Indian J Pure Appl Math (2026) 57:1091-1102
https://doi.org/10.1007/s13226-025-00848-9

ORIGINAL RESEARCH

On congruences involving harmonic numbers H3, and H3,,,

Laid Elkhiri - Sibel Koparal - Nese Omiir

Received: 7 June 2023 / Accepted: 1 August 2025 / Published online: 20 August 2025
© The Indian National Science Academy 2025

Abstract In this paper, we establish various congruences involving harmonic numbers H3, and H3,4, modulo

prime number p, ie., Zngg[pﬂ] H32k (mod p) and Z()gkg[pm g’,:’j:r’ (mod p). Also, we give the generalization

of Mestrovi¢’s congruence, ie., for any prime number p > 5,

p—1

(- p—1 2
> p ( L ) (mod p?),

k=r (mod 3)

where r € {1, 2, 3}.
Keywords Congruences - Harmonic numbers - Abel sum

Mathematics Subject Classification 11B50 - 11A07 - 11B65

1 Introduction

The harmonic numbers are given by

n
1
Hy=0 and H, =§ —, neN*={1,2,3,---},
o an i n { }

and for each m = 2,3, - - -, the harmonic numbers of order m are given by

n
1
Hn,m = Zk_m’ ne N*.
k=1
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The Bernoulli polynomial B, (x) is defined by

n

Bn(x) = Z ('Z) Bix"~!, forn >0,

i=0

where B,, := B,(0) is the Bernoulli number.
For a prime p, let Z, be the set of rational numbers whose denominator is not divisible by p. For a € Z, and
prime number p, g, (a) is the Fermat quotient defined by

al=l —1
qp (@) :=

Let p be an odd prime and gecd (a, p) = 1. The Legendre symbol(%) is defined by

ay _ 1 if a is a quadratic residue of p,
p) | —1if ais a quadratic nonresidue of p.

If p and ¢ are distinct odd numbers, (g) (%) = (=1)P=b/12(—1)la=D/Z
In [17], Wolstenholme discovered that for any prime number p > 3,

Hy,-1=0 (mod pz). (D

In [11], Sun showed that for odd prime number p and k € {0, 1, ..., p — 1},

-1 2
(D} (” ) ) =1 - pH+ 5 (B = Hi2)  (mod p), @)
prlfk = Hk (mod p), (3)
and
p—1
Z sz = -2 (mod p). 4
k=1

In [4], Lehmer gave that for prime number p > 3,

[p/3]

1 1
> a3 = 203~ 34,3 (mod p). 5)
k=1

Recently, congruences on Bernoulli numbers and harmonic numbers modulo prime powers have been widely
studied [5,8,13,14].

Indeed, in [13], Sun investigated that for odd prime number p and
me{l,2,3,...,p—4},

m(m+1) Bpom

— 3
H, | n= > p—2—mp (mod p7). (6)
In [14], Sun obtained that for any prime number p > 3,
H : (2)5 L) (mod p) %
=—(= | = mo ,
[p/31,2 2 \3 p—2 3 p

and in [12], Sun and Zhao established some congruences involving harmonic numbers. For example, for any
prime number p > 3,

2

0| W

B,_3 (mod p) and Z
k=1

k2n " =0 (mod P,

-
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where n is a positive integer with p — 1 1 6n.
In [16], Wang and Yang obtained a series of modulo p? congruences involving harmonic numbers. For example,
for any prime number p > 3,

p—1 p—1
79 4 27 1
KH= " p— — d p?), kH} ="—p—-pB, 3 -3 d p?).
]; F=7108" "5 (mo p); k=3P gPBrs (mod p~)

Recently, there are some works involving the generalization of Morley’s congruence[10]. Some congruences
related to the Fermat quotients and the binomial coefficients can be showed in literature[2,6-9].
In [15], Cai and Granville obtained that for any prime number p > 5,

p—1 —1 a
Z (_1)(!1—1)/( <p k ) = 2a(p—l) (mOd p3)’
k=0

and in [1], Pan showed that for any prime number p > 3,

p—1 a

. -1 _y, ala=1)(Ba—4)
> (—1e (p L ) =200 —————p’By5 (mod p?),
k=0

where a is a positive integer. In [6], MeStrovi¢ proved that for any prime number p > 3,

p—1 -1
—1 7
Z <p ) =2-r_ —pSB‘,,_3 (mod p*).
pr k 24

In [9], Mestrovi¢ proved new congruences involving binomial coefficients

p—1
1 —1
> (") emea s
k=r (mod 2)

where r € {0, 1}. For example, for r = 1, the author gave the following congruence

p—1 k
—1 —1
3 (T)<” ) =g, (mod p?).

