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Abstract We are interested in Cauchy’s problem formed by a multidimensional incompressible Euler’s system
and large amplitude oscillating initial data w(x, ¢(x)/e) € CI(Q(,), R™), with ¢ €]0, 1] is a parameter and
Q? C R™ the ball of centre zero and radius . We determine the necessary and sufficient conditions that guarantee
a solution on a domain of R* x R” independent of & for the Cauchy’s problem previously mentioned. These
conditions are a system of nonlinear partial differential equations uniform in ¢ involving the couple (¢, w), we
show the existence of this couple, and we discuss its propagation over time.

Keywords Burger equations - Euler equations - WKB analysis - Oscillations - Compatibility conditions -
Nonlinear geometric optics
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1 Introduction and main results

We consider the multidimensional incompressible Euler’s system with constant pressure defined as

oquf + Wt - Vyu® =0, (1)
divu® =0, ()
such that ¢ €]0, 1] a parameter, u® = (u$,--- ,u) € Cl(R+ x R"”, R™) and

= g WY =Y v =350
= —, i=—, u -V= u; 9; , vu = .
T T ax e dx;

i=1

The study of the oscillating solutions for the quasilinear hyperbolic systems, like (1), consists of involving a
WKB (Wentzel-Kramers-Brillouin) expansion, see for instance [11] for the initial data problem and [15] for the
boundary value one. In the case of a single phase and an initial data defined on the closed ball Q? C R" of
centre zero and radius r, the WKB method consists to work with u¢(0, x) = uf)(x, @(x)/¢e) such that the phase
pel! (99, R) satisfies

Vi e QY Vo(x) #0, 3)
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Compatibility conditions allowing... 1035

the function ug(x, 0) = Up(e, x,0) with Uy € C*([0, 1],C1(S29 x T, R™)), periodic in & € T = R/Z and
satisfies the following expansion

k
uf(x.0) = wx,0) + Y &wi(x,0) + o). )
=1

The fact that Uy € C*°([0, 1], C! (Q(r) x T, R™)) ensures that u° (0, x) is bounded on 99. Thus for every ¢ €]0, 1]
fixed, the results that appear in [16, 18] ensure that (1)-(4) has a C I_solution on a domain of [0, T¢] x R”.

The study of w(x, ¢(x)/e), the first term on the expansions (4), is called the nonlinear geometric optics
[11,14]. By one hand, when dpw = 0, the system (1)-(4) is well described, see for instance [12,13,17]. On
the other hand, when dgpw # O the estimations of 7¢ given in [1,7] show that in general Lim._oT¢ = O.
Therefore, without more specific conditions on (¢, w), the asymptotic behaviour of (1)-(2) when ¢ goes to zero
is not well-posed.

In the case when n < 3 and dgw # 0, in [5,10] the authors have found a class of initial data leading to the
existence of solutions of (1)-(4) on a domain independent of ¢. In the case of dimension n = 3 and dgw # 0, see
[8], we have a full classification of (¢, w) that ensure the existence of C!—solutions, on a domain independent
of ¢, for the problem (1)-(2) completed with

Vix,e) € Q9% 10,11: (0, x) = h®(x) = w(x (5)

o)
)
Without restriction on the space dimension, with the constraint dgw # 0 and without involving the condition
(2), aclass of initial data #° that ensures the existence of some Ty > 0 such that the Cauchy’s problem (1)-(5) has
a solution on Q/° is exposed in [7]. For the interest of studying the multidimensional Euler system in physics,
we can refer for instance to [9].
In this paper, we work on R” with n > 4, and we consider the case when

V(x,0) e Q? xT: dpw(x,8) #O0. (6)

By using the Theorem 2.6 of [6], we obtain that the solution of (1)-(5) satisfies the compressibilty condition (2)
if and only if the Jacobian matrix of 4% (x) is nilpotent, precisely

V(x,e) € QU% 10,11 (Deh®(x)" =0. 7

Thus, the problem (1)-(2)-(5) becomes a Cauchy’s one formed by the Burger’ system (1) and the initial data (5)
that satisfies (7). Our aim is to give the necessary and sufficient conditions to impose on (¢, w) to have (7), we
show that these conditions lead to the existence of Ty > 0 such that on Q,TO the problem (1)-(2)-(5) has a solution.
In addition, we discuss the existence, geometrical structure, and propagation of the initial data satisfying (7). In
[8], we find a definition of compatible family and compatible couple corresponding to n = 3; in this paper we
keep the same definition for n > 4.

Definition 1 (compatible family - compatible couple) The family {h®}¢c10,17 is compatible on Q‘r) if it is defined
as in (5), satisfies (7) and (¢, w) checks (3)-(6). In this case, we say that the couple (¢, w) is a compatible one.

Remark 1 In this paper, we denote by N* = N\ {0}, N, = {0, 1,2,---, p}, N; = N, \ {0}. For f(s,60) €
c! (R? x T, R?), such that s = (s1, - - - , sp), the Jacobian matrix of f with respect to s is noted Dy f and
af af
Ve N*: Ohf=-—, 0f=—.
R e ST

The sub vector space generated by the set 7 = {v,--- ,v,} C R"is noted £ = spanf{vy, --- ,v,}, dim £ is
the dimension of £.

The transpose of the matrix A is noted A’ and for v = (vy, .-+, v))T, w = (wy, - -+, w,)T € R” the scalar
and the tensor products are defined as

n Viwyg - VpWy
_ T _ T _ L. .
vVew =0V w= VW, VQRW=vw = : o ,

k=1 VWi » - Uy Wy

For a given matrix .4, we denote by v - Aw := v - (Aw) = vT Aw.
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1036 M. Houbad

The plan of the paper is as follows:

e Section 2 discusses the structure and the existence of compatible couples. Theorem 1 below exhibits the
necessary and sufficient conditions to impose on (¢, w) in order to recover a compatible family {4°}.cj0,17, the
proof is given at the level of Subsection 2.1.

Theorem 1 Let (¢, w) checks (3)-(6) and h® defined as in (5). Then, the family {h®}¢c)0.1] is compatible on Q(r)
if and only if over 99 x T we have

(Dyw)" =0, (8)

Vo - dow = 0, )

Vk e N*, k< % . Vo (Dyw)dgw =0, (10)
n—1

> (Dyw)* (Bgw ® V) (Dyw)" 7% = 0. (11)
a=0

Examples of initial data with a Jacobian matrix of rank one or two appear in [1,4,6,7]. In [3,20], and without
involving the torus T, we find classes of functions defined over R” with polynomial components and a nilpotent
Jacobian matrix. Subsection 2.2, see Proposition 3 and Example 1, discuss the question of the existence of
compatible couples with any rank.

e The propagation problem is exposed by Theorem 2, this one shows that the construction of the solution of
(1)-(5) involves a compatible couple. The proof is given at the level of Section 3.

