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Abstract

Local and global bounds for the Shannon entropy of real orthogonal matrices have been established for various
matrix orders. It has been shown that whenever a Hadamard matrix of order n exists, the entropy reaches its global
maximum value of n In n. For other orders, where a Hadamard matrix does not exist, local maximal bounds are
derived using orthogonal matrices associated with finite projective planes, biplanes, and triplanes. In the setting of
complex inverse orthogonal matrices, explicit constructions are provided that attain this global maximum bound.
Furthermore, the Rényi and Tsallis entropies for real orthogonal matrices are introduced, and both their local and
global optimal bounds are determined for different values of n.
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1 Introduction

The concept of entropy in Information Theory is defined as a quantitative measure of uncertainty associated with
arandom variable (or a probability distribution). When the uncertainty in the outcomes of an event decreases, we
interpret this as gaining information. The notion of entropy was firstintroduced by Claude E. Shannon in his seminal
work [24]. In signal processing and communication, one often encounters situations where probabilities must be
specified despite limited information, a challenge deeply rooted in classical probability theory. Intuitively, one
might expect that the greatest uncertainty arises when all possible outcomes are equally likely. This intuition was
formalized by mathematicians such as Jacob Bernoulli and Pierre-Simon Laplace through the so-called “principle
of indifference” (cf. [15]). Later, George Boole, John Venn, and others refined this idea into what became known
as the principle of insufficient reason (see [22]). In the twentieth century, Information Theory advanced these
classical notions by providing a precise and unambiguous framework for quantifying uncertainty. This measure,
associated with a discrete probabilistic random variable, was formally named entropy.
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The characterization of Shannon’s entropy can be described as follows. Let X = (X, p) be a discrete probability
space, where X is a set of discrete random variables taking finitely many possible values xy, x2, ..., x, with
associated probabilities pi, pa, ..., pu, satisfying Y/, p; = 1. The corresponding measure of uncertainty (the
Shannon entropy) of the distribution is given by (with the convention 01n 0 = 0):

n
1
H(X) = ZP:‘ log, o
i=1 !

It is immediate that 77 (X) > 0. The minimum entropy value, 0, occurs when one outcome is certain and all others
are impossible, that is,

L, i=j, f .
— or some j.
Pi 0, i#J, J

By Jensen’s inequality and the convexity of the function — log,, it follows that
H(X) < log, n.

Moreover, the strict convexity of —log, ensures that the maximum entropy log, n is attained precisely when the
distribution is uniform, that is,
1
pi=—, foralli=1,2,...,n.
n
The following definition of Shannon entropy for an orthogonal matrix is given in [11].

Definition 1.1 (Shannon entropy of a real orthogonal matrix) Let M,, be an n x n orthogonal matrix with real
entries a;; in the (i, j ) position. The Shannon entropy of M,, is defined by

n n 1
AEM,) = > al, ln(a—2> . (1.1)

i=1 j=1 ij

As usual in the definition of entropy, we adopt the conventions 0In 0 = 0 and 0 x oo = 0, when needed. Clearly,
c%”lR [M,,] > O for every real orthogonal matrix M,,, and equality holds precisely when

@2 =)=
Y 0, i# ],

that is, when M,, is a permutation of the identity matrix. Thus, O is the absolute minimum of the Shannon entropy
for real orthogonal matrices.

In this paper, we investigate both local and global bounds on the Shannon entropy for various values of n
(see also [20]). A key feature is the connection between the optimal entropy bound for an n x n orthogonal
matrix and the existence of Hadamard matrices. In fact, we show that the global maximum entropy is attained
precisely by Hadamard matrices (see Theorem 5.1). For orders where Hadamard matrices do not exist, we establish
local maximal bounds. Section 2 provides a detailed introduction to Hadamard matrices and their properties. We
formulate the problem of maximizing entropy as a constrained optimization problem in Section 3, derive necessary
and sufficient conditions for the existence of local maxima, and present a globally convergent monotone curvilinear
search algorithm. The numerical results of [11], which identified locally optimal entropy-maximizing matrices of
orders 3 and 5, are here confirmed analytically (see Section 4). Moreover, we construct various local and global
optimal orthogonal matrices of different orders that maximize Shannon entropy (see Section 5). To establish the
universal entropy bound, we apply Jensen’s inequality, while for the sharper bound in the case n = 3, we employ
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the characterization of Stewart [3, 26]. Finally, in Section 6, we extend the analysis to Rényi and Tsallis entropies
for real orthogonal matrices, and obtain their respective local and global optimal bounds. Connections between
these optimization problems and conference matrices as well as weighing matrices have also been established.

A more general yet compact formulation of the problems considered in this work can be found in the literature
(see, e.g., [1]). Furthermore, [2] explores the relationship between the entropy of orthogonal matrices and the
minimum distance of orthostochastic matrices from the uniform van der Waerden matrices. However, in [1, 2],
orthogonal matrices arising from finite projective planes, biplanes, and triplanes were not considered. The main
contributions of this work can be summarized as follows:

(i) We establish the optimal bound on the Shannon entropy for a general n x n real orthogonal matrix and construct
the corresponding optimal matrices when 7 is a multiple of 4 (see Section 5).

(ii) We provide explicit constructions of real orthogonal matrices of orders 3, 5, and 6 that maximize Shannon
entropy (globally for n = 3, and locally for n = 5, 6; see Section 5.1). For higher small orders up ton = 15,
we obtain local maxima of Shannon entropy using orthogonal matrices associated with finite projective planes,
biplanes, and triplanes.

(iii) For complex inverse orthogonal matrices, we construct entropy-maximizing matrices for all orders (see Section
5.2).

(iv) We introduce the Rényi entropy, Kullback-Leibler divergence, Rényi divergence, and Tsallis entropy for real
orthogonal matrices, and derive maximal bounds for both Rényi and Tsallis entropy (see Section 6). In addition,
we classify different families of orthogonal matrices that correspond to local maxima, local minima, and saddle
points of the entropy maximization problem.

Optimization problems of this type arise in a wide range of applications, including quantum communication,
polynomial and combinatorial optimization, eigenvalue problems, sparse PCA, p-harmonic flows, one-bit com-
pressive sensing, and matrix rank minimization, among others. These problems are particularly challenging because
the constraints are not only non-convex but also computationally expensive to maintain during iterative methods.
Moreover, the presence of orthogonality constraints often leads to multiple local maximizers, and in fact, several
special cases of these problems are known to be NP-hard (see [30]). The work [31] further investigates entropy of
large matrices and demonstrates its application in quantum optics, specifically in studying photon entanglement,
thereby highlighting the relevance of our framework to quantum communication.

2 Preliminaries

In this section, we recall some fundamental definitions and preliminary results that will be used throughout the
paper. We begin with the definition and basic properties of real Hadamard matrices.

Definition 2.1 (Real Hadamard matrix) A real Hadamard matrix H,, is an n x n matrix with entries in {+1, —1}
such that

H,H =nl,,

where H; denotes the transpose of H,, and I,, is the n x n identity matrix.

Lemma 2.2 ([19], [27, Theorem 4.4], [29, Lemma 1.1.4]) If a real Hadamard matrix of order n exists, then either
n=1,2o0orn =0 (mod 4).

Conjecture 2.3 (Hadamard conjecture, [19]) Ifn = 0 (mod 4), then there exists a real Hadamard matrix of order
n.

Now we introduce the definition and basic properties of real conference matrices.
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Definition 2.4 (Real conference matrix) A real conference matrix of order n > 1 is an n x n matrix C, with
diagonal entries equal to 0 and off-diagonal entries in {41} such that

C,Cl =@ —DI,.
A conference matrix C, = (¢; j)?, =1 is called symmetric if ¢;j = cj; forall 1 < i, j < n, and skew-symmetric if
Cij = —Cji forall 1 < i,j <n.

Lemma 2.5 ( [10, Corollary 2.2]) Any real conference matrix of order n > 2 is equivalent, under multiplication
of rows and columns by —1, to a symmetric conference matrix when n = 2 (mod 4), and to a skew-symmetric
conference matrix when n = 0 (mod 4).

Let us now provide the definition and properties of real weighing matrices.

Definition 2.6 (Real weighing matrix) A real weighing matrix Wy, i is an n x n matrix with entries in {0, 1} such
that each row and each column contains exactly k nonzero entries, and the inner product of any two distinct rows
is zero. Equivalently, W,, ; satisfies

Wi W,1 =KL,

The integer k is called the weight of W, f.

The following existence results are known for weighing matrices.

Theorem 2.7 ( [12, Proposition 23])

(1) If nis odd, then a W, j exists only if

(i) k is a perfect square, and
(i) (n—k)?—@n—k +1>n.

(2) If n =2 (mod 4), then for a W, j to exist,
(i) k <n-—1,and

(ii) k is expressible as the sum of two integer squares.
(3) A skew-symmetric Wy, i can exist only if k is the sum of three integer squares.
In addition, the following conjectures are widely believed to hold.

Conjecture 2.8

(1) Ifn =0 (mod 4), then a W, x exists forall 1 <k < n.
(2) Ifn =4 (mod 8), then a skew-symmetric W, i exists if and only if

k<n-—1, k:az—I—b2+c2f0rintegersa,b,c,

with the exception that n — 2 must itself be the sum of two integer squares.
(3) If n =0 (mod 8), then a skew-symmetric W, i exists forall 1 <k <n — 1.

In order to extend the concept of a plane by requiring that any two distinct lines intersect in exactly one point,
the notion of a projective plane was introduced.

Definition 2.9 A projective plane of order n > 2 consists of a finite set of points and a collection of lines (each
line being a set of points) such that:
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(i) Every line contains exactly n + 1 points.
(i) Every point lies on exactly n + 1 lines.
(iii)) Any two distinct lines intersect in a unique point.
(iv) Any two distinct points are contained in a unique line.

Lemma 2.10 ( [14, Theorem 21], [21, Lemma 4]) In a projective plane of order n, the total number of points is
n% +n + 1, and the total number of lines is also n?+n+1.

Definition 2.11 A biplane (or biplane geometry) is an incidence structure in which every pair of distinct points
lies on exactly two lines, and any two distinct lines intersect in exactly two points.

Biplanes can be viewed as an analogue of finite projective planes, with the roles of points and lines relaxed so
that pairs determine two incidences instead of one. A biplane of order n has 1 + Wrz)zﬂ points and the same
number of lines, with each line containing exactly n + 2 points.

Projective planes and biplanes can also be represented using their incidence matrices. In this representation, the
rows correspond to lines, while the columns correspond to points, resulting in a square matrix of size (n*> + n +

1) x (n> + n + 1). Each entry indicates whether a given point lies on a given line. Specifically, the entries of the

n24+n+1

i j1 are defined by

incidence matrix A2, = (a;;)
__ ] 1 if line i contains point j,
"7 1 0 otheorwise.

