Indian J Pure Appl Math (2026) 57:1075-1090
https://doi.org/10.1007/s13226-024-00669-2

ORIGINAL RESEARCH

Further results on alternating two-stage iterative method

Vaibhav Shekhar

Received: 5 June 2023 / Accepted: 11 July 2024 / Published online: 22 July 2024
© The Indian National Science Academy 2024

Abstract Matrix splitting is an efficient and readily used technique for study of solution of linear systems,
iteratively. Migallon et al. [Adv. Eng. Softw. 41:13-21, 2010] proposed alternating two-stage methods in which
the inner iterations are accomplished by an alternating method. However, the convergence theory of an alternating
two-stage iteration scheme for various class of matrix splittings is a literature gap. In this article, we establish
convergence theory of alternating two-stage iterative methods for nonsingular, consistent singular and inconsistent
rectangular (or singular) linear systems for different class of matrix splittings. Finally, numerical computations
are performed which illustrate that this method has some advantages over simple two-stage iterative method.
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1 Introduction

Let us consider the problem of finding a numerical solution of linear systems of the form
Ax =D, (1.1)

where A € R™*" and b € R™. Such systems occur on many occasions including discretization of Fredholm
integral equations of the first kind. Similarly, the case when m = n and A is nonsingular appears while discretizing
an elliptic partial differential equation (see [24,26]). Likewise, singular linear systems of equations (i.e., where A
is singular) arise in many problems that include finite difference representation of Neumann problems, analysis
of finite element electromagnetic using edge elements and computing stationary probability vectors of stochastic
matrices in the analysis of Markov chains, to name a few. Matrix splitting is a classical and popular method
(due to its simple implementation) for solving such problems, iteratively. One of the most used matrix splitting
method is the two-stage iterative method. The advantage of such a procedure is that they can easily be extended
for nonlinear equations (see Douglas [9]) and hence useful for a large class of engineering problems. Particularly,
Wachspress [26] studied the practical applications of iterative methods to the numerical solution of neutron group
diffusion equations of reactor physics. Two-stage method is also applicable in PageRank problems (see [16]).
One is referred to the recent article [ 13] for numerical investigation of treated brain glioma model using two-stage
method.

Communicated by Jaydeb Sarkar.

V. Shekhar
Department of Mathematics, Indian Institute of Technology Delhi, New-Delhi 110016, India
Email:vaibhav @iitd.ac.in; vaibhavshekhar29 @ gmail.com

V. Shekhar
Department of Applied Science & Humanities, Government Engineering College, Sheikhpura, Bihar 811105, India

@ Springer



1076 V. Shekhar

When m = n and A is nonsingular, a matrix splitting A = B — C (B is nonsingular) leads to the iterative
method of the form

xkp1 =B 'Cx + B, k=0,1,2,.... (1.2)

This method (1.2) converges for any initial guess x, if ,o(B_1 C) < 1[25]. Here, p stands for the spectral radius
(maximum of moduli of eigenvalues of a matrix). For nonsingular matrix A € R"*", a splitting A = B — C'is
called a regular splitting [25] if B ! exists, B~! > 0and C > 0 (entrywise comparison). It is called a weak
regular splitting of type I (or type II) [7] if B~! exists, B~! > 0 and B~'C > 0 (or CB~! > 0). Convergence
of (1.2) for these classes of matrix splittings are well established (see [3,25]). Nichols [20] proposed the notion
of a two-stage iterative method. Later, Frommer and Szyld [10] considered the two-stage method that comprises
approximating (1.2) (called outer iteration) by another iterative method (called the inner iteration) using another
matrix splitting B = X — Y (called the inner splitting), and the method performs s(k) inner iterations at each
k'™ outer step that leads to iterative method of the form

st)—1
=Xy Ox 4 > (x Ty X TN (Cx+b). k=0.1,2,.... (1.3)
j=0

In 2010, Migallén et al. [15] proposed an alternating two-stage method in which at each k" outer iteration, the
linear system (1.2) is approximated by using an alternating iterative method proposed by Benzi and Szyld [1].
In particular, if B = U — V = X — Y are two inner splittings and A = B — C is an outer splitting, then the
alternating two-stage method is given as

s()—1
=X YUty O+ Y xlyuT vy XU + D(Cxi + ),k =0,1,2, ... (14)
j=0

The authors of [15] established the convergence of (1.4) by considering A = B — C as a convergent regular
splitting and B = U — V = X — Y as a convergent weak regular splitting of type I. In this article, we establish
the convergence of the alternating two-stage iterative method (1.4) when A = B — C is a regular splitting and
B =U —V = X —Y is weak regular splittings of type II, thus expanding the convergence theory of alternating
two-stage iterative method.

Now, when the system (1.1) is inconsistent, we want to get the least-squares solution of the minimum norm,
i.e., ATh, where AT denotes the Moore-Penrose inverse of the matrix A, using a matrix splitting. For this purpose,
Berman and Plemmons [2] proposed proper splitting. A splitting A = B — C of A € R™*" is called a proper
splitting [2] if R(B) = R(A) and N(B) = N(A), where R(E) and N(E) denote the range space and the null
space of a matrix E, respectively. Using a proper splitting, the authors introduced the following iterative method

xkp1 =B Cxp + B'b, k=0,1,2,..., (1.5)

and showed that the iterative method (1.5) converges to ATb for every initial vector x, if and only if p (BTC) <1
(Corollary 1, [2]). Later, several authors introduced new sub-classes of proper splittings and established their
convergence (see [8,18]). Climent and Perea [6] first generalized the notion of the two-stage iterative technique
in rectangular matrix setting. The author considered the following iterative method

s)—1
= X)) Ox+ Y XYY XN (Cxi+b). k=012, (1.6)
j=0

and established that it converges to A'b for any initial vector x,, where A = B — C is a proper regular splitting
and B = X —Y is a proper weak regular splitting of type I. A proper splitting A = B — C of A € R™*" is called
a proper regular splitting if BT > 0 and C > 0, it is called proper weak regular splitting of type I (or type II) if
BT >0and BFfC >0 (or C BT > 0) [6,8,14]. Motivated by the previous works on two-stage iterative method,

we present alternating two-stage iterative method in rectangular matrix setting obtained using the inner proper
splittings B = U — V = X — Y which takes the form

s(k)—1
Xie1 = XTYUT V) Oy + Z X'yutvy xTvut + nDCxr +b), k=0,1,2,.... (1.7)
j=0
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We obtain convergence criteria of (1.7) when A = B — C is proper regularand B = U — V = X —Y are proper
weak regular splittings of type I or II.

