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Abstract This paper consists of certain congruence properties of Stirling numbers of the first and second kinds.
Some congruence relations between s (2, k) and S (n, k) for different modulo are obtained through their generating
functions. We also present some exact p-adic valuations of s(n, k) and S(n, k) for some cases, mainly when
n — k is divisible by p — 1 for odd prime p. Some estimates of the p-adic valuation of these two numbers are
also presented when p — 1 does not divide n — k.
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1 Introduction

The p-adic valuation of an integer a denoted by v, (a) is the highest exponent of p that divides a, where p is a
prime. It follows that p*»@ | a but p!*'»@ 4 4. Every integer has a unique p-adic expansion. If

a=ao+aip+ap’+-+ap"

where 0 < a; < p — 1, this expression is unique, and a;’s are called the p-adic digits. The sum of a’s p-adic
digits is denoted by s, (a). Thus,

n
spla) = Z a;.
i=0
This sum is related to the p-adic valuation of binomial coefficients [14] as

n\\ _ spk) +sp(n—k) —s,(n)
UP((k)) o p—1 '
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Congruence between Stirling numbers 913

Some important generating functions of Stirling numbers of the second kind S(n, k) and the first kind s(n, k) are

n—1 nel i=0 - n_il=0
H(l—ix)zzs(n,n—i)xi, H(l_Hx)ZZ(—l)iS(n,n—i)xi, @
) i=l 1 ooi=0 ki:1 | Oiozo
oo~ gs(n +k k)x", 11 T n;(_l)ns(n kX" )

where the notations x” and x stand for the falling factorial and the rising factorial of x, respectively.

Stirling numbers are related to several sequences of numbers, making them interesting to many researchers. In
recent years, divisibility properties of Stirling numbers of the second kind for an even prime appeared in Adelberg
[2], Hong et al. [7], Lengyel [11], Wannemacker [22] and Zhao et al. [24].

For positive integers a, k, and a prime p such that a < k < p, and for each positive integer n = a
(mod p™o~1(p — 1)), Miska [15] confirmed that

vp(S(n, k) = vp(Sa+ (p — Dp™ ' k) +v,(n —a) —mo + 1.

Singh and Lalchhuangliana [18] proved, using a combinatorial approach and a concept of minimum periods,
that

vp(S(p". kp)) = 2,

for any integern > 2and2 <k < p — 1.

Chan and Manna [4] obtained a congruence relation for S(n, kp™) modulo p™ and found that p” always divides
S(n, kp™) whenever n # k (mod p — 1). Adelberg [1] discussed the concept of Minimum Zero Case (MZC),
andifn =ap",1 <a < p—1,and (p — 1) | (n — k), then S(n, k) is MZC with exact p-adic valuation

sp(n) —sp(k)
v, (S(n, k) = L=t
p—1
For more results about the divisibility properties of Stirling numbers of the second kind, we refer to Davis [5],
Sagan [17], Singh et al. [19], Tsumura [21], Sun [20], and Young [23].
For any prime p, Lengyel [12] confirmed that

vp(s(ap” +b,ap” +b—k)) = v,(s(b, b —k)),

where a, k, b, and n are integers such that a > 1 with (a, p) = 1,2 < k + 1 < b and n is sufficiently large.
Qiu and Hong [16] showed that v2 (s (2", k)) = v2(s(2" + 1,k 4+ 1)) for | <k < 2", and va(s(2n,2n —k)) =
2n—2—uvy(k — 1) ifkisodd and 2 < k < 2"! + 1. Komatsu and Young [10] proved that

vp(s(n+ 1, k+ 1) =v,(n!) —vpk!) —kr,

where n, k, m, and r are positive integers such thatn = kp” +m and m < p”. More results about the divisibility
of Stirling numbers of the first kind can be seen in Cao and Pan [3], Hong and Qiu [8], Howard [9], and Leonetti
and Sanna [13].

This paper present the congruences of S(n, kp™) and s(kp™, n) explicitly in terms of binomial coefficient when
n = k (mod p — 1). We further obtain congruences for S(n, k) and s(k, a) modulo p, p™, and p", where
m = |logp(k)] and n > m. We reduce the congruences to simpler results for some special cases. The exact
values of v, (S(n, k)) and v, (s (n, k)) for some special cases of n = k (mod p — 1) are obtained. We also discuss
the case when S(n, k) and S(n — 1, k — 1) have the same congruence property.
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914 A. Lalchhuangliana, S.S.Singh

2 Preliminaries

The generating functions of S(n, k) and s(n, k) play a significant role in obtaining their congruence properties.
We will assume p as an odd prime unless stated otherwise. We use the congruence property of the polynomial
Chan and Manna [4]

