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Abstract In this paper, based on the block positive-semidefinite splitting (BPS) preconditioner studied recently
and the relaxation technique, a generalized relaxed BPS (GRBPS) preconditioner is proposed for generalized
saddle point linear system. Spectral properties of the GRBPS preconditioned matrix are analyzed in details.
Theoretical results show that the eigenvalues of the preconditioned matrix are clustered at only two points when
the iteration parameters are close to zero. Finally, a numerical example is provided to verify the efficiency of the
GRBPS preconditioner.

Keywords Generalized saddle point linear system · Preconditioning · Matrix splitting · Spectral properties ·
Krylov subspace method

Mathematics Subject Classification 65F08 · 65F10 · 65F50

1 Introduction

We consider the following large sparse generalized saddle point linear system:

A u =
(

A B∗
−B C

)(
x
y

)
=
(

f
g

)
≡ b, (1.1)

where A ∈ C
n×n is a positive-definite matrix (i.e. its Hermitian part H = 1

2 (A + A∗) is positive-definite),
B ∈ C

m×n (m ≤ n) with rank rB ≤ m, C ∈ C
m×m is a Hermitian positive-semidefinite matrix and satisfies

N (B∗) ∩ N (C) = {0}, and x, f ∈ C
n , y, g ∈ C

m . Here, (·)∗ represents the conjugate transpose of the
corresponding vector or matrix, N (·) denotes the null space of the corresponding matrix. These assumptions
guarantee the existence and uniqueness of the solution of the system of linear equation (1.1) [4,5]. Linear system
(1.1) has plentiful backgrounds in many scientific computing and engineering applications, such as piezoelectric
structure computation [7,17,18], the constrained optimization problems [24], the nonlinear image restoration
problem [3], computational fluid dynamics [20] and so on.

Many efficient iteration methods have been studied to solve the generalized saddle point linear system (1.1).
To accelerate the convergence rates of these iteration methods, a lot of preconditioners have been constructed
based on the special structure of the generalized saddle point matrix. For example, Hermitian and skew-Hermitian
splitting (HSS) iteration method [1] and its variants [4,13,25,26], Uzawa-type methods [2,8,35] , the extension
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A generalized relaxed block... 1145

of the positive-definite and skew-Hermitian splitting method [27] and the like. It is noticed that, the relaxed
preconditioner firstly studied in [6] have attracted considerable attention in the solution method for saddle point
problems, especially for improving the convergence of the GMRES method. Then this idea was extended to
relaxed HSS preconditioner [10,13,25] and the relaxed DPSS preconditioner [11,28,31,32]. For the relaxed
positive-semidefinite and skew-Hermitian splitting preconditioner, one can see [14,15,33].

Applying positive-semidefinite splitting ideology, Cao [16] gave the following splitting

A =
(

A 0
0 0

)
+
(

0 B∗
−B C

)
= P1 + P2. (1.2)

It is a fact that both P1 and P2 are positive-semidefinite matrices by assumptions. Next, similar to the HSS
iteration method, Cao established the block positive-semidefinite splitting (BPS) iteration method which is
unconditionally convergent and presented the BPS preconditioner as follows:

MB P S = 1

2α
(α I + P1)(α I + P2) = 1

2α

(
α I + A 0
0 α I

)(
α I B∗
−B α I + C

)
, (1.3)

where α is a real positive constant and I denotes the identity matrix with proper size. Finally, he showed the fact
that all eigenvalues of the BPS preconditioned matrix are clustered at only two points as the iteration parameter
α is close to zero by theoretical analysis.

In this paper, based on the BPS preconditioner, we propose a generalized relaxed BPS (GRBPS) precondi-
tioner for generalized saddle point linear system. It is the fact that the GRBPS preconditioner can greatly improve
the computing efficiency. Besides, theoretical analysis shows that the GRBPS preconditioned matrix also has
clustered eigenvalue distribution when the two parameters are closed to zero.

The remainder of this paper is organized as follows. In Section 2, we propose the GRBPS preconditioner on
the basis of the BPS preconditioner. In Section 3, we analyze the spectral properties of the GRBPS preconditioned
matrix. A strategy for selecting the quasi-optimal parameter of the GRBPS preconditioner is discussed in Section
4. Section 5 is devoted to giving a numerical example that arise from the Navier-Stokes equation to illustrate the
effectiveness of the proposed preconditioner, and we briefly state our conclusions in Section 6.

2 Generalized relaxed block positive-semidefinite splitting preconditioner

In this section, we establish a preconditioner for the Krylov subspace methods. First of all, let us recall the block
positive-semidefinite splitting (BPS) preconditioner (1.3). When the BPS splitting matrix MB P S is served as a
preconditioner, the pre-factor has no effect on the preconditioned system. For convenience, we replace it by the
following preconditioner:

M̂B P S = 1

α

(
α I + A 0
0 α I

)(
α I B∗
−B α I + C

)
=
(

α I + A B∗ + 1
α

AB∗
−B α I + C

)
,

and the difference between the preconditioner M̂B P S and the generalized saddle point matrix A is

ˆNB P S = M̂B P S − A =
(

α I 1
α

AB∗
0 α I

)
.

