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Abstract The Gerstenhaber algebra structure on the rational loop homology H, (L X, Q) of a simply connected
compact manifold X can be determined in terms of derivations of the minimal Sullivan model of X. Using this
result we compute the Gerstenhaber algebra structure on the rational loop homology of quaternionic Stiefel
manifolds V,, x (H). Further, we compute the s! -equivariant cohomology of LV, i (H).
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1 Introduction

Chas and Sullivan [1] showed that the loop homology H.,, (L X) of an orientable compact manifold X of dimension
n can be endowed with algebraic structures viz., a product called “loop product” and a degree +1 Lie bracket
called “loop bracket”, making H, (L X) a Gerstenhaber algebra.
By definition, the loop homology H,.(L X) of an orientable compact manifold X of dimension 7 is the ordinary
homology of the free loop space LX = Map(S', X) of X with a shift of degrees by n,i.e., H, (LX) = Hyy,(LX).
A Gerstenhaber algebra is a graded commutative algebra A = {A;};cz equipped with a linear map {, } :
(A® A);i — Ajt1, called a Lie bracket, satisfying

() {a, b} = —(=1)UalFDULIED (] 4} (anti-commutativity)
(i) {a, {b, c}} = {{a, b}, c} + (—=D)UelFDUWIHD R 14 1} (Jacobi identity)
(i) {a, bc} = {a, b}c + (=1)P1Ua+Dplg ¢}, (Poisson identity)

Ifd: A; — A;_ is adifferential on A satisfying

(iv) d(ab) = d(a)b + (—1)*ad(b)
(v) dfa, b} = {da, b} + (—1)1@*+D{a, db},

with the bracket defined by {[a], [b]} := [{a, b}], H.(A) becomes a Gerstenhaber algebra.
For a simply connected compact manifold X, Gatsinzi [2] showed that the Gerstenhaber algebra structure on
the rational loop homology H, (L X) can be determined in terms of derivations of the minimal Sullivan model of X.
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This can be concisely described as follows. Let (AV, d) be the minimal Sullivan model of X, where V = {Vi Jis2
is a finite dimensional graded vector space. For k € Z, let (Der A V)i be the vector space of all linear maps
8 1 (AV)E — (AV)i~F that satisfies §(ab) = 8(a)b + (—1)¥1%las(b), and let Der A V = {(Der A V)i }xez. For
i >2,let V' = Hom(V', Q) and V¥ = {V};>,. Let s~ V¥ be the desuspension of V¥ i.e., (s~! V#)i = Viﬂl.
Then with the grading convention (AV); = (AV) ™, it was shown that (AV ® As~!V# {,}) is a Gerstenhaber
algebra, where the bracket {, } is described as follows. For all a, b € AV, and s_19, s_ln es! V#,

@®Lb1)=0, {a®s'0,b@1)=abb)® 1,
(a®s 10, b®s ' =abd(b)®s 'n— (—1)‘“9”bﬁ|b77'(a) ®s o,

where 6, 7 are the derivations of AV extended from 6 and 7 respectively.

Let Anys ! Der AV be the exterioral gebra obtained as the quotient of the AV -tensor algebra Try s “IDer AV
= GBkonfVS_l Der AV, by the ideal generated by elements of the form x ® y — (—1)*I’ly ® x, where
TK, s !Der AV = s~ ! Der AV @,y -+ ®ay s ! Der AV (k-times), and

vas’1 Der AV = AV. Since V is finite dimensional it is isomorphic to V¥, and this gives rise to a AV-
algebra isomorphism

Q@ /\M/s_1 Der AV — AV @ As~ 1V,
Using this isomorphism, Gatsinzi [2] defined a differential D on AV ® As~!V# by
D(x) = —{p(s~'d), x},

forx € AV®As~ V¥ which satisfies condition (iv) and (v) above, and he established that H,, (L X ) is isomorphic
to Ho(AV @ s~ V#) as Gerstenhaber algebras.

If (A\V,d), V = {Vi};>,, is a Sullivan model of a simply connected topological space X, with V finite
dimensional, we call (/\V ® As~LVH {,}, D) a differential Sullivan Gerstenhaber algebra model of X.

