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Abstract This article provides a numerical study of two-dimensional Volterra integro-differential equations
involving fractional derivatives in the Caputo sense of order o, y (0 < o, y < 1). First, we establish a sufficient
condition for the existence and uniqueness of the solution using the Banach fixed point theorem. Due to the
limitation of finding the exact analytical solution, we derive and analyze an efficient numerical scheme to
approximate the solution. The proposed scheme uses the L1 technique to discretize the differential components,
whereas a composite trapezoidal rule is used to approximate the double integral. The convergence analysis and
error estimation are carried out. It is shown that the proposed scheme converges with an optimal convergence
rate of min{2 — o, 2 — y} for sufficiently smooth initial data. In addition, we apply the proposed difference
scheme to solve the semilinear problem. The well-known Newton’s linearization technique is used to deal with
semilinearity. Finally, a couple of numerical experiments are conducted to support our theoretical findings and
validate the proposed scheme.

Keywords 2D-Volterra integro-differential equations - Caputo derivative - L1 scheme - Composite trapezoidal
rule - Convergence analysis - Newton’s linearization
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1 Introduction

Fractional calculus is a generalization of integration and differentiation to arbitrary order. It plays a significant
role in the mathematical modeling of engineering and physical phenomena; for details one may refer to [4,
14,24] and references therein. Mathematicians and physicists have shown a great interest in fractional integral
equations (FIEs) and fractional integro-differential equations (FIDEs), which are extensively used in engineering
and scientific fields such as in glass-forming processes, nonlinear oscillation of earthquakes, tumor-immune
cell competition, epidemiology, hereditary properties of various materials, fluid-dynamic traffic model, signal
processing, etc. [8,26-28]. As a result, the development of solution techniques for FIEs/FIDEs has become an
essential area in applied mathematics. A significant amount of literature has been published to find the approximate
solutions including: Adomian decomposition and homotopy perturbation method [20], hybrid Bernstein method
[9], wavelet method [12,16], collocation method [13,23], Galerkin method [15], finite difference method [6,25].
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Robust numerical scheme for 2D fractional... 1131

In this paper, we consider the following two-dimensional fractional order Volterra integro-differential equa-
tions (2D-FVIDEs) defined on a rectangular domain 2 := (0, 1] x (0, 1]

(DY + Dy +aCx, )wx,y) +u f5 fo K&, y,r.9)wr, )drds = f(x,y)in Q,
w(0,y) =¢(y) foryel0,1], )]
w(x,0) =y¥(x) forx e (0, 1],

where the parameter u is a real constant. Assume @ : 2 — R and K(> 0) : 2 x Q — R being sufficiently
smooth functions. ¢ and v are given continuous functions in their respective domains. D¢ and D;/ indicate the
fractional partial differential operator with respect to x and y, respectively.

In recent years, the approximate analytical and numerical methods in resolving the two-dimensional FIDEs
have gained considerable importance: Ahsan et al. in [2] obtained the approximate solutions of 2D-FVIDEs using
the optimal homotopy asymptotic method. Khajehnasiri in [10], solves two-dimensional Volterra-Fredholm IDEs
using the triangular function. In [18], Mojahedfar et al. applied the Legendre wavelets method to solve a class
of 2D-FIDEs. Using operational matrices of fractional integration based on the Haar wavelets, Khajehnasiri et
al. in [11] found the numerical solution for a nonlinear 2D-FVIDEs system. Asgari and Ezzati [3] proposed 2D
Bernstein polynomials operational matrix for the approximation of 2D-FIEs. Nemati et al. [19] solved a class of
nonlinear 2D Volterra integral equations employing Legendre polynomials. In [1], Aghazadeh and Khajehnasiri
introduced an operational matrix using two-dimensional block-pulse functions to treat nonlinear 2D-FVIDE:s.
Rahimi ez al. [22] developed the operational Tau method for the Fredholm integral equations and also provided
error estimation.