1

kp
[T —ix = —x""5"" (mod p™). @
i=1

If we replace x with 1/y, we get

kp 1 kp™
[Ja-ix) = W]‘[(y —i)
i=1 i=1

and
o p=Iepth o p=T k!
O

It follows that

kp”l

m—1 m—1

[To—==y""0"" = D" (mod p™). )

i=1
We can also write this result as

R = k" el k" (mod p™y. (©6)

Replacing x by —x in Equations (4) and (6), we obtain

kpnl
[T +i0) = —x""H"" (mod p™) ©)
i=1
and
R = (kR e R (mod ™). ®)

Davis and Webb [6] proved, for a prime p > 3, that

np _ n e
(kp> = (k) (mod 2%, ©

where e = 3 4 v, (n) + v, (k) + v, (n — k) + v, ((})). With the help of Equation (9), it is easy to confirm

1—x)"" =1 —x""y" (mod p"™th) (10)

for any integers n and m such that 0 < m < n.
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Congruence between Stirling numbers 915

3 Results

In this section, we prove our main results which we present in theorems and corollaries. The first theorem gives
the congruence relations between Stirling numbers of the first kind and Binomial coefficients.

Theorem 1 If p is an odd prime and k is a positive integer not divisible by p, then for any positive integer m,
the following congruences hold;

a) stkp™ kp™ —b) = (=D s(kp™ kp™ ' +b) (mod p™),
kp™—1 b
b) s(kp™. kp™ —b)=| ", J(=D7T (mod p"),
=1

ifb=0 (mod p—1)andb <k(p—1)p"™ .
c) stkp™,b) =0 (mod p™),

ifb <kp™ Vorkp™ ' —b#£0 (mod p—1).
d) stkp™,b) =skp™ +1,b+1) (mod p™),

for any integer b such that 1 < b < kp™ — 1.

Proof We know that

kp™—1 kp™—1
]_[ (1 —ix) = Z s(kp™, kp™ — i)x*
i=1 i=0
kp™
k™ — Zs(kpm, ix'.
i=0

Due to Equations (4) and (6), we get

kp™—1
m—1
H (1 —ix) = (1 —xP~Hkr (mod p™);

i=1

x@ = kaM71(xﬂ_1 _ l)kﬂmil (mod pm)
It follows that
el o k! kp™=1 o
Z stkp™, kp™ —i)x' = Z ( . )(_1)1x1(p—1) (mod p™);
kp”’ ' . kpm_l kpmfl -
Zs(kpm,i)x‘ = xkP Z < ) )(_1)k1x1(p1) (mod p™).
i ; J
i=0 j=0

Comparing the coefficients of x?, we get the first three results, and the last result is obtained from the congruence

kp"—1

kp
[[a-ix)y= [[ A -ix) (mod p™). (11)
i=1

i=1
Hence, the theorem follows. O

Corollary 1 Let n = kp™, m > 1, be an integer with only one non-zero p-adic digit, and p > 3 be a prime.
Then, s(n, a) is divisible by p if and only if n # a (mod (p — 1)p™~Y). Further, s(n, a) is divisible by p'*!,
0<t<m—1,ifandonlyifn —a < kp™ Y orn #a (mod (p — 1)p™~171).

Proof Follow the proof of Theorem 1 and use Equation (10). O
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916 A. Lalchhuangliana, S.S.Singh

Corollary 2 For an odd prime p and integers k and m such that p + k and m > 1, we have

vp(stkp™ +1,a+ 1)) = v,(stkp™, a)) =m — 1 —vp(a), (12)
whenever m — 1 > v,(a), kp™ ' <a <kp™, andk =a (mod p — 1).
Proof The proof is based on the equality vp((ZgZ,)) =n—mwhenpfa, ptb,andn > m. mi

Remark I If n > m, the p-adic valuation of the binomial coefficient (ZI’; :,) is equal to v p((bpff,,n)). It follows

thatif m — 1 < vp(a) and v, (( ) <m — 1, we have

kp—akplfm)

m m k
vy (skp™ +1,a + 1)) = v, (s(kp™, a)) = up(<kp - apl_m>). (13)

It is also trivial from Theorem 1 that

Min{v,(stkp™ 4+ 1,a + 1)), vp(skp™, a))} = m (14)
whena < kp™ Vorkp™ ' —a #0 (mod p —1).
The following theorem is a generalization of Theorem 1.

Theorem 2 For an odd prime p and positive integers k, m, a, and b, the following congruences hold;
. kpmfl
s(kp™ +a, kp™ ' +b) = Z(—l)’“( , )s(a, b—i(p—1) (mod p™) (15)
, i
1

ifb<a+k(p—1p" ! and

stkp™ +a,b) =0 (mod p™). (16)
ifb < kp™ 1.
Proof We have
kp™+a
X = N s(kp™ + @, i) A7)
i=0

and

kp™ a—1
W= [T =i [T = Gp™ + 1))
i=0 i=1

m—1

= xk" T (P DT R (mod p™)

kpm—l

m—1 a
e Z (kpi )(—l)kixi(pl)Zs(a,j)xj (mod p™). (18)

i=0 j=0

Comparing the coefficients of xkP"'+0 in the RHS of Equations (17) and (18), we obtain
m m—1 k—i kpm_l . m
skp™ +a, kp™ ™" +b) = Z (=D . Js(a,j) (mod p™). (19)
i(p—1)+j=b !