Theorem 2 Let (¢, w) a compatible couple on Q(r) xT, V= Sup(x,e)eg(r)xTHw(x, N, To =r/V and
Q' ={(t,x) €10, To] xR"; |lx|| +1V <r}.
Then there exists W € C1(Q1 x T, R") and ® € C'(QX, R) solutions on Q1 x T of

W+ (W-V)W=0, W(QO,x,0) =uw(,0), (12)
»PD+ (W-V)d =0, (0, x) = p(x). (13)

The couple (P, W) is a compatible one on Q. x T for every t € [0, Tyl, more precisely

(DxW)" =0, (14)
V& - 99gW =0, (15)
VieN*, I< ’5’ . V- (DW) ggW =0, (16)
n—1
S (D W) (@B W @ VO)(D,W)' ™17 = 0, (17)
a=0
and the function u® € C! (QFTO, R") defined as
D(r,
W, x) = W <t,x, @ x)) , (18)
€

is a solution on Q,TO of the Cauchy’s problem (1)-(2)-(5) for every ¢ €]0, 1]. Moreover, during the evolution, the
rank is preserved along the characteristics, more precisely

rank Dyw(y, ) = (rank DxW)(t, y+tw(y,0), 9). (19)

e Section 4 gives some characteristics (see Lemma 4), the geometrical structure (see Theorem 4) as well as the
propagation (see Corollary 1) of the compatible couples satisfying rank Dyw =n — 1.

In comparison with the case n = 3 (see [8]), when n > 4, the methods used to determine the compatibility
conditions (see Theorem 1) and to show that the decomposition of w, when rank Dyw = n — 1, explicitly
involves the phases ¢ (see Theorem 4), are different from those used when n = 3. On the other hand, since the
incompressibility condition (2) is equivalent to (7), the analysis used in this paper can not be replicated for the
compressible case.

@ Springer



Compatibility conditions allowing...

1037

2 The compatibility conditions

In this section, we prove Theorem 1; we start with the following lemma.

Lemma 1 Let M a square matrix of size n and V, W € R". Then

1 s 1
vmeN, m=z3: (M+-Vew) =Y S
& k=08

such that
Apo = M
m—1
Ami =y M*(V@W)M" '~
a=0

Apm=VOIW"=W. . V)" lvew

and for all k € Ny _, \ {1}:

Amk= ) Cyluyt MOV @ WM™
(g, k) €S k

k
Sm,k = {(OlOv e ,C(k) [S Nk+1 : Zai =m — k}
—
k—1
(oS PRRTIN 7 S ;
Cymy " =]]w- -mov
i=1
Proof By induction on the integer m. For m = 3, we have
3
1 3 1
(M+-vew) =3 2k
e e
k=0
such that

Fo = M3,
Fi=M*(V@W)+ MV QWM+ (Ve WM,

BE=MVQIW?2+(VW)MV®W)+ (Ve W)>M,

Fs = (V®W)>.

(20)

2y
(22)

(23)

(24)

(25)

(26)
27)
(28)
(29)

The conditions (21)-(22)-(23)-(24) gives Fy = A3z, F1 = A3,1, F» = A3 and F3 = A3 3. This with (25)

ensures (20) form = 3.
We suppose that (20)- - - - -(24) sm > 3, we use (20) we get

m
1
M+ 7'V @ W)™ =MAu0+ Y g—k[MAm,k (Ve W)Am,k_1]+

k=2

(VO W) A

We use the induction hypothesis, precisely (21)-(22)-(23), we obtain

MAm,O = Am+l,0
(V 02y W)Am,m = Am+1,m+1
MA, 1+ (VQRW)Ano = Anti.1

(30)

(€29
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1038 M. Houbad

Let k be an integer so that k > 2, S:l ny and S° be the sets defined as

m-+1.k
k
S;‘m,k:{(so,.-.,sk)eN"“: 50 £ 0, Zsi:m—f—l—k}, (32)
i=0
k
Spare =000 €N s =0, Ysi=m+1-k], (33)
i=0

the conditions (32)-(33) ensure that S s and S satisfy
Smtk =81k YUtk Smpia NSpuprn =0 (34)
e Calculus of M A, i for k > 2: The constraint (24) yields
MAnr= Y Cyyy Mt (v @ WM. (39)
(@0, k) ESm k

Let (o, v1, -+ v&) = (2o + 1, @1, -+, o), then (@, -+, o) € Sy i if and only if (yo, -+, k) € Sy 4
this transforms (35) to
MAy = > Clu v M (V @ WM. (36)

Vo, »Vk)ES:;H,[,k

o Calculus of (VQW) A k-1 fork > 2:Fork = 2, the condition (22), the change («p, a1, @2) = (0, o, m—1—a),
the information (32) and the expression of C‘J‘,"M”g"‘l that appear at the level of (24) give

(VOW)Ap1 = Yo Oy MOV @ W)M™, 37)
(@0,@1,)€S;, | 5
In the case when k& > 3, we use (24) to obtain
(V@ W)Ap k-1
= > Cm v 2 IW - MOVI(V @ W)M*-, (38)

(g, @k —1) ESm k-1

Let (,30» ﬁl& ) ,Bk) = (01 oo, -, ak—l)’ thls ylelds "(a09 ) ak—l) € Sm,k—l l.fand Only lf(,BO» Tt ﬁk) S

Spy1i as well as Cﬁi}”&”gk‘z (W MV] = C"?V"’]‘t;["’gk‘l. Therefore, (38) becomes as

VO W)An i
= Y cpiembv e wymb (39)
(Bo, - ’ﬂk)essﬂrl,k

See that (37) is (39) for k = 2, so (39) holds for k > 2. The information (34)-(36)-(39) lead to MA,, x + (V ®
W)Ap k—1 = A1k for k > 2, this with (30)-(31) gives

m+1

1 m+1 1
(M+-vew) =3 FAnk
e &
k=0
In conclusion: we have (20)- - - - -(24) for every integer m > 3. |

We recall here a proof by induction typically used for demonstrating assertions defined over a finite subset
of N.

Lemma 2 Let jy, j, m € Nwith jo < j <m, and P(j) a logic expression such as

a) P(jo) is true.
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b) Forevery j € Nsuch that jo+1 < j <m:if P(l) is true for everyl € Nsuchas jo <1 < j —1, then P(j)
is true.

Then P(j) holds for every j € N such that jo < j < m.

Proof We suppose that
G={seN: jo<s<m, P(s) false} # 0,

then, j; = min G exists and j; — 1 ¢ G. The condition a) ensures that j; # jo, so jo + 1 < j; < m, hence
Jjo < j1 —1 < m — 1. We use the fact that j; = min G to obtain that for every integer / such as jo <! < j; — 1
we have !l ¢ G. Therefore, P(I) is true for jo <[ < j; — 1. Weuse b), with j = j;, we obtain P (j) true. This is
a contradiction because j; € G, so G = . In conclusion P (j) holds for every integer j satisfies jo < j < m.O

2.1 Proof of Theorem 1

Let (¢, w) satisfies (3)-(6) and /¢ as in (5). We use Lemma 1 with the choice
m=n, M=D,w, V=0dw, W=V,

to obtain
1 "l
Ve €]0.1]:  (Dih?)" = (wa +-dpw ® w) => < Ank: (40)
£ =0 &

such that w, dpw, A,  are evaluated at (x, ¢(x)/¢) and

Ano = (Dxw)" (41)
n—1
Ant =Y (Daw)*(Bgw ® Vo) (Dyw)" '~ (42)
a=0
Ann = (9w ® V)" = (Vg - dgw)" ™" (dgw ® Vo) (43)
and for k e N* _ \ {1}:
Ank= D0 Oy (Pew)® (g @ Vo) (Dyw)™
(@0, k) €Sy k
k
Sn,k={(ao,~~,ak)€Nk+1: Zal:n—k}, (44)
i =0
k—1 '
Cop.Dowip = | [ Vo (Dxw) 5w,
i=1