Let X be asimply connected compact manifold whose minimal Sullivan modelis (AV, 0), where V = {V'}; >2
is finite dimensional. Then interestingly it turns out that the differential D on AV ® As~! V¥ is also zero so that
the Gerstenhaber algebra structure on HL, (L X, Q) is just the differential Sullivan Gerstenhaber algebra model of
X itself.

Let H denote the field of quaternions. For a positive integer n, let Sp(n) denote the symplectic group which
consists of all linear transformations of R* that respects the norm || = oo, where @ € H and @ the
conjugate of w. For 1 < k < n, the quaternionic Stiefel manifold V;, ; (H) of orthonormal k-frames in H" is
given by, V,, x(H) = Sp(n)/Sp(n —k),if 1 <k < n,and V, ,(H) = Sp(n). Since V,, x (H) is simply connected
and has minimal Sullivan model of the form (AV, 0) [3], from the preceding paragraph we have, as Gerstenhaber
algebra HL, (L V, i (H), Q) is nothing but the differential Sullivan Gerstenhaber algebra model of V;, ; (H).

In [1], Chas and Sullivan also defined a BV operator on H, (L X) and showed that the loop product with this
operator makes H, (LX) a Batalin-Vilkovisky (BV) algebra. Recall, a Batalin-Vilkovisky algebra is a graded
commutative algebra A = {A;};cz with an operator A : A; — A;41, known as a BV operator, that satisfies
AoA =0and

A(abc) = A(ab)e + (=D aAbe) + (= DI=DIPIp A ac)
— Ala)be — (=DaAB)e — (=) HPlgpA(c).

If we denote the loop product, the loop bracket and the BV operator on H, (LX) by e, {, } and A respectively,
then as shown in [1] the three are related as

{a,b} = (=DA@-b) = (=DA@) - b —a- AD). 1)

In [4], H. Tamanoi calculated the structure of a Batalin-Vilkovisky (BV) algebra on the integral loop homology
of complex Stiefel manifolds, whence the Gerstenhaber algebra structure on the same can be determined using
the above relation (1). In this paper we show explicitly the Gerstenhaber algebra structure on the loop homology
of quaternionic Stiefel manifolds with rational coefficients.

Given an orientable compact manifold X, one can see that S' acts diagonally on ES' x LX, where ES'
is tl;e total space of the universal S'-bundle. Let ES! x st LX be the quotient of the diagonal action of S "on
ES' x LX,ie.,

ES' xg LX := (ES' x LX)/S".
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String topology of quaternionic Stiefel manifolds 903

The S'-equivariant homology (cohomology) of LX is defined as the homology (cohomology) of ES! x st LX.
It is called the string homology (cohomology) of X, denoted by H*S 1 (LX) (H ;‘1 (LX )).

Let X be a simply connected space with (A(xy, x2,...),d) as its minimal Sullivan model, then it has
been proved by Vigueé-Poirrier and Sullivan in [5] that the minimal Sullivan model of the loop space LX is
(A(x1, y1, X2, ¥2,...),8), where |y;| = |x;| — 1 and the differential § is defined by §(x;) = d(x;) and on y;’s
it is defined using § o s + s 0 6 = 0, where s : A(x1, V1, X2, ¥2, ...) = A(X1, Y1, X2, ¥2, .. .) is the derivation
defined by s(x;) = y; and s(y;) = 0. Furthermore in [6], Vigué-Poirrier and Burghelea proved that the minimal
Sullivan model of E S! xgt LX is (A(x1, Y1, X2, y2, ..., u), D), where |u| = 2, and the differential D is given
by D(u) =0, D(z) = 8(2) + s(z)u for z € A(xy, y1, X2, Y2, .. .).

Basu in his dissertation [7] computed the string cohomology of projective spaces, spheres and product of
spheres over rational coefficients. Here we compute the string cohomology of quaternionic Stiefel manifolds
over rational coefficient.

In what follows, the underlying field is the field Q of rational numbers.

2 Some results on the Gerstenhaber algebra structure on the loop homology of a simply connected
manifold

First we state the following theorem which is due to Gatsinzi [2].

Theorem 1 Let (AV,d) be the minimal Sullivan model of a simply connected compact manifold X, where
V = {V'}i=2 is finite dimensional. Then H,.(LX) = H,((AV ® As~ YV D)) as Gerstenhaber algebras.