Changing the index j to b — i(p — 1) confirms the first result of the theorem. The coefficient of x" on the
right-hand side of Equation (18) vanishes if n < kp”~!; hence, the second result follows. O

The following corollaries are special cases of the preceding theorem.
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Congruence between Stirling numbers 917

Corollary 3 For an odd prime p and positive integers k, m, a, and b;
(i) 0a = (=D's(@.b) (mod p™) ifb=<p~—1.

i voon ) = 1M LoD, (P =D fband 5] < p"
prepe m—1—v,(GE = 1), if (p— 1) | band 325 < p"~'.

where o, = s(kp™ + a, kp" ' + b).

Proof On observation of Equation (19), we can see that;

(1) If b < p — 1, then the only solution of i (p — 1) + j = b for (i, j) is (0, b), unless b = p — 1, in which case
there are two solutions, namely (0, p — 1) and (1, 0). The corresponding term for the solution (1, 0) vanishes as
s(a,0) = 0. Hence, (i) follows.

(i) Letb = g(p — 1) +r such that 0 < r < p — 1. The only solution of i(p — 1) + j = q(p — 1) + r with
j<p-—1lis(,j)=(q,r),if r #0. Thus, we get

k m—1
stkp™ +p—1,kp" " +b) = (—l)k_q< P )s(p —1,r) (mod p™). (20)
q
Now, we obtain the congruence for s(p — 1, b):
We have
1 xl
Pl T =P —x) 1 —x+x>—--+) (mod p).
x—p+1
It follows that
p—1
Zs(p— Lixi=—x+x>—x 4+ +x”"1" (mod p)
i=0
and
s(p—1,i)=(=1)" (mod p) (€2}

ifl<i<p-—1.

Therefore, the valuation of the binomial coefficient (k'" :: l) ism—1-v,(g)and s(p — 1, r) is not divisible by
p. Thus, the first case of (ii) follows.

On the other hand, if r = 0 or b = g(p — 1), then there are two solutions of i(p — 1) + j = g(p — 1), namely
(g,0) and (¢ — 1, p — 1). The corresponding term for the index (g, 0) is zero since s(p — 1, 0) = 0. Following
the proof of the first result, we get the second case of (ii). O

Corollary 4 For an odd prime p and positive integers k, m, a, and b;
kpm—l
skp™ +a, kp" ' +b) = (—1)q( )S(a, r) (mod p™)
q

ifa<p—landb=q(p—1)+rwith)<r <p-—1.

Proof Given Equation (19), the only solutionof i(p — 1)+ j =q(p —1)+ris (i, j) = (g, r). Hence the result
follows. o

Remark 2 The p-adic valuations of large classes of Stirling numbers of the first kind can be obtained using
Theorem 1, Corollaries 3, and 4. The first result of Corollary 4 yields the following exact p-adic valuation,

v, (s(kp™ +a,kp" "+ b)) = m — 1 —uP(L%J), (22)

ifb=1,a,a—1lora—3 (mod p — 1), assuming conditions of the corollary apply.
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918 A. Lalchhuangliana, S.S.Singh

Theorem 3 Let p be an odd prime and k, a, b, m, and t be positive integers such that max{k, a} < p — 1,
t <m,andb < ap'. Then,

0 s(ap',b) (mod p™), ifa#b (mod p—1)orb <ap'™'; (23)
WP N s@apt, by  (mod pUr®=1y " otherwise.

where 0, = s(kp™ + q, kp™ + b).

Proof Replace a and b in Equation (19) with ap’ and k(p — 1) p"~! 4 b, respectively; we obtain

k—i kpm_l [ m
Bupr = > (1) ;)star’, ) (mod p™).

i(p—D)+j=k(p—1)p"™~14b

If we replace the index j with (kp”~! —i)(p — 1) + b, we get
— k—i kpm_l t m—1 . m
bapr = )_(=1) o Js@r’, k"= (p =D+ b)  (mod p™).
i

By reversing the index, we get

m—1

-k
ea,,,EZ(—nl(pi >s(ap’,b+i(p—1)) (mod p™). (24)

Using Theorem 1, s(ap’, b+ i(p — 1)) is divisible by p’ if a # b (mod p — 1) or b < ap'~!. The valuation
of (kp’:_l) ism —1—v,(i) unless i = 0. Thus, the valuation of the i —th terms, i # 0, of the right-hand side
of Equation (24) is greater than or equal to m — 1 +t — v, (7). The range of the index i is determined by the
inequality b < b +i(p — 1) < ap’, which implies that 0 < i < a Zi;g p". It follows that v, (i) <t — 1 and
consequently m — 1 +1 — v, (i) > m. Hence, p™ divides all the i — th terms except the term with i = 0. Thus,
the first case of the theorem follows.