2.1.1 First sense of the proof (the if part).

The condition (3) yields ¢(x) # 0 almost everywhere on 99. Let xo € Q(r) such that ¢(xp) # 0, ¢ €]0, 1],
s =41ifp(xg) > 0and s = —1if p(xp) < 0. We set I = [¢(xp), +oo[ if p(xp) > 0 and I =] — 0o, p(xp)] if
@(xg9) < 0. Now, consider

_ o)
v+sj

n
P(X) =Y Ayi(xo. v)X".
k=0

V(j,v,X) e NxI xR: ¢

See that ¢; €]0, 1], v = (¢(x0)/€;) — sj, and Ay i (x, 0) is periodic with respect to 6 € T with 1 as period.
Combining this with (7)-(40) we get P (1 /€ j) = 0. Thus, P(X) is a polynomial with an infinite number of roots;
hence, A, i (x9, v) = 0 for every (k, v) € N, x I. Using the periodicity of A, x(x, #) with respect to 6 and the
expression of 1, we get A, x (xo, @) = O for every (k, 6) € N,, x T. Recall that this result holds for every x¢o € Q?
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1040 M. Houbad

such that ¢ (xg) # 0, or ¢(x) # 0 almost everywhere on Q?, thus A, x(x, 8) = 0 almost everywhere on Q(r) for
every (k,0) € N, x T. Since A, r(x, 6) is continuous with respect to x over Q?, then

V(x,0) e Q9 x T, VkeN,: A,x(x,0)=0. (45)

The condition (45) for k = 0 with (41) gives (8), (45) for k = 1 with (42) gives (11). We use the information
that v ® w # 0 if and only if v # 0 and w # 0, the condition (45) for k = n with (3)-(6)-(43) gives (9). Now
we prove (10): For j > 1 the integer n > 4 can be decomposed as

n=q(j+1)+3d, geN, & eNj. (46)
Let e = [n/2], the integer part of n/2, so
n=2e+6, §€{0,1}, eeN, e>2, 47)
e§%<e+1. (48)
For 1 < j < e — 1 the condition (46) gives 0 < §p < e — 1, this with (47) leads to
=n.—802(2e+8)—(e—1)>]’ q:n,_aogzsn—l,
J+1 e j+1 2

then 2 < ¢ < n — 1, so we can work with A, , defined as in (44). Let (y1,y2) € N? and B, =
Vol (Dyw)"! Ap,q(Dyw)"?dgw, we use (44)-(45)-(46) we obtain
Bo, B
By = Z CV(p,DXlZ,agw =0,
(WOa"'aaq)ESn,q
Bo=ao+v, Bg=aq+y, VieN_,: Bi=ua,

q
Sna = {(@o. o) €N Y e = qj +0), (49)
i =0
q
Pobo 2
CVW,wa,ng = 1_[ Vo - (Dxw)™ dpw.
i=0

e First step. We prove by induction (see Lemma 2) that
VieN: | V- (Dyw)dw =0. (50)

Let j = 1, the condition (46) gives n = 2qg + 8o with 8o € {0, 1}. We select (y, y2) such as y| + y» + §p = 1,
we combine this with the expression of S, , and g; (that appears at the level of (49)) we obtain

q
D Bi=q+1. (51)
(=0

If there exists [ € Ny such that g; > 1, the condition (51) ensures the existence of k € N, such that gy = 0. This

with (9) gives Cé?[;'b’x'i‘i dow = 0. There remains one case corresponding to 8; = 1 for every i € N, (see Remark

2 part 1. for the explication of the existence of such case). Thus, the condition (49) becomes as
1,1
0= By = C5y buapw = Ve - (Dxw)dgw]®™!,

hence (50) for j = 1.
Let j € Nsatisfying 2 < j < e — 1, we suppose that

VIeN;_|: Vo (Daw)opw=0. (52)

We select (¥, y2) such that y; + y» + 8o = j and we use the constraint (49), precisely the expression of S, 4
and f;, to obtain

q
> Bi=(q+1)j. (53)
=0
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Compatibility conditions allowing... 1041

If there exists [ € Ny such that 8 > j, the condition (53) ensures the existence of k € N, such that g < j.
This with (9)-(52) gives C%Dﬁz gpw = 0. There remains one case corresponding to g; = j for every j € N,

(see Remark 2 part 1. for the explication of the existence of such case), so the condition (49) becomes as
Josj j q+1
0= B, =Cly i = | Vo - (Daw) dgw ]

This leads to Vg - (Dxw)? dgw = 0. In conclusion, we proved that for j = 1 we have Vg - (Dyw)/ dpw = 0, for
2 < j <e— 1 wesupposed (52) and we obtained Vg - (D,w)’ dgw = 0. Lemma 2 ensures that (50) holds.
e Second step. Let (1, y») € N?and B, = Vol (D,w)"! Ay 2(Drw)?29pw. We use the conditions (44)-(45)-(47)

to obtain
Bo,B1,B
Br= ). ol aw =0
(a0, 01,02)€S, 2

Po=ao+y1, Pr=o1, Pr=oar+y,
2

Sz =000 e N Yo =2e+5-2}, (54)
i=0

2
O o =[] Ve - (Dew)Pdguw.
i=0

We select (y1, y2) such that y; + 2 + § = e + 2, we use (54), precisely the expressions of S, » and f; and we
obtain

2
> B =3e. (55)
i=0
If for some [ € {0, 1,2} we have ; > e, the condition (55) ensures the existence of k € {0, 1,2} such that
Brx < e. This with (9)-(50) gives Cg?/f [')Yﬂuf P 0. There remains one case corresponding to Bo=81=8>=e (see
e.e.e

Remark 2 part 2. for the explication of the existence of such case). Then (54) becomes 0 = B, = C
[V(p - (Dyw)€dy w]3, this with (48)-(50) yields (10).

Vo,Dxw,dpw =

Remark 2 1. For j € Nj_,, the existence of the case g; = j for i € N, is possible by the following
construction: Once (j, g, §o) fixed at the level of the decomposition (46), we select g such that §o < og < j.
Lety1 = j —ao, y2 = ag — 8o and oy = 8o + j — ag. With this construction we have y; > 0, y2 > 0,
ag > 0and y; + y» + 8o = j. Then there exist yi, y2, a1, - -+, og—1 € N such that

Po=ao+ri=j, Bg=ag+yr=j, YieN, ;: fi=ao=]
2. For j = e, the existence of the case 81 = B2 = 3 = e is possible by the following construction: See (47),
let0 <ap <e,a;=e,yp=e—ap, » =2—5+apand oy = e —oag+ 35 — 2. Then, y; >0, y2 >0,

oy > 0and

2

Po=ao+tyi=e Pr=m+y=e Pi=ar=e Y pi=3e
i=0
2.1.2 Second sense of the proof (the only if part).
We suppose that on Q(r) x T the couple (¢, w) satisfies the conditions (8)- - - - -(11). The aim is to prove (7); we

start with the following lemma.