Approximating the solution of 2D integro-differential equations involving fractional differentiation using
an efficient finite difference technique is yet to be discovered. The objective of this article is to establish a
difference scheme of optimal accuracy for obtaining the approximate solutions to the problem (1). The composite
trapezoidal rule approximates the double integral, and the L1 technique is used to discretize the differential part.
Additionally, the proposed scheme is extended to solve the corresponding semilinear problem. This paper is
organized as follows: Section 2 introduces a few basic definitions and the existence of a unique solution to the
considered system. The proposed scheme is derived in Sect. 3. Section 4 deals with the convergence analysis
and error estimation. Section 5 extends the proposed scheme to solve the semilinear problem. The efficiency and
applicability of the proposed scheme are validated through a couple of numerical examples in Sect. 6. Finally,
some concluding remarks are drawn in Sect. 7.

Notation: On a domain Q, C¥(Q) represents the continuously differentiable functions to k' order. The discrete
maximum norm || ¢ || = max |¢;|, and C is a positive constant.
J

2 Preliminaries

The following definitions will be useful for this work. For more details one may refer [5,21].

Definition 1 The Riemann-Liouville fractional integral of ¢(x) € C[a, b] of order & € R is defined as:

~ 1 = ~
So) = s / (x — )% g(s) ds.

I' () being Euler’s gamma function.

Definition 2 The Caputo fractional derivative of ¢(x) € C"'[a, b] of order & € R, m — 1 < & < m is defined
as:

! O 1<
~ ) — ~ds, iftm—1<o<m,
D)‘fgo(x) — J;" “(p(m)(x) ={T(m—-a) g (x — s)17m+oz

o (x), if @ =m.

Definition 3 Let m — 1 < @ < m,m € N. The Caputo partial fractional derivative of order & € R of the
function ¢ (x, y) such that 37'¢(x, y) € Cla, b], is defined by:

1 0"t y)

DEp(x, y) = 1o, ) = A Tln— @) Jy (- F- 1
ap(x, ), if @ =m,

dt, ift m—1<o <m,
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1132 B. Ghosh, J. Mohapatra

where d, denotes the partial derivative with respect to x.

Definition 4 The two parameters 8, ¢ > 0 Mittag-Leffler function is defined by:

o0 k

<
Epe@ =Y —>—, zeC
£ T(pk+0)

Definition 5 Suppose (X, d) be a complete metric space, then each contraction mapping ¢ : X — X has a
unique fixed point x in X i.e., px = x.

Fre—y@+D¢+un]+@+1)

< 1, then the model problem (1) has unique solution in
rC+alr2—y) P (1) i

Theorem 1 If
Q.

Proof Banach’s fixed point theorem is used to prove the theorem. Without any loss of generality, we assume that
a > y. Applying JZ to (1), we have

w(x,y) =¥ (wx,y) forall (x,y) €,
where
W (wx,y) =) +JEfx,y) — JX{D} wix, »)} — I ax, y) wix, )}
_ulf{ /Oy /Ox K(x,y,r,s)w(, s)drds}.

Our aim is to show that ¥ is a contraction mapping. For any wy(x, y), wa(x, y) € C(2, R), we have

| wix, y) — ¥ wax, y) |
= || 7 ae, v fwi G, ) = wa e |+ [T [DY {wi e 3) = wae, Y]]

Jf[ /Oy /Ox K(x,y,r,s) (wl(r, §) — wa(r, s)) dr ds}”

1 x o
sm f(x—t) 1|a(t,y)||w1(t,y)—w2(t’y)|dtH

+% /(x_t)a | T y)/ =97 {wl(f $) = w(t,5)}|ds] dr |

M _ pa—1
T /o(x g {/0/0

Since the kernel function K (x, y, r, s) and the coefficient a(x, y) are bounded functions, there exist real constants
n and ¢ such that |K(x, y, 7, s)| < nand |a(x, y)| < ¢. So, we get

‘(wl(r, §) — wa(r, s))‘ dr ds} dr H

r,s)

” U(wi(x,y)) — ¥ (wa(x,y)) H

= %H wix, y) — wz(x,y)” ’/x(x —t)“_ldt’

+mﬂ wi(x, ) — walx, y)(Hf (x =0 1{/0 (yf—ss)y}dr\

F( )’wl(x y) — wa(x, y)H‘/ (x =% 1 / / drds dt

_T@-pl@+DE+m]+ @+
= FrQ+a)l2—y)
|| U)l(x, }’) - wz(-xa )’)”

w1y - wz(x,wH

IA

Hence, ¥ is a contraction mapping. Since (C (), || - ||) is a Banach space, ¥ has a unique fixed point which is
the solution of the problem (1).
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3 The discretization