Now in the above theorem if we restrict to simply connected manifolds X, whose minimal Sullivan models are
of the type (AV, 0), with V = {V'};>, finite dimensional, we have the following corollary which serves well in
computing the Gerstenhaber algebra structure of such type of spaces.

Corollary 1 Let X be a simply connected compact manifold with minimal Sullivan model (A\V,0), where
V = {V'}i=2 is finite dimensional. Then H,.(LX) = AV ® As~YV# as Gerstenhaber algebras.

Proof Let x € AV ® As~' V¥ By definition D(x) = —{p(s~'0), x} = —{0, x} = 0. Therefore H., (LX)
H,(AV @ AsTIVE 0)) = AV @ AsTIVE,

o IR

We apply corollary 1 to compute the Gerstenhaber algebra structure on the rational loop homology of
quaternionic Stiefel manifolds.

3 Gerstenhaber algebra structure on H..(LV, ; (H), Q)

Recall that the minimal Sullivan model of V,,  (H) is (A(y1, ..., Yk), 0), where |y;| =4(n —k 4+ i) — 1 [3]. As
a direct consequence of Corollary 1 we have proved the following proposition.

Proposition 2 For 1 < k < n, the Gerstenhaber algebra structure on the rational loop homology of V, i (H) is

given by
Hie (L Vo i (H), Q) = A1 -0 30 @ AT i, oys ™ ),
where {n1, ..., Nk} is the dual basis corresponding to the basis {y1, ..., Yk}
The next proposition gives an explicit expression of the bracket on A(yy, ..., ) ® /\(s’1 Ny evns 5! k)

that corresponds to the loop bracket on H,. (L V,, x (H), Q).
Proposition 3 The bracket on the rational loop homology
Ha (LVo ke (H), Q) Z AL 30) @ Al s )

of Vu k(H) is given by:
fork =1,

R L
Dl es vl @'} = Gior —ingn o @ sy, @)
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fork =2,
g @s sl v{of @5 s o
= (=D [(=D2(ipr = g O TR @ sy s e
+ (=D (2p2 = g O] HETET @ T e | 3
for3 <k <n,
Hyil el s ]yl e ql"’s_lnzk]

. i
= (= )Xzt (<)X pr — g O] T e

k—1
_ -1 _ k . =1 )
s lnfl‘l'ql i s lnfk-‘qu) + Z(_l)zs=r+1 ly+Z,:1 Jt (]rpr _ qur)
r=2
i j r r i j — - r r_l —
(yll"r/l' y; +ir— _'_ylk+jk®s 1 m+ql — lnf tar=l ¢ lnlfk'HIk)_'_
+ +ji—1 - + — +aqr—1
(DXt G pp — ipqr) (YT I g gl pitan =1 Pt )], )

where O < iy, ..., 0k, j1,---»Jx < L, and p1,..., pk,q1,---,qr = 0.
Proof For k = 1, we have
{yi‘@s Pyl @s™! ‘“}
={ol e naes . of @ Ha @ s
=0l ebf1esl i e1faes i+
(1c§§s‘1n”1){y”®1,1®s‘1 ’“](y ®1

=apofehaes " Ho! e naes -

g (1@ syl 1)(1®s-1n‘{“1><y’"' ®1)

1 — — —1
i1+ji— Qs 1 p1+KI1 i1+ji— ®s 1 {J|+t11 )

= jip1(y h—i q1(y,
1 171 1 q1 i1+ji— 1 p1+q1
= {yl ®s ,yl ®s~ ] (Jip1 — gy, '®s” h.
Fork =2,

1 —1 1 —1
{yily?@s sl vl v @ s s 7732}

={ol s p‘)(y?@os 2, of' @ s niHof @5~
= ueofesT bl el v @57 m}(y ® ™'+
(—DH 2l @ sy pl){y§2®s Ry es™! qz}(y ®s 'n?).
Now by applying the result (2) of the bracket for k = 1, we get
Divg @s 'l y{of @57’ 0
= (DR (D2Gip = O] TR @ s TP T e

1 — —
+ (=D (apr = ing) 0]y T @ s T

+q2—1
7752 q2 )]
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Finally, for the case 3 < k < n, we prove by induction on k. Let k = 3. Now