Next, let us consider the case when m = n and A is singular and the system (1.1) is consistent. If A is
singular, then clearly p(B~!C) # 1 in (1.2), as in this case, 1 is an eigenvalue of B~'C and so convergence
of (1.2) fails, i.e., B~'C is not zero-convergent, and we look for some conditions so that (1.2) converges to a
solution of (1.1). In this case, we say that the method (1.2) is semiconvergent. Semiconvergence of (1.2) has
been studied for different class of matrix splittings in [19]. However, semiconvergence of (1.4) when the inner
iteration splittings B = U — V = X — Y are weak regular of type II has not been considered yet. In Section 4,
we will deal with this problem.

To achieve our aim, the article is organized as follows. In Section 2, we introduce some basic results which
are helpful in proving the main results. Section 3 establishes convergence result for (1.7) in a rectangular setting
when the inner iteration is accomplished by proper weak regular splittings of type I (or type II). Convergence and
comparison results for alternating two-stage iterative method (1.4) where the inner splittings are weak regular
splittings of type II are obtained as corollaries. The comparison tables demonstrating the efficiency of alternating
two-stage method over two-stage method are also shown in this section. Finally, we establish semiconvergence
of (1.4) for a singular linear system in Section 4.

2 Preliminaries

Let R" denotes an n-dimensional Euclidean space and R”*" denotes the set of all real matrices of order m x n. AT
denotes the transpose of the matrix A. For A € R™*” the unique matrix X € R"*™ is called the Moore-Penrose
inverse of A if it satisfies the following four equations:

AXA=A, XAX=X, (AX)T = AX and (XA)T = XA,

and is denoted by AT. The Moore-Penrose inverse exists for every A € R”*". When A is nonsingular, then
the Moore-Penrose inverse of A coincides with the usual matrix inverse, i.e., AT = A~1. It is well-known
that A € R™" is monotone if and only if A~! exists and A~! > 0 (see [4]). A matrix A € R™*" is called
semimonotone if AT > 0 (see [3]). Let L& M = R”, then Py is the projection onto L along M. So, P, y A = A
if and only if R(A) € L,and AP, = Aifandonly if N(A) O M.If L 1L M, then Pr_p is simply denoted
by Pr. A few properties of AT which will be frequently used in this article are: R(AT) = R(AT); N(AT) =
N(AT); AAT = Preay and ATA = Py 4r). The unique matrix X € R™" satisfying the matrix equations
AXA=A, XAX = X and AX = XA is called the group inverse of a matrix A € R"*", and is denoted by A*.
It exists if and only if A has index 1, i.e., rank(A%) = rank(A). Some useful properties of the group inverse
are: R(A) = R(A"); N(A) = N(A"); AA* = Pr(ay n(a) = A*A. In particular, if x € R(A), then x = A*Ax.

A matrix A € R"*" is called convergent (or zero-convergent) if lim AF = 0 and semiconvergent if lim Ak

— 00 — 00
exists, although it may not be the zero matrix. A is called an M-matrix if A = s/ — B such that s > 0 and
s > p(B). It is a nonsingular M-matrix if s > p(B) and singular M-matrix if s = p(B). An M-matrix A is
said to have property c if s~! B is semiconvergent for some s. The next two results recalled below deal with a
nonnegative matrix and its spectral radius.

Lemma 2.1 ([3, Theorem 2.1.11]) Let A > 0. Then, Ax < Bx, x > 0, implies p(A) < B.

Theorem 2.2 ( [25, Theorem 3.15]) Let A € R and A > 0. Then p(A) < 1 if and only if (I — A)~" exists
o0
and (I — A)~' =" OAk > 0.

The following is an important result obtained by Climent and Perea [5]. The result allows us to prove some
main results of this article.

Theorem 2.3 ([5, Theorem 3]) Let B = U —V = X —Y be two weak regular splittings of type Il of a monotone
matrix B, then p(X~'YU~'V) < 1. Assume that H = X~'YU~'V and S = YX'VU"!, then H and S
induce same unique splitting B = F — G which is also a weak regular splitting of type II.
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3 Convergence Results for Nonsingular and Rectangular Linear Systems

This section is divided into two subsections. In the first subsection, we discuss convergence of two-stage iterative
method and properties of the splittings induced by its iteration matrix in case of rectangular systems. The results
proved here will be further utilized in the next subsection to establish convergence of alternating two-stage
iterative method and to show that alternating two-stage iteration converges faster than two-stage iteration. The
nonsingular version of the results are provided in Subsection 3.2 as corollaries.

3.1 Two-stage method

Rewriting (1.6) in the standard form gives

eyt = (Trs)sioXe + Plgb, k=012, 3.1)
where
s(k)—1
(Trs)say = (XTY)'® + Y~ (xTy)/xC (32)
j=0
and
s(k)—1
Pj(k) = Z X'Vx'=u-X'"u-xTv)y'x"=u—-xTy)®)BT. (3.3)
j=0

Note that for type II proper weak regular splitting, the matrix given as

s(k)—1
T = ¥ X)© 4+ 3 xyhcx' (3.4)
j=0

is nonnegative.
The following lemma guarantees that p (Tsk)) = p((Tr5)sk))- S0, p((T15)sk)) < 1 whenever p(Ty ) < 1.