The model problem (1) will be discretized by the L1 scheme and a composite trapezoidal rule. Set M, M, be
natural numbers. Consider a uniform mesh x; = jh, for j = 0(1) M, with step size hy = M Iand yi =1ihy

for i = 0(1) My with step size hy = M I Denote W; be the approximation of u computed at (x;, y;) € 522

Caputo’s fractional derivative DY w(x, y) at (x;, y;) € ﬁﬁi for j = 1(1)M, and i = O(1)M, can be
expressed as follows:

j—1 Xk+1 9
_dw
Dgw(xj’}h')=mz / (xj —s) ag(&)’i)ds- ()
kzos:xk
The L1 approximation [17] of (2) is
j—1 Xk+1
Dy w(xj, yi) = a) hy 1 [w(ks1, yi) — w, yi)] / (xj — ) %ds
k=0 S=X|
j-1
= e ) [wrgr, vi) — wlxk, yi) o), A3)

—
X

re—ow)
Dj’f,lx)w(xj, vi). Similarly, the L1 approximation of D;’ w(x,y) at (xj,y;) € 5:2 fori = I(1)My and j =
0()M, is

and b, = pl=* — (I — p)!=* for p = 1(1)M,. The truncation error D = (DY —

where p, = i e

i—1

Dy wixj,yi) = py ) [wlej, yern) = wlxj, yo) ik, )
k=0
-y
where p, = F(Zy——y) and d,, = b, for p = 1(1)M,. The truncation errore (DV DX,Iy)w(xj, vi). The

integral for j = 1(1)M, and i = 1(1)M, can be written as

Yi Xj
Ixyw(x]-,yi)=/ / K(xj,yi,r,s)w(r,s)drds
0 0

Yp+1 Xk+1
_ZZ/ / Kxj,yi,r,s)w(r, s)drds.

Applying the composite trapezoidal rule, we get

]’l 11]1

M
Iy wixj, yi) = {K(x,,y,,xk Vp) WXk, ¥p)

p=0 k=0

(5)
+ K(xj, yi, Xkt1, Yp) Wka1, Yp) + K(xj, yi, Xk Yp+1) WXk, Yp+1)

+K(Xj,yi,xkﬂ,yp+1)w(xk+1,yp+1)}-
The remainder &, /) (17 - %)w(xj,y,-).Using (3) and (5), the problem (1) is transformed as
DaMX w(Xj,yi)-FDV w(xj y:)+a(x/ yl)w(xj y:)+M1 w(xj i)
= f(xj,y) +r; f0r j=1M,; i =1(1)M,, (6)

w(xo, yi) = ¢(y;) fori =0(1)M,,
w(xj, yo) = ¥ (x;) for j = 1(1)My,
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1134 B. Ghosh, J. Mohapatra

(1) @

where r] =¢&;te i+ 8(3) be the total truncation error. Neglecting r’ the transformed problem (6) reduces to
s Xizo (Wigy = Wby + iy XiZo (Wit = WH)di + aj W) + Z = x

Zip;lo j— 1[[((x],y,,xk yp)Wk +K(xj,y,,xk+1,yp)Wk+l + K(xj, yi, X, yp+1)Wk
+K(xj,yi,xk+1,yp+1)Wk+1 } = f,’- for j = L(HM,; i = 1(1)M,,
Wi = ¢ (i) fori =0(1)My,

=Y (xj) for j = 1(1)My,

(N

where a’. = a(x 7> ¥i), a similar notation is used for f(x, y). It is possible to express the solution to the above
scheme 1n the explicit form as:

2
R R . hoh . ! . .
{b1 +d +a + - Z yK(Xj,yi,xj’yi)}WJl' = fj +b1Wl 1+ (Wi = Weg)bj—x
k=0
-2 1j-2
awi! 5 — W, “hh 5 K W/
+di +Z )di—k — ZZ (Xjs i Xkt15 Yp+1) k+1
k=0 p=0 k=0 (8)
i—2 i—1 j—1
1 Mh hy
+2K<xj,yl-,xj,yp+1>W;’+} ZZ[K(x],yl,xk Y)W
p=0 p=0 k=0

1 . .
+ K, v X Y)Wy + K v, 5t yps DWST } for j = 1(1)M,; i = 1(1)My,

. byh® dyhy”
where b, = ﬁ for p = 1(1) M, andd m forg = 1(1)M,.