The incidence matrix of a finite projective plane satisfies the following properties:

(i) Each row contains exactly n + 1 ones.

(i) Each column contains exactly n + 1 ones.
(iii)) Any two distinct rows share exactly one column in which both entries are 1.
(iv) Any two distinct columns share exactly one row in which both entries are 1.

Thus, the existence of such a matrix of size (n2+n+1) x (n2+n+1)is equivalent to the existence of a projective
plane of order n.

Example 2.12 The matrix

1110000
1001100
1000011
A7=10101010
0100101
0011001
0010110

is the incidence matrix of the projective plane of order 2, also known as the Fano plane.

Remark 2.13 ([17, Section 2.3]) A A-plane is an incidence structure in which every set of A points lies on exactly
A lines, and dually, any X lines intersect in exactly A points. A A-plane of order n contains 1 + MM(Z—H_I) points
and the same number of lines, with each line containing exactly n 4+ X points. It has been conjectured that only
finitely many A-planes exist for A > 1. For a detailed discussion of the connection between A-planes and symmetric
designs, see [8]. Moreover, whenever a A-plane exists, one can associate with it a corresponding orthogonal matrix
whose entries are given by

_nmi—n(+r—Dyn nd v — A+ (n + 2)/n) 2.1

T+ Qi = Dn+ Y Y N+ Q=D+
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For example, the orthogonal matrix corresponding to the Fano plane is given by

[Xxyyyxy
YXXyyyx
XYyXxyyy
Iy=|yxyxxyy
yyxyxxy
yyyxyxx
XYyyyxyx

1—22
7

, where x =

2432

and y = ——. (2.2)

14

and the orthogonal matrix corresponding finite projective plane of order 3 is given by

I3 =

where x = 1= 3‘[
Paley biplane of order 3.

B =
where x = 1= 2[

triplane of order 4.

Indian J Pure Appl Math (2026) 57:970-1009

(xxxxyyyyyyyyy

XYYYXXxyyyyyy
XYYyyYyyyxxxyyy
XYYyYyYyyyyyyxxx
YXYyyyxyxyyyx
YXYyyxyyyxxyy
YyXYyyxyyxyyyxy
Yyxyyyxxyyxyy
Yyxyxyyyyxyyx
Yyxyyxyyxyyxy
Yyyxyxyxyyyyx
yyyxyyxyyxyxy
Yyyxxyyyxyxyy

yxyxxxyyyxy
yyxyxxxyyyx
XYYXyxxxyyy
yxXyyxyxxxyy
yyxyyxyxxxy
Yyyxyyxyxxx
XYyyxyyxyxx
XXYYyyxyyxyx
XAXXYYyyxXyyxy
yXXXYyyyxyyx
XYyXXXYYyxyy

: 2.3)

and y = 3+4[ . The following is an example of an orthogonal matrix corresponding to the

, (2.4)

and y = 3+5‘[ . The following is an example of an orthogonal matrix corresponding to the

@ Springer
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XXXXXXXYYYYYYYY
XXXYYYYXXXXYYYY
XXXYYYYYYYyyXxxx
XYYXXYYXXYYXXyy
XYYXXYYyYyyXxyyxx
XYYYYXXXXYyYyyyxx
XYYYYXXYYyXXXXyy
Tis=|yxyxyxyxyxyxyxy|, (2.5)
YXYXYYXXYYXYXYyX
YXYYXXYYXYXXYYX
YXYYXYXYXXYYXXY
YYXXYXYYXYXYXXy
YYXXYYXYXXYyxXyyx
YYXYXXYXYXYyyXyx
YYXYXYXXYYXXYXYy

where x = —z and y = 13—0.

W=

We now introduce a different class of matrices, known as complex inverse orthogonal matrices (see [9, 28]).

Definition 2.14 (Complex inverse orthogonal matrix) An n x n complex inverse orthogonal matrix My, is a matrix
with nonzero complex entries a;; such that

1
M, - — =nl,,
n M, nly

where Mi denotes the matrix whose (i, j yth entry is 1/a;;, and M, has unimodular columns (i.e., each column has
entries of modulus 1).

Definition 2.15 (Complex Hadamard matrix) A complex Hadamard matrix H,, is an n x n matrix with entries of
modulus 1 in C such that

H,H* = nl,,

where H denotes the conjugate transpose of H,,.
Lemma 2.16 For every integer n > 1, there exists a complex Hadamard matrix of order n.

Proof An explicit example is provided by the Fourier matrix F,;, whose entries are given by
[E,li; = 2= DU=D/Mm g i =1 (2.6)

It is straightforward to verify that F,F" = nl,, so F, is indeed a complex Hadamard matrix. O

Note that if H, is a complex Hadamard matrix, then so is H}, H,, and HI, where H,, is the conjugate of H,,. If H,,,
and H,,, are complex Hadamard matrices, then so is H,; ® H,,. The following are complex Hadamard matrices

of orders n = 1, 2 and 3, respectively:

11 111
Fp =[1], F2=[1_1],F2= 1w2a>2 : 2.7)
1w w

) Springer Indian J Pure Appl Math (2026) 57:970-1009
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where {1, w, w?} are the cube roots of unity. The complex Hadamard matrix given in (2.6) is an example of a
complex inverse orthogonal matrix, since

1 - 1 N il 1) (k—1)/n . —2iGh—1)(j—
|:(Fn) (E)] — Z Fp)ix (F)k — e2711(1 Dk 1)/ne 2ri(k—1)(j—1)/n
k=1 J k=1

ij n

n . . .
— ZeZni(i—j)(k—l)/n _]n ifi =j,
=1 0, ifi # j.

For more details on the complex Hadamard matrices, see [29].

3 The Optimization Problem

In this section, we formulate an optimization problem with orthogonal matrix constraints. For notational con-
venience, we denote n X n matrices by symbols such as A, B, G, I, W, X, Y, Z, etc. The entries of a matrix X
are denoted by X;;, while X'/ refers to a general matrix in R”*". The general optimization problem over real
orthogonal matrices (see [30]) can be stated as

max F(X) subjectto X'X =1, (3.1)
XERHX}’I

where F : R"™" — R is a differentiable function. The feasible set
My = {X e RV XTX = 1}

is commonly referred to as the Stiefel manifold.
Given a differentiable function, F(-) : R"*" — R, the gradient of F with respect to X is denoted by G :=

n
DF(X) = (%ﬁg?) K The derivative of F at X in the direction Z is given by
i i,j=

DFOOZ] = lim XD =T _

t—0 t

(DF(X),Z) .

Here (-, -) denotes the Euclidean inner product between two matrices and is defined by
n
(A,B):= > AyBj;=Tr(A'B), forall A,B € R"",
J.k=1

where Tr(A) is the trace of A, i.e., the sum of the diagonal elements of A. We use VF for gradients in tangent

n
planes. The Frobenius norm of A € R"*" is defined as ||A||12; =y Al.21.. Given a feasible point X and the
ij=1 =
gradient G, we define a skew-symmetric matrix A as either

1
A:=GX' —XGT or A := (PxG)X' — X(PxG)', where Px := (I — 5XXT) . (3.2)

Following [30], we next present the first- and second-order optimality conditions in the form of the following
lemmas. Since the constraint X " X = I is symmetric, the corresponding Lagrange multiplier A is also a symmetric
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matrix. The Lagrangian function associated with the optimization problem (3.1) is given by
1 T
LX,A)=FX)— ETr(A(X X — I)). (3.3)

Lemma 3.1 (First order necessary conditions, [30, Lemma 1)) If X is a local maximizer of the problem (3.1), then
X satisfies the following first order necessary conditions: DxL(X, A) = G —XG "X = 0 and X" X = 1, with the
associated Lagrangian multiplier A = G X. Define

VFX):=G—XG'X, and A :=GX" —XG"'. (3.4)

Then, VF(X) = AX. Moreover, VF(X) = 0, if and only if A = 0.

Lemma 3.2 (Second order necessary conditions, [18, Theorem 12.5], [30, Lemma 2]) Suppose that X € #, is
a local maximizer for the problem (3.1). Then X satisfies

Tr <ZTD (DF (X)) [Z]) —Tr (AZTZ) <0, where A = GTX, (3.5)

forall
7 e TxM = {z eR™ X Z+27X :0},
which is the tangent space of M, at X.

Lemma 3.3 (Second-order sufficient conditions, [18, Theorem 12.6], [30, Lemma 2]) Let X € .#},, and suppose
there exists a symmetric Lagrange multiplier A such that the first-order optimality conditions are satisfied. If, in
addition,

Tr(zTD(Df(X))[Z]) ~Tr(AZ'Z) <0 (3.6)
for all Z € Tx.#,, then X is a strict local maximizer of the optimization problem (3.1).

3.1 The optimization problem for the Shannon entropy

The optimization problem for the Shannon entropy of a real orthogonal matrix can be formulated as follows. Let
X = (aij)} ;> and consider

n n n . .
1 1, i=]
2 . ) ,
max E E a’In|{ — ], subjectto E agiar; = (3.7)
XeRme i j=1 Y (aizj) ! P Y {0, i #J.

Remark 3.4 The function f(x) = —x?In(x?) is continuous and differentiable for all x € R, achieving its global
maximum at x = +e~!/2. Moreover, f(0) = 0 is its global minimum.

The derivative matrix G and the matrix A are given by

IFX)\" 1 "
G:= ( X, ),-,,-:1 — <2a,-,- In (a—z) - 2ai,-> —2(—X o In(X) — X), (3.8)

1 i,j=I1

) Springer Indian J Pure Appl Math (2026) 57:970-1009
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and

n a2 n
A= G)(T — XGT =2 (Z aikajk In (%)) . (39)

k=1

In (3.8), the symbol o denotes the Hadamard product meaning (A o B);; = A;;B;;. Suppose there exists a matrix
X = (a; j);?’ j=1 € SO(n, R) that maximizes the function in (3.7). Then, the first-order optimality condition from
Lemma 3.1 reduces to

GX' =XGT,

which implies, for all i and j, that

n aJZk
Zaikajk In —H | =V (3.10)
k=1 ik

Also for the second order necessary and sufficient conditions given in Lemmas 3.2 and 3.3, we first calculate
D (DF (X)) [Z] as

lj

b))

Thus, we find Tr (2 D (DF (X)) [Z]) as

. 3 (DF(X
D (DF(X) 2] = Tr (2T DF(X)) = Z . < &)
j=l1 i,j=1

n n 1
Tr (zTD (DF(X)) [Z]) =Y i DDFX)ZD; =2 ) 2 (ln <a_2) - 3) : (3.12)
J

i,j=1 i,j=1 i

Forl <i < j <n,letus define Al € so(n, R) as the skew-symmetric matrix having +1 in the (i, j)-entry and
—11in the (j, i)-entry. Now, for ZhJ e Tx M, with 1 <i < Jj < n, using the orthogonality condition, we obtain

T 1 1
Tr (Az 'z J) = ZZ |:akl In (%) +a;In <a2 )} — 4. (3.13)

k=1 kj

From (3.12), we also have

, L 1 1
Tr (z D (DFX)) 2] ) 22 |:akl In (%) +a;In (azl)} —12. (3.14)

k=1 ki

Indian J Pure Appl Math (2026) 57:970-1009 @ Springer
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Thus, we deduce

- (zf’f'TD (DF(X)) [z"’f]) Ty (AZ"JTZW')

n
1 1
=—-8+2 (a,%l. — a,%) |:1n (—) —In (—)i|
/; ' a; ag;

n a2<
=—84+2) (af; —ag;)n (a% . (3.15)

k=1 kj

If X = (g; j)l'.’ =1 is a strict local maximum, then a sufficient condition is that &/ < 0, forall 1 <i < j <n.