1 1 —1 -1 —1,93
DB @ st~ sl ol of @ st~ s
_ !(ylll ! Pl)(yézy? ®S—1ngz -1 3)’(y{1 et m)(yézyf 177325_17733)}

= (- 1)11(12+13)(y12 i3 g g1 s~ ngS){yil @5 lflfl,)’] @5 ql](yé2yé3 ® s~ 1nls 1nq3)
+ (_1)jl(j2+j3)(yil ®s! Pl){yézy? D5~ ]’752 lﬂfzs)’éz)’f @5 lngz —1 q3}(y ®s ln?l)'
Applying the results (2) and (3) of the bracket for k = 1 and k = 2 respectively, we get

i 12 13 1 Pl p2 . —1_p3 J2 3 1 ql 92 .—1_4g3
{y1y2y3 ®@s 'n's ' nh%s ’73»y1y2y% ®s 'n{'s'ns ’73}

. e ) T R B o B
= (_1)Zl§m<153 ll]t11[(_1)12+l3 (ip1 — llQl)(yilﬂl y122+12y§3+13 ® s ln{?1+41 P lngﬁqzs 1n§73+q3)
o ) D ] it B 3 1
+ (_1)13+/1 (japr — lzqz)(yllJF]l y£2+12 y13+13 Qs 1 1PI+(1IS ln§2+q2 s 1nP3+¢13)
i1+j2 + + +j3—1 + +q2 — +q3—1
+(—1)h+]2(j3p3 l3q3)(y11 J1 ;2 Jzygs J3— ®s 1 Pl 9 lngz P2 1n§?3 q3— ):|

Therefore (4) holds for k = 3. Assume that the equation (4) holds. We will show that the same holds for k + 1.
We have

i ik41 1 pl —1_ Pk+1 Jk+1 1 q1 —1_qk+1
{yl Vig1 B8 B/ S5 ’yl Vg1 ©5 S Mg }
i1 1 1?1 Ik+1 -1 Pz —1, Pk+1
= {(yl )(y Vi @ S Mg ),

(yljl ®S—1 ql)(y ylﬁ:ll ®S—1 @, ¢ nZI:rll)}

— (_l)il(iz+~--+ik+1)(ylz y]l(k_:ll Qs ! pz s ”kkﬂ)
{ylll ®Rs 17]{71’)}l -1 ql}(y ylill:ll ® s -1 qz ”S_lnl?:ll)

+ (- 1)11(12+ ]k+1)(yll ®s 1 Pl){y2 y;{k;rll ®s 1 172 cers 1n,1€)i+11’
i -1 -1 —1
v ylgz:rll ®s P s 771?3:11 }(y ®s 'y,

Using the results (2) and (4) we get

il ik+1 —1 p1 —1__ P+l Jie+1 -1 q| —1, Gi+1
{yl Vi ®F S My o7 “Vip1 ® S ’7k+1}
et iz Ik+1 -1 Pz Pik+1
— (_1)11(12+ +lk+1)(y i ® s . nk )

i1+ji—

. .
Gipr —itgn Oy T @ s )(y’2 s sl

+ ( 1)/1(]2"" /k+l)(yll ® s -1 p])l:( 1)22<m<l<k+l iljm (( I)Zv 3 s (J2p2 — 1292)

i2+jo—1 k1 Jk+1 —1_p2tga—1 -1 pk+1+qk+1
(o Ykt Qs m TS My )
k k+1 1
. 1 .
+ Z(_I)Zm"“ LA Y=Y Urpr —irqr)
r=3
i2t+j2 irtjr—1 i1+ Jk+1 -1 _p2t+q2 —1_prtqr—1 —1_ Pk+1+qk+1
(yz ey Vi1 s 1y ceesTop T s M1 )
+ (=X G prst — ik19ie1)
i2+ja I 1+ jk+1—1 -1 _p2+q —1_Pk+1+qk+1—1 -1 q1
(6% V41 ®s M S My ) (y s )

.. k+1 .
= (= D)X 1=m<izit1 itin [(_1)25 S(iipr —i1q1)

i1+j1-1 ik 14 jes —1_pi+qi—1 —1_ Pk+1+qi+1
() © Vet Qs my S Mt )
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k
K+l -1 . S i+ —1 eatb i
+ Y (DXt S G py — ) () Ty Ty e

r=2
—1_pi+qi —1_prtqr—1 —1_Pk+1tGk+1 kg .
s 1 sy esT I ) + (= D)Z=1 9 Gt Pyt — ik 1Gk41)
i1+ i1+ k1 —1 —1_pitqi —1__Pk+1+qk+1—1
0 0 Ykl Qs my S Mg ) |-