4 Error analysis

This section provides the convergence analysis and the order of accuracy of the proposed scheme (7).

Lemma2 Ifw(x,y) € C2(Q) be the solution of (1), then

|8i(,1j)| < Ch>™ for j =1()M,; i =0(1)M,,
|5§3)| <ChY fori=1()M,; j =O0(1)M,.

Proof We have |e,(1/)| = [(D¥ — Dy ) w(xj, 9|

j—1 Xk41 o row w(xk+1, ) — w(xg, -)
’F(l—a)z,/x Xj—) [a—S(S, D) — I ]ds'

k=0 "k
7 x4y 1
T N R
ra-w &/, — 5"
2
From [17], we get Z] ! x"“ Mds < 242~ Therefore, |¢V| < Ch?~* . Following
1"(1 (x; —s8) u L] .
J
the similar procedure, one can easily proof |s§i?| < Chify. Hence completes the proof. O

Lemma 3 Suppose w(x, y) € C>(Q), then the remainder of the trapezoidal formula (5) satisfies

e < Ch2 +h2) for j = 1My i = 1(1)M,.
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Proof Using the Taylor series expansion, we have

5] = |(1y 1M>‘)w(xj,yi)|

-1 Yp+1 Xk+1 1
2/ f [ = 3 )7 U G ) + 5 = 3 D Vs )
=0YVp

20 = X DS = ¥y ) s (57, T) Jdr ds .

for some xx < &, 0y T < Xkt1, Yp < o7y Ts < Ypt1, Where Y (x, y) = K(xj, yi, x, Y)w(x, y) € CX(Q),
since K is smooth function and w € C?(€2). Hence, there is a real constant L such that the second order partial
derivatives and mixed derivative of 1 are bounded in absolute value by L and x, = %(xk + Xk+1), Y bl =

%(yp + yp+1). With the help of triangle inequality, get

i—1 j—1

Yp+1 Xk+1 ]
6771 = ZZ/ [ 51 =m0 €]+ 5 = 3, 2 s )
Xk

p=0 k=0

20 = 5 D6 = ¥, ) [ (5, 1) dr ds

i—1 j—1

Yp+1
< —ZZ[@M —y,»/ (r = )2 dr + (i —xk)/ (s =y, 1) ds
p=0k=0 Yp
Yp+1 Xk+1
+2/ f (r—xk+1)(s—yp+1)drdsi|
Yp Xk 2 2
L i—1j—1 [ 3 3
6 0 k=0 4 4

L
< ﬂ(hyhi + heh) MMy < C(h% + h3),
which is our desired bound. m]

Lemma 4 For any mesh function {Wj".}‘l}/[;0 with Wé = 0, we have

Wil < max JETCZO pe il g aym
VT k=12 by Mk J a
Proof Suppose maxy=1.,...,; |W,§| = |W,"n| for some m € {1,2, ..., j}. Since Wé = 0, by using (3) without
remainder term, we get
h m—1
DS, (Wi | =—* | |W! |- b — b
1.1 Wi F(2_a)[| ] ;(k k1) W, '}
Now, b1 = 1 and by > by for all k > 1 implies that
h_a m—1 ' h_a
DY W’ _— W’ - by —b w! —* b
Wl 2 53 )[| | kzl( k — b1 | ,,,|] 2 ra =W -
. h*rQ2— .
Therefore, W/ | < % DS, Wi O
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1136 B. Ghosh, J. Mohapatra

Denote the absolute error es =w(xj, y) — Wj’: at (x;, y;) for j = 1(1)My; i = 1(1)M,. Using (1) and (6),
yields the error equation

D“ e +Dy e +a e +/LI e —rj for j = 1()My; i = 1(1)M,,
8_o forl'_O(l)Mv ©)
=0 for j =1(1)M,.