Remark 3.5 Itis well known that concave functions are closed under conical combinations. In other words, if f; (x)
is concave for each 1 < i < N and the coefficients ¢; > 0, then the function

f)=cfilx) 4+ +enfax)
is also concave (see [7, Proposition 2.20]). In our setting, the function is
fo =xn(L).
and the Shannon entropy is concave if and only if
laij| = e™¥?~0.223, foralll <i,j <n.
However, since the orthogonality constraint is non-convex, the maximization problem for JﬁR [M,,] over the space

of n x n real orthogonal matrices may admit multiple local maxima and minima.

4 Known Results and Analytical Study

As reported in [11], certain results on the maximization of the Shannon entropy function (see Definition 1.1)
have been obtained numerically. In this section, we employ the optimization method from Section 3 to provide an
analytical verification of those computational findings.

(1) For n = 2 and n = 0(mod 4), the scaled real Hadamard matrix saturates the entropy, say for example, for
n=2,

R S SV RS YN
My = EHQ_[U& 1/ﬁ], @.1)
and for n = 4,
1/2-1/2-1/2 172
Meoe b2 | V2 12122172 “42)

1212 1/2-1/2 |
12 12 172 1)2

gives a global maxima for the problem (1.1).

) Springer Indian J Pure Appl Math (2026) 57:970-1009
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(2) For n = 3, the matrix below with rational entries gives a global maxima for (1.1):

—1/3 2/3 2/3
Ks=| 2/3-1/3 2/3|. 4.3)
2/3 2/3-1/3

(3) For n = 5, the matrix below with rational entries gives a local maxima for (1.1):

—3/5 2/5 2/5 2/5 2/5
2/5-3/5 2/5 2/5 2/5

Ks=| 2/5 2/5-3/5 2/5 2/5]. 4.4)
2/5 2/5 2/5-3/5 2/5
2/5 2/5 2/5 2/5-3/5

Although a global maximum for the case n = 5 is not yet established, (4.4) appears to be the global maximizer.
We now apply the optimization techniques from the previous section to validate these results on a case-by-case

basis.

(1) For n = 2, the matrix in (4.1) represents a stationary point, and condition (3.10) is satisfied in this case,

. 2 1 .. .
since a;; = 5 for all i, j. Moreover, the tangent space to M is given by

T, A =span{<_} i)}

The derivative matrix G and the Lagrange multiplier A, = G2T M, are given by
Gy =2(In2 — 1)M; and Ay =2(In2 — DIy,
Observe that the sufficient condition in (3.15) is also fulfilled, since

£y = Tr <22T D (DF(M>)) [zz]> Ty (/\222T Zz) — 8 <0,

for all Zo € Twm,.#>, it follows that (4.1) is a local maximizer of %ﬁR[Mg], with the maximum value 2 1n 2.
Moreover, this is also a global maximum, since Hadamard matrices achieve the global maximum of the Shannon
entropy (see Theorem 5.1 below). For n = 2, a general orthogonal matrix takes the form

M, ::|: +a :F«/l—az] or |: +a :I:vl—a2:|’ @5)

+V1—a? +a +V1—a?  Fa
a € [—1, 1]. Hence, maximization problem of the Shannon entropy reduces to maximizing the one variable

function
1 1
R 2 2
J M) =2 |:a In (_a2> + (1 —-a )ln(1 _02>],

for whicha =0anda = :l:\/Lz are the stationary points with @ = 0 giving a local minimum and a = i\%, alocal

maximum, justifying our previous results.
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(2) The matrix in (4.3) clearly satisfies condition (3.10), and is therefore a stationary point. Furthermore, the
tangent space to K3 is given by

—2-10 —20-1 0-2 2
Tk, /3 = span 1 20),{-20 2],10-2-1 . (4.6)
-2 20 10 2 0 1 2

The derivative matrix Gz and the Lagrange multiplier A3 are given by

— n4 n = n 114 .
3 n | 3 3 3 4 3 ! 3 3 3

Note that E,g’] = ;—‘(—6 + 1n4) < 0, and the sufficient condition is satisfied. In fact, it is a strict local maxima for
the Shannon entropy ,%”IR[K3], and the maximum value is 3 In (%) + % In4 ~ 2.895 < 3.296 ~ 31n 3.

(3) For the matrix in (4.3), it is straightforward to verify that condition (3.10) is satisfied, confirming it as a
stationary point. In this case, the derivative matrix Gs and the Lagrange multiplier A5 are obtained as

25 6 4 25 6 4
Gs=2|In|—)—1)Ks—=In{=)Isand As =2[In{— ) —1)Is—=In| = ) K5.
4 5 9 4 5 9

A straightforward calculation yields £g’j = % (—10 + ln(%)) < 0. Hence, the matrix M5 in (4.3) is a strict local

maximizer of the Shannon entropy %R[K5], with local maximum value 5 ln<%) — % ln(%) ~ 7.703 < 8.047 ~
5In5.

5 Bounds on the Shannon Entropy of Real Orthogonal Matrices

In this section, we derive maximum bounds for the Shannon entropy across all orders. We construct the matrices
K3 and Ks (see (4.3) and (4.4)), which serve as local maximizers of the Shannon entropy for orders 3 and 5,
respectively. In fact, for order 3, K3 is a global maximizer. We begin by establishing a universal bound for the
Shannon entropy defined in (1.1) for arbitrary #.

Theorem 5.1 For all n € N, the Shannon entropy satisfies e%”lR[Mn] < nlnn, with equality if and only if a;; =
i;%, 1<i,j<n.

Proof Consider an n x n orthogonal matrix M,, with entries a;; at the (i, j yth position, and define x;; = aizj. Then,
by the definition of the Shannon entropy (see Definition 1.1), we obtain

AFEM] =D xijln (xi”) : (5.1)

i=1 j=1

Since the logarithmic function is concave, Jensen’s inequality implies that for each i, we have
. 1 . 1
Inn =1In Zx,-j (E) > Zx,-j In (x_> . (5.2)
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From (5.2), it can be easily seen that

n n

1 n
Zinjln (E) Si;lnn=nlnn, (5.3)

i=1 j=1
and is an upper bound for %”IR [M,;]in (5.1). Therefore, we have
0 < %M, ] <nlnn, (5.4)

for all n. Because the logarithmic function is strictly concave, the inequality above is strict unless x;; = aizj =

1
-
Consequently, equality holds if and only if a;; = i\/%? forall 1 <i,j <n. O

From Theorem 5.1, it follows that whenever Hadamard matrices exist for a given n, the upper bound is attained
uniquely by M,, = \/LEH,, Thus, optimal matrices are available for n = 1, 2,4, 8, 12, .... More generally, for
n =1,2orn = 0 (mod 4), the existence of an optimal orthogonal matrix is equivalent to the validity of the
Hadamard conjecture (see [13, Chapter I], [23, Lemma 2.2, and Chapter 11]).

n
Remark 5.2 If the matrix M,, is only required to satisfy the condition ) al.zj = 1for 1 <i < n, then the matrix
j=l1

+1-.-£1
+1 ... %1
achieves this bound for all 7.

5.1 The bounds for Shannon entropy whenn = 3, 5, 6:

In cases where Hadamard matrices do not exist, the upper bound of the entropy given in (5.4) is strict and cannot be
attained. For such instances, we construct real orthogonal matrices that serve as local maximizers of the Shannon
entropy forn = 3, 5, and 6.

Case (1): n = 3. A 3 x 3 real orthogonal matrix contains exactly three independent real variables. Consider the
form

Xy
M= |[%xx%xz
* %k ok

The entry aj is determined from the condition that the sum of the squares of the elements in the first row equals
1, yielding two possible values. Once ay; is fixed, the second row has two free variables, a1 and ap, subject to
two orthogonality constraints: the dot product of the first and second rows is zero, and the sum of the squares of
the elements in the second row equals 1. This provides at most four possible pairs (a»1, a»z). After aji, az;, and
ayy are determined, the third row contains three unknowns with three orthogonality conditions, yielding at most
eight solutions. Consequently, a given triplet (x, y, z) can generate up to 64 orthogonal matrices, so the overall
complexity of enumerating such orthogonal matrices reduces to analyzing the possible triplets (x, y, 7).

Another approach to construct a 3 x 3 orthogonal matrix with exactly three independent real variables is as
follows. Choose three diagonal entries (with absolute values less than 1) freely, and determine the remaining six
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entries from the six orthogonality conditions. Define

Xk ok
M= |*xy=x|,
* % Z

and set

1 1 1 1
R 2 2 2 2
6 M3] = [x In (—2)+y In (—y2)+z In (—Zz)i|+l§jaijln (—a?j) (5.5)

For any fixed triplet (x, y, z), the first bracketed term remains constant. To optimize %R [M3], we apply Jensen’s
inequality to the six off-diagonal terms al.zj with i # j. Since

Zaizj =3 — (x* + y? + z%) = constant,
i#]j

the maximum entropy is achieved (for fixed diagonal entries) when all off-diagonal values satisfy al.zj = constant,

provided such an orthogonal matrix exists. Thus, the maximum of %R [M3] occurs precisely when such a sym-
metric orthogonal matrix can be constructed.

Stewart [26] provided a characterization of symmetric orthogonal matrices based on Householder reflections.
Specifically, any such matrix can be expressed as

uuT

M,(uw) =1, —2—,
" " T )2

where u is a nonzero vector in R” and || - || denotes the Euclidean norm. Moreover, any n x n orthogonal matrix can
be written as a product of at most n such reflections. From the above expression, it follows directly that MI =M,
and M,M] = MM, =1,.
Forn = 3, letu = (p, ¢, r) with norm [Ju||> = p? + ¢ + r?> = d. Then the matrix M3 takes the form
1 —2p*/d —2pq/d —2pr/d
Mi(p.q.r)=| —2pq/d 1-2¢°/d —2qr/d |. (5.6)
—2pr/d —2qr/d 1—2r?/d

Suppose M3 has column vectors vy, v, v3. Define

fvy) = f(x1,y1,21) = x%ln(#) —I—y%ln(#) +z%1n(é> .