k
k=1 (mod 2)

In this paper, motivated by the above works, we establish various congruences involving harmonic numbers
modulo prime number p, ie.,

[p/3] [p/31-1 His
H? d d ! d p),
; 3k (mod p) an ; Y (mod p)

where r € {1, 2, 3}. Also, we give the generalization of Mestrovi¢’s congruence, ie.,

p—1 k p—1 k —1
—1 —1 —1 -1
Z ( k) (p K ) (mod pz) and Z ( k) (p r ) (mod pz),

k=r (mod 3) k=r (mod 3)

where r € {1, 2, 3} and prime number p > 5.
In [3], Abel’s partial summation formula asserts that every pair of families (ax)j_; and (by)j_,; of complex
numbers verifies the identity

n n—1 k n
Doabi =) | —ar) | D b | [ +an | D bi]- ®)
k=1 k=1 j=1 j=1
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2 Some Congruences

In this section, we will consider main theorems including congruences with harmonic numbers. Throughout this
section, we take § = % ((£) — 1) . Firstly, we need some lemmas for future use:

Lemma 1 Let p > 3 be prime number. Then

. 3 3 2 P /P 1 2
Hipm = =30, + 00,3 = 2 (5) Bo2 (5)  (mod p2). ©)
Proof Consider that
[p/3] [p/3] (p/3] [p/3] [p/3]
1 p+3k 1 p + 3k 1 1 2
S e A L e i et

From congruences (5) and (7), we obtain

1 _ P (P 1 1 P 2 2
—3 Hipm = 15 (3)Bp2(3) + 34,3 = 453 (mod pP),
as claimed. O

Lemma 2 Let p be odd prime number. Then

[p/3]-1

1 1
Z ETeT =5+ s (1-8) B, <§> (mod p), (10)
k=0
PEIEE 1 1
Giap =g @+ By <§> (mod p). (11)
k=0

Proof For p =1 (mod 3), use the congruence (7) to get

(p—4)/3 1 (p—4)/3 1

S st L oo

— Gk+1)? = (p—3-3k7°
1 (p—4)/3 1 1 (p—1)/3 1 1 1

= — = — — = —B 2(—) (mod p)
2 2 p
9 P (k+1) 9 P k 18 3
Also, from the above congruence, we can write

p—1 1 (p—4)/3 1 (p—4)/3 1 (p—4)/3 1

k2 Z (3k+1)2+ Z (3k+2)2+ Z (3k + 3)?

k=0 k=0 k=0 k=0
L, (1 +(”£/3 LT (Y mod )
=_B -|= S——— - S mo .
877237 4 Grro? 18 7\3 P

Thus, by congruence (6), the desired result is given. Similarly, for p =2 (mod 3), the other congruences are
obtained. Thus, the proof is complete. O

Lemma 3 Let p be an odd prime number. Then

[p/31-1 | X ) 1 2
]; wr =AY < qp(3) — q,,(S)) -4 (1 +p = 1gBr2 (§>> (mod p%), (12
and
[p/31-1 1 » : . b 2
];O M2 (14+9) EBp—z (§> -4 (5‘]p(3) - qu(3)) (mod p~). (13)
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Proof We will give the proof of (12). Firstly, for p =1 (mod 3), we have

(p—4/3 1 (p—fiﬂ 1 (p—X43/3 p+3k+3
3+l 3k —3 23 132
= 3k+1 o 3k—3 i PT— 3k + 3)
(p—4)/3 1 (p—4/3
2
=-—p Z — - ———  (mod p).
= Bk +3) = 3k+3
With the help of the congruences (7) and (9), we get
(p—4)/3 1 (p—4/3 1 (p—4/3 1
——=—p — - -
= 3k+1 = Bk + 3) Pt 3k+3

(r—=1/3 (p=1/3

__P LI 1
9 ;1# 3;k

1]

|
=1
=

b
7N
W | =
N—

|
W[ =

|
S
S}

)

1 3 3,
- (3) —59 G+ qup(3))
1 1 )
= qp(3) pq,,(3) (mod p<).