Lemma 3.1 Let Ty be defined as (3.4) and Ty be defined as (3.2) for s(k) = 1,2, ....If CF'G = GF'C,
then A(Trs)s@AT = Ts. Further, p(Tsqy) = p((T75)s(k))-

Proof Since CF'G = GF'C,wehave C(FTG)*® = (G FT)S(]‘)C for any nonnegative integer s(k). Also, we
observe that B'"GF™ = FTGBT. Therefore, B'(GF")/ = (FTG)/ BT for any nonnegative integer j. Similarly,
it is easy to see that BBT(GFT)*® = (GFT)*®_ Now,
A(Trs)si A" = AL — (I — (FTG)* ™)1 — BTC)]AT
= AAT — AU — (FTG)*®)BT
— AAT — A(BT _ (FTG)S(k)BT)
= AA" — AB" + ABY(GFT)'®
=CB" + ABT(GFT)y'®
=CB"+ (B - C)B(GF")*®
= CB"+ BB (GF")*® — CB"(GFT)*®
— (GFT)S(k) + CBT(I _ (GFT)s(k))
s(k)—1
= (GF"Y'® 4+ CcB" Y (GF"/ (I - GFY)
j=0
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s()—1
=(GFY® +c Y (F'G)/B'(1 - GFY)
j=0
s()—1
=(GFyY®+ Y (GF)CB (I - GF)
j=0
s()—1
= (GFY® 4+ Y (GFNCF' = Tyu).
j=0

Thus, A(Trs)s A" = Ty
Now, let A (7 0) be an eigenvalue of Ty ). Then, there exists an eigenvector corresponding to A, x such that
Ts(k)x = Ax, i.e.,

st)—1
[(GFTY® + 3" (GF) CFx = hx.
j=0

Pre-multiplying by F' in the above equation, we get

s(k)—1
FIUGFT)Y'® 4+ 3" (GF)Y CF'lx = aF'x. (3.5)
j=0

Therefore,

s(k)—1
(FTG)® + > (FTG) FTCly = ay.
j=0

We claim that y = Fx # 0. Suppose that y = Ffx =0, thenx € N(FT) = N(AT). Since x € R(Tsw)) S
R(A), we have x € R(A) N N(AT). Thus, x = 0, a contradiction. Hence, o (Ts)\{0} € o (Trs)sk)) \{0}.

Conversely, let u(# 0) be an eigenvalue of T). Then, there exists an eigenvector corresponding to i, xT
such that xT (Trs)sw) = uxT, ie.,

st—1
xT(FTG)*® 4+ Z (FTG) Ffc) = uxT.
j=0

Post-multiplying by F in the above equation, we get

s(k)—1
UFTGY R + Y (FTG) FTCIFT = pux " FT,
Jj=0

i.e.,

s(k)—1
JUGFY® + Y (GF)Y CFT=pe,
j=0

where zI' = xTFT £ 0 by similar argument as before. Therefore, o ((T75)sx))\{0} S o (Tsu))\{0}. Thus,
0 (T5))\{0} = 0 (T5x))\{0}. Hence, p((T75)sx)) = £(Tsx))- m

Theorem 3.2 Let A = B—C be aproper regular splitting of a semimonotone matrix Aand B =U -V = XY
be two proper weak regular splittings of type II such that CUTV = VUTC and CX'Y = YXTC. Then, the
two-stage method (3.1) converges, for any initial vector x, and for any sequence of inner iterations.
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Proof We have T, > 0 such that

s(k)—1
Towy = (GF)Y'® + > (GFHCFT
j=0
s(k)—1
=(GFY®+ Y (GFH/CcB'(1-GF)
j=0
s(k)—1
= (GF)'® + 3 (GF")/(CB" - CB'GF)
j=0
st)—1
= (GF)'® + > (GF/ (CBT - CF'GFT)
Jj=0
sto)—1
= (GFY®+ Y (GF)/(CB" - GF'VB")
j=0
st)—1
=(GF)'® 4+ Y (GF"/ (1 -GF)CBT
j=0
=1—-(I—-(GFY®)y 4+ u—-(GFH)®)cB'
=1—(—(GFH*®y1 —CB")
s(k)—1
=1- Y (GF)/(I-GF"(U-CB").
j=0

=1 -1 o st—1 yJ
Lety > 0.Then,x = (/—CB")""(I-GF")""y > 0. Now, post-multiplying Tsx) = I—Z. 0 (GF" (I—-
J:

i i sO=1 - iy
GF')(I — CB'") by x, we get Tyu)x > 0 such that x > x — Z 0 (GF")y = Ty4)x. By Lemma 2.1, we
J:

have p(Tsx)) < 1. Hence p((T7s)sk)) < 1 by Lemma 3.1. O

Now, we provide some results which guarantee that the unique splitting induced by the iteration matrix
(Trs)sk) of the two-stage iterative scheme (3.2) is proper weak regular splitting of type II and regular splitting,
respectively. The first one generalizes [23, Theorem 3.6], while the second one is motivated by [22, Theorem
3.6].

Theorem 3.3 Let A = B — C be a proper regular splitting of a semimonotone matrix A € R™". Let B = X —Y
be a proper weak regular splitting of type II such that CXTY = Y X' C. Then, the matrices (Trs) stk and Ty
induce the same splitting A = U — V, where U = A(I — (TTS)S(/{))_I. Further, the unique splitting A = F — G
induced by the matrix Ty is also a proper weak regular splitting of type I1.