Then the Shannon entropy is given by
AFIM3] = FOD + f(v2) + f(V3).

To maximize e%”lR [M3], it follows from the structure of M3 in (5.6) that we must have

fv1) = f(v2) = f(v3).
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Applying this condition to the columns of M3(p, ¢, r) gives p = g = r. Thus, with u = (p, p, p) and |Ju|*> =
3p? = d, we obtain

1/3 —2/3 —2/3 ~1/3 2/3 2/3
Mi(p,p.p)= | —=2/3 1/3-2/3 | or (=1)| 2/3—-1/3 2/3 |, (5.7)
—2/3-2/3 1/3 2/3 2/3—1/3

Thus, (5.7) gives the optimal 3 x 3 orthogonal matrix. For this matrix, the optimal Shannon entropy is

HE[M;3] ~ 2.895 < 31In3 ~ 3.296.

2 variables subject to n + (g) orthogonality

Case (2): n = 5. In general, an n x n real orthogonal matrix involves n
constraints, leaving (;) independent variables. For n = 3, the number of independent variables, ('21), coincides with
the number of diagonal entries (= n). However, for n > 3, this equality no longer holds, so the diagonal-fixing
approach is not applicable. In such cases, we adopt a more general strategy, extending the construction method to
higher orders.

The optimal value n Inn is attained when all entries of the orthogonal matrix have absolute value \/Lﬁ If such
a configuration is not achievable, then the matrix must contain at least two distinct absolute values among its
entries. Suppose each row of the n x n matrix contains m entries equal to @ and (n — m) entries equal to b, with

m > (n — m). Then, the row norm condition is given by
ma® + (n —m)b* = 1. (5.8)

Let x denote the number of entries equal to b that overlap in two rows. Then, the inner product of the corresponding
elements of these two rows is given by

xb®> + 2m + x — n)a® + 2n — 2m — 2x)ab = 0. (5.9)

From (5.9), we have
b\? b
x|—) +20—m—x)—+Cm+x —n) =0. (5.10)
a a

To ensure that g is real, we obtain the following constraint:

<M.

X (5.11)

n

In our attempt to attain the upper bound n In n, we aim for the absolute values of @ and b to be as close as possible
to \/%7 for all n. Consequently, the condition ‘§| ~ 1 provides an approximate relation between x, m, and n from

(5.10):

3n
X+m= —. (5.12)
4
This relation confirms that when n is a multiple of 4 (the Hadamard matrix case), the bound » Inn is achievable
by setting x = 0 and m = %’, which is an integer. Substituting this value of m into (5.8) and (5.9), one verifies
that |a| = |b| = %ﬁ
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For n = 3, as noted earlier, %’ = 2.25, for which the nearest integers give x +m = 2 or 3. Since m > (n — m),

we must have m = 2 or 3. The constraint on x (see (5.11)) yields x = 0 for both possible values of m. However,
when m = 3, the two orthogonality conditions contradict each other. Thus, we fix m = 2, meaning that each row
of a 3 x 3 matrix must contain two entries of one value and one entry of the other. Solving (5.8) and (5.9) in this
case gives
a = :I:%, b = :F%,

which agrees with the result obtained earlier for the case n = 3.

Forn = 5, we have 2% = 3.75, so the nearest integers are x +m = 3 or 4. From (5.11), for both possible values
of m, the only integer solution for x is 0. Thus, m = 3 or 4. For m = 3, we obtain

_ 4 — =1
a=35 b=35

In this case, the Shannon entropy is
AR [Ms] 2~ 6.252 < 5In5 ~ 8.047.

Two rows of such a matrix Ms (if it exists) would have the form

[4/5\/2-—1/5\/5 4/5v2 —1/5/2 4/5\/5]
4/52 452 —1/5v2 47542 —1/542 |

However, since x = 0 and (n —m) = 2 (i.e., there is no overlap of the b’s and each row contains exactly two b’s),
constructing a full 5 x 5 orthogonal matrix of this form is impossible.
For m = 4, we obtain

Q

I
U:Il\)

S

I
]

Here, the Shannon entropy is
A B[Ks] ~ 7703 > 6.252 and [Ks]~7.703 < 5In5 ~ 8.047.
Thus, in this case, the locally optimal matrix is K5 and is given by

—3/5 2/5 2/5 2/5 2/5
2/5-3/5 2/5 2/5 2/5

Ks=| 2/5 2/5-3/5 2/5 2/5
2/5 2/5 2/5-3/5 2/5

2/5 2/5 2/5 2/5-3/5

Proposition 5.3 The orthogonal matrix
—(n—-2) 2 e 2

1 2 —m=2)--- 2
K, = — : o : , (5.13)

2 2 e —(n—=2)
is always a stationary point of the maximization problem (3.7). For n > 3, a sufficient condition for K, to be a

local maximum is
n—2
(n—4)ln< 7 ) < n.
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2
If K, is a local maximum, then the local maximum value is (”_nz) In ( ” f22)2> + 4(”;1) In (’2—2>

Proof For the orthogonal matrix given in (5.13), we have

A, =GM,) —M,G,] =0,

—(n—2)<ln:<#>—l)::- 2<ln(%>—l)
2(0(5)-1) - () )

where

2
Gy =~
n

=G/ .

It can be easily calculated that

o Y
" =—8+i(n—4)ln((n 2) )
n 4

1 <i < j <n.Hence, &) <0for (n—4)In (%) < n, and it gives a sufficient condition for M,, to be a local
maximum. O

Remark 5.4 From, the graph of the function f(n) = n — (n — 4) In("52) it is evident that M, is expected to be a

local maximum of the Shannon entropy for n < 11, and a local minimum for n > 12.

(4) Case n = 6: In this case as well, since a Hadamard matrix does not exist, we look for an orthogonal matrix
whose entries have at most two distinct absolute values. Proceeding in a manner similar to the n = 5 case, we
obtain the following conditions on m, x, a, and b. For n = 6, the admissible values of m are 3, 4, and 5, and we
additionally have

ma 2l — s
X m~ — = 4.
4

The nearest integers to x + m are 4 and 5. From (5.11), we know that

2
_© m)’
- 6

X

and hence form = 4 orm = 5, we have x = 0. Let us now discuss all the cases separately.
(i) Case m = 4 and x = 0: Solving for a and b, we obtain

-+ 2 N
a_:|:3ﬁ, b_:F3ﬁ'

An orthogonal matrix with these values can be constructed as follows:

[ —1/3v2 2/342 2/34/2 1/33/2 =2/3v2 —2/3/2 ]
2/3vV2 —1/3V2  2/3V2 =2/3V2 1732 —2/32
M — 2/3vV2  2/3v2 —1/3v2 =2/3V2 =2/3V2  1/32 (5.14)
ST —1/3v2 2/3v2 2/3v2 —1/3V2 2/3V2 2/3V2 | '
2/32 —1/3V2  2/32 2/3V2 —1/3V2 2/32
2/3V2 2/3v2—-1/3v2 2/3V2 2/3V2-1/3V2 |
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The first-order condition stated in (3.10) can be readily verified for the matrix Mg, confirming that it is a
stationary point. The corresponding derivative matrix G¢ and the Lagrange multiplier A¢ are given by

9 2
Gg =2 (1n (§> - 1) Mg — §1n4(M2 ® I3) and

_ 9 2 M3 03
ve=2((2) 1)1 2w (1),

where M and M3 = K3 are defined in (4.1) and (4.2) respectively. Note that
ij_ 4
&' = 5(—6+ln4) <0,

for 1 <i < j < 6, which makes Mg, a candidate for the local maximum for the Shannon entropy %R[Md.
The value of the Shannon entropy for the above matrix is

9\ 2
A E[Mg] = 61In <§) +3Ind = 28 [M3] + 348 [Mp] ~ 9.949 < 61n6 = 10.751.

Observation: In the 6 x 6 case, the desired matrix can be expressed as the Kronecker product of the optimal
matrices obtained for the 2 x 2 and 3 x 3 cases. Specifically,

[1/&—1/&]@ ~1/3 2/3 2/3

2/3 —1/3 2/3 |,
V2 1/V2 2/3 2/3 —1/3

and hence Mg = M> ® M3.
(i) Case m =5 and x = 0: Solving for a and b, we obtain

_ 1 _ 2
a = :|:§, b= :F§
An orthogonal matrix with these values can be constructed as follows:

C—2/3 1/3 1/3 1/3 13 1/37]
1/3-2/3 1/3 1/3 1/3 1/3
1/3 1/3-2/3 1/3 1/3 1/3
1/3 13 1/3-2/3 1/3 1/3
1/3 13 1/3 1/3-2/3 13
1/3 13 1/3 1/3 1/3-2/3 |

By Proposition 5.3, Mg is also a candidate for a local maximum. The corresponding Shannon entropy value
for this matrix is

2

(iii)) Case m = 3 and x = 0: Solving for a and b, we obtain

9\ 1
A [Mg] = 61n (—) + 314~ 9.487 < 9.949.

a=iL3, b =0,

with the condition that @ and » must be nonnegative. Such matrices, however, may correspond to saddle points.
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(iv) Case m = 3 and x = 1: Solving for a and b, we obtain

2 _ 1 b= 7-43
17-84/3"° 17-83"

In this case (even if such a matrix exists), the Shannon entropy satisfies
AR [Mg] 2 8.112 < 9.487 < 9.949.

Hence, for n = 6, we conclude that the matrix Mg := Mj ® M3 attains the maximal value of the Shannon
entropy. However, it remains inconclusive whether this represents a global maximum.

The Kronecker product. It is straightforward to verify that the Kronecker product of two orthogonal matrices
is itself orthogonal. Specifically, let M| = M,,, and M> = M,, be orthogonal matrices with n,n, > 2. Then
M,,anTl =1, anM;2 = I,,,. The Kronecker product M = M,;; ® M,,, and

MM = (M, ® My,)(My; @ M) T = (M, ® My, )M, @ M)
= My M,;) ® Mp,M,) =1y, @ Ly =Ty,
Similarly, MM = Is,n,, therefore the matrix M,,;, ® M,;, is an orthogonal matrix. Then, we have the following
lemma:

Lemma5.5 Let M, be an ny x ny orthogonal matrix and M,,, be an ny x ny orthogonal matrix, then M,;;, @ M,,
is also orthogonal matrix of order nin, X ninj.

In general, the Kronecker product of two matrices is not commutative; however the value of entropy of a Kronecker
product is independent of the order, i.e.,

A My, @ My, ] = G5 My, @ My, 1. (5.15)

Proposition 5.6 Let the orthogonal matrices My, and M,,, be stationary points of the maximization problem (3.1)
of orders ny and ny respectively. Then M, ® My, is a stationary point of the corresponding maximization problem
of order n1n;.