Also, for p =2 (mod 3), we write

(P—XSE/3 1 B (p—223/3 1 (P—225/3 P43k 41
= 3k+1 = r 3k—1 o pP—Gk+1D)
(r=2)/3 1 (p—2)/3 |
= _ Z -
g = Gk+ 1 A 3kt
(p—5)/3 (p—5)/3
1 1 1 1
=— -1+ - —_— =14 —
P = Gk+1)? (p— 12 k; 3k +1 p—1
(p—5)/3 1 P (p—5)/3 1 1
=— - — 41— —
P ,; Bk +1)? AT ,; 3k + 1 p—1
(p—5)/3 1 (p—5)/3
=p+2—-p Z —_— ——  (mod pz),
i—o Gk+1D = 3k+1
and with some necessary arrangements, we use the congruence (10) to obtain
(p=5)/3 (p—5)/3 » 1
2 ——=p+2-p Z ——— =2+4+2p—Bp (—) (mod p?).
= 3k+1 = Gk+1D 9 3
Thus, the proof is complete. Thus, the proof of (13) is similar to the proof of (12). O
Proposition 1 For positive integers n and m, we have
n—l
H = ! ! H 2 ! H 14
Z 3km——2m—3 3nm—1+ oo Hym + n+ 3 ) Hanm. (14)
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1096 L. Elkhiri et al.

Proof By Abel’s sum, by taking ay = H3k ,, and by = 1 in (8), we can write

n n—1
Z Hypm = — Z k + £ + £ +nHs
" Z\Gk+3)™  Gk+2)" T Gk + D" nm

1 ”XE * . %k 3k ol
— n
3 Gk+3)" " Gk+2)" ' Gk+ D" 3n,m

1 1
__Z<(3k+3)’" LT @3k 4 2)m-1 + (3k+1)'"—1)

+ni SERE S
((3k+3)’” Gk+2)" " Bk + 1)"

) + nH3n,m

lnl ln—l

=—§ka_1+§];(3k+3)m+ (3k+2)’"

k=1
_” 1( 1 1 1
Z Gk+3" T Gkr2" T Gkt D"

) + nH3n,m

n—1

1 | 2 | |
__§ka—1 +3m+1k§(k+1)m +§Z(3k+2)’"

k=1
+= Z_ + nHzp m,

and after necessary arrangements, equals

Y 1 1 1 2 & 2
Z km— + 2m—1 + 3m—l + 3m+l Z k_m B 3m+1
3o k=1
il 111 11
- S — (1 H
+3};(3k+2)’” ];k’" 3( +2m+3m>+” 3n,m
1 1<
= 3y 3lmmet gy e+ H*”m+§§(3k+2)’" s
1 1 2 1
=3X2n 3H3nm 1+3m+l n,m+ n+§ H3n,m
1 & 1 1
+§]§)(3k+2)”’ S 3xom’
as claimed. m]
Corollary 1 Let p be an odd prime number. Then
[p/3]
1 p 2
L Hw=5-50 40 (p2® —20,)
1 2
—5—4 (1+38)Bya(5)  (mod p?). (15)
and
[p/3] 1 1
H =—6B, »| - d p). 16
’; 32 = 1g0Bp—2 <3> (mod p) (16)
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Proof By taking n = [p/3] and m = 1 in (14), we can write

[p/3] ) 1 1 [p/31-1 1
Y Hyo=—I[p/31+ s Hypm + [p/31+ 5 | Hspsi + 3 Y =
ot/ 3) PRI 3k 42
k=1 k=0
For p =1 (mod 3), upon using the congruences (1), (9) and (13), we obtain
<p21§/3 H rp (N -Ll,e + a3+ 1 B :
3= To77r2\3) T3 3
p—1 1 5
=TTz 6]p(3) + (3) B, » 3 (mod p°).
Also, for p =2 (mod 3), upon using the congruences (1), (9) and (13), we obtain
(p—2)/3 1 1
Z Hy = ——— — qp(3>+ q,,<3)+ B, 2(3) (mod p?).
Thus, the proof of (15) is complete. Similarly, the proof of the other congruence is obtained. O
Lemma 4 For all integer number n, we have
(/3] n nmw
3 (-1 =2 % 302/2 ¢og (—) . (17
3k 6
k=0
Proof From Binomial theorem, it is known that
n n n .
> D (k> (14754 2)=a=p+(1=72), j=emr, (1)
k=0
and since
3, if k=3m
14+ jk+*=10, ifk=3m+1,
0, ifk=3m+2
it follows