Proof We are giventhat U = A(I —(Trs)s)) 'andV = U —A.Let F = (I = Ty)) 'Aand G = F— A. We
will show that T ) and Ty ) induce the same splitting A = U — V. Since Tyx) = A(TTS)S(k)Af, YATA=Y
and CATA = C,itis easy to see that (TTS)S(k)ATA = (T75)s(k), and therefore, Ti(k) = A(TTS)";(k)AT for each
nonnegative integer i. Similarly, we can check that ATA(TTS)S(k) = (Trs)sw and so, F = (I — Ts(k))’lA =

o o0 H o0 ;
ijo T/ A = ijo A(Trs))yATA = A ZjZO(TTS);(k) = A(I — (Trs)sx)) " = U. We further have
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= AT(I — Ty

= AT — A(Tr$)snA")

= (I — (Trs)sa)A’

= - XTY)y®yq - BTC)AT

— (I — (xtyy®)pt

=BT — (rx")*®)

=xT1 —yxH'u - yxty®)
st)—1

= xT Z YxH/ >o.

j=0

Clearly, N(U) = N(F) = N((I — Tsu))"'A) = N(A) and the relation U = A(I — Ty)) ! yields R(A) C
R(U)and r(A) =r(U) 1mply1ng R(A) R(U) = R(F). Thus, A=U — V and A = F — G are same proper
splittings. Addmonally, AAT = FFT implies FF "]I‘Y(k) = Ty« which further gives GF T=(F-AF" =
I—AAT(I— Tswk)) = Tsx) =k 0.Thus, A = F — G is a proper weak regular splitting of type II. Finally, let A =
Fy — G be another splitting induced by Ty such that Tyx) = G F/ lT .Then, A = F| = Tsu)F1 = (I =Tsx)) Fi
which implies F = (I — ’JI‘s(k))_IA = F. Hence, A = F — G is a unique weak regular splitting of type II
induced by Tj). Additionally, one can observe that the induced splitting takes the form A = Py — Tty Ps ).
]

Theorem 3.4 Let A = B—C be aproper regular splitting of a semimonotone matrix A € R"*". Let B = X =Y
be a proper weak regular splitting of type Il such that CX'Y = YX"C.IfY > YX'"Y, then the induced splitting
A = Psqy — Tsq)Ps) is a proper regular splitting.

Proof By Theorem 3.3, the induced splitting A = Pyx) — Tyx)Ps(x) is a proper weak regular splitting of type
II. To show that this is a proper regular splitting, we only need to prove that T)Psk) > 0. We observe that

TsoPswy = Pswy — A
= - xxHy®Oy-lp_pyc
=[I - Xy ' —1nB+cC
= — Y XxHy®O)y-lyxHy®p 4 .
Now, to show (Y XT)*® B > 0, we prove (Y X7)?B > 0. Clearly,
wxHB=wxHhaoxhHs
=YX'yx"(F-G)
=vx'vy-vx'G) > o0.
AsYXT > 0and (YXT)2B > 0, we have (Y XT)*® B > 0. Hence, TsPswy = 0. O

Before we conclude this section, let us recall two results proved in [22]. These results will be crucial for proving
some results in the next section.

Theorem 3.5 (Theorem 3.4, [22]) Let A = B — C be a proper regular splitting of a semimonotone matrix
A € R™" Let B = X — Y be a proper regular splitting. If (X'Y)? < X'Y, then the two-stage splitting
A =Pspy — Psy(Trs)s k) is a proper regular splitting.

Comparison results help us to choose one splitting over others. Let (Trs)) be defined as in (3.2) and
_ i =1 —4—
(Trs)say = (X Y)S(k) + Zs 0 (XTY)/XTC. Next result compares the rate of convergence of two-stage
]:
iterative methods arising from two different inner splittings.

Theorem 3.6 ( [22, Theorem 3.17]) Let A = B — C be a proper regular splitting of a semimonotone matrix
AeR"™" Let B=X —Y = X — Y be proper weak regular splittings of type 1. Consider the iterative scheme
defined by (3.1) with corresponding iteration matrices (Trs)s ) and (T 75)q %) If the following conditions hold:
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(i) PaayTrs)q) =0, k=0,1,2,...,
(i) X < X' and q(k) > s(k), k =0,1,2, ...,

(i) YX >0, B
then p((Trs)sw)) < p((T718)qw)) < 1.

3.2 Alternating two-stage method

In this subsection we consider a linear system of the form (1.1). As a special case, we obtain analogous results
for nonsingular linear systems as corollaries.
We have a proper splitting A = B — C, so that we get

Bxi41 =Cxp+b, k=0,1,2,....

For solving the above equation, let B = U — V = X — Y be two proper weak regular splitting of type I (or type
II), then alternating iterations give rise to

Yig12 =U'Vy + U'b,
vie1 = X Yy + Xb, 1=0,1,...,5(k) — 1

where b = Cxy + b. Eliminating y; 4 /2, we can equivalently write the iterations in the form of a single iterative
method given as

vl =X YUV + XTYUT+ Db, 1=0,1,...,s(k)— 1. (3.6)

Now, we recall a result which guarantees that the iteration matrix in (3.6) induces splitting of same type as
nmnB=U-V=X-Y.

Theorem 3.7 ([17, Theorem 4.4] & [11, Theorem 4.9]) Let B=U — V = X — Y be two proper weak regular
splittings of type I (or type II) of a semimonotone matrix B € R™*". Then the unique splitting B = F — G
induced by H = XTYUTV with F = U(U 4+ X — A)'X is a proper weak regular splitting of the same type if
RU+X—B)=R(B)and N(U + X — B) = N(B).