IfM,, = \/+71Hn1 and My, is a local maximum of the problem (3.1) of order ny, then the matrix Ty ,, =
M,,, ® M, satisfies the sufficient condition (3.15) for local maximum of the the problem (3.1) of order nin;.

Proof Let the orthogonal matrices M,,, = (a; j)?,ljzl and M, = (b; j)?’zj:] be stationary points of the minimization
problem (3.1) of orders n| and n, respectively. Then, from (3.1), we know that

ny b2
Za,ka]kln< )_o and ) bsibgln (b ) =0, (5.16)

=1 Sl

forall 1 <i,j <np, 1< f,g <ny. Ouraim is to show that
niny 2

Zc,hcjh ln( b ) =0, (5.17)
l
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forall 1 <i,j <niny.Forl <i <nnyand1 < j < ny, we have

niny m bzh
> cincjnln ( ) (Z a,k> (Z binb i In (#2)) =0, (5.18)
h=1 zh h=1 ih

by using (5.16). Now, for 1 <i <ninyandns; + 1 < j < 2n;, we have

nm ny 2
Zc,hc]h ln< ) (Zb ) (Za,-hagh In (%)) =0, (5.19)
h=1 ih

where g = 1, .-, ny, by using (5.16). The other values of i and j can be obtained in a similar way and hence
M,, ® M,, is a stationary point of the problem (3.1).
From Theorem 5.1, we know that J%Hnl is a global maximum of the optimization problem (3.1) of order n;.

If the matrix M,,, = (a; j)?zjzl is a strict local maximum of the optimization problem (3.1) of order n,, then we

ni 2
know that ) a;rajx In (%") =0, forall1 <i,j <np, and
k=1 ik

n» 2

.. az.
gi\’/{nz = -8+ 22(41,%1- — a,%j)ln <a%> <0,

kj

k=1

for1 <i < j < ny. Now, we consider the matrix T,,,, 1= %Hm QM,, = (¢ j)?'].n:zl. Since the entries of H,;,

are £1, one can easily get E,%njl” =—-8+2 Z (ckl — ij) In (%) is
kj
2
either — 8+ 2 ai; —ai;)In <0, or —8 <0,
];( ki kj) ak]

for 1 <i < j < niny. Thus the matrix T,,,, := M,, ® M,, satisfies the sufficient condition (3.15) for local
maximum of the the problem (3.1) of order nn;. O

Proposition 5.7 Let the orthogonal matrices M,,;, = (a; j)l'.'jlzl and M,,, = (b; J)n2 be stationary points of the
maximization problem (3.1) for orders ny and ny respectively. Then, we have

My, @ My, ] = np 8 My, 1+ ny 268 My, 1. (5.20)
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Proof If My, ® My, = (cij); 2, then we have

R -— 2 1 c C 242 1
KMy @ Myl = 3 <c_2> = D dbjn (az bz)
i

i,j=1 ij ki=1i,j=1

LI 1 1
= 2p2 [In| = | +In| =
>3 a5 )+ (5
kil=1i,j=1 kl ij

nj

n 1 no no 1
2 2 2 2
(S aim (E) ARSI (72)

k, =1 i,j=1 k,l=1 i,j=1 i
= m AR My, 1+ m AR M, 1, (5.21)

which completes the proof. |

(4) Case n = 7: From Proposition 5.3, it follows that the matrix K7 is a candidate for a local maximum of the
optimization problem (3.1) of order 7, with a local maximum value of 10.994 < 13.621 = 7In 7. Previous studies
on almost Hadamard matrices [4-6, 17] indicate that the orthogonal matrix associated with the Fano plane also
corresponds to a local maximum of the Shannon entropy. This matrix is given in (2.2). Furthermore, in Proposition
5.8, we show that the matrix Z7 is another candidate for a local maximum of (3.1) of order 7. If Z7 indeed represents
a local maximum, its corresponding Shannon entropy value is 12.840 < 13.621 =~ 7In7.

Proposition 5.8 Let a finite projective plane of order n exists. Then the orthogonal matrix corresponding to the
finite projective plane satisfies the sufficient condition (3.15) for the local maximum for the optimization problem
(3.1) of order n> +n+ 1 forn =2, ..., 7. Ifitis a local maximum, then the local maximum value of the Shannon
entropy is given by

A M1 (5.22)

Proof Let us assume that a finite projective plane of order n exists. Then there exists an orthogonal matrix

M2y, = (@)} J.J;"IH with the entries given in (2.1) with A = 1. It should be noted that any two distinct rows

contains 1 (ﬁ ), n (f}), n ()): ) and n(n — 1) <;) ) Thus the first order necessary condition for optimality is

satisfied, since fori # j

n2+n+1 2

as

(A)j=(GX =XG);=2 Y agajeln | L
k=1 Ak

x2 y2
=2nxyln| — ) +2nyxIn{ =) =0.
y X
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Thus the matrix M, 2, is a stationary point of the optimization problem (3.1). In order to get the sufficient
condition (3.15), we consider

n2+4n+1 az
i j _ 2 2 ki

k=1 kj
x2 y2 x2
=-—-8+2n [(x2 — yz) In (—2> + (y2 — x5 In (—2>i| = —8+4n(x? — yz)ln (—2>
y X y
l4+n—n>4+2n
=-8|1 In(n — , 5.23
[+ G ﬁ)] (5.23)

2
fori < j.Butit can be easily seen that f(n) =1+ %ﬁ In(n — 4/n) > 0, for all n < 7. Thus the matrix
M, 2., is a candidate for local maximum of the Shannon entropy for n = 2,3,4,5,6 and 7. If it is a local

maximum, then the local maximum value given in (5.22) can easily be obtained by using the values of x and y in
(2.1). m]

Proposition 5.9 Suppose a biplane of order n exists. Then the orthogonal matrix associated with this biplane
satisfies the sufficient condition (3.15) for being a local maximum of the optimization problem (3.1) of order
w + 1, forn =2, ..., 13. If the matrix indeed corresponds to a local maximum, the resulting value of the
Shannon entropy is given by

AEM (t)+) | | =

(n+2)((n + 1)y/n —2)*1In (

(n+2)2\/ﬁ—n)]‘

(n+1)ﬁ+z>

n—1

n2+3n+4[

+20n + D(n 42+ /n)*In ( (5.24)

Proof Let us assume that a biplane of order n exists. Then there exists an orthogonal matrix M (i hw+2) 4=
2

(4 1)042)
(aij); j:21 with the entries given in (2.1) with A = 2. We know that any two distinct rows contains 2 (i ),
n (;C) ), n (ch) and "(”T_l) (i ) Thus, the first order necessary condition for optimality is easily satisfied, since
fori # j
D) | 2
jk
(A)i,j = (GXT - XGT);',J' =2 Z Qajkdjk In (j)
k=1 ik

X2 y2
=2nxyln| — ) +2nyxIn|{ = | =0.
y X

Hence, the matrix M ¢i+1yw+2) 41 is a stationary point of the optimization problem (3.1) of order
2

Now, one can show that

(n+1)(n+2)
2 + 1.

(n+1)(n+2)
n 2n +1 5

2
.. a;, . X
£ =-8+2 > (aj—a;)hn %) = —8+4n(x>—yH)In (—2)
k=1 i Y
4+n—nz—i-4\/ﬁ1 (n—ﬁ>i|
n )

n?2+4+3n+4 2

_ g [1 + (5.25)
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for i < j. Therefore, the sufficient condition in (3.15) is satisfied whenever

gn) =1+

d4n—n>4+4yn n—Jn
ln( >>0,
n?+3n+4 2

which holds for all n < 12. Consequently, the matrix M u+1hm+2) 41 is a candidate for a local maximum of the
2

Shannon entropy forn = 2, ..., 13. Finally, if it indeed corresponds to a local maximum, its value can be readily
computed using the expressions for x and y in (2.1), as given in (5.24). m|

Analogous to Propositions 5.8 and 5.9, it can be shown that the A-plane, for A > 1, is also a candidate for a local
maximum of the Shannon entropy for certain values of A.

Proposition 5.10 Suppose a A-plane of order n exists. Then the orthogonal matrix associated with this L-plane
satisfies the sufficient condition (3.15) for being a local maximum of the optimization problem (3.1) of order
W\—H_l) + 1, for values of A and n that satisfy

2 2
A2+”_” +2ﬁ’\1n(”_*/’7) =~ 0. (5.26)
n? 4+ 2x —n + A2 A
(5) Casen = 9: Inthe case n = 9, the matrix Mg = K3 ® K3 can be regarded as a candidate for a local maximum
of the optimization problem (3.1) of order 9 . If it indeed represents a local maximum, the corresponding value of
the Shannon entropy is 17.369 < 19.775 ~ 91n9.
(6) Case n = 10: Using Propositions 5.3 and 5.6, one can easily see that

1
Mjp = —=H> ® Ks (5.27)

V2

is a candidate for local maximum of the Shannon entropy of order 10. If it is a local maximum, then he local
maximum value is given by 22.338 < 23.026 =~ 101n 10.

(7) Case n = 11: By Proposition 5.9, the orthogonal matrix corresponding to the Paley biplane of order 3 is
a candidate for a local maximum of the optimization problem (3.1) of order 11. If it indeed represents a local
maximum, the corresponding Shannon entropy is 25.403 < 26.379 ~ 111n11. An example of such a matrix is
provided in (2.4).

(8) Case n = 13: By Proposition 5.9, the orthogonal matrix associated with the finite projective plane of order
3 is a candidate for a local maximum of the Shannon entropy for order 13. If it indeed corresponds to a local
maximum, the value of the Shannon entropy is less than 33.344 &~ 131n 13. An example of such a matrix is 73,
given in (2.3).

(9) Case n = 14: Using Propositions 5.6 and 5.9, we know that

1
My = —=H, ® Iy (5.28)

V2

is candidate for a local maximum of the optimization problem (3.1) of order 14. If it is a local maximum, then we
use Proposition 5.7 to find out the local maximum value of the Shannon entropy of order 14 as 35.384 < 36.947 ~
141n(14).

(10) Case n = 15: For n = 15, one can show that the matrix M5 = K3 ® Ks is a candidate for local
maximum of the Shannon entropy of order 15. If it is a local maximum, then the local maximum value is given
by 37.584 < 151In 15 &~ 40.621. But the matrix Ty5 given in (2.5) is also a candidate for local maximum and if it
is a local maximum, then the local maximum value 39.525 < 151n 15 ~ 40.621.
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Next, we consider certain special orthogonal matrices that are stationary points of the optimization problem
(3.1) and contain zero as an entry.