Theorem S The solution of (9) satisfies the following stability results

IEW) < CIRV,
where E® = (66, e‘i, e, eij)T and RV = (r(i), r{, cee, rliwx)T.
Proof Multiplying (9) by ez., then using (3), one can reach at

i—1 j—1

ZZ{K(x, Vi Xk, yp) lep lleh| + K (xj, yis xiqr. vp) lelleh|
p=0 k=0

20e 2 + ¢lef +“”

p+1,, i p+1,, i
+ K yi Xk ypa) lef T leh ]+ K (g yin it ypsn) leby ||e’,-|}

j—1

< File 4+ Y (b — brgr) | ]klle|+Z —di1) I F et .
k=1

Since K (x, y, r,s) > 0, we have

j—1 i—1
- . o L
206517 < IFE 4+ Y (b — brsr) ef gl lefl+ D (di — dita) lef 1 1€] 1.
k=1 k=1

Dividing both sides by |e§.|, we get D%[X|ej.| + DX,,y|e§.| < |rj|. Since by = land b, > b,y forall p > 1, we
have
(I—a)p ™ <bp <(I—a)(p—1)~* for p>2.

Using Lemma 4, we obtain
e T2 — : T2 -

|e | < max MV}U + max Mvﬂ

k=1(1)j by k=1(1yi dy J
<[hgr(2—a) h;‘F(2—y)]

A—a)M* (1 —y)My”

max {|r,f|} < C max max {|r,f|},
k= l(l)jp 1(1)i k=1(1)j p=1(1)i

where the constant C is independent of step sizes Ay, hy. This proves the theorem. O

Theorem 6 If w(x;, y;) be the true solution and W; be the approximate solution of the problem (1), then we
have '

i 2—a 2—-y
0<n/13>}<w 0213)( lw(xj, yi) — Wj|§C(hx +hy 7).
Proof Lemma 2 and Lemma 3 show that
j 1 2 3 - 2—
Iril < |sl.(,j)| + |sl.()]?| + Isl.(‘j)| < C(h¥ +hy " +h2 + h3).
Using Theorem 5, we obtain
IED) < CIRD| < C(h2™ + 1y +h2 +h2) < C(h + 13 7).

This proves the theorem. O

Remark 1 The order of convergence of the proposed scheme is min{2 — o, 2 — y}.
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5 Semilinear equation

Consider the following two-dimensional semilinear fractional order Volterra integro-differential equation (2D-
SFVIDE):

DYw(x,y) + DYw(x, y) +ax, Ywx,y) +u f§ [ K&, y, r.s)w(r, s)drds
=g(x,y,w) in L,

w(0,y) =¢(y) forye[0,1],

w(x,0) =¥ (x) forx e (0, 1],

(10)

where g : 2 x R — Ris a Lipschitz function. Using the Newton linearization technique the semilinear problem
(10) is transform to an approximate linearized problem. Let, w® = w @ (x, y) be the initial guess. Then, for
any k > 0, g(x, y, w® (x, y)) can expand with respect to w*=D(x, y)) as the following infinite series

g, y, w® v & glx, v, w P, 1) + [w® (x, y) — w D, ) ]Bwg e,y wE VG, y) 4+ (1D

Substituting (11) in (10), we get the following linearized FVIDE

y X
D?w<k><x,y)+D,tw(’”(x,y)+A<x,y)w“‘><x,y)+u/ / K(x,y,r,9)w®(r, s)drds = G(x, ), (12)
0 0

where
Ax,y) = a(x, y) — dwg(x, y, w* D(x, y)),
Gx,y) =g, y, w* P, y) — w®Vx, g, y, w*Vix, y)).

Therefore, the linearized problem corresponding to the linear problem (10) becomes

DY w® (x, y) + DY w® (x, y) + Ax, ) w®(x,y)
o f) K,y ) w®(rs)drds = Gx, y) in @,
w®(0, y) =¢(y) fory €0, 1],

w® (x,0) = y(x) forx € (0, 1].