Lemma 3 Let (¢, w) satisfies (8)- --- -(11) on Q(,) x T. Then on 99 x T we have

Vk e N*_ : Vg - (Dew)dgw = 0. (56)

n—1
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1042 M. Houbad

Proof Leti € Nsuchthati < (n —1)/2,son — 1 —2i > 0, we multiply the equation (11) at the left by
VT (Dyw)"~1=% and at the right by dgw we get
VieN, i<n-1)/2:

ni [Vgo : (wa)"—l—@f—“)aew][v(p : (wa)"—l—“agw] —o. ©7

a=0

For every integer « > 2i + 1 we have n — 1 — (2i — o) > n, we use (8) we obtain (D, w)t~1=@i—e) — (), This
transforms (57) to
VieN, i<mn-1)/2:

i [w : (wa)"—l—@i—“)a@w][w : (wa)”—l—“agw] —o. ©8)

a=0

We prove by induction (see Lemma 2) that
VieN, 0<j<n/2—1: Vg-(Dyw) " '""7dw=0. (59)

The equation (58) with the choice i = 0 gives Vg - (Dyw)* 199w = 0. This is (59) for j = 0. We suppose now
that for some integer i < (n/2) — 1, we have

VieNi_1: Ve (Dew)" " ow =0. (60)
The condition (60), with the change j = «, transforms the equation (58) into
2i
3 [Vgo : (wa)"*‘*@l*“)a@w][w : (wa)”*‘*“agw] —0. 61)
a=i
Fori +1 <« <2iwehave 0 <2i —«a <i — 1, this with (60) (for j = 2i — «) gives
VaeN, i+l<a<2i: Vo - (Dw) 72950 =0. (62)
The conditions (62)-(61) yield [V - (Dxw)"~ " 85w]? = 0, hence (59) for j = i.
In conclusion: we proved that V(p-(wa)”_l_j dpw = Ofor j = 0, we supposed that Vo- (D, w)' 1=l ggw =

0 holds for j € N*_; such thati < (n/2) — 1 and we proved that V¢ - (Dyw)" 1=/ 39w = 0 for j = i. Lemma
2 ensures that (59) holds. Now we do the change k = n — 1 — j, the condition (59) becomes as

VkeN, —<k<n—1: Vg-(Dywlpw =0,

NS

this with the condition (10) gives (56). O

Now we give the proof of the second sense (the only if part) of Theorem 1. We use Lemma 3, the condition
(9) and the expression of A, i that appears at the level of the condition (44) we obtain

Vke N \{1}: Aux=0. (63)

The conditions (8)-(41) give A, 0 = 0, (11)-(42) give A1 = 0 and (9)-(43) give A, , = 0. This with (63)
transform (40) to (7).
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2.2 Existence of compatible couples
Let @, -+, ®,_3 € C'(R" x T, R), we define the matrix ®* as
O = (aij), 4 oy s @ =0 Pi (64)
Proposition 3 Let ho, hi, My € C'(R, R) and X (s, 1) € C'(R?, R) such that
VreR: M) #0. (65)

Then there exists ro > 0 and ¢(u, v, w) € CY(B(rg), R), with B(ry) C R the ball of centre zero and radius ry,
such that on B(rg) we have

0@ + h1(Mo(9))0,¢ = 0, (66)
duw® + [ho(Mo(@)) + h'y (Mo(@) X (w, $)18,¢ = 0, (67)
u@(u, v, w) # 0. (68)
Let ®y, -, ®,_3 € CL(R" x T, R) and ®* as in (64) such that
Y(1,0) eR" xT: [®*(r,0)]" > =0, (69)
3 eN: 5 gdi(r,0) #0. (70)

Letay, -+ ,a,3€R, ¢ € CI(QQ,R) and Yy, -+ ,Yy—n € CI(Q(,) x T, R) such as

r=ro(l4+a?+---+a2_3)7 2 (71)
n—3
px) = a(xn - Zajxj, Xn—2, xn71), (72)
j=1
VUn—2(x,0) = X(xp—1, 9(x)), (73)
VieNy 31 ¥i(x,0) = ®i(x1, -, X2, Yn2(x,0), p(x), 0). (74)

Let the vectorial function w € C! (Q? x T, R") be defined as

w=W®E), ¥=1 s Yn2 Yuo1)s Y1 = Mo(@), (75)
such that
WO, s Y1) = Oy -+ s Y2y a1 LV, 3 Va2, Ya—1) T (76)
n—3
L yne0) = hoGa) + (3 @)+ Ou-)yaa. )
k=1

Then the couple (¢, w) is a compatible one on SZ(,) x T.

Proof Let z € R a parameter, X, and Y, the vector fields defined over R as
Xy = 3y + 1 (Mo(2)3y, Yo =y + [ho(Mo(2)) + h'y (Mo(2)) X (w, )19y (78)

The vector fields X, Y, are linearly independent in each point of R3. Let the Lie bracket [ X, V,] = X, V. — V. X..
The calculus gives [X,, Y.] = 0so X, Y, € Span{X_, Y.}. Frobenius Theorem [1] ensures the existence of C'
no constant function F-(u, v, w) defined on B(r;) C R3, for some r; > 0, satisfying

X.F,=0, Y,F,=0. (79)
The function F,(u, v, w) + f(z) satisfies (79) for any function f. Thus, we can consider the case where

Gu,v,w,z) = F,(u,v,w) + f(z) and 9;G(u, v, w, z) # 0. On the other hand, the information that F; is
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not constant combined with (78)-(79) ensures that 9, F, (u, v, w) # 0, thus the function G € CY(B(r)) x R, R)
satisfying
X.Gu,v,w,z) =0, Y.G(u,v,w,z) =0, (80)
0,Gu,v,w,z) #0, 9,G(u,v,w,z) #0. (81)

The second part of (81) and the implicit function theorem leads to the existence of ryp € R, with0 < ry < ry,
and @ € C'(B(ro), R) satisfies

Y(u,v,w) € B(rg) : Gu,v,w, g(u, v, w)) =0. (82)

We apply X, (respectively Y;) defined as in (78) to the equation (82), we replace z by @(u, v, w) and we use the
first part (respectively the second one) of (80) to recover (66) (respectively (67)). Applying 9, to (82) we obtain
8,G +9.Gd,§ = 0. This with (81) gives (68). Letu; = (1, —ay, --- , —a,—3)T and us = (x,, x1, -+ , xp_3) .
The Cauchy-Schwartz inequality gives |u; - uz|® < llui|*lluz2 )%, hence

n—3 n—3

n—3

2

Xn — Zajxj‘ < (1 + a,%)(x,§+ x,%), (83)
k=1 k=1 k=1

thus, for x € Q? the conditions (71)-(83) give (x, — ZSL;? ajxj,Xxp—2,Xp—1) € B(ro). This guarantee that (72)
is well defined on Q.
In the following: d; ®; computed at (xq, -, x,—2, ¥,—2(x, 0), @(x), 0), VWV computed at ¥ (x, #) such

that ¢ as in (75), 9; X and 9, X computed at (x,,—1, ¢(x)). Let V|, ---, V,,_o € R" be defined as
VieN; 31 V= (@i, 92®;,0,0), (84)
Vi =(0,-++,0,8,X,0). (85)

The constraints (73)-(74) give

VieNy 31 Vi =Vi+ 8,19, Vo + 8, P; Vo, (86)
Vo =V,0 4+ 0, XVo. (87)
The conditions (66)-(67)-(72)-(73)-(76)-(77) yield
VkeN;_,: Ve W =0. (88)
The conditions (76)-(85)-(86)-(88) give
VieN i VYo -djW=0, Viy,_2- 0,1 W =20X. (89)
The conditions (76)-(84)-(87)-(88)-(89) lead to
VieN; 5, VjeNy ,: Vy;-9,W=20;;, (90)
Vie N 50 Vi 0, W = 03,X0,_19;. 91)
Let ¢ as in (75) and B = Dy (x, 0)D, W (¥ (x, 6)). We use (88)- - - - -(91) to obtain