It is observed from ˆNB P S that the diagonal blocks tends to zero matrices as the parameter α tends to zero, while
the (1,2)-block goes to infinity. Therefore, we must choose an appropriate parameter α to balance the diagonal
and the off-diagonal parts.

We hope that the preconditioner and the coefficient matrix A should be as close as possible so that the eigen-
value distribution of the preconditioned matrix is more clustered. From this point of view, the BPS preconditioner
MB P S may not be a good approximation to the generalized saddle point matrix. Inspired by the relaxed matrix
splitting technique, in order to get a better approximation to the generalized saddle point matrix A , it produces
the following relaxed BPS (RBPS) preconditioner

MR B P S = 1

α

(
A 0
0 α I

)(
α I B∗
−B α I + C

)
=
(

A 1
α

AB∗
−B α I + C

)
. (2.1)
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Next, in order to further improve the performance of the RBPS preconditioner, we propose a generalized
RBPS (GRBPS) preconditioner:

MG R B P S = 1

α

(
A 0
0 α I

)(
α I B∗
−B β I + C

)
=
(

A 1
α

AB∗
−B β I + C

)
. (2.2)

Based on the matrix (2.2), it follows that

NG R B P S = MG R B P S − A =
(

0 1
α

AB∗ − B∗
0 β I

)
. (2.3)

It is obvious that the preconditioner MG R B P S is more closer to saddle point matrix A than the preconditioner
MR B P S as parameter α is constant and β → 0.

In practical implementation of the MG R B P S within Krylov subspace acceleration, we need to solve the
residual equation

MG R B P Sz = 1

α

(
A 0
0 α I

)(
α I B∗
−B β I + C

)
z = r.

By using of the matrix factorization:

(
α I B∗
−B β I + C

)
=
(

I 0
− 1

α
B I

)(
α I 0
0 β I + C + 1

α
B B∗

)(
I 1

α
B∗

0 I

)
.

Then we have the following algorithmic implementation of the GRBPS preconditioner (2.2):

Algorithm 1 (The GRBPS preconditioning): Solution of MG R B P Sz = r , where r = (r1; r2) and z = (z1; z2)

are given residual vector and the current vector, respectively; and r1, z1 ∈ C
n , r2, z2 ∈ C

m , from the following
procedures:

(1) solve t1 from At1 = r1;
(2) solve z2 from (β I + C + 1

α
B B∗)z2 = r2 + Bt1;

(3) compute z1 = t1 − 1
α

B∗z2.

In analogy with the GRBPS preconditioner, the implementation of the BPS preconditioner with a Krylov subspace
methods in [16] can be described as follow:

Algorithm 2 (The BPS preconditioning): Solution of MB P Sz = r , where r = (r1; r2) and z = (z1; z2) are
given residual vector and the current vector, respectively; and r1, z1 ∈ C

n , r2, z2 ∈ C
m , from the following

procedures:

(1) solve t1 from (α I + A)t1 = 2αr1;
(2) solve z2 from (α I + C + 1

α
B B∗)z2 = 2r2 + 1

α
Bt1;

(3) compute z1 = 1
α
(t1 − B∗z2).

From these algorithms, we see that there are two linear subsystems needed to be solved at steps (1) and (2).
Besides, we find that these algorithms almost keep the same computational cost for using the Krylov subspace
iteration methods to solve the generalized saddle point linear system (1.1). However, MG R B P S is much closer
to the coefficient matrix A than the preconditioner MB P S within the appropriate parameters. That is to say, the
GRBPS preconditioner could be having better preconditioning effect.

3 Spectral properties of preconditioned matrix M −1
G RB P SA

The spectral distribution of the preconditioned matrix relates closely to the convergence rate of Krylov subspaces
methods. Positive real spectrum or tightly clustered spectrum of the preconditioned matrix are desirable. Next,
we analyze some properties of the preconditioned matrix M −1

G R B P SA .

The spectral characteristic of M −1
G R B P SA is described as follows:
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Theorem 3.1 Assume that A ∈ C
n×n is a positive definite matrix and B ∈ C

m×n is a rectangular matrix,
C ∈ C

m×m is a Hermitian positive-semidefinite matrix satisfying N (B∗) ∩ N (C) = {0}. Let α, β be given
real positive constants and the GRBPS preconditioner be defined as in (2.2). Then the preconditioned matrix
M −1

G R B P SA has an eigenvalue 1 with algebraic multiplicity at least n, the remaining eigenvalues are the same
as those of the matrix S−1

C (C + B A−1 B∗), where SC = β I + C + 1
α

B B∗.

Proof By direct calculations, we can verify that

M −1
G R B P S = α

(
1
α

I − 1
α2 B∗S−1

C B − 1
α

B∗S−1
C

1
α

S−1
C B S−1

C

)(
A−1 0
0 1

α
I

)
, (3.1)

where SC = β I + C + 1
α

B B∗. Besides, it holds that

M −1
G R B P SA = I − M −1

G R B P SNG R B P S

with

M −1
G R B P SNG R B P S = α

(
1
α

I − 1
α2 B∗S−1

C B − 1
α

B∗S−1
C

1
α

S−1
C B S−1

C

)(
0 1

α
B∗ − A−1 B∗

0 β
α

I

)

=
(

0 −A−1 B∗ + 1
α

B∗S−1
C (C + B A−1 B∗)

0 I − S−1
C (C + B A−1 B∗)

)
.