Since V, , (H) = Sp(n), one obtains the Gerstenhaber algebra structure on H, (L Sp(n), Q):
Corollary 2 The Gerstenhaber algebra structure on the rational loop homology of Sp(n) is given by
H(LSp(n), Q) Z A1 y2 e ) © AT 1, s™ oy oy s™ ),
where {n1, N2 ..., n,} is the dual basis corresponding to the basis {y1, y2, ..., yu}, and the bracket on
HA(LSp(1), @ ZAG1 Y2 y) @ Al 5™ s cos™h)

is:

forn =1,
[yi'®s lﬂf”’yl Qs } (]1171—11‘]1)()711 Tl g s f1+q1 h,
forn =2,
DinE sl oy @ s~nf's ™ ng
= (- 1)’“‘[( D2Gipr —ignO) TR @ Ty T T e
+ (=1 (ap2 — ing) () Ty T 1®s71nf1+qls’1n§2+qz_l)],
forn >3,

R

1 s 1’73"}

ol @sT

L n . . . . . 71 .n .n
— (_1)21§m<l5n il jm [(_DZs:z s (jipr — llq1)(y;l+]l ey ting

n—1
—1,_pit+qi—1 -1, pat LN S St :
sThn T s T gy q")+§ (=) Zs=rat 5Tt i (o pe — gy
r=2
ir+jr—1 - - —1 _
(y:1+11 ..ylr“l']r y’t{l+1n®s 1 f1+q1-~-s lnfr+q) s ]n£n+qn)

+ n+n 1 — + - n+ n*1
(DX o = i) Gy T @ g e |

where O < iy, ....0in, j1,---sjn < L, and p1,..., pn,q1,---,qn = 0.

4 Calculation of the S!-equivariant cohomology of L Vi, 1 (H)

Now we compute the string cohomology of quaternionic Stiefel manifolds V, x(H) i.e., the S'-equivariant
cohomology of LV, ;(H). As mentioned earlier, the minimal Sullivan model of V,,  (H) is (A(y1, ..., yx), 0),
where |y;| = 4(n — k + i) — 1. Since V,, x (H) is simply connected, by the description given in the introduction
one sees that the minimal Sullivan model of LV, ;(H) is (A(y1, 21, ..., Yk, 2k), 8), where |z;| = 4(n — k +
i) — 2. The differential § is defined by 6(y;) = 0 and on zl’.s it is defined using 6 o s + 5 0 § = 0, where
S AL ZLs - Vi 2k) = A1, 215 - - -5 Yk, 2k) 1S the derivation defined by s(y;) = z; and s(z;) = 0. Thus
we have 6(z;) = 6(s(y;)) = —s(8(y;)) = —s(0) = 0. That is, § is the zero differential.

The minimal Sullivan model of E S! x g1t LV, (H) is given by (A(y1, 21, - - -, Yk, 2k, 4), D), where |u| = 2,
and the differential D is given by D(u) = 0, D(x) = §(x) +s(x)u = s(x)u forx € A(y1, 21, ..., Yk, 2k). Thus
we have D(y;) = s(yj)u = zju, and D(z;) = s(z;)u = 0.
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Proposition 4 The S 1 -equivariant cohomology of LV, j (H) (H ;‘1 (LVyk (H))) is given by:
(i) When k is even,

H ™ (LVy,k (H))

a, bi— k=2
[u%=+1], [Zkk"'zk—,:] p=0,....k—1,1=<s <55,
ZQspan 1§i1<12<~-~<12;1 <k,
2541 1 — a a;+1 a
|:Z (= l)j yll"'yij"'yiszrlle”'Zi]-j "'Zkk aq>0vVi=1,...k+1, bk—pzl
dd
H (L Vy x (H))
1<s<¥%,
_ 2 -1 —~ a Gt i< j
= Qspan { | X500y o5 oyl g gt [T si << < <k,