Remark 3.1 From the above theorem, (3.6) can be re-written as
yig1 = F'Gy + F'b, 1=0,1,2,..., (3.7)
where b = Cx; + b and B = F — G has same type of splitting as thatof B=U —V = X — Y.
Next result provides convergence criteria for two-stage iterative method of the form (3.1).

Theorem 3.8 ( [22, Theorem 2]) Let A = B — C be a proper regular splitting of a semimonotone matrix
A e R™" Let B=F — G be a proper weak regular splitting of type I. Then, the two-stage iterative method
(3.1) is convergent for any sequence s(k) > 1, k=0,1,2,....

Remark 3.2 Using iteration (3.7) as inner iteration in two-stage iterative method, the alternating two-stage
iterative method (1.7) equivalently becomes

s(k)—1

Xkt = (TALT—T8)s(k) Xk + Z (FTG)/ F'b, (3.8)
j=0
where
s(k)—1
(Tarr—18)st0 = (FTGY'™ + Y~ (F'G)y/ Fc. (3.9)
j=0

So, convergence of (1.7) is equivalent to convergence of (3.8).
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We are now ready to present a convergence result when the splittings for inner iterations are proper weak
regular splittings of type L.

Theorem 3.9 Let A = B—C be aproper regular splitting of a semimonotone matrix Aand B =U—-V = X—-Y
be two proper weak regular splittings of type I. Suppose that R(U+X —B) = R(B)and N(U+X —B) = N(B).
Then, the alternating two-stage method (3.8) converges, for any initial vector x, and for any sequence of inner
iterations.

Proof By Theorem 3.7, the unique splitting induced by the iteration matrix of (3.6) is givenby B = F — G
which is also a proper weak regular splitting matrix of type I. Now, applying Theorem 3.8 on proper regular
splitting A = B — C and proper weak regular splitting B = F — G, we get p((TaLT-75)sk)) < 1. Hence, (3.8)
converges. ]

As in the previous subsection, for proper weak regular splittings of type II, the nonnegativity of iteration

matrix of (3.8), i.e., nonnegativity of (3.9) is not guaranteed, so we seek help of the nonnegative matrix Zs;) =
s(o—1
(GF»® + N (GFH CF'.
j=0

Theorem 3.10 Let A = B—C be aproper regular splitting of a semimonotone matrix Aand B = U—V = XY
be two proper weak regular splittings of type Il such that CU'V = VUTC and CX'Y = YXTC. Suppose that
R(U+ X — B) = R(B)and N(U + X — B) = N(B). Then, the alternating two-stage method (3.8) converges,
for any initial vector x, and for any sequence of inner iterations.

Proof By Theorem 3.7, the unique splitting induced by the iteration matrix of (3.6) is givenby B = F — G
which is also a proper weak regular splitting matrix of type II. Now, applying Theorem 3.2 on proper regular
splitting A = B — C and proper weak regular splitting of type Il B = F — G, we get p((Tar7-75)sk)) < 1.
Hence, (3.8) converges. O

Re-writing (1.4), we have

s(k)—1

Xt = Tai)swX + Y (X'YUT'WVIXT'yU™ + Db, k=0,1,2,..., (3.10)
j=0
where
s(k)—1
(Tati—1)sty = X'YU~tvy® 4 Y (xlyu~'v)y/x'yu + 1)C (3.11)
j=0

is the iteration matrix of (3.10). The following result establishes convergence of alternating two-stage iterative
method (3.10) in case of a nonsingular linear system which is a special case of Theorem 3.10.

Corollary 3.11 Let A = B — C be a regular splitting of a monotone matrix Aand B=U —V = X —Y be
two weak regular splittings of type I with CU~'V = VU™'C and CX~'Y = YX~'C. Then, the alternating
two-stage method (3.10) converges, for any initial vector x, and for any sequence of inner iterations.

Criteria for faster convergence of alternating two-stage over two-stage is obtained next.

Theorem 3.12 Let A = B — C be a proper regular splitting of a semimonotone matrix A € R"*". Let B =
U —V = X — Y be proper weak regular splittings of type II such that CUTV = VU'C and CX'Y = YX'C.
Supposethat R(U~+X —B) = R(B) and N(U+X —B) = N(B). Then, p((TarT-15)stk)) < p((T1$)sk)) < 1,
provided the following conditions hold:

(i) V>=VUvV,

(ii) UTV > 0.

Proof Clearly, by Theorem 3.10, we have p((TaLr-715)s)) < 1. By Remark 3.2, the iteration matrix of
alternating two-stage iterative method can be given as
s(k)—1
(TaLr-18)s) = (FTGy*® + > (FTGY Fc
j=0
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such that FTG = XTYUTV and FT = XT(YUT + I). The induced splitting B = F — G is also a weak regular
splitting of type II. Now, consider the two-stage method corresponding to the matrix splittings A = B — C and
B = X — Y, then its iteration matrix is given by

s(k)—1
(Trs)say = UTV)'® + " wivyvic.
j=0

Observe that F7 = XTYUT + X" = XT(X —U + V)UT + XT = U" + XTVUT > U7, since XTVUT > 0.
AsV > VvUTy, by Theorem 3.4, the splitting induced by (T75)sk). A = Ps@) — Zsk)Ps(x) is regular and thus
TsyPsy = 0. Hence, the claim directly follows from [23, Theorem 3.11]. o

The above result reduces to the following corollary in case of nonsingular linear system.

Corollary 3.13 Let A = B — C be a regular splitting of a monotone matrix A € R"". Let B=U —V =
X — Y be weak regular splittings of type II such that CU™'V = VU~'C and CX~'Y = YX~'C. Then,
P(Tati—ts)sk)) < p((Tts)sky) < 1, provided the following conditions hold:

(i) V>vU-ly,

(ii) U~V > 0.

Comparison of convergence rate of alternating two-stage iterative method and two-stage iterative method
when both the splittings are regular is provided next.