[n/3]

é(—l)" (Z) (1 +J +12") =3 Z (—DF (3k>

Also, we have
n
a=p"+(1-7%)
_ (1 _ ezm'/3)" n (1 _ 84711'/3)” _ 3n/2 (e—nm'/6 i emri/6> — 2 % 32 cos (E) _
6
From equality of the two sides of sum in (18), the result is given. O

Theorem 2 For prime number p > 5, we have

P73 2 4x30V2 (p— D

H? = —= CcoSs
Z 3k 3 p? 6

+Q2+8) 1q<3> = lq2<3>—i(3)3 2(3)) meap. a9
’ Tl 54\3/)7P77\3 '

@ Springer
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Proof Using the congruence (2) to get

[p/31 p—1 [p/3] »?
Z (—l)k ( % ) = Z (1 — pH3, + > <H32k — H3k,2))
k=0

k=0
[p/3] [p/3] 2 [p/3] 2 [p/3]
Zl—PZH3k+—ZH3k ZH3k2 (mod p?),
k=0
and hence
[p/3] ) [p/3 [p/3] p/3 [p/3]
SUCEEED DS (RIED 3EE:D SUARS S LT
k=0 k=0 k=0

For p =1 (mod 3), with the help of the relation (17), the congruences (15) and (16), it follows

(p—1)/3

1 (p—Dmx 4 2p
_ (p—3)/2
E H3k—_—2<4x3” COST_§__q1’(3)
2 1 2(3) _ 1 1 (mod p)
-4 mo .
373 78213 P
Similarly, for p =2 (mod 3), the result is obtained. Hence the proof is complete. O

Theorem 3 For prime number p > 7, we have

[p/3]-1

3 Hyepn _ -1-25) ( (D)2 o P T 1)7r>
L 31 p 6

+%Bp—2(1>+(1+5)<qp;3) ! 2(3)) (mod p), (20)
[p/3]-1

H 8 -1
Z k2 _ - (1 — 2 x 30P=D/2 o5 u)
~ 3k+2 ) 6

! I 3 1
— B2 (3) _5 (‘]g—;) - qu,@)) (mod p), @1

and
[p/31-1

MX: H3i43
= 3k+3

L+ ie®m+ -5 s @D (d ) 22)

=—— - — . — cos mo .

p?2pt gt p? 6 3

Proof For p =1 (mod 3), exchanging sums and using the congruences (1) and (3), we have

(p§/3 Hzj 1y

= 3k+1

(p§/3 Hp_4-3c (p§/3 Hp—1-3(k+1)

= p—4-—3k = p—1-=3(k+1)

) (pi/a Hyos (,,_225/3 Hy (,,_255/3 Hy  Hyo
— 143G+ 3kt — 3k+1 p—1

(p=5)/3

(p—3)/3
H3jy 1 r 1

-3 Y
=0 3k +1 = Bk +1)

+1 (mod p),
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which gives

(p—5)/3 H3k+1 (p—35)/3
kL ——  (mod p),
kX:(:) 3k+1 g (14 3k)? (mod p)

and by the congruence (10), this last congruence becomes

(p=5)/3

For p =2 (mod 3), we have

(p—5)/3 (p=5)/3 (p=5)/3

Z H3 + Z Hjjpr + Z H3k+2—ZHk‘

Then,
p—3 (p—5)/3 (p=5)/3 L \2 o9 1 L \2
H? = H? Hy + —— H —
kZO ‘ Z W Z (3k+3k+1>+ kZO (*"+3k+1+3k+2>
(p=3)/3 P95 <p—5)/3
4H3j 41 2 1 )
=3 H? +2 - -
Z 3k Z 3k+2 ; <3k+1 Gk+ 12 Bk+2)?

and from here,

P 1 5 )3 P 4 <p—s>/3 !
—— — H -
X_: 3k +2 22 Z: 3k 3k+1 1;) Bk + 1)2
1 (p—5)/3 1

—.
2 = Gk+2)
Using the congruences (4), (10) and (11), we have

Uy | 30 (p,% B 5 1 |
= H i I A d p).
]; 3k +2 Z 3~ ;;o %41 2 120 2(3) (mod p)

From the congruences (19) and (20), we prove the result.