Let M,,, and M,;, be two orthogonal matrices, then it can be easily seen that their direct sum M,,, & M,,, is also
an orthogonal matrix.

Proposition 5.11 Let the orthogonal matrices M,,; and M,, be stationary points of the maximization problem
(3.7) of orders ny and ny, respectively. Then M,,; & M,,, is a stationary point of the corresponding maximization
problem of order n| + nj.

Proof LetM,,; = (a;;)" =M = (b;j)! j=1 and My, @ M, = (c,-j)?jﬁl. By the definition of @, we know that
ajjforl <i,j <ny,

c¢i,j = bijforn; +1 <1i,j <ny;+ny, Since M, and M, be stationary points of the maximization problem
0, otherwise.

(3.7), from (3.10), we have

b2
nij = Za,ka]k ln< ) =0 and Oy := Zbgkblk (b2k> =0, (5.29)
ik

k=1

foralll1 <i,j <njand1 < g,l < ny. We know that

ni+ny 2k ni 2k ny+ny .
Gii= ) c,kcjkln(cjz) Zc,kc,kln<cf >+ > clkcjk1n< ! ):: o+ (5.30)
ik k

k=1 ik k=1 ke=n+1 &

Forl <i,j <n1,weget§llj =1n;j =0, ;3 =0andso¢;; =0.Forny +1<1i,j <n +n2,wehave§1 =

glj = 0¢;; and hence ¢;; = 0. Forthe cases, | <i <np,ni+1=<j <ny+nyandn; +1=<1i <mn +n2,
1 < j < ny, it can be easily seen that ¢;; = 0, since at least one of the multiplying entry in ;; is zero. Hence,
M,,, ® M,, of order n| + n; is a stationary point of the maximization problem (3.7). O

Remark 5.12 1t can be easily shown that

AR My, ® My, ] = S8 M, 1+ A48 M, 1.

Proposition 5.13 If a conference matrix C, exists, then the orthogonal matrix Q, = \/%Cn constitutes a
Stationary point of the maximization problem (3.1).
Proof Let n be even, and assume that a conference matrix C,, = (¢; j) _; exists. Define Q, := J%Cn.

Since the entries of C, are either O or £1, the derivative matrix is G, = 2(ln(n — 1) — 1)Q,. It follows that
A, = G,,Q,;r — Q,,G,I = 0,. Therefore, the orthogonal matrix Q,, is a stationary point of the maximization
problem (3.1). O

Remark 5.14 Note that f%”lR[Qn] = nln(n — 1). However, since C,, contains n zero entries, the sufficient condition
(3.15) for a local maximum cannot be verified in this case.

Proposition 5.15 If a weighing matrix Wy, j exists for some 1 < k < n, then the orthogonal matrix R, := \/LEW,,,/(

is a stationary point to the maximization problem (3.1).

Proof LetR,, := LkW,,,k exist for some 1 < k < n. The derivative matrix is G,, = 2(In(k) — 1) R,;, and we have
A, = 0,. Therefore, R,, is a stationary point of the maximization problem (3.1). O

Remark 5.16 Tt should be noted that 7[R, ] = nInk.
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For n = 2(mod 4), then one can add a «/n — 2I, diagonally to a Hadamard matrix of order n — 2 and fix the rest of
the entries O to obtain a new matrix S,, such that S,,ST (n—-2)I, = STS Therefore, FS is an orthogonal
matrix whose Shannon entropy is given by

AR [%sn] = (1 —2)Inxn —2).
-

The next result shows that \/%Sn is also a stationary point to the maximization problem (3.1).
Proposition 5.17 The orthogonal \/75 is a stationary point to the maximization problem (3.1).

Proof Let us define

1
B, = —=S,.
SV
By construction, B, has two blocks:
e an (n — 2) x (n — 2) Hadamard block with entries :I:\/”;Tz,
e a2 x 2 identity block in the lower-right corner.
Ifbjj =t+t—— \/7 then

Hence for G,, defined in (3.8), we have

Gy =2(+ In(n —2) — 1).

nl 2)(
\/7
Thus the entire (n — 2) x (n — 2) block equals

20 =2~ 1)

_27
V=2 "
where H,,_» is the Hadamard matrix (with entries +1). For the two diagonal entries b;; =1 (i =n — 1, n),

G,'l‘ :2-1-111(1)—2-1:—2.
Off-diagonal entries in the last two rows/columns vanish. Collecting the blocks, we obtain

2(In(n —2) = 1)

H,» O
Gn= Jn—2 "2
0 -2

For A, = G,,B,;r — B,,GnT (3.9), we immediately have A, = 0, and hence B, is a stationary point to the
maximization problem (3.1). |

Remark 5.18 For n = 6, We have %”R[ S¢] =4In4 < 6In6 = ,%”R[MG] for the matrix Mg given in (5.14). For
n = 10, we obtain %” [ 510] = 8In8 ~ 16.636 < 22.338 ~ ,%”R[Mlo] for the matrix Mg given in (5.27).

Similarly, for n = 14, we 1nfer %ﬂ [ Sl4] = 12In12 =~ 29.819 < 35.384 = %R[MM] for the matrix M4
given in (5.28). For n = 18, we infer %R[ Sig] = 161n 16 &~ 37.361 < 50.998 ~ 181n17 = X [M;s] for the
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matrix Mg = ﬁClg. Therefore, ﬁsn has Shannon entropy lesser than the matrices constructed before.Here’s
a polished rephrasing of your passage: In general, if a symmetric conference matrix of order n exists, then n = 2
(mod 4) ([27, Theorem 4.11]). In this case, it follows that

%R[ ! sn] =mn—-2In(n—-2) <nln@m—1) =% [;cn]

Vn—2 Vn—1

Remark 5.19 The study of local extrema of the Shannon entropy for various orthogonal matrices is purely math-
ematical. As noted above, the local extrema arising from symmetric design-type constructions achieve higher
entropy values than the simple perturbations of a Hadamard matrix described in Proposition 5.17.

5.2 Construction of the entropy optimal complex inverse orthogonal matrix.

Let us now introduce the Shannon entropy for a complex inverse orthogonal matrix.

Definition 5.20 (Shannon entropy of a complex inverse orthogonal matrix) For an n x n inverse orthogonal matrix
M,, with complex entries a;; at the (i, j ) position, the Shannon entropy is defined as

n n 1
jfl(c[M,,]:ZZ|a,-j|21n< ) (5.31)

2
i=1 j=1 Jaij|

where |al- j | denotes the absolute value of the complex number a;;.

By applying Jensen’s inequality, in the same manner as for real orthogonal matrices (see Theorem 5.1), we obtain
analogous bounds on the entropy of a complex inverse orthogonal matrix M,;:

0 <. 5M,] <nlnn. (5.32)

This bound holds for all n, with equality if and only if ‘a,- j ‘2 = % Equivalently, in polar form, a;; = Jiﬁeie, where

¢'? is an n™ root of unity.

(1) For n = 2, we have the following optimal matrix which achieves the bound 2 In 2.

My = [l/ﬁ 1/@} !

YNNG v

(2) For n = 3, we construct the optimal matrix as follows:

1/v/3 1/3/3 1/4/3 !
M; = | 1/V3 0/V3 0?/V3 | = e
1/V3 0?/V/3 /3 3

where w is the cube root of unity and for the matrix above, %ﬁC[Mﬂ = 31n3.
(3) For a general n, the optimal value n In 7 is attained by the n x n scaled Vandermonde matrix V,,, defined as

1
M, = (ﬁ) Vo, (5.33)
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where V,, is given by the following matrix:

1 1 1 1
1 « o? o1

Vv, = o ot m=2 |
1 o1 22 ... q—1?

where « is the n'" root of unity (o # 1). It is worth noting that the global maximum is attained by M,, = \/Lﬁ F,,
where F, denotes the complex Hadamard matrix defined in (2.6). Thus, the optimal entropy is achievable for
all n, and for the matrix in (5.33), we have f%ﬂl(c [M,,] =nlnn.

Remark 5.21 Let M,, = (a;;) be a unitary matrix, i.e., M,M; =1, = M’M,,. The matrix given in (5.33) is

n

i j=1
n n 1

also a global maximum for the Shannon entropy ,%”IC M, ] = Z Z |a,~ j |2 In (—2) , for the unitary matrices.

i=1 j=1 dij

6 Rényi, Tsallis and Sharma-Mittal Entropies

In this section, we introduce the Rényi, Tsallis, and Sharma-Mittal entropies for real orthogonal matrices and
determine their global and local maxima for different matrix orders. The optimization problems associated with
these entropies are closely connected to the concepts of almost Hadamard and p-almost Hadamard matrices (see
[4-6, 16, 17], etc.).

6.1 Rényi entropy for a real orthogonal matrix

We now define the Rényi entropy for real orthogonal matrices and present its main properties.

Definition 6.1 (Rényi entropy for a real orthogonal matrix) For an n x n orthogonal matrix M,, with real entries
a;j, the definition of the Rényi entropy is given by

A M = L 3 (a,?j.)a , 6.1)

forall0 <o <ococanda # 1.

For o = 0 in (6.1), we get the Hartley or max-entropy defined by
M, =nlnn =nln(0(My)),

where 0(M,,) is the order of the matrix M,,. As « — 1 in (6.1), by using the L’Hospital’s rule, we have

n
. R L n 1 2\ ¥
Jim A 01 = fim = 3 ()
i,j=
. 1 1« 2\ 2 ol 2 1 R
ij

a—1 1 n n “ : ;
n Zi,j:l (%‘j) i,j=1 i=1 j=1
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which is the Shannon entropy. For o = 400 in (6.1), we get the min-entropy defined by

,%”R[M ]=n min (—lnalj)——n< max lnalj> —nln max a2

1<i,j<n 1<i,j<n 1<i,j<n a

Definition 6.2 (Collision entropy or quadratic Rényi entropy) For an n x n orthogonal matrix M,, with real entries
a;j at the (i, j ) position, the definition of the Collision entropy or quadratic Rényi entropy is given by

1 n
R 4
4 [Mp] = —nln - E ag (- (6.2)

i,j=1

If a real Hadamard matrix H,, exists, then by Theorem 5.1, the matrix M,, = \/LZH" achieves the maximum of the

Shannon entropy and is therefore a global maximizer. It can similarly be shown that M,, = \/LﬁHn also maximizes
the Rényi entropy, making it a global maximum in this case as well. Consequently, the maximum value of the
Rényi entropy is given by

1 < /1\¢
—

forall @ # 1.
Any 2 x 2 orthogonal matrix can be written as the form given in (4.5) and hence the Shannon and Rényi entropies

become
1 1
%[Mg]_2|:a ln( )—i—(l—a)ln( 2)] and
1—a

HIMa] = Ea In[a® + (1 —a®)*].