a>0vVi=1,...k

(ii) When k is odd,

§1 (LY k (HD)
. bj— _
[ud+1], [Zzl\...zk"_;] p:O,...,k—l,IESE—Z],
zQspan 1 <iy<ip<---<iogy1 <k,
P+l
2s5+1 i1 — a aij+ ag _
|:Zj=1 (—1)/ Yiy o Yij o Ying g "'Zij R4 a>0vVIi=1,...,k+1, bk_pZI
dd
H (L Vy ()
k—1
1 I<s=<%5,
. 2s i1 — a ai;+ a . . .
= Qspan [Zj;l(_l)j Yig Vi Vi g gt [l S << <ing <k,
a>0vVIi=1,...,k
Proof Denote C* to be the equivariant cochain groups of (A(y1, 21, - - -, Yk, 2k, 4), D).
(i) When k is even. We have
oo = Q lezgz- zzku"k“, 1<s< %‘, 1<ii<ir< < iy <k,
PN yiyvi o Ying 21 25 e gt u aq>0Vi=1,... k+1
Now
D(z{'z5% -+ 2 u™) = 0,
25 a; +1
ap az ay j—1 = aj 'j +1
D(yilyig C Ving 21 20 Ty uak+1) = Z(_l)l Viy e Vij o VingZp .Zij Zk k1
j=1
1<s< % Thus one obtains
Image®*" D
1<s<¥,
_ 2 P o~ a ai +1 a . . .
_Qspan Z]Szl(_l)] lyil...yij...inSle...Zi’_/ ...Zkkuak+l+1 1511 <12<"'<12sfk7 ,

a>0vi=1,...,k+1
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908
KerevenD
Z‘IJIZZZ 'szuak+l l<s< kEZ
= Qspan 1<ip<ip <+ <ipy1 <k,
i +1
25+1 i—1 — a aj;+ a
Z ( I)J yll-'.yij'..yilr-%—lzll..'Zij] ...Zkkuak-H alZOVlzl, ’k_'_l
Also we have
1<s<¥,
odd ay _a a, . . .
C = Qspan Yiy Yio ~yi2x_1z1‘zzz .- 'Zkklxtak‘H 1<ii<ip<---<iy 1<k,
a>0VvVIi=1, k+1
2s—1
D(vi. v . ap _az Qg1 \ lj—l = ) a a,'j+1 Ak apsr+1
iy Yin =+ * Ving_121 2 =+ 4 U )—Z(— ) i Vij ot Vine 2y gy ceziu ,
Jj=1
1<s < % Thus we have
Image® dd p
k
a; . +1 ! =9= 2
— 2s—1 — —~ a ij a . . .
= Qspan > =Dy S Vip Vi a2y Zi,j ceZue T <y <y <o <ingy <k,
a>0VvVIi=1, k+1
Ker®d p
k
ai.+1 l=s= 2
— 2s i—1 — a ij a . .
= Qspan it (=D Ty i Vi 2 mzijj coeZgu 1 <y <ip < - <y <k,
a>0VvVIi=1, k41
Now
even
even (LV, () = Ker D
n.k odd
Image®®™® D
Z‘]lelzlz .szuakJrl 1<s< k=2
’ — — 2 ’
Qspan 1 <iy<ip <. <igey1 <k,
" 23"’1 Jj—1 o ai aij+1 Ak ajy
Z ( 1) Yiy c )’ij"‘)’izs_HZ] Zl] 'Zku 61120\7’1:1 ,k+1
- 1<s<§,
2s—1 — a ai;+1 ar an . . .
Qspan Z S ( l)./ Vi ...yl-j ...yi2S71Z1| ...Zij'/ ...Zkkuals+1+1 1 <l <i) < <1 < k’
a>0VvVIi=1, k41
But then
a a a
Qupan { 2]'252 - Zfu+1 |lay > OV I =1, ...,k + 1}
b,
Q ak+l Zk Zkklf p:O,,k—l
= span a bk
Zkk"'zk—;”Ck_P a>=0VIl=1,....,k+1, bp—p,ck—p =1
Therefore
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§1 (L Vi k (HD)
b —
ur gk Zkk;’ g ucter p=0,....k—1 1=<s5s <2
Q I<ij<ir<-<ixg <k
span 2541 _ _ ai +1
ZH( /=ty - ~yi,--~'y525+lzlf]-~-zij" coeful a = 0VIi=1,... k+1,
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