0Py - 03P 02 ®Pr 0 X1 Dy

B= 01 D3 - a}173(1)1173 arl72q>r173 3sX3n71 D, 3
0 e 0 0 s X
0 . 0 0 0

The conditions (64)-(69) affirm that ®* is of size n — 3 and nilpotent, then its characteristic polynomial is
(—X)"73. Thus, the characteristic polynomial of B is P(A) = (—2)"~1. We use the Cayley-Hamilton theorem
[19] we get P (BB)=0, therefore [ D, t/nyVV(l/f)]"’1 = 0. On the other hand, the first part of (75) gives (D, w)" =
DyWW)[Dy DyW W)~ Dy, thus

(Dyw)" = 0. (92)
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We use the expression (75) to obtain

n—1 n—2
Dyw =) W) ® Vr, dw =) 3WW)dhx. ©93)
k=1 k=1

The first part of (93) with (88) yields
VoI Dyw = 0. (94)
The information that dgw ® V¢ = dyw V! and the condition (94) give

n—1
D (D w)* (@gw ® Vo) (Dxw)" ™~ = [(Dw)" ™ dyw] Vo . 95)
a=0

Let (x0, 6p) € Q¥ x T. The condition (92) gives rank Dyw(xo, §p) < n — 1.
o If rank Dyw(xg, 6p) = n — 1: The condition (92) and the first part of (93) leads to

n—1
YoeR : Y v (Dew)" W) vyl = 0. (96)
k=1

The conditions (75)-(76) and the fact that rank D, w(xg, 6p) = n—11leadto Vi (xg, 09), - - , V¥, —2(x0, 00),V¥n—_1(x0)
linearly independent. Thus (96) gives (Dyw(xo, 00))”_18kW(1p (x0,60)) =0fork € N:’;_l . This with the second
part of (93) yields (D, w(xg, 60))" ' 8pw (xq, 6p) = 0.

o If rank Dyw(x¢, 0p) < n — 2: The condition (92) gives D, w(xq, 6p) nilpotent, then D, w(xo, 6p) has only
one eigenvalue A = 0 and Eg = Ker D,w(xp, 6p) is the corresponding eigenspace. We use the rank theorem
and the fact that rank D,yw(xp,6p) < n — 2 to get dim Eg > 2. The integer dim Eq indicates the number
of the Jordan blocks in the Jordan canonical form of D, w(xq, 6p), see for instance [19], so there are at least
two blocks. Therefore, the largest block is of size y < n — 1. The integer y, in the Jordan canonical form,
represents the degree of the minimal polynomial of D, w/(xg, 6p), hence (D,yw(xp,00))Y =0.0ry <n —1,
then (D w(xg, 60))"'dgw (x0, 6p) = 0.

The previous discussion leads to (Dyw)* 19w =0on Q(r) x T. This transforms (95) to (11), (68)-(72) gives
3), (ZO)-(74)-(75) give (6), (92) is same as (8), (75)-(88) ensure (9), (94) ensures (10). Thus (¢, w) is compatible
on ;. x T. |

Example 1 Let ®¢,---,®,_3 € CI(R” x T, R) satisfy on R” x T the condition
Vi,jeNy 5, 1<j<i: 0j®i(1,0) =0, 0P(z,0) #0. o7

We use the first part of (97) and the notation (64) to obtain that the matrix ®* is a triangular one with zero diagonal,
soitis nilpotent. This gives (69). We select any function kg, i1, Mo € C LR, R) and X € C'(R2, R) such that M,
satisfy (65), we select a solution ¢ of (66)-(67)-(68), we selectay, - - - , a,—3 € R and we build ¢, Y1, -+, Y2
as in (72)-(73)-(74). Then (¢, w), such that w as in (75)-(76)-(77), is a compatible couple. In addition, the
conditions (65)-(75)-(76) give rank Dyw = dim Span {Vyrq, --- , Vi,_2, Vo}. This with (86)-(87) leads to

rank Dyw = dim Span{Vy,---, V,—2, Vo}, (98)
such that Vq,---, V,_» as in (84)-(85). Thus, rank Dyw depends on the choice of &y, -, ®,_3, X'. For
instance, let X satisfies 0, X (s, 1) # 0, m € NZ_3 \ {1} and

V(r,0) eR"xT, VieN,_ ;: ®i(r,0)=0, (99)
V(£,0) e R" xT, VieN, m<i<n—3: 0;+19i(r,0) #0. (100)

We get rank Dyw = n — m. Without involving the condition (99), we consider the condition (100) with m = 1
we get rank Dyw =n — 1.
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3 Propagation problem, proof of Theorem 2

Let 6 € T, the characteristics Xy (¢, y) of the Cauchy’s problem (12) are given by the expression Xy(¢, y) =
y +tw(y, 0). Using (8), we deduce that Dy Xy (z, y) is invertible for y € Q(r) with (0,1) € T x Ry. Thus, the
X (0,1) defined as
X, : Q? —> Xo(t, Q(r))
vy Xp(t,y),

is a C! —diffeomorphism. Let V = Sup(y pyexTlwy, Ol To =r/V and for (¢, x,0) € Q,TO x T fixed we
define K v.0)(y) = x — tw(y, 0) with y € Q0. See that K ()| < [|lx]| +1V < r, thus K. (y) € Q,
Brouwer fixed point theorem leads to the existence of y € Q(,) such that y = x — tw(y, 0) and then x =
y+tw(y, ) = X, (y). We combine this with the fact that X ;) is a C 1 —diffeomorphism, we deduce that

for every (¢, x,0) € Q,TO x T there exists a unique (¢, y, 0) € [0, Tp] x Q(r) x T satisfies x = Xg,1)(y). Hence,
the solution of (12) is defined as W(z, x,0) = w ((X((;J))_l(x), 9) for (¢, x,0) € Q,TO x T. On the other hand,
(13) involves a linear equation and an initial data ¢ € C! (99; R), by integrating (12)-(13) along the associated
characteristics we obtain, on SZ,TO x T, the expressions

W(t,x,0) = w(x — tW(t,x,0),0), (@, x)=px—tW({, x,0)). (101)

The condition (8) ensures that the matrix / + ¢ D, w is invertible for (¢, x, 0) € Q,TO x T, then on QrTO x T we
have

n—1

[l +tDyw]™ ! = Z(—t)k(wa)k. (102)
k=0

On Q0 x T, the expressions (101)-(102) lead to the following expressions

n—1

DW = [I +tDw]™' Dew =Y (=) (Dyw)* !, (103)
k=0
n—1

W = [I +tDyw] ' pw = Z(—l‘)k(wa)kagw, (104)
k=0

vol =ve! (I —1DW]. (105)

The the second part of (101) gives dp® = —t Vo - dgW. We use (104) we get

n—1
@ =Y (=) Vo (Dyw) dw. (106)
k=0

Such that: At the level of (103)- - -- -(106) the functions 0y ®, 99 W, D W are evaluated at (¢, x, 0); D, w, dgw
are evaluated at (x — tW(z, x, 6), 0); and Vg evaluated at (x — tW(z, x, 0)).

o We prove that ® is independent of 6. The information (106) combined with (9) and the Lemma 3 (condition
(56)) leads to 9y ® = 0.

o We prove that u® defined as in (18) is solution of (1)-(2)-(5). The couple (¢, w) is a compatible one, thus
h¢ defined as in (5) satisfies (7) (see Definition 1). On the other hand, the systems (12)-(13) ensure that u®
defined as in (18) is a solution of (1)-(5) on QrTO. We combine this with (7) and Theorem 2.6 of [6] to obtain
that u® (z, x) satisfies (2).

e We prove that we have (14)- --- -(17). The expression (102) ensures that the matrices [/ + tDyw]~! and
D, w commute, thus the condition (103) gives (D, W)" = ([I + tDyw]~H"(D,w)™. This with (8) leads to

V(t,x,0) € Q0 x T: (DW)'(t,x,0) =0. (107)

The condition (107) implied that on Q,T 0 x T all the eigenvalues of 1 +¢ D, W are equal to one, thus / +¢ D, W
is invertible on SZ,TO x T. This with (3)-(105) leads to V& (¢, x) # 0.
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The information that [/ + thw]f1 is invertible combined with (6) and (104) leads to dgW(z, x, 6) # 0.
Theorem 2.6 of [6] ensures that the Jacobian matrix of u*, the solution of (1)-(2)-(5) defined as in (18), is
nilpotent.