6.2 Kullback-Leibler divergence and Rényi divergence for real orthogonal matrices

A notable property of the Rényi entropy is that it is a non-increasing function of « for any real orthogonal matrix
M,,. Let us take the derivative of (6.1) with respect to « to obtain

d R _ n « 2 I ¢ 2\«
_a{% [Mn]} —m (1—05)2” @ Z)a Z(au) ln(aij)+1n . Z(aij)

| i,j=1 i,j=1

_ n Xn: (aiZj)a In <<a2 ) l—a)
(U —? | Y @) g

| i,j=1

2 \a
—In Z T (”)

1] ll’lel 1( kl)a

(1—oz)2 Z yuln (( ) ) Z y,/(a N (6.3)

l]l

( i2j)1—oz
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where
(a})* (a 2)0‘
2 Lj o l]
Vi = T so that — Z (a})* = (6.4)
 2ki=1(@g)” "= Vi
Note also that L Z ylj = land - | Z yu (al])1 —*—=__1  From (6.3), we have
e I %klz—l(alzk)a

L P I ) o [0
L) = 255 v () ) o (4
y”

= a)ZZle (6.5)

2

and i )2 Z ylzj In <§‘zf ) is proportional to Kullback-Leibler divergence or relative entropy (which is always
ij

non- negatlve) for real orthogonal matrices. This immediately gives a comparison between different kinds of

entropies as

nlnn = AR M, ] > AR M, ] = 5 M,] = XM,

Definition 6.3 For two real orthogonal matrices M, = (a;;)} =1 and K,, = (b; J)” the Kullback-Leibler

divergence is defined by

j=r

Dk1. [M,|K,] = Z aj; In (bZ) (6.6)

i,j=1

The non-negativity of the Kullback-Leibler divergence can be established using the property of the natural logarithm
that Inx < x — 1 for all x > 0, with equality holding if and only if x = 1. Thus, for the relative entropy, we have

n b2
2
—Zauln( )2—.Zalj<a ) Zb +Za = —n+n=0, 6.7)
i,j=1 i,j=1 ij i,j=1 i,j=1

and Dy, [M,||K, ] = 0 if and only if |a;;| = |b;;| for all i and j. Hence from (6.5), we have & {/ZF[M,]} <0

o
for all @. Moreover, from (6.6), we infer

Dk [M,||K,] = Z af;In(a};) — Z af;In(b}) = — A M,] + A7 M, K], (6.8)
i,j=1 i,j=1

where ji”lR[Mn, K,] is the cross-entropy. Thus, the Shannon entropy %ﬁR[Mn] sets a minimum for the cross-
entropy %”IR[MH, K, ]if and only if |a;;| = |b;;| for all i and j.

Indian J Pure Appl Math (2026) 57:970-1009 @ Springer



1000 https://doi.org/10.1007/513226-025-00873-8

Definition 6.4 For two real orthogonal matrices M, = (a; j)?’ =1 and K,, = (b; j);{ =1 the Rényi divergence is
defined by
1 n a2 a—1
R __n 2 (%)
DG [My [Ky] = —1n | = Z a;; (ﬁ) : (6.9)
i,j=1 tj
for o # 1.

By using L’Hospital’s rule, it can be shown that
11mD M, |K,] = Zaljln< ) Dx1 [M, [ Ka].
i,j=1 ij

If the real Hadamard matrix K, exists, then the Rényi entropy can be expressed in terms of the Rényi divergence
as

HMM, ] = A5 [Kq] — DR [M,||K,] -
6.3 The optimization of Rényi entropy

For an orthogonal matrix M,, = (a;;)" the maximization problem of Rényi entropy can be formulated as

i,j=1°
n 1 « o . 1 ifi=j
=3 (a2 3 ayay; = =J
Mocge | T—a In n (“,_/) » such that k_la’”a"-’ {0 ifi £ . (6.10)

But for @ > 1, we know that

max
M,, Rnxn 1l —«o

and minimizing a monotonically increasing function of a variable is equivalent to minimizing the variable itself.
Thus, it is enough to consider the problem

n n [P .
. 2\¥ )it =,
Mnrgﬁgr’gxn Z (aij> , such that Zak,ak, = {O ifi £ (6.11)
i,j=1 k=1
IfM,, = (q; j)ﬁ =1 is a stationary point of the problem (6.11), then we have
n o
o
Ay =20+ 1) (Z aaje ((a3)" = (a%) )) =0. 6.12)
k=1 i.j=1
Also if M, minimizes the function given in (6.11), then we obtain

=20y {aa -1 [a%i () +a (a%,-)“_l} - [ (@) + (“@” =0 e

k=1
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forall 1 <i < j < n. The following theorem establishes the global minimum of the Rényi entropy for certain
values of n (see [16] for a related result concerning p-almost Hadamard matrices).

Theorem 6.5 For a > 1, the global minimum of problem (6.11) is nal—_z, and this minimum is attained if and only
2 .o
lfaij = foralll <i,j <n.

In particular, if a real Hadamard matrix of order n exists, then P, = %ﬁHn serves as a global minimizer of
problem (6.11).

L

Proof 1If a real Hadamard matrix H,, of order n exists, then it is clear that P, = NG
aizj = % and the condition (6.12) is easily satisfied. From (6.13), we infer

H, is a stationary point, since

- 1
v = 8a(a — — >0, (6.14)
n

foralle > 1and 1 <i < j < n, making M,, a candidate for local minimum.
Let us use Jensen’s inequality to obtain

a—1
n n n n n
Fony = Y ar =30 | Lapei| = 30 (L) ©19
i=1 \j=l1

ij=1 i=1 \j=1 =

1

since x“~ " is a convex function for all « > 1. We consider the sets:

n
. X 2 : 2 :
X — X = (Clu)?’l:] ER” " . alj = 1, fOI'l == 1,...,” )
=1

n n
Vi={X=(ajj;_ R :) a}=1,fori=1,....,n, ) anaj =0, fori # j
j=1 k=1

It is clear that the set ) C X. Now for each fixed 1 <i < n, we consider the problem:

n n
Xgﬁ@l}gﬂ X} la;;|* subject to .Xgaij =1. (6.16)
Jj= j=

In other words, we are minimizing over the set X'. By applying the method of Lagrange multipliers, one finds that a
stationary point of problem (6.16) is given by a matrix M,, = (a;;)/ j=1 € A, where |a; 1> = % forall1 < j <n.
This point is a local minimum, since the Hessian matrix is

8
H = 8diag(lai1|?, . . ., |ain]?) = —L,

which is positive definite. Moreover, it is also a global minimum, as both the cost functional and the constraint
are convex. Since ) C X and M,, € ), it follows that a global minimum for this problem also exists within ).
Therefore, for any matrix M,, = (a;;); j=1 € Y, we have

a—1

FM) = > laij** =) an—z = nal_z = F(Py).

i j=1 i=1 \j=1

Indian J Pure Appl Math (2026) 57:970-1009 @ Springer



1002 https://doi.org/10.1007/513226-025-00873-8

Therefore, P, is a global minimum for the Rényi entropy. O

Proposition 6.6 If a real conference matrix C, of order n exists, then the matrix Q, = L ¢, satisfies the

vn—1
sufficient condition (6.13) for local minimum for the problem (6.11) for n > 3.

Proof Let n be even and a real conference matrix C,, of order n exists and let Q,, = \/%Cn. Since the entries of
C,, are 0, =1 and 0 occurs only along the diagonal, it is immediate that (6.12) is satisfied, making Q,, a stationary
point. Note that Q,, is a global maximum for n = 2 and for n > 3, we have

i = ﬁ [2a — 1)n — 4 +3] > Oforn > 3, and £57 < 0 forn = 2.
n —
Note that &i,’j > O only if n > ggj and alirréo ‘2‘3:? = 2. For this case, if Q, := ﬁcn is a local minimum,
then the local minimum to the problem (6.11) is given by (n—;lﬁ O

Remark 6.7 If a real conference matrix C,, exists, then the matrix Q,, is a candidate for a local maximum of the
Rényi entropy. In that case, the local maximum value is

n 1 & 1 \¢ n o
%R[Cn]:l_aln ;Z(n_l) :1_0!111((;1—1)1 ) =nln(n—1),

ij=1

for o # 1. By analogy, one can also conclude that Q, is a candidate for a local maximum of the Shannon entropy
when n > 3.

Proposition 6.8 Suppose a weighing matrix W, i exists for some 1 < k < n. Then the associated orthogonal
matrix

1
R, = ﬁ Wik, Wik = (wij);l,j=1,
is a stationary point of the minimization problem (6.11).
Furthermore, for

n
2.2 ; B
Bij =) wiwy. p= min_fy. B= max
I=1

I<i<j<n I<i<j=n

the following hold:

e The sufficient condition (6.13) for a local minimum is satzsﬁed if % > 5o

o The sufficient condition for a local maximum is satisfied if B < 57—

e The matrix Ry, is a saddle point if there exist indices i, j such that simultaneously B;; > Qakﬁ and Bij < Qakﬁ
Proof If a weighing matrix W,, ; exists, then by definition its entries are in {0, &1}. Consequently, the scaled
matrix R, = \/L];Wn’k is orthogonal and hence a stationary point of the minimization problem (6.11).

A direct computation shows that

i.j 4o 200 — 1 . .
n = ka_l Tﬂl]_l ’ 1 il <] Sna
from which the stated conditions for local minima, maxima, and saddle points follow. O
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Proposition 6.9 The matrix given in (5.13) is a stationary point of the minimization problem (6.11) and it satisfies
the sufficient condition (6.13) for a local minimum if

Qa—1D[(n—22" 2+ 22 =222+ (n — 2)2%] > 1 — 2™ +2**(n — 1),

foralla > 1.

Proof For the orthogonal matrix given in (5.13), the matrix

A, =G K] —K,G =0,

—(n— 2)20[—1 22a—1 . 22a—1
. 220{—1 —(n— 2)20{—1 L 220[—1 . N
where G,, = a T . . ) . =G, and K, =K, andG,K, = K,G,.
220.1—1 220.1—1 . —(n _.2)20[—1

Thus, K,, is always a stationary point of the minimization problem (6.11). It can be easily seen that the sufficient
condition (6.13) is satisfied if

L4
- %{(20{ — D [(n—2)%2%72 4 22(n — 2)** 7% + (n — 2)2%%]
n

o —2)% 22y — 1)} = 0.