Now, we assume thata = b (mod p — 1) and ap’~! < b < ap'. Therefore, we can express b as ap’ —q(p — 1)
with 0 < ¢ < ap’~!. Equation (24) becomes

m—1

(k
Oapt = Z(—1)1< pi >S(apt,ap’ —(g—i(p—1) (mod p™). (25)

Given Theorem 1, the valuation of the i-th term on the RHS of the preceding congruenceism +t —2 — v, (i) —
vp(g — i) if i > 0. Therefore, two sub cases arise, namely v,(g) < v, (i) and v, (i) < v,(q);
If v,(q) < vp(i), we have v, (g — i) = vp(q) and

mAt—2—v,0)—vp(g—i)=m—1—v,(q)+(t — 1 —v,(i) >m—1—v,(q),

since v, (i) <t — 1.
If v, (i) < v,(q), we get

m+t—=2—-vp()—vplg—i)=Zm—1-v,(q)+ - 1—-vp(qg—i)) =m—1-1v,(q),
since vy(g —1) <t —1.

The equality b = ap” — q(p — 1) also implies that v,,(b) = v, (g) for the given condition. It follows that all the
terms except when i = 0 are divisible by p”~!=v»®)_ Hence, the second case of the theorem follows. O
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Congruence between Stirling numbers 919

3.1 Valuations of S(n, kp™)

Using Equations (3) and (4), we have the following result [4];
o o .
k m—1 -1 .
3 S k" kpa =Y < e >xf<1’—“ (mod p™), (26)
; J
n=0 j=0

which implies S(n, kp™) =0 (mod p™) ifn # k (mod p — 1); otherwise,

kpm—l 44 _
p-l (mod p™) 27
k11 ) P (27)
for any non-negative integer @ witha =0 (mod p — 1).
Due to Equation (11), we also have the congruence

Stkp™ +a —1,kp™ — 1) = Skp™ +a, kp™) (mod p™). (28)

S(kp™ +a, kp™) = (

The following theorem is a consequence of Equations (26), (27), and (28).

Theorem 4 Let p be an odd prime and k be an integer not divisible by p. For any positive integer n such that
n=k (mod p—1)andn < kp™ + (p — l)p’”_l withm > 1;

v (S(n— 1, kp™ — 1)) = v, (S, kp™)) =m — 1 —vp(n). 29)
Ifn #k (mod p — 1), then
min{v,(Sn, kp™)), vp(S(n — 1, kp™ — 1))} = m. (30)

Proof The second result is trivial from Equations (26) and (28).
We assume n > kp™ and let n = kp™ + b(p — 1) with b < p™~!. From Equations (27) and (28), we have

Stkp™ +b(p —1) = 1, kp™ — 1) = Stkp™ + b(p — 1), kp™)

kp" '+ b —1
b

) (mod p™).

The p-adic valuation of the above binomial coefficient is given as

vp((kpml ;r b— 1)) _ spb) + sp(kp™=! —pli—l splkp™ 1+ b — 1)’ 1)
and we have
spkp™ = 1) =5, ((k = Dp" " 4 p" T = 1)
= sp((k = Dp" ™D +5,(p" " = 1)
=sptk =1+ (m — D(p— D). (32)
Further, & is not divisible by p and then s, (k — 1) = s, (k) — 1. Therefore, Equation (32) reduces to
sptkp™ — 1) =s,(k) +(m —D(p—1)— 1. (33)
Since m > 1 and b < p"~!, we have
spkp™ b — 1) =5, (kp" ) +5,(b = 1)
=sp(k) +sp(b—1). (34)

Leth = b'p*»®, p b/, for some positive integer b'. Replacing kp™ with b in Equation (33); we get
spb—1)=s5,(b) =1 +v,(b)(p— 1) (35)
since s, (b) = sp (b"). Therefore, combining Equations (31), (33), (34), and (35), we get

vp((kpm—llj_b — 1)) — =1 = v,b).

It is also trivial from our assumption of b that v, (b) = v, (n). Hence the theorem follows. O
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920 A. Lalchhuangliana, S.S.Singh

Definition 1 Let a be a positive integer whose p-adic expansion is given by
a=ag+ap+ap’+---+ap'.

For a fixed integer k, 1 < k < p — 1, we define p, r,n (a) as

0, (ifk +ay, < p),
Pphm@ =y1+n, (@Gfk+ay>papn1=-=aum=p—1 (36)
and dpyynt1 < p —1).