p—2
For p =2 (mod 3), with the help of congruence % =0 (mod p), we get
k=1

(p—5)/3 -2 (p=5)/3 (p—5)/3
pZ/ Hzjq3 _ s ﬂ _ P Hipq1 _ pZ/ Hiiq2
oy 3k+3 ik =y k1 = 3k+2
(p=5)/3 (p=5)/3

Hzj 1 Hzjqo
=_ kL kA2 d p).
2 1 2 g2 @edp

By the congruences (20) and (21), the result is given. Similarly, for p = 1 (mod 3), the proofs of the other
congruences are clearly obtained. O
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Theorem 4 For prime number p > 5, we have

= (-Dk/p—1 A(p) (mod p?), ifr=1
2 k ( ) B(p) (mod p*), ifr=2,

k=r  (mod 3) k C(p) (mod p?), ifr=3
where
p 1 1+34 p-np . (p—Dm
A =@0—-1)=B, (=) ——(1=-3P"D/ - 77,
(p) = ( )18 p2<3> ) ( cos g
p 1 8 e p-Dm
B(P)=(8+2)§B,,_2(5>+;(I—ZXS(P b/ COST ,
and

p 1 1 3p=D/2 (p—Dn
C(p=—2s+D) =B, (= )+—-+06—-1 .
(p) ( +)18 pz<3>+p+( ) p cos ——

Proof For r = 1, from congruences (1) and (2), we have
-1 [p/3]1—-1 [p/31-1
Gy ey e
k=1 “ood 3) k k = 3k+1 P 3k+1 p—1
Using the congruences (12) and (20), we get

p—1 k
=D (p—1
> ()

k=1 (mod 3)

—a+0 (Lt - L2 —s(1+p-L28, (1)) 45+ 1)
= 27r 4p P=agPr2\3 P

1 = 3(P=D/2 ;o =D g,(3) 1 1 1
_ola+s 6 p) 15 25 (X
p(( + >( N HIEZ 100 ) + 58 2(3)

p 1 146 1 (p—Dm 2
=6-1 EBP_Q <§> —T<1—3(P )/ COST (mod p~).

For r = 2, from congruences (2), (13) and (21), we have

-1
”Z (-Dr(p—1
k k
k=2 (mod 3)
3]—-1 3]—-1
[p/3] [p/3] Hiiso

1
> s L s
= 3k+2 = 3k+2
_ p 1 . 1 P2
=1 +8) 72 Bp2 (3> 5(2qp(3) 461,,(3))

5 1—2x3(1’_1)/2c0s¢+ 1 3) 1 2 3) lB 1
p 2 2,1 T gl 18°772\3

p 1 ) (p—1)/2 (p—Dm )
=0@0+2) =B, (=)+—-(1-2x3PV/ AU )
(+)18 pz(3>+p< x 3 cos z (mod p)
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For r = 3, from congruences (2), (9) and (22 ), we obtain

.
> 5 (%)

k=3 (mod 3)
[p/3]-1 [p/3]-1 [p/3] [p/3]-1
ZP/X: ;—pp/i: H3k+3_l%l_pp/ H3py3
o~ 3k+3 U4 sk+s 34k P4 kts

1 3 3 5 P (D 1
3 <—54p 3) + qup(3) s (§> By <§>>

1 1 1, 3=z (p—Dn
—p ——2—5%,(3)—{-16]],(3)4—(1—8) po cos

p 6
p 1 1 3p=b2 (p—Dn )
2_(28+1)E81)2<§>+;+((S_1) cos G (mod p~).
Thus, the desired result is obtained. O

Theorem 5 For prime number p > 5, we have

el Lk syt [P (mod b, =1
> < ) ={E(p) (modp?, ifr=2,

k=r  (mod 3) k F(p) (modp?), ifr=3
where
_ | )4 1 1 1. (p=Dm
D (p) —(5+1)<61p(3)—§qp(3)+§3p2 <§)+; <1—3p / cos ——=—1)
E(p)=5(—¢ (3)+£q2 (3)+£B Dy 1 _l 1—2x3([’_1)/zcosM ,
P 2P 18 77°\3 p 6
and

p p (P 1 1 - (p—Dm
F(p)==a, 3+ 2,3 — 12 (5) Bpa (3) - (1 — (1= 8)37" " cos T) .

-1
Proof With the help of the congruence (—1)* (p ;1) = 14+ pH; (mod p?), the proof of Theorem 5 is obtained
similar to the proof of Theorem 4. O
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