13)

The stopping criterion for the successive iteration is

max |w® ) —u® P,y < TOL.

y
(X, yi)ER)

6 Numerical experiments

The following two numerical examples demonstrate the applicability of the proposed scheme. Evaluate the
maximum error as:
M, .
Y. Y= max max |w(x;i,y)— Wi
Me ™ 0<j<M, 0<i<M, [wesj ) = W

The order of convergence as:

My,
M 2
QMi = 10g2 2]1/)[(, .
' Zom,

Example 1 Consider the test problem:

D¥w(x,y)+ D} w(x,y) + e w(x,y) — [§ [o+ ) w(r,s)drds = f(x,y),
for (x,y) € (0, 1] x (0, 1],

w(,y) =0 fory € [0, 1],

w(x,0) =0 forx € (0, 1].
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Fig.
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Algorithm 1 Algorithm for the proposed scheme
1. Seta,y, My, M,.

2. Construct uniform mesh for  as {x; = j/Mx}?i‘O and {y; = i/My}?i‘b.
3. Compute by, for p=1,2,..., My andd, forp=1,2,..., M,.
4. Repeat the following steps foreach j =1,2,...,Myandi =1,2,..., M,
1. Construct algebraic equation (8) for W; substituting (3), (4) and (5) in (1).

II. Solve implicit form (8) for the approximate solution W]’

Table 1 EA[ZX‘ and QZ: with y = 0.5 for Example 1

a/(My = My) 8 16 32 64 128 256

0.1 8.466E-03 3.150E-03 1.150E-03 4.149E-04 1.486E-04 5.300E-05
1.426 1.454 1.471 1.481 1.487

0.3 9.187E-03 3.384E-03 1.224E-03 4.381E-04 1.558E-04 5.515E-05
1.441 1.467 1.482 1.492 1.498

0.5 1.146E-02 4.262E-03 1.558E-03 5.629E-04 2.020E-04 7.214E-05
1.427 1.452 1.468 1.479 1.486

0.7 1.747E-02 6.963E-03 2.744E-03 1.076E-03 4.211E-04 1.649E-04
1.327 1.343 1.351 1.353 1.353

0.9 3.181E-02 1.445E-02 6.546E-03 2.969E-03 1.352E-03 6.178E-04
1.138 1.143 1.140 1.135 1.130

Table 2 EAA,/II: and QAA,/II; with @ = 0.5 for Example 1

af/(My = My) 8 16 32 64 128 256

0.2 5.430E-03 1.900E-03 6.606E-04 2.290E-04 7.935E-05 2.751E-05
1.515 1.524 1.528 1.529 1.528

0.4 8.480E-03 3.035E-03 1.069E-03 3.733E-04 1.295E-04 4.476E-05
1.483 1.505 1.519 1.527 1.533

0.5 1.146E-02 4.262E-03 1.558E-03 5.629E-04 2.020E-04 7.214E-05
1.427 1.452 1.468 1.479 1.485

0.6 1.605E-02 6.297E-03 2.427E-03 9.252E-04 3.506E-04 1.323E-04
1.350 1.376 1.391 1.400 1.405

0.8 3.325E-02 1.486E-02 6.532E-03 2.848E-03 1.236E-03 5.359E-04
1.162 1.186 1.198 1.204 1.206

Table 3 Comparison between exact and approximate solution with o« = 0.2 and y = 0.7 for Example 1

(x,y)/(My = M,) Exact 16 32 64 128 256

(0.25,0.25) 0.00028 0.00032 0.00030 0.00029 0.00028 0.00028
(0.50, 0.50) 0.01675 0.01753 0.01708 0.01689 0.01680 0.01677
(0.75, 0.75) 0.18317 0.18677 0.18469 0.18380 0.18343 0.18328
(0.94,0.94) 0.68333 0.69068 0.68640 0.68459 0.68385 0.68354
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y Y X y oo X

(a) Exact (b) Numerical

Fig. 4 Solution witha = 0.2, y = 0.8 and M, = M, = 32 for Example 2

The exact solution is w(x, y) = x>T*y3*7 for suitable choice of the source function f(x, y). Figure 1 displays
the exact solution and numerical solution with« = 0.3, y = 0.2 for Example 1. Figure 2 shows the comparisons
between exact and approximate solutions for different values of « and y. The log-log plot in Figure 3 of the

computational error shows that the rate of convergence of the proposed scheme is sharp. Tables 1 and 2 depicted
My y

%), and QZX with fixed y and fixed «, respectively for Example 1. From this data, it is evident that the

approximate solution converges to the exact solution (See Table 3).