Theorem 3.14 Let A = B — C be a proper regular splitting of a semimonotone matrix A € R™*", Let B =
U —V = X —Y be proper regular splittings. Suppose that R(U +X — B) = R(B) and N(U+ X — B) = N(B).
If (XTY)? < XTY, then the alternating two-stage iterative method converges faster than the two-stage iterative
method.

Proof By Remark 3.2, the iteration matrix of alternating two-stage iterative method is given as

s(k)—1

(TaLr—18)say = (F'Gy'® + Y (F'G) F'c
j=0

such that FTG = XTYUTV and FT = XT(YUT + I). The splitting B = F — G is also a regular splitting. Let
the iteration matrix given the two-stage splitting corresponding to the splittings A =B —Cand B = X — Y be
given as

s(k)—1
(Trs)sy = (XTY)'® + Z x'ry x'c.
=0

By the hypothesis, it is clear that o ((Tar7—-75)sk)) < 1 and p((T7s)s@k)) < 1. Observe that FF=Xx'yut +
Xt > XT since XTYUT >0.As B=X—7Yis aregular splitting, we have YXT > 0. Since (XTY)? < XY, the
splitting induced by (T75)s), A = Ps) — Psk)(Trs)s k) 1s aregular splitting by [22, Theorem 3.4]. Therefore,
Py (TTs)sk) = 0. Finally, by Theorem 3.6, we conclude that o ((TaL7-75)sk)) < p((TTs)sk)) < 1. |

Theorem 3.14 reduces to the following corollary when we consider iterative scheme (3.10).

Corollary 3.15 Let A = B — C be a regular splitting of a monotone matrix A € R"" . LetB=U—-V =X-Y
be regular splittings. If (X~1Y)? < X~1Y, then the alternating two-stage iterative method converges faster than
the two-stage iterative method.

Theorem 3.16 Let A = B — C be a proper regular splitting of a semimonotone matrix A € R™*". Further,
assume that B = U — V = X — Y be proper weak regular of type I and s(k) > 1, k = 0, 1,2 ... be the inner
iteration sequence. If x, and y, are initial values that hold

X1 > Xo, Yo = yrand y, > ATh > x,.
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Then, the sequences {xy} and {yx} generated by

s(k)—1
X1 = (Tacr—r8)siox + Y (XTYUTVYXT(YUT + Db,
j=0
s(k)—1
yert = (TaLr—rs)swy + Y XYUVY XT(yUT + Db,
j=0
k=0,1,2,... satisfy

(i) YkZYk+1 zxk—‘rl Z-xks k=07]’27"') .
(ii) lim x; = ATh = lim Yk and yr > Vi+1 > AT > Xl = Xk, k=0,1,2,....
k— 00 k—o00

Proof By the Remark 3.1, B = F — G is also proper weak regular splitting of type I and convergence of (3.6)
is equivalent to convergence of (3.7). Thus, employing B = F' — G as inner splitting and A = B — C as outer
iteration, we get a two-stage iterative scheme of the form (3.1). Hence, by the Monotone Convergence Theorem
[22, Theorem 4.1], we get the desired result. a

The corollary produced below is a special case of Theorem 3.16.

Corollary 3.17 Let A = B — C be a regular splitting of a monotone matrix A € R"*". Further, assume that
B =U—-V =X —Y be weak regular of type  and s(k) > 1, k =0, 1,2 ... be the inner iteration sequence. If
X, and y, are initial values that hold

X1 =X, Yo = yrand y, = A7'b > x,.
Then, the sequences {xi} and {y} generated by
s(k)—1
Xt = Tais)swoxx + Yy (XT'YU'vy x ' (yu=" + Db,
=0
s(k)—1
yert = Ta—i)soye + Y, X'YUT' VX' yu™" + Db,
=0
k=0,1,2,... satisfy

(1) Yk = Yk41 = X1 =Xk, k=0,1,2,..,
(i) lim x; = A7'b = lim yrand yx > yey1 > A0 > xpq1 = x5, k=0,1,2,....
k—00 k—o00

For type II proper weak regular splitting, we need additional conditions CUTV = VU'C, CXTy = YXTC
to guarantee convergence. This is shown next.

Theorem 3.18 Let A = B — C be a regular splitting of a nonnegative and monotone matrix A € R".X”.
Further, assume that B = U — V = X — Y be weak regular splittings of type II such that CUTV = VUTC,
CX'y = YX'C and s(k) > 1,k =0,1,2... be the inner iteration sequence. If x, and y, are initial values
that hold

X1 > Xo, Yo = y1 and y, > AT > Xo-
Then, the sequences {xi} and {y;} generated by

s(k)—1
Xk+1 = (TALT-T$)s(k) Xk + Z XTYutvy xT(vyu' + np,
j=0
s(k)—1
et = (Tarr—rs)swoye + »_ XYUTV)/ XT(vU" + Db,
j=0

k=0,1,2,...satisfy
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(i) Yk = Yk+1 = X1 = x5, k=0,1,2,..,
(ii) lim x; = ATh = lim Vi and g = Yiy1 > Afh > Xp+1 =Xk, k=0,1,2,....
k— 00 k— 00

Proof Since the splitting B = F — G induced by the iteration matrix of method (3.7) is also a proper weak regular
type II, we only need to show that CF'G = GF'C. The conditions CUTV = VU'C and CX'Y = YX'C
ensure that CF'G = GF'C. Then, the proof follows using similar steps as in Theorem 3.16. O

The following result is a nonsingular version of Theorem 3.18.