Here, pp k,m(a) is the number of carries when adding a and kp™ in base p. Using Kummer’s theorem, we can
see that pp . (a) is, in fact, vp((“+];”7n)).
The preceding theorem restricts the value of n to less than some particular value. The following theorem gives

an alternate result of Theorem 4 when there is no restriction on the values of n but restrict k < p.

Theorem S Let p be an odd prime and k be a positive integer less than p. For positive integers m and n such
thatn =k (mod p — 1),

n—kp™
p(S(n = 1 kp" = 1) = vp(SCn kp™) = Pt (=) (37)
if ppk—tn—1 (SE) < m — 1 < vy(n). However, if pp.in—1(“524=) < vy(n) < m = 1, then
vp(S(n —1,kp™ — 1)) = v,(S(n, kp™))
n—kp™
=m-—1-— vp(n) + Pp.k,m—1 (ﬁ) (38)

Proof Sincen =k (mod p—1),wecanwriten = kp™ +a(p—1).Leta = Z?ZO a; p' be the p-adic expansion

fq = 1=kp" itive int T the th iti h to obtain v, (""" +*~")) for both
olfa = p71 Oor some pOSl 1ve 1n egerq. oprove € theorem, 1t 1S enoug O ootain Up a or bo

cases. For the first case, we have

a=dp
for some positive integers a’ and ¢ such that p t a’ and r > m — 1. Therefore,
sptkp™ M+ d'pt — 1) =sptk+a'p " = 1) +5,(p" T = 1)
and
sptkp™ P =) =k — 1 4s5,(p" " = 1).
Thus, the valuation of the binomial coefficient is

kp™ ' 4a—1 sp(@) —spytk—1+a'p =" +k—1
vP( a ) - p—1 '

(39)

Suppose t > m — 1, the sum of the digits s,(k — 1 + a’ p'~"*+1) can be split into the sum splk — 1) +5,(a")
since we assume 1 < k < p — 1. In this case, the valuation of the binomial coefficient becomes zero, which
is also equal to pp k m—1(a), since the (m — 1)-th p-adic digit of a is zero and k + a,,—1 = k < p. Now, we
assume that v, (a) = m — 1, which means that = m — 1 and a =am_1+anp + am+1p2 + ---. It follows
thatif k — 1 + a;,—1 < p, then

sp(kp™ '+ a—1) =s,(a) +s,(kp™ " = 1)

m—1 _
and v, (V" 1) =0 = pps—t1.m-1(@).
Ifk—1+a;,-1 > p,then
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Congruence between Stirling numbers 921

m—2+;0p,k—l.mfl(a) q
a=apu1p" "+ (p-1) Z P+ Z aip',
i=m i=M—1+pp,k—1J11—l(a)

kpmil t+a—-1=(ap-1+k—1- p)pm71
+ (am_1+/7p,k—l,m—1(ll) + l)pm_l""pp,k—l‘m—](a)

q

+ Z aip',

i=m+ppk—1,m—1(a)
which implies

5p(@) = a1+ (p = D(ppi—tm-1(@) — D + Yo

i:m"'pp,kfl.mfl (a)

q
spkp™ ' +a—1) =k —p+am+ > aj

i=m+pp k—1,m—1(a)

= Sp(a) —(p— 1)pp,k—l,m—l(a) +k—1

Therefore, we get

kp™ Tt a —1\\ _ sp@) —sp,tk—1+a)+k—1
Up( a )_ p—1

= Pp.k—1,m—1 (a).

Using this valuation in Equation (27), the first result of the theorem follows. The second result of the theorem
can be obtained through the same method. O

Remark 3 If there is no restriction on the value of k and v,(a) < m — 1, we can write a as a = cp’"_1 + b,
where b < pm’l. Therefore,

vp((kp’”‘l(j“— l)) I _v,,<b>+v,,((kjc)).

For v,(a) > m — 1, we have a = cp’”_l for some integer ¢ and hence

vp<<kpm‘a+a — 1>) _ vp(<k+§— 1>)

If the valuations obtained are less than m — 1 for both cases, then they are the valuations of S(kp” +a(p—1), kp™)
for both cases.

Theorem 6 Let p be a prime greater than 3 andn, k, and m be positive integers. Then, p divides S(n, kp™) ifn %
k (mod (p—1)p™~"). More precisely, p'™!,0 < t < m—1, divides S(n, kp™) ifn # k (mod (p—1)p™~'7").

Proof The theorem can be proved using Equations (3), (4), and (10). O
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922 A. Lalchhuangliana, S.S.Singh

3.2 Congruence relation between S(n,k) and s(n,k)

Now, we establish congruence relations between Stirling numbers of the first and the second kind using their
generating functions. The next theorem gives the results for S(n, k) modulo p. We use the notation [n] to denote
the set {0, 1, 2, ---, n} for simplicity.