In conclusion: for every 7 € [0, Tp] and on the domain Q% x T we have

VO, x) #0, W, x,0)#0, (D, x))" =0.

Thus {u®(z, -)}eejo.17 is @ compatible family on €. x T (see the Definition 1). Consequently, the couple
(®(t,-), W(z, -, -)) is a compatible one. Using Theorem 1, we get that on Q2. x T (with ¢ € [0, Tp]) we have
(14)- - -+ -(17). On the other hand, the solution of (12) satisfies w(y, ) = W(z, z, 0) withz = y+tw(y, 6);
thus, [/ —tDxW(t,z,0)] Dyw(y, 0) = D:W(z, z, 0), by using (107) we get (19).

4 The case of n — 1 rank

The Theorem 1, precisely the condition (8), affirms that on 529 x T the matrix D,w is a nilpotent one, thus
rank Dyw = R(x,60) < n —1.Inthe case when R(x,0) =R € Nj;_l on Q? x T, the constant rank theorem [2]
and the compactness of the torus T ensures the existenceof fi, --- , fg € c! (529 xT, R)yand W e c! (RR x T, R")
such that w can be factorized as w = W(fi, ---, fr, 6). The Theorem 4 shows that when R(x,0) =n — 1 on
Q(r) x T, the factorisation of the compatible couples explicitly involves the function ¢.

Lemma 4 Let (¢, w) a compatible couple on Q(r) x T satisfies
V(x,0) € QX x T: rank Dyw(x,0) =n — 1. (108)
Then on Q¥ x T we have
(Dyw)" " N(x,0) #0, (Dyw)" 'dw =0, Vol (Dyw)" ' =0. (109)

Proof The matrix D, w is a nilpotent one, see (8), then all its eigenvalues are zero. Thus, the minimal polynomial
of D,w has the expression m(X) = X“. Let Eg = Ker D,w the eigenspace corresponding to the eigenvalue
A = 0. The condition (108) and the rank theorem lead to dim Ey = 1. In the Jordan canonical form [19] of the
matrix D, w, the integer dim E( indicates the number of the Jordan blocks, and « (the degree of the minimal
polynomial) indicates the size of the largest block. Thus, the Jordan canonical form of D,w is formed by one
block, or D, w is of n size, hence @ = n. Then, the minimal polynomial of D, w is X", so X"~ cannot annihilate
D, w. Hence the first part of (109). We use now the condition (9) and the Lemma 3 to we obtain that on 99 x T
we have

Vo € (span F)*, F = {0gw, Dywdgw, - - - , (Dyw)" ' dgw}. (110)

The condition (3) and the first part of (110) give dim (span F)* > 1, or span F C R",thendim span F < n—1.
This and the fact that 7 is formed by n vectors lead to conclude that the family F is linearly dependent on Q(r) x T.

Thus, for (xg, 6p) € Q(r) x T fixed there exists «g, - - - , ;1 € R, not all zeros, such that
n—1
> (Dyw(xo, 00))* dgw (xo, 60) = 0. (111)
k=0

Let «; the first nonzero element in (ot )k=0,... »—1. The condition (111) becomes as

n—1
> o (Dyw(xo. 60) dpw(xo. 6) = 0. o # 0. (112)
k=i
The information that i € N7 _, gives the possibility to multiply the first part of the constraint (112) at the left by
(Dyw(xg, 60)" 1, this leads to

n—1

Dk (Dew(xo, 60)) ™7 dgw(xo, ) =0, @ #0. (113)
k=i
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The condition (8) and the fact that n+k—i—1 > nfork > i+1, transform (113)to (D, w (xo, 69))" ' dgw (x0, 6p) =
0. This with the information that (xg, 8y) is chosen arbitrarily in Q? x T ensure the second part of (109). Now,
let Z C N be defined as

T=1{keN: V(x,0eQxT, (Dew(x,0) dpw(x,0) #0}.

The condition (6) confirms that 0 € Z, then Z # ), and the second part of (109) ensures that Z is bounded by
n — 1. Thus B = max(Z) exists, so on Q(r) x T we have

(Dyw(x, )P dpw(x, 6) # 0, (114)
VkeN, k>B+1: (Dew(x,0))opw(x,6)=0. (115)

Recall that dgw ® Vo = dgw Vo', we multiply (11) at the left by (D,w)? to obtain

n—1
> (Dxw)Hdgwll Vo (Dew)" %] = 0, (116)
a=0

Fora > 1 wehave k = 8+ o > B + 1, this with (115) transforms (116) to

[(Dxw)Pdpw] [ Vo' (Dxw)"~'] = 0. (117)
We multiply the condition (117) at the left by [(D,w)?dpw]” we get

I(Dxw)Pdpwl* (Ve (Drw)" '] =0,
this with (114) leads to the third part of (109). |

Theorem 4 Let (¢, w) be a compatible couple on Q(r) x T satisfying (108). Then, by reducing r, there exists
W e C'(R*! x T, R") satisfies

dimspan {0W, -+, 0, W} =n—1, (118)
there exists M € CL(R"™! x T, R) such that
Op—1M(y1, -+ yn-1,0) #0, (119)
there exists Y1, - -+ , Y2 € CH(QY x T, R) satisfying

dim span {NVyri,--- ,Vi,_», Vot =n —1, (120)
and on Q¥ x T we have
w=W(1,- Y2, MW1, -+, Yu2,9,0),0). (121)
Proof Letw=(wy,---, w) T =W(wi, -, wy), the condition (108) leads to
dim span {Vwy, -+ ,Vw,} =n—1. (122)

On the other hand, the fact that D, w = Z’,Z: 1 %W ® Vwy combined with the condition (8) gives

Yo e R": (Dyw)(Dyw)  'v) = Z [Vwg - (Dyw) o] W = 0. (123)
k=1

The set {o; W, --- , 9, W} is a basis of R", so (123) gives VwkT(D,(w)"_1 = 0 for all k € N'. We combine this
with the third part of (109) we obtain

{Vo,Vwy, -+, Vw,} C (Im (Dyw)" H*. (124)

The first part of (109) gives dim Im (Dyw)"~! = rank (Dyw)"~! > 1. We use (124) we obtain
dim span{Ve¢, Vwy, --- , Vw,} <n — 1. This with (122) leads to

V(x,0) e Q? xT: V) e span{Vwi(x,0),---,Vw,(x,0)}. (125)
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Let (0, 5) € 529 x T. The condition (122) gives the existence of a permutation ‘]3(5 ,-) of N* (that depend of the
choice of 0) such that