(n—2)%4(n—1)2%

n2a—1

If the matrix given in (5.13) is a local minimum, then the value is given by O

Proposition 6.10 Let a finite projective plane of order n exists. Then the orthogonal matrix corresponding to the
finite projective plane satisfies the sufficient condition (6.13) for a local minimum for the optimization problem
(6.10) of order n> 4+ n + 1 for n and a, provided

Qo — D(n — /n)* — 1

_ 202
N T T

(6.17)

If it is a local minimum, then the local minimum value is given by

1
A My 1] = T [+ D/ = D* + 0>+ 1) + V/n)*].

Proof We first assume that a finite projective plane of order n exists. Then there exists an orthogonal matrix

2 . . .
M2y, = (@ij)! ;”1“ with the entries x and y given in (2.1) for A = 1. We also know that any two distinct

rows contains 1 (i ), n (f} ), n ( i} ) andn(n—1) (i ) Thus the first order necessary condition for optimality

is satisfied, since fori # j

n?4n+1 o
o
GX"=XG)ij= Y anaj ((aizk) - (“Jz'k) )
k=1
_ nxy(XZ(x _ yQOe) + nyx(yZa _ x20l) =0.

(A)i,j
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Thus the matrix M, 2, | is a stationary point of the optimization problem (6.11). In order to obtain the sufficient
condition (6.13), we consider

.. n a—1 a— a o
& =2« Z {(2a -1 [a,%i (a,%j) + a,%j (a,%l-) 1:| — [(a,%i) + (a,%j) ]}
k=1
= dan {y* 2 [Qa — Dx? — y*] — x* 72 [x? — Qo — 1)y?1}, (6.18)

fori < j, where x and y are defined in (2.1). We also know that the matrix M,2,,, is a candidate for a local
minimum of the optimization problem (6.11) if

Qo —1)(2)? =1
(1) —@a-1)

200—2
Y2220 — a2 — y2] < 222 2[x? — Qo — 1)y?] or ()XC) - (6.19)

Substituting the values of x and y from (2.1) into (6.19), we obtain that the matrix M2, fulfills the sufficient
condition (6.13) for being a local minimum of the optimization problem (6.11), provided that condition (6.17) is
satisfied. O

Proposition 6.11 Let a biplane of order n exists. Then the orthogonal matrix corresponding to the biplane satisfies
the sufficient condition for a local minimum for the optimization problem (6.10) of order M;"H) + 1 for n and
o, provided

(n _ ﬁ)z‘” _Ca—DH—yn)?’—4 (6.20)

2 (n—n)? —4Qa —1)
If it is a local minimum, then the local minimum value is given by

1
2(n? 4+ 3n + 4)2e-1

R
I, [M(n+1)2(n+2)+1] =

|:(n +2)((n + D/n — 2)%
2 200—1
+(n+1) (;) (n+ (n+ 2)\/5)2“}-

Proof Let us assume that a biplane of order n exists. Then, we have the existence of an orthogonal matrix
(n+1)(n+2)
M Grnt2) = (aij); /._21 with the entries given in (2.1) for A = 2. We also know that any two distinct rows
2 b=

contain 2 (;C ), n (); ) N ( i} ) and @ (i ) Thus, the first order necessary condition for optimality is easily
satisfied, since fori # j

(n+l)2(n+2)+1
o
(A)j=GX =XGi;= > anajp ((aizk)a - (a?k) )
k=1
= nxy(x** — y**) + nyx(y** — x**) = 0.

It follows directly that the matrix M (,41)(n42) o is a stationary point of the optimization problem (3.1) of order
2
w + 1. As shown in the proof of Proposition 6.10, the sufficient condition (6.13) holds whenever (6.19)

is satisfied with x and y as defined in (2.1). Substituting these values of x and y, we conclude that M (,,1)(n+2) .
2

is a candidate for a local minimum of the problem (6.11), provided condition (6.20) is met. |
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Table1 1<n<?20.

n Orthogonal matrix Collision Entropy n Orthogonal Matrix Collision Entropy
1 H, 0 11 By 24.676
1 1
2 H 1.386 12 ENERAE 29.819
3 K3 2.694 13 I3 32.638
4 7H4 5.545 14 5Cu4 35.909
5 Ks 7.305 15 T}, 38.655
6 7=Ce 9.657 16 Hig 44.361
7 bl 12.318 17 W7 37.353
1 1
8 55 Hs 16.636 18 +Cig 50.999
9 K3 ® K3 16.164 19 1:Cis ® H} 50.999
10 1Cio 21.972 20 57z H 59.915

* This orthogonal matrix represents a saddle point rather than a local maximum (see Proposition 5.11). The weighing matrix W9 ¢ exists for order
19, but it too corresponds to a saddle point, with a value of 41.747. However, if a quadruple plane of order 5 exists, the corresponding incidence
matrix with entries x = %ﬁ and y = %ﬁ

and %W7,4 is also a local maximum. But the collision entropy value is 9.704. For order 15, the matrix K3 ® Ks is also a local maximum with the
Collision entropy value 35.385. Note that a weighing matrix Wys 9 exist and %W]ig is also a local maximum. But the corresponding Collision
entropy value is 32.958. *In this case, the matrices %Hz ®RKj, %W6,4 and Kg in (5.13) are also a local maxima of the collision entropy with values

L
V2

achieves a local maximum with a value of 53.83. TFor order 7, a weighing matrix W7 4 exists

9.547, 8.318 and 8.099, respectively. Remember that for Shannon entropy of order 6, the matrix —=H, ® K3 gives the maximum value 9.949

Similar to Propositions 6.10 and 6.11, we can prove that the A-plane, A > 1, is also a candidate for a local minimum
for the optimization problem (6.11) for certain values of A.

Proposition 6.12 Let a A-plane of order n exists. Then the orthogonal matrix corresponding to the A-plane satisfies
the sufficient condition (6.13) for a local minimum for the optimization problem (6.11) of order 1 + w,
for A, o and n, provided

(M)M 12— Qo — D(n — J/n)’ ©6.21)

p S Qa—DRZ—(n— Jn)?

As in the case of Shannon entropy, if M,, and M,,, are orthogonal matrices of orders n; and ny, respectively,
which are stationary points of the minimization problem (6.11). Then the orthogonal matrices M,,;;, ® M,;, and
M,,, ®M,, are also stationary points of the minimization problem (6.11) of orders nin; and n; + n respectively.
ItM,, = Lannl and M,,, is a local maximum for the Rény entropy of order n3, then M,;;, ® M,,, is a candidate
for local maximum for the Rény entropy of order nn,. Also, we have

S My, ® My, 1 = n0 7 My, 1 + 1 7, My, 1,
A My, @ My ] = A My 1+ ) M, .

The following table presents the maximal values (not necessarily global in all cases) of the Collision entropy
(¢ =21in (6.1)) for 1 < n < 20. The matrices K3 and Ks are defined in (4.3) and (4.4), respectively, while Z7,
Bi1, and Z13 are specified in (2.2), (2.3), and (2.4), respectively.(See Table 1)

Remark 6.13 1t should be noted that, when n is even and if a conference matrix C,, exists, then the orthogonal
matrix Q, := \/%Cn is getting closer to the optimal value n Inn for large values of n. In the odd case, for large
n, the existence of weighing matrices also provide such results.
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6.4 Tsallis entropy for real orthogonal matrices

We now introduce the Tsallis entropy for real orthogonal matrices and determine its global and local maxima for
different orders.

Definition 6.14 (Tsallis entropy for a real orthogonal matrix) For an n x n orthogonal matrix M,, with real entries
a;j atthe (i, j )N position, the definition of the Tsallis entropy is given by

n

n— 3 (au)q 1
FEM,] = ’q’_‘l = f 1 [1 — exp (%%R[MHO] , (6.22)

for all 0 < g < oo (called the entropic-index) and g # 1.

As g — 1, Tsallis entropy becomes Shannon entropy, since by using the L’Hospital’s rule, we have

n

- 3 @ n
. R Y i,j=1 . 2 2
Jim 7 M = fim — =5 = Jim = 37 (a5 n (o)

i j=1
= Z (a,,)zln( ) = A [My].

If a real Hadamard matrix H,, exists, then the matrix JiﬁHn attains the maximum Shannon entropy. Moreover, it
can be shown that a real Hadamard matrix also maximizes the Tsallis entropy. Consequently, the maximum value
of the Tsallis entropy is given by

N (L)
112;1(") _n—nz_q

S My] =

’

g—1  qg-1

for all g # 1.

The optimization problem for the Tsallis entropy can be formulated in a manner similar to that of the Shannon
and Rényi entropies. From the form of the Tsallis entropy given in (6.22), it is evident that its maximization
problem is equivalent to that in (6.11). Therefore, the Rényi and Tsallis entropies share the same stationary points
forall« > 1 and ¢ > 1, as well as the same local and global maxima.

Definition 6.15 For two real orthogonal matrices M,, = (q; j);’ _; and K, = (b;j); j |» the Tsallis divergence is

defined by
—1
1 . ar\" n a—1
T 2 tJ R
D, [Ma[[Ks] = —— > @ (b—2> —1 = [exp( . Da> - 1], (6.23)
= 2

for o # 1.

Once again, by using L’Hospital’s rule, it can be shown that

2
lim D} [M, [K,] = Z a?;In (—5) = Dxr [My [ K, ]
1

a—1
i,j=1
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6.5 Sharma-Mittal entropy for orthogonal matrices [25]

Let us now introduce the Sharma-Mittal entropy and examine its local and global maxima.

Definition 6.16 For an n x n orthogonal matrix M,, = (a;;)7} =1 the definition of the Sharma-Mittal entropy is
given by
1-B

I—a

n

Tl %Z (al?j)a , (6.24)

Ta,pIMy] =

forall0 <o, <ococanda, 8 # 1.

Using L’ Hospital’s rule, it can be easily seen that

tim gl = w3 ()" | =AM, and

- 1
lim lim 7, [M,] = Z af;In (—2> = A [M,].

a—1p—1

The maximization problem of the Sharma-Mittal entropy is given by

. =
SIM] = max ﬁ’il |- %ijzz:l (al?j)a . such that XXT =1,,. (6.25)
But for «, 8 > 1, we also know that
1= 1=
n 1 « 2\¥ o n ) 1 « 2\¥ o
N Pl R PO M C) “por L 2 @) )]

and since x7 is an increasing function for any y > 0. Thus, as in the case of Tsallis entropy, it is enough consider
the problem given in (6.11). If a Hadamard matrix H,, exists, then the matrix P, := JLﬁHn is a global maximum

(1-p)
for the Sharma-Mittal entropy and the global maximum value is given by % (1 — n(-? >

Remark 6.17 The Rényi, Hartley, collision, min-, relative, Tsallis, and Sharma-Mittal entropies for complex inverse
orthogonal matrices can be defined in an analogous manner. Since a complex Hadamard matrix F,, exists for all
orders n, the optimal values for a complex inverse orthogonal matrix are as follows: for the Rényi entropy, the

maximum is n In n; for the Tsallis entropy, the optimal value is ”;”_2{ 2 for all q # 1; and for the Sharma-Mittal

1-p
entropy, the optimal value is % (1 — n(l—a)2> foralla, B # 1.
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