Theorem 7 Let p be an odd prime and n, k, a, and d are positive integers such thata < pand0 <d < p —1,
then
n—k—a—d

S(n,kp+a)E(—l)ds(p—a,p—a—d)( P];‘ ) (mod p)

ifn—k—a=d (mod p— 1) forsomed € [p—1—a], and

S(n,kp+a) =0 (mod p)
ifn—k—a#%d (mod p—1)foranyd € [p — 1 —al.
Proof We have

k+1)p
1 H kp+a+l

l—Ikp+a(1 ix) - 1—[(k+l)p ix)

and we get the following congruences;

—1ix)

1 _ S a+in .
Hkp+a(l ix) - (1- xp—l)k-H (mod p),
00 p—a—1
Z Sn+kp+a,kp+a)x" = Z s(p—a,p—a—i)(—=1)x
n=0 i=0
(o) .
k .
X Z( f])xf(p_l) (mod p).
=0~ 7
It follows thatif n =d (mod p — 1) ford € [p — a — 1], then
k + n=d
Sm+kp+a,kp+a)= (—l)d( kf’_l)s(p —a,p—a—d) (mod p), (40)
andifn #d (mod p — 1) foranyd € [p —a — 1], then
Sm+kp+a,kp+a)=0 (mod p). 41)
If we replace n + kp + a with n in Equations (40) and (41), we get the required results. O

Remark 4 The following results are consequences of Theorem 7, specifically for the prime p = 3 and p = 5:
For p=3, we have two classes (since p — 1 = 2) foreach a € {0, 1, 2}. We get the following congruences:

n—k
(7) (mod3), ifn—kiseven;

S(n, 3k) =
0 (mod 3), if n — k is odd,

2 ki )
S(n,3k+1) = (,sz) (mod 3), ifn —kisodd;
( i ) (mod 3), ifn — kiseven,

S(n,3k+2) = (7)) (mod3), ?fn—k%s even;
0 (mod 3), if n — k is odd.
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For p = 5, we have four classes (since p — 1 = 4) for each a € {0, 1, 2, 3, 4}. We get the following
congruences:

(?) (mod 5), ifn=k (mod 4);

S(n, 5k) =
0 (mod 5), ifn #k (mod 4),
n—k—
( %1) (mod 5), ifn=k+1 (mod 4);
n—k—=2
1 3 — .
S(n.5k 4 1) = (11_5_3) (mod 5), ifn=k+2 (mod 4);
( % ) (mod 5), ifn=k+3 (mod 4);
("_;;_4) (mod 5), ifn=k (mod4),
n—k=2
(It) (mod 5), ifn=k+2 (mod4);
n—k=3
S(n. 5k +2) = 3(n_%_) (mod 5), ifn=k+3 (mod 4);

2("77) (mod 5), ifn=k (mod 4);

0 (mod 5), ifn=k+1 (mod4),

n—k=3

( i ) (mod5), ifn=k+3 (mod4);
S5k +3)=1("1") (mod5), ifn=k (mod 4);
0

k
(mod 5), ifn=k+1 or k+2 (mod4),

(%ﬁ) (mod 5), ifn=k (mod 4);

S(n, S5k +4) =
0 (modS5), ifn=k+1, k+2, or k+3 (mod 4).

In the case of S(n, 5k), the multiplier s(5,5 — d) where d € {0, 1, 2, 3} is divisible by 5 except when d = 0.
It is also easy to see that the binomial coefficients on the RHS of the above equations reduce to 1 if k = 0. This
observation leads us to acquire the following exact p-adic valuations:
For a prime p = 3 and any positive integer n,

a) v3(S(2n,2)) =0,

b) v3(S(6n + 3,3)) = v3(S(6n +5,3)) =0,

¢) v3(8(6n,4)) = v3(S6n +1,4)) = v3(S(6n +4,4))

=v3(S6n +5,4)) =0,

d) v3(S(6n +1,5)) = v3(S(6n +1,5)) =0,

e) v3(S(6n, 6)) =0,

) vs(S6n+1,7) =v3(S6n +2,7)) =0,

8) v3(8(6n,6)) =0.

For a prime p = 5, we have the following p-adic valuations:

a) vs(S(4n,2)) = vs(S(@n +2,2)) = v5(S(4n +3,2)) =0,

b) vs5(S(4n,3)) = vs(S@n +3,3)) =0,

¢) vs(S4n,4)) =0,

d) vs(SQ20n +r,5) =0, ifre{5,9, 13,17},

e) vs(SQ0n +r,6)) =0, ifre[l19]\{2,3,4,5},

f) vs(SQ20n +r, 7)) =0, ifr e[19]\{2,3,4,5,6,10, 14, 18},
g) vs(S20n+r,8)) =0, ifre{0,1,8,9,12,13, 16,17},

h) vs(SQ0n+7r,9) =0, ifre{1,9,13,17}.
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The following theorem gives a generalization of Theorem 7 from modulo p to modulo p™.

