⎪⎬

⎪⎪⎭
.

Also

Hodd
S1 (LVn,k(H)) = Kerodd D

Imageeven D

=
Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

1 ≤ s ≤ k
2 ,[

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k

]
1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k

⎫
⎪⎪⎬

⎪⎪⎭
.

(i i) When k is odd.
We have

Ceven = Qspan

{
za1

1 za2
2 · · · zak

k uak+1 , 1 ≤ s ≤ k−1
2 , 1 ≤ i1 < i2 < · · · < i2s ≤ k,

yi1 yi2 · · · yi2s za1
1 za2

2 · · · zak
k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

}
.

Now

D(za1
1 za2

2 · · · zak
k uak+1) = 0,

D(yi1 yi2 · · · yi2s za1
1 za2

2 · · · zak
k uak+1) =

2s∑

j=1

(−1) j−1 yi1 · · · ŷi j · · · yi2s za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1+1,

1 ≤ s ≤ k−1
2 . Thus one obtains

Imageeven D

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k−1
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
,
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Kereven D

= Qspan

⎧
⎪⎨

⎪⎩

za1
1 za2

2 · · · zak
k uak+1, 1 ≤ s ≤ k−1

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
.

Also we have

Codd = Qspan

⎧
⎨

⎩

1 ≤ s ≤ k+1
2 ,

yi1 yi2 · · · yi2s−1 za1
1 za2

2 · · · zak
k uak+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎬

⎭

D(yi1 yi2 · · · yi2s−1 za1
1 za2

2 · · · zak
k uak+1) =

2s−1∑

j=1

(−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1+1,

1 ≤ s ≤ k+1
2 . Thus

Imageodd D

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k+1
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭
,

Kerodd D = Qspan

⎧
⎨

⎩

1 ≤ s ≤ k−1
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎬

⎭
.

Now

H even
S1 (LVn,k(H)) = Kereven D

Imageodd D

=
Qspan

⎧
⎪⎨

⎪⎩

za1
1 za2

2 · · · zak
k uak+1, 1 ≤ s ≤ k−1

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k+1
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

=

Qspan

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

uak+1 , zak
k · · · z

bk−p
k−p , zak

k · · · z
bk−p
k−p uck−p p = 0, . . . , k − 1, 1 ≤ s ≤ k−1

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k uak+1 al ≥ 0 ∀ l = 1, . . . , k + 1,

bk−p, ck−p ≥ 1

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k+1
2 ,

∑2s−1
j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s−1 za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s−1 ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎪⎬

⎪⎭

= Qspan

⎧
⎪⎪⎨

⎪⎪⎩

[uak+1], [zak
k · · · z

bk−p
k−p ] p = 0, . . . , k − 1, 1 ≤ s ≤ k−1

2 ,

1 ≤ i1 < i2 < · · · < i2s+1 ≤ k,[
∑2s+1

j=1 (−1) j−1 yi1 · · · ŷi j · · · yi2s+1 za1
1 · · · z

ai j +1

i j
· · · zak

k

]
al ≥ 0 ∀ l = 1, . . . , k + 1, bk−p ≥ 1

⎫
⎪⎪⎬

⎪⎪⎭
.
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Also

Hodd
S1 (LVn,k(H)) = Kerodd D

Imageeven D

=
Qspan

⎧
⎨

⎩

1 ≤ s ≤ k−1
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎬

⎭

Qspan

⎧
⎨

⎩

1 ≤ s ≤ k−1
2 ,

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k uak+1+1 1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k + 1

⎫
⎬

⎭

= Qspan

⎧
⎪⎨

⎪⎩

1 ≤ s ≤ k−1
2 ,[

∑2s
j=1(−1) j−1 yi1 · · · ŷi j · · · yi2s za1

1 · · · z
ai j +1

i j
· · · zak

k

]
1 ≤ i1 < i2 < · · · < i2s ≤ k,

al ≥ 0 ∀ l = 1, . . . , k

⎫
⎪⎬

⎪⎭
.

��
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