So we obtain

M −1
G R B P SA =

(
I A−1 B∗ − 1

α
B∗S−1

C (C + B A−1 B∗)
0 S−1

C (C + B A−1 B∗)

)
. (3.2)

It is obvious form (3.2) that the preconditioned matrix M −1
G R B P SA has an eigenvalue 1 with multiplicity at least

n, the rest of eigenvalues are the same as those of matrix S−1
C (C + B A−1 B∗). �	

Similar to the methods in [16], we can further study the clustering property of the eigenvalues of the GRBPS
preconditioned matrix M −1

G R B P SA , which is shown in the following theorem.

Theorem 3.2 Assume that the conditions in Theorem 3.1 are satisfied. Then the non-unit eigenvalues of the
preconditioned matrix M −1

G R B P SA are clustered at 0+ with multiplicity rB and 1− with multiplicity n + m − rB
if parameters both α and β are close to zero.

Proof Based on the definition of the GRBPS preconditioner MG R B P S , we have

M −1
G R B P SA = α

(
α I B∗
−B β I + C

)−1 ( A−1 0
0 1

α
I

)(
A B∗
−B C

)
.

It is obvious that M −1
G R B P SA is similar to

ˆA = α

(
A−1 0
0 1

α
I

)(
A B∗
−B C

)(
α I B∗
−B β I + C

ll

)−1

= α

(
A−1 0
0 1

α
I

)(
A B∗
−B C

)( 1
α

I − 1
α2 B∗S−1

C B − 1
α

B∗S−1
C

1
α

S−1
C B S−1

C

)

=
(

αA−1 0
0 I

)( 1
α

A + 1
α
(I − 1

α
A)B∗S−1

C B (I − 1
α

A)B∗S−1
C

−β
α

S−1
C B I − βS−1

C

)
, (3.3)

where SC = β I + C + 1
α

B B∗.
Let B = U�V ∗ be the singular value decomposition of the matrix B, where U ∈ C

m×m , V ∈ C
n×n are

unitary matrices, and � is a nonnegative diagonal matrix. Because B ∈ C
m×n is a rectangular matrix with rank

rB ≤ m, then the above singular value decomposition can equivalently be reformulated into

B = (
U1 U2

) (�rB 0
0 0

)(
V ∗

1
V ∗

2

)
, (3.4)
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where �rB = diag(σ1, · · · , σrB ) with σ1 ≥ σ2 ≥ · · · ≥ σrB > 0 being ordered nonzero singular values, where
U1 ∈ C

m×rB , U2 ∈ C
m×(m−rB ); V1 ∈ C

n×rB , V2 ∈ C
n×(n−rB ). Then we have

SC = β I + C + 1

α
B B∗ = U (β I + U∗CU + 1

α
�2)U∗ = U SU∗

where

S =
(

β I + U∗
1 CU1 + 1

α
�2

rB
U∗

1 CU2
U∗

2 CU1 β I + U∗
2 CU2

)
=
(

S11 S12
S21 S22

)
.

Denote by

S−1 =
(

S11 S12
S21 S22

)−1

=
(

T11 T12
T21 T22

)
= T .

By direct computations, we obtain

T11 = S−1
11 + S−1

11 S12(S22 − S21S−1
11 S12)

−1S21S−1
11

= S−1
11 + S−1

11 U∗
1 CU2(β I + U∗

2 CU2 − U∗
2 CU1S−1

11 U∗
1 CU2)

−1U∗
2 CU1S−1

11 ,

T12 = −S−1
11 S12(S22 − S21S−1

11 S12)
−1

= −S−1
11 U∗

1 CU2(β I + U∗
2 CU2 − U∗

2 CU1S−1
11 U∗

1 CU2)
−1,

T21 = −(S22 − S21S−1
11 S12)

−1S21S−1
11

= −(β I + U∗
2 CU2 − U∗

2 CU1S−1
11 U∗

1 CU2)
−1U∗

2 CU1S−1
11

and

T22 = (S22 − S21S−1
11 S12)

−1

= (β I + U∗
2 CU2 − U∗

2 CU1S−1
11 U∗

1 CU2)
−1.

Besides, observing the right matrix in (3.3), we need calculate

B∗S−1
C B = V �∗U∗U T U∗U�V ∗

= (
V1 V2

) (�rB 0
0 0

)(
T11 T12
T21 T22

)(
�rB 0
0 0

)(
V ∗

1
V ∗

2

)

= V1�rB T11�rB V ∗
1 ,

B∗S−1
C = V �∗U∗U T U∗

= (
V1 V2

) (�rB 0
0 0

)(
T11 T12
T21 T22

)
U∗

= V1�rB T2U∗

and

S−1