Corollary 3.19 Let A = B — C be a regular splitting of a nonnegative and monotone matrix A € R" ",
Further, assume that B = U — V = X — Y be weak regular splittings of type Il such that CU~'V = vVU~!C,
CX 'y =YX~ ICand stk) > 1,k=0,1,2... be the inner iteration sequence. If x, and y, are initial values
that hold

X1 >Xp, yo = yrand yo > A7'b > x,.
Then, the sequences {xi} and {y} generated by

s(k)—1
Xkl = (Tatt—15)sr) Xk + Z x'vyurlvyix'yu~' + Db,
j=0
s(k)—1
et = Tan—s)swye + Yy XYy x='vu=" + Db,
j=0

k=0,1,2,... satisfy

(i) Yk = Yk+1 = X1 = x5, k=0,1,2,..,
(ii) lim x; = A~ = lim vk and Y > Viq] > A~ lp > Xk41 =Xk, k=0,1,2,....
k— o0 k—o00

We conclude this section with four tables to show the effectiveness of alternating two-stage iterative method over
simple two-stage method. For this we first consider the two-dimensional Laplace’s equation

9%u 9%u

@Jra_yZ:O’ 0<x<1,0=<y<l (3.12)

whose boundary conditions is given by
u(x,y)lar =x +y +xy.

Let the square region R = {(x,y):0<x <1, 0 <y <1} be covered by a grid with sides parallel to the
coordinate axis and with an equal grid spacing h = Ax = Ay. If Nh = 1, then the number of internal grid
pointsis (N — 1)2. The finite difference method using the O(h?) central difference discretization on uniform grids
generates the linear system Ax = b, where A is of order (N — D2 x (N —1)% and b is the right-hand side vector
derived from the Dirichlet boundary conditions. The coefficient matrix A is of theform A = I ® J+J & I. Here,
® is the Kronecker product, 7 is an identity matrix of order (N — 1) x (N —1) and J = tridiagonal (—1, 4, —1)
isof order (N — 1) x (N — 1). For computations, MATLAB R2023a has been used. All the computations are run
on the laptop with configuration: 12th Generation Intel(R) Core(TM) i5, 16 GB RAM. IT and IT Diff denote the
‘Iteration’ and ‘Iteration Difference’, respectively. Similarly, ‘Time Diff” is used to calculate Time Differences
(in Seconds) of the iterations and ‘p’ stands for the spectral radius of the iteration matrix of the corresponding
iterative method.

Let A=B—Cand B=U —V = X — Y be the splittings used to formulate the alternating two-stage
iterative method, while A = B — C and B = X — Y are used to formulate the two-stage iterative method.

For Table 1, we take B = 1.1diag(A) + tril(A, —1) (lower triangular part of A with diagonals multiplied
by 1.1), U = 2diag(B) (a diagonal matrix with diagonal entries twice as that of diagonal entries of B) and
X = diag(B) (a diagonal matrix whose diagonal entries are same as that of B), so that A = B — C and
B =U —V = X —Y areregular splittings. In Table 1, it is clear that the iterations and amount of time consumed
by alternate two-stage method is lower than the two-stage method. The difference in amount of time and iterations
significantly increase as we increase the size of the coefficient matrix.
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Table 1 Comparison between alternating two-stage and two-stage iteration method

Size Splitting IT ITDiff Time(s) Time Diff P

400 x 400 Alt Two-stage 939 530 0.0282 0.0354 0.9821
Two-stage 1469 0.0636 0.9886

1156 x 1156 Alt Two-stage 2689 1519 1.1814 1.1401 0.9935
Two-stage 4208 232] 5 09959

1936 x 1936 Alt Two-stage 4508 2549 7.0036 4.8085 0.9961
Two-stage 7057 1 18 121 09975

4096 x 4096 Alt Two-stage 9601 5431 112.8019 60.8316 0.9981
Two-stage 15032 173.6335 0.9988

Table 2 Convergence alternating two-stage when two-stage iteration method fails

Size Splitting IT Time(s) P

100 x 100 Alt Two-stage 207 0.0020 0.9423
Two-stage - 1.0102 1.0049

225 x 225 Alt Two-stage 465 0.0076 0.9761
Two-stage - l 953 1 1 0369

400 x 400 Alt Two-stage 988 0.0361 0.9895
Two-stage - 3 . 8829 1 0492

900 x 900 Alt Two-stage 62655 30.5494 0.9990
Two-stage - 48 1 192 1 0584

For Table 2, we take B = 1.1diag(A) + 2tril(A, —1), U = diag(B) and X = 2diag(B) so that B is not
a regular or weak regular splitting of type I or II. So, convergence of both the methods are not guaranteed. On
computation, it shows that the two-stage method fails. However, if we choose a suitable splitting B = X — Y
then the alternating two-stage method works even when the two-stage method fails. That is, applying alternate
splittings method in two-stage gives an iteration matrix whose spectral radius is significantly less than 1 even
when the spectral radius corresponding to two-stage method is greater than 1. This indicates the importance of
second splitting B = X — Y and the alternating two-stage method. The tolerance is fixed at 10~ for all the
computations done in this article.

Next, we present the Google’s search engine problem and demonstrate a motivation for the given framework.
In the PageRank algorithm [12], we find the positive eigenvector corresponding to the simple eigenvalue 1 of
the Google PageRank matrix defined by

A=aP + (1 —a)ve’, (3.13)

where P is a column stochastic matrix, e is the column vector of all ones, v is a nonnegative column vector such
that e’ v = 1 and « € (0, 1) is the damping factor which determines the weight given to the web link graph in
the model. The matrix A is irreducible, here. Assuming e’ x = 1, the above problem (3.13) takes the following
form

(I —aP)x = (1 —a)v. (3.14)

When the « is close to one, one prefers splitting method to solve (3.14). For this consider splittings / —a P =
B—CandB =U-V =X—-Y,where B=1—-8P,U =1— P and X = [ — B, P such that
0 < By <P <P <a <1 Since I —aP is nearly a singular matrix, one may choose suitable values of
B1, B2, B that makes the computation easier. In particular, when g1 = 0.1, 82 = 0.2 and 8 = 0.5, we have the
following comparison tables for different values of «.