Theorem 8 For an odd prime p and positive integers k, b, m, and n such that b < pm_l, the following
congruences hold;

Dp"t4+j—1
J
xs(c,c—n+j(p—1) (mod p™) (42)
and

m—1
stkp™ + b, kp™ +b —n) = Z(—l)”"'-i <(k + 1]?1; )
J

xSn—j(p—1)+c,c) (mod p™), (43)
where ¢ = p™ — b.
Proof We have
k+1 .
1 H( kp)p+b+1 —ix)

20— &0

and
kp"+b—1 (k+1)p™ .
—ix
l_[ (1—ix)= H(k+])p . ).
i=1 Hi:kp”’+b(1 - lx)
We obtain the following two congruences
1 PR 4ix)
= d p™), 44
7+ —iv) (- e @od 77 @
and
kpm+b—l —1 (k+1) m—1
1 —x? p
[T a-in= ( ;‘m_b ) . (mod p™). (45)
i=1 i=o (I+1ix)
Equations (44) and (45) generate Equations (42) and (43), respectively. Hence the theorem follows. O

Theorem 9 For an odd prime p and positive integers k, a, m, and n such that kp™ < p" and m + 1 < n, the
following congruences hold;

n—1 i1
Sta+kp" kp™) = (=1 Y (” j’ )
J

x s(bp™,bp™ —a+ j(p—1)) (mod p") (46)

and

n 1
skp™, kp" —a) = Z( 1)“*’( : >

X S(a —Jjp =1 +bp", bp™) (mod p"), (47)

where b = p"™™" — k.
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Proof Using the same technique as in the proof of Theorem 8, we obtain the following two congruences;

(pnfm —k)pm—l .
1 [T:2 (I +ix)
o — = = o (mod p") (48)
[IZ,(a—ix) (I —xP=H)p
and
kpmfl —1 n—1
1 —xP~hyr
[T a-in= ((n_,,,_xk ) ) (mod p"). (49)
i=1 H[io r (I +ix)
These two congruences generate the required results. Hence the theorem follows. O

Remark 5 In the second result of the preceding theorem, the generating function on the RHS of Equation (49)
generates an infinite term. In contrast, the LHS generates kp™ — 1 terms only. It follows that the sum vanishes
when a > kp™, i.e.,

n—1

3 =1yt (” ; )S(a —j(p =1 +bp" bp™) =0 (mod p"), (50)
J

: m
}1; i;ez rf[l))la(;e n = m + 1 in Theorem 9, the second result of the theorem yields the following congruence;
s(kp™, kp™ —a) = (=1)*[S(a + bp™, bp™)
—S(a—p"(p—1)+bp" bp™)] (mod p"*1), (51)
whenever p — 1 1 a. Moreover, ifa < p™(p — 1) and p — 1 { a, we obtain
stkp™, kp™ —a) = (=1)*S(a + bp™, bp™) (mod p"™ ™). (52)

We can utilize Theorem 9 to obtain some values of v, (S(n, kp™)), which are always greater than or equal to m.
Although Theorem 5 deals with v, (S(n, kp™)), the theorem is restricted to valuations less than or equal to m
since the key congruences used in Theorem 5 are in modulo p”. The congruences obtained in Theorem 9 are in
modulo p” for arbitrary n, usually greater than or equal to m of S(n, kp™); the next theorem is an application of
such congruence.

Theorem 10 Let p be an odd prime and a, u, k, and m be positive integers such that p 1 a and a = 0
(mod p— ). If p" ' <u=-% < p™and '~ +k > p, then

p=1 pm!
vy (Stkp™ +a, kp™)) = m. (53)
Proof Replace n and a in the first result of Theorem 9 with m 4 1 and u(p — 1), respectively; we get
s+ i =30 (7
; J
x s(bp™, bp™ — (w— j)(p—1)) (mod p"*") (54)

where b = p — k.