Example 2 Consider the following model:

D w(x,y) + DJy/ wx,y)+ (I —xy)w(x,y) + foy f(;c(xs + yr)yw(r,s)drds = g(x, y, w)
for (x,y) € (0, 1] x (0, 1],

w(0,y) =¢” fory €[0,1],

w(x,0) =e* for x € (0, 1],

where the semilinear term g (x, y, w(x, y)) is given by

glx,y,w) = + f(x, p).

1+ w?
We choose g(x, y), so that the exact solution is w(x, y) = e**Y. Figure 4 shows the exact and approximate
solutions with « = 0.2, ¥ = 0.8 for Example 2. Figure 5 displays the comparisons between exact and approx-
imate solutions for different values of x and y with @ = 0.9, y = 0.1. The log-log plot is given in Fig. 6. The
maximum error and convergence rate are displayed in Tables 4 and 5 with fixed y and fixed «, respectively,
illustrating that the convergence rate is sharp.

7 Conclusion

In this work, an efficient finite difference scheme is developed and analyze to solve the two-dimensional frac-
tional Volterra integro-differential equations. The classical L1 technique is employed to discretize the Caputo
fractional derivatives and the double integral is approximated with the help of the composite trapezoidal rule.
The convergence analysis and the error estimation ensure that the proposed scheme achieves a min{2 — o, 2 — y}
order of accuracy. In addition, we extend the proposed scheme to solve the corresponding semilinear problem.
The results of the theoretical and numerical experiments confirm the efficiency and applicability of the proposed
scheme. Tables and graphs show that the proposed scheme converges uniformly.
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Fig.

Errors

—&— Exact (y=0.25)

7+ | * Approximate

—o—Exact (y=0.75)
O Approximate

—A—Exact (y=1)

x  Approximate

—&— Exact (x=0.25)
“* Approximate
—o—Exact (x=0.75)

O Approximate
—A—Exact (x=1)
x  Approximate

il O(M'(z'”/))
+Error (a=0.2)
== O(M'(z'“))

== Error (a=0.8)

108 F

(b)

=0.9, y =0.1, and M, = M, = 32 for Example 2

== o(M'(Z-ﬂ))

107 | |mfemError (v = 0.1)

== O(M'(z'”’))

“Je=Error (y=0.9)

10° 10 10!
M M
(a) y=10.5 (b) a =0.5
Fig. 6 Log-log plots of 211;14: for Example 2
M, My
Table 4 EMX and o M, with y = 0.5 for Example 2
a/(My = My) 8 16 2 64 128 256
0.2 3.598E-02 1.446E-02 5.496E-03 2.027E-03 7.343E-04 2.633E-04
1.315 1.396 1.439 1.465 1.480
0.4 5.223E-02 2.028E-02 7.547E-03 2.741E-03 9.805E-04 3.479E-04
1.365 1.426 1.461 1.483 1.495
0.5 6.571E-02 2.571E-02 9.692E-03 3.575E-03 1.300E-03 4.657E-04
1.354 1.408 1.439 1.459 1.481
0.6 8.455E-02 3.392E-02 1.319E-02 5.039E-03 1.905E-03 7.174E-04
1.318 1.363 1.388 1.403 1.409
0.8 1.462E-01 6.408E-02 2.765E-02 1.185E-02 5.068E-03 2.164E-03
1.190 1.213 1.222 1.226 1.228
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Table 5 Z‘[Igj and Q?W/Ii with « = 0.5 for Example 2

af/(My = My) 8 16 32 64 128 256

0.1 3.135E-02 1.303E-02 5.063E-03 1.898E-03 6.964E-04 2.497E-04
1.266 1.364 1.416 1.446 1.480

0.3 4.267E-02 1.673E-02 6.255E-03 2.277E-03 8.156E-04 2.878E-04
1.351 1.420 1.458 1.481 1.503

0.5 6.571E-02 2.571E-02 9.692E-03 3.575E-03 1.300E-03 4.651E-04
1.354 1.408 1.439 1.459 1.483

0.7 1.106E-01 4.613E-02 1.880E-02 7.566E-03 3.026E-03 1.204E-03
1.261 1.295 1313 1.322 1.329

0.9 1.946E-01 9.013E-02 4.142E-02 1.900E-02 8.729E-03 4.002E-03
1.110 1.122 1.124 1.122 1.125
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