W@y (0, 0) € span (Vwg g 1)(0,0), -+, Vg, 10, 0)}, (126)
and
dim span {Vwyg 1,0.0). -+ Vwgg, 0.0} =n—1. (127)
The conditions (125)-(126) give the existence of gz G 1), - - » @p(F -1y € R such as
n—1
Vo(0) = apg i Vwp@ 0. 0). (128)
k=1

If all O3 k) Are Zeros the condition (128) gives V¢(0) = 0 and this is a contradiction with (3). Thus, there exists

k e N*_, such that dqp@x 7 0. The permutation &13(5, -) can always be adjusted to satisfies g ,,_1) # 0.
This transforms (128) to

~ 1 n—2 agp(g’k) ~
Vg 1) (0. 8) = ———Vp(0) - 3 2L Tu .4, (0.5). (129)
PO.n—1) k=1~ BE.n=1)

If Vo(0) € span{Vwgp g 1,(0.0). - . Vg, 5 (0,0)} the condition (129) leads to Vwg g, 1(0.6) €

span{Vwgyg 1,0, 0),--, L () 6)} and this is a contradiction with (127), hence
V(0) ¢ span{Vwgg 1)(0,8), -+, Vwgg,, 2 (0, 0)). (130)
Let A(x, 0), B(x, 0) two matrices defined as
A(x,0) = (Vo). Viogg 1) (5. 0), - Viog g n_n) (1. 0)). (131)
B(x,0) = (Vwgg @ 0). . Vigg,_1)(x.0)). (132)

The conditions (127)-(130) ensure that rank A(0, 5) = rank B(0, 5) = n — 1. We use the information that the
application that associates to a matrix its rank is lower-semi continuous to obtain the existence of 7(6) € R* and

s(8) €0, 1] such that
Y(x,0) € 99(5) X ng(é) : rank A(x,0) >n—1, rank B(x,0) >n —1, (133)

and Tf((?) :]5 - s(g), 6 + s(g)[. The torus T = R/Z is compact and {Tf(g) c e T} is an open cover of T, so
we can extract a finite open cover of the form

m
6(i)
T < U600,
i=1
We use (131)-(132) to get rank A(x,0) < n — 1 and rank B(x,0) < n — 1. This with (133) for 9 e
{6(1),---,0@m)} and r = min{r@(1)),--- ,r(@(@m))} > 0 gives

Vi e Ny, V(x,0) € S'Z(r) X Tce((ei()i)) . rank A(x,0) = rank B(x,0) =n — 1. (134)

Fori € N}, on Q0 x T} the conditions (131)-(132)-(134) ensure that

dim span {VNwgp@@i),1). -+ » VWR@OG).n—2), YO} =n — 1, (135)
dim span {qug(g(i)’]), e, wap((.)(i)’nfl)} =n-—1. (136)
We consider {Xy;)}i=1,... m a partition of the unity of the torus T satisfying

m
o
Xyiy € C(T,RT), supp Xpiy C Tx(g’(),.)), ZXG(i) =1
i=1
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We define the functions v, --- , ¥,—1 € Cl(529 x T, R") as

m
n—1s V(x, 9) (S Q(r) X T : '(ﬂk(x, 9) = ZXG(i)(G)w‘B(Q(i),k)(xv 9). (137)
i=1

The fact that (0 (i), k) € N} and the conditions (135)-(136)-(137) yield (120) and

Vk € N*

dim span{Viyr1,--- ,Vi_1} =n —1, (138)
as well as span {Vrtk=1.... n—1 C span {Vwi}r=1.... . This with (122)-(138) gives
span{Vwy, - -+, Vw,} = span {Viyr, - -, Vi_1}. (139)

The condition (139) ensures the existence of W € C!'(R"~! x T, R") such that

w:W(WD 7wn—119)7 (140)
and this with (108)-(138) gives (118). On the other hand, the conditions (125)-(139) affirm that V¢ €
span {Viyr1, -- -, Vi, _1}. This with (120) (previously recovered) leads to Vr,,_1 € span {Vyr1, --- , Vi,_o, Vo}.
Hence the existence of M € C'(R"~! x T, R) such that

wl’l—l = M(wlv"' 7wn—21 (pse)' (141)

The conditions (140)-(141) give (121).1f 9,,_1 M = 0, the condition (141)leadsto Vy,,—1 € span{Vr, - -+, Vin_2}
which contradicts (138), hence (119).

For the existence of compatible couples satisfying (108) we can refer to the Proposition 3 and the example 1.
The corollary below explains how the compatible couple of n — 1 rank propagate via the system (1)-(2). During
this propagation, the function WV stays unchanged, and the rank is preserved.

Corollary 1 Let (¢, w) be a compatible couple on QO x T satisfying (118)- - - - -(121). Then there exists To > 0,

Uy, U,y € CI(QT0 x T, R") and ® € CI(Q , R) independent of 6 solutions on Qr X T of the system
VkeN: 5 JW 4+ W -V =0, U0, x,60) = Y(x,6), (142)
P+ W-V)® =0, D0,x)=0¢p), (143)
such as Y is evaluated at (\Tfl, cee \Tln_z, ‘:Ivln_l, 0) and
U1 (t,x,0) = M(B1(t,x,60), -+, Uy_o(t, x,0), D1, x), 0). (144)

Moreover, on Q,TO x T we have
dim Span{VVy,--- VU, _» V®} =n — 1, (145)
and the function u®(t, x) = W(t, x, D¢, x)/s) such that
W(t, x,0) = W(W1(t, x,0), -, Uua(t, x,0), U_i(t, x,0),0), (146)
is a solution of the Cauchy’s problem (1)-(2)-(5) on QrTO x T for every ¢ €]0, 1].
Proof Let U and Y defined as
U= G2 ®, ¥=n 29 (147)
We use (144)-(147), we can denote
SOU(t,x,0),0) = W(W1(1,x,0), -, By_a(t, x,0), B,_1(t, x,0),6), (148)
this with (147) transforme the system (142)-(143) to

QU+ (S(U,0)- V)T =0, W(O,x,0)=1y(x,0).
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The condition (121) with (148) for r = 0 give S(¥ (v, 0),0) = w(y, 0), thus for & € T the characteristics of
the Cauchy’s problem (149) are given by the expression Xy (¢, y) = y + tw(x, 6). We use the same analysis

as in the section 3, we conclude that (149) (and thus (142)-(143)) has a C! —solution on Q,TO x T. On the other
hand, the couple (¢, w) is compatible on 529 x T and the conditions (142)-(143)-(146) ensure that (&, W) is a

solutions of (12)-(13) on Q,TO x T. We use the Theorem 2 to obtain that ® is independent of 6 and u®(z, x) =
W(t, x, ®(t,x)/ 8) is a solution of (1)-(2)-(5). The integration of (149) along the characteristics (such that W

satisfying (146)) yields U (7, x, 6) = ¥ (x —tW(t, x,6),0) on QI % T, hence
DV = Dy [I —t D;W]. (150)

The couple (¢, w) is a compatible one and (, W) is solution of (12)-(13), this with the Theorem 2 ensures
that D, W satisfies (14), hence I — ¢t D, W is invertible. Thus (150) gives rank D,V = rank D,r. This with
(120)-(147) ensures (145). |