4 Semiconvergence of Consistent Singular Systems

This section is devoted to consistent singular linear systems, i.e., the coefficient matrix A is singular and the
system has infinite solutions. Here, we discuss the semiconvergence of alternating two-stage iterative method
(3.10) when the inner splitting is regular and outer splittings are weak regular of type II. But, first we recall some
established results from the literature. The first result connects an M-matrix with property ¢ with nonnegativity
of the group inverse of the matrix.

@ Springer



1088 V. Shekhar

Table 3 Comparison of the alternating two-stage and two-stage method (o = 0.9)

Matrix Alternating Two-Stage Two-Stage Method

1T Time(s) 1T Time(s)
SNAP/p2p-Gnutella05-8846 29 103 36 132
SNAP/wiki-Vote—8297 08 22 09 26
Gleich/wb-cs-stanford—9914 33 163 40 200
California—9664 43 391 53 506

Table 4 Comparison of the alternating two-stage and two-stage method (o = 0.99)

Matrix Alternating Two-Stage Two-Stage Method

1T Time(s) 1T Time(s)
SNAP/p2p-Gnutella05-8846 261 983 316 1182
SNAP/wiki-Vote—8297 11 35 12 73
Gleich/wb-cs-stanford-9914 354 3311 429 3624
California—9664 345 3094 417 3964

Theorem 4.1 ([21, Theorem 2]) Let A € R"*". Then, A is an M-matrix with property c if and only if A* exists
and nonnegative on R(A).

The next two results give sufficient conditions for semiconvergence of (1.2).

Theorem 4.2 ( [3]) Let A = B — C be a regular splitting. Then, A is an M-matrix with property c if and only if
p(H)y<land N(I — H)® R(I — H) = R", where H = CB~ 1.

Theorem 4.3 ([3])Let H € R"*", with H > 0, and let M be a{l, 2}-inverse of I — H with R(M) complementary
to N(I — H), such that M is nonnegative on R(I — H). Then, p(H) < 1 andind(I — H) < 1.

s(k)—1
Let Ty = (GF~1yst 4 Z (GF~Y/CF~"'. Then observe that Tsk)y = 0 whenever A = B — C is
j=0
regular and B = F — G is weak regular of type II. Now, we are ready to provide sufficient conditions for the
semiconvergence of alternating two-stage iterative method.

Theorem 4.4 Let A be an M-matrix with property c. Let the splitting A = B — C be regular, and the splittings
B =U —V = X — Y be weak regular splittings of type Il with CU™'V = VU'C and CX~'Y = YX~'C.
Then, p((Tait—ts)s)) < 1 and ind(I — (Tait—ts)sk)) < 1.

Proof We have

s()—1
Ty = (GF YO+ Y (GFH/cF™!
j=0
s(k)—1
=GFYy®4+ Y (GF Y B U -GFT
j=0
s(k)—1
=(GFYyY®+ Y (GF Y (B -CB'GFT)
j=0
s(k)—1
=GFy®+ N (GF Y/ (BT -CcFT'GUuT™
j=0
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st)—1
=GFy®+ N (GF Y (B -GF'cB™)
j=0
s()—1
=GF YO+ Y (GF Y u-G6FHes™!
j=0
=1—I—(GFY®) +u—-(GF'y®cs™!
=1—(I—(GF Y®ya—-cB™.

So, I —Fyqy = (I — (GF~H)*®)(1 —CB™"). As B=U — V = X — Y are weak regular splittings of type II,
thus the induced splitting B = F — G is also a weak regular splittings of type I by Theorem 2.3. Since, B~ > 0,
we have ,o(F_lG) < 1 and therefore, (I — (GF~1Hs®)~1 > ¢ by Theorem 2.2. Also, (I — CB~H* exists
by Theorem 4.2. Clearly, M = (I — CB Y (I — (GF1)*®)~1 exists. The matrix M is an {1,2}-inverse of
I —%yk). Since I — CB~ ! hasindex 1, we have N(I —CB~")@® R(I — CB~!) = R". Further, R(I —CB~!) =
R((I — CB™YHY") = R(M) and N(I — CB™') = N(I — (), therefore, N(I — Ty)) & R(M) = R". So,
N (I —%k)) and R(M) are complementary. Now, suppose thatx € R(I —T;)) andx > O,thenx = (I —%5¢4))y
for some y. Pre-multiplying by (I — (GF~1)*®)~1 we get (I — CB™ )y = (I — (GF~1)*®)~1x and thus
0< - (GF ) ®)y=lxy ¢ RU—CB™). As (I — CB™Y)* > 0 over R(I — CB~") by Theorem 4.1. We
finally obtain Mx > 0. Thus, M > 0in R(/ — T)). Hence, by Theorem 4.3, o ((Tuir—15)sk)) = p(Zs1)) < 1
and lnd(l - (Talt—ls)s(k)) <L o

5 Conclusion

Main findings of this article are summarized below:

1. Convergence result for alternating two-stage method has been established for nonsingular linear system where
the inner splittings are governed by type II weak regular splittings. Computational advantage of alternating
two-stage method over two-stage method has been shown.

2. For rectangular linear systems, first we have established convergence criteria for two-stage iterative method
(3.1) for type II proper weak regular splitting, and then the results are utilized to establish the convergence of
alternating two-stage iterative method (3.8).

3. We have analyzed and obtained sufficient conditions for semiconvergence of the alternating two-stage iterative
method (3.10) when the coefficient matrix is singular, and the inner splittings B = U — V = X — Y are type
II weak regular splittings.
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