Letu = Z:n:_ol u; p' be the p-adic expansion of u. We know that s (bp™, bp™ — (u — j)(p — 1)) is divisible by p™
ifbp™ —(u— j)(p—1) <bp™lorj< Z:'n:_ol uip' —bp™=' = & (say). We can also confirm that p divides
(pmJ;.jfl) if j < a, unless j = 0, in which case s(bp™, bp™ — (u — j)(p — 1)) = O since bp™ —u(p — 1) < 0.

m+1

Thus, all the j-th terms with 0 < j < « are divisible by p , and we obtain

p’"+j—l>

S(a+kpm,kp’")zz< j

J=a

x s(bp™, bp™ — (u — j)(p—1)) (mod p™*). (55)
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From Theorem 1(b), we have

m—1

b ,
s(bp™, bp™ — (u — j)(p — 1) = ( b )(—1)”_’ (mod p™). (56)

u—j
It follows that the p-adic valuation of each term on the RHS of Equation (55)ism — v, (j) +m —1—v,(u — j).
If p{jand j # u, then the valuation is 2m — 1 — v, (u — j), which is greater than or equal to m + 1 unless
vp(u — j) = m — 1. On the other hand, if p | j, then p { (u — j), and the valuation becomes 2m — 1 — v, (j),
which is greater than or equal to m + 1 unless v,(j) =m — 1. If vp,(u — j) =m — 1, thenu — j = rp™]
forsome r, p{ r. If v,(j) =m — 1, then j = tp™~! for some ¢, p 1 t. The only remaining term whose p-adic
valuation is less than m + 1 is the term with j = u. Thus, Equation (55) reduces to

b m m—1
p"+u—rp —1
S((l + kpm, kpm) = E < )@r(p_l)pml

r=1 pm —1
pm +M _rpm—l _ 1
+ o1 Pr(p—1)pm-1
Um—1 pm —i—tpm*] | ]
+ Z ( Pm -1 )‘p(u—tp’”l)(p—l) (mOd Pm+ )7 (57)
t=tty—1—b+1

where ¢, = s(bp™, bp™ — q), and the preceding equation can be written as

b m m—1
mome p"t+u—rp —1

r=0

Um—1 P+ tpm_l —1 .
+ 2 ( m_1 )‘P(utpm—1>(p1> (mod p"*%). (58)
t=up;—_1—b+1 p

Now, we have the following congruences

(pm +u— rpm—l _ 1) B pm <pm +u— rpm—l)

pm— 1 pzn+u_rpm—l pm
m
= ”7 (mod p™th), (59)
bpmfl . b .
gorpmfl(p_l) = (rpm_l>(_1) = (r)(_l) (mOd p), (60)
P+ lpmfl -1 B " P+ tpmfl
pm_l - pm ~|—lpm_1 pm
=2 (mod p?, 61)

t

and

bpm—l
— —t
Pu—tpm—y(p—1) = (u B tpm—1>(_1)u (mod p™)

b m—1 b m—1 __ 1 B
= - _ptpm_l (u _ptpm_l B 1)(_1)u t (mod pm)
bp"t( b—1
= pu (M . t) (_l)s],(u)—umfl—l(_l)u—t (mod pl’rl)
m—
bp™t( b—1 I
= (u 1_t>(—1)f un=1=1 " (mod p™).
m—
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Let
4 P Au— rp -1
X=>) ( O )s(bp'", bp" —r(p—1)p" " (63)
r=0
and
Um—1 m m—1
t -1
v= (,, o | )s(bp’",bp'" — @ —1p" " H(p —1). (64)
t=uy—1—b+1 P
From Equations (59), (60), and (63), we get
b
pm b r m+1
X=— —1 d
; ;<r>< )" (mod p"*h)
=0 (mod p"th. (65)
From Equations (61), (62), and (64), we get
m Um—1
b b—1
y =" Z -( )(_1)f—”m1—1 (mod p"*1)
u t=upy—1—b+1 f\Um—1 —1
mbl o p b—1
= p_ < )( 1)1—1 (mOd pm+1)
u P Up—1 — 1 t
mi bt (b
=£ ( )( D1 (mod p™+) (66)
u Up—1 —t \1
=0
Using partial fraction decomposition, we get
b—1
b—t (b 1
> —< )(—1)”—’—1 = 7. (67)
Sumo — 1\t (‘1)
From Equations (58) and (63) — (67), we obtain
—1 b m
S(a + kp™, kp™) = % (mod p™*1). (68)
u(")
Since p { u ("),
vp(S(a + kp™, kp™)) = m. (69)
Hence, the theorem holds. O

The following theorem gives a generalization of Theorem 8 to congruence modulo p” for any positive integer n

greater than m.

Theorem 11 For an odd prime p and positive integers a, u, and n such that a < p", the following two

congruences holds;

n—1 s
Swtaa) ="y (" I 1)

F J

xs(p" —a,p"—a—u+j(p—1) (mod p")

and

J

xSu—j(p—1+p"—a,p"—a) (modp").

(70)

(71)
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Proof The proof is similar to the proof of Theorems § and 9. O

Remark 6 1t follows from Theorem 11 that if 0 < u < p — 1, then the index j has only one possible value,
which is j = 0. Therefore,

S(u+a,a)=(—1)"s(p" —a, p" —a—u) (mod p") (72)
and

sta,a—u)=(—D)"Swu+p* —a, p” —a) (mod p"). (73)
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