Example 2 Let (¢, w) be the compatible couple constructed at Example 1. We set

K = 5(1417)|M6(5)||3w<5+ ho(Mo($))3, 9. (151)
B(rg

K> = Sup ||(ho(Mo(®)), 0, Mo(@)]l, (152)
B(ro)

s1 = Supl@(u, v,w)|, I =[-s1,s1], (153)
B(ro)

s2=Sup |XA, wl, DL =I[-s2, 8] (154)
[—ro,rolx 11

Let B’ C R"~2 be the ball of center zero and radius r such that r as in (71), and

K3 = S”p ”((Dl(‘[, 0)9 ,(Dn_3(‘l,', 0)9 Tl‘l—l)”v (155)
(1,0)eB' xIpxI1 xT
K4 = Sup { K>, K3 }. (156)

We select T1 €]0, 1/K [ and we set T» = Inf{T1, ro/ K>}, this provides
T, <T) <1/Ky, ThK> <ry, (157)
thus, for every (u, v, w) € B(rg) and t € [0, T>] we have
1+ 1MG(@) (@ + ho(Mo(@)3u@)| = 1 — T2K1 > 0. (158)

We set
QP ={ (.0 e[0Tl xR" s Jx)2+ 1Ky < 1.

e We consider the following Cauchy problem

0P + ho(Mo(®))3, ® + Mo($)9,® = 0 } (159)

V(u,v,w) € B(rg) :  ®0, u, v, w) = @u, v, w)
The characteristics of (159) are given by
C(t,2) = 2+ 1(ho(Mo(@)), 0, Mo(@)), z = (u, v, w) € B(ry),
such that ¢ evaluated at z. For any ¢ € [0, T>] we define

X, : B(rop) —> C(t, B(rp))
z+— C(t, 2).

The condition (158) yields |det D, X;(z)| > O for any (¢, z) € [0, T»] x B(rp); thus, X; is c! —diffeomorphism.
Now we set

1={@e0 xR : 2l +tK2 =m0},
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and for every (¢, z) € I, we define H; ;) by
VZ € B(ro) : Hu,5(Z) =z —t(ho(Mo(@(2))), 0, Mo(§(2))).

On the one hand, by using (152) we get [|H, ) (Z2)|| < |lzll + 1Kz < ro; so, Hy ;) (Z) € B(rp). By using
the Brouwer fixed point theorem, we get the existence of Z € B(rg) so that Z = H ;)(Z), and this provides
z7=X,(Z2) =C(t, 2Z). Comblmng this with the fact that X, is a C! —diffeomorphism, we conclude that (159)
has a solution defined over / by CD(t 2) =@o(X, (z)) and

V(t,z)el: |d>(t,z)| < s, (160)

such that s; as in (153). For (¢,z) € I, with z = (u, v, w), we have |w — Mo(ts(l, )| < |zl +tKy < ro,
combining this with (160) we get

Vt,z)el: |Xw—tMy(®d(, 2)), D, 2))| < s2, (161)

such that s> as in (154). On the other hand, for any (¢, x) € Q the conditions (83)-(156) provide

n—3 2 n—3 12
H (xn =Y ajxj. xn2. xn—l) H +1Ky < (1 + Za,f) [IIXII + tK4]
=1

n- 12
( + a ) 7

k=1

this with the condition (71) yields (t,xn—zj ?ajx],xn 2, Xy,—1) € I;s0, we can define ® (¢, x), \IJn 1(t, x,0)
and W,_»(7, x, 6) by

n—3
Vi) e @ x) = (z Xy — Za,xj,xn_z,xn_l), (162)
=1
V6, x) € QP xT: $ya(t,x,0) = X(xn_1 — tMo(D(t, x)), <I>(t,x)>, (163)
V(r,x) € QR xT: W, 1(1,x,0) = Mo(P(z, x)). (164)
Since for (¢, x) € Q/* we have (t,x, — Y127 a;x;, a2, %,—1) € I, the conditions (160)-(161)-(162)-(163)
provide
V(t,x) € QP xT: @@, x)] <51, [Waa(t, x,0)] <52 (165)
eletn = (1,-1, T, 0) € I x I} x T be fixed airbitrarly and
VkeNi_5: fl(h)=®r(r,0), h= (11, , Ty2). (166)
We set F'I(t, h) = (F{'(t,h), -, F)_5(t, h)), f1(h) = (f'(h), -+, f;!_3(h)), and we consider the following
Cauchy problem
n—3
0F" + (D FJOF") + tamda2FT =0, F1(O, ) = [7(h). (167)
k=1

The characteristics of (167) are given by
Kt h)y = h+t(f]'(h), -, f]_5(h), tay).
We set

- {(t,h)eme"*% ||h||+t1<3gr},

and we define Y,” by
Y . B — K'(t, B))
h+—— K'(t,h).
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By using (97) we get det Dy, Y;7 (h) = 1; thus, Y;7 is Cl—diffeomorphism. Now, for every (¢, h) € J we define
th by

vzeB': Q)@ =h—t(f{@, -, fi_3(), Ta1).
On the one hand, the conditions (155)-(156)-(166) give ||Q;7,h(z)|| < |lh]| + tK3 < r; then, Q;”h(z) € B.
By using Brouwer fixed point theorem, we get the existence of z € B’ so that z = ;7 5 (2), and this provides
h = Y," (z) = K''(t, z). By using the information Yt'7 isaC 1—diffeomorphism, we conclude that (167) has a

solution defined over J by F(t, h) = h”((Ytn)_l(h)). Let & as in (166) and a)k(t, 7,0) = F'I(t, h), by using
(167) we conclude that the system
n—3
08 + (2 Bute®)) + 1100285 =0,
k=1

®;(0,7,0) = d;(z,6),

VjieN: (168)

has a solution over J x I, x I} x T. On the other hand, for (¢, x) € Q,Tz and by using (156) we get

e, - xp-2) | +1K3 < |lx|| +1K4 <,
thus, (¢, x1, - -+, x,—2) € J; combining this with (165) we get
Vi, x) € Q2 (txp, o xn0, WUy o(t,x), D(1,x),0) € J x I x I} x T.

Hence, over Q,T2 x T we can definie \T/k by
VkeNi_y: Wit x,0) = Oi(t, x1, -, %2, Upa(t, ), DL, %), 6). (169)

e The solution of (159) satisfies

&= a(u — tho(Mo(®)), v, w — zMO(oB)), (170)

the calculus of 81,5 + h (Mo@))aﬁn such that ® as in (170) provides
[ 1+ tMy() D0 + hoy(Mo(@)3,P) 118, ® + hi (Mo(9))3,P ]
= 3u5 + hl (Mo(a))f?ua,

combining this with (66)-(158) yields

3 ® + h1 (Mo($))9, P = 0. (171)
Let W as in (76) and ¥ = (U, --- , U,_), by using (72)-(159)-(162)-(171) we get
HD+ W) - V)P =0, D0,x)=px). (172)
By using (73)-(75)-(163)-(164)-(172) we get
0Tyt + V@) V)T =0, Ty (0., 0) = Y1 (x.0), (173)
WV + WW) - VW, =0, W, 200,x,0) =1v,2(x,0). (174)
By using (74)—(168)-(169)-(172)-(174), we get
VkeNi: 8W + VW) - V)T =0, U0, x,0) = Y (x, 0). (175)

For any ¢ €]0, 1], we define u® by

Vix) e QP uf(n,x) = W(fﬁ(z,x, q)(tg’x))).

By using (172)-(173)-(174)-(175) we get

ouf + Wt -Vyut =0, u®0,x)= w(x, (p(x)>’
g

Since (¢, w) is compatible couple over 529 x T; then, divu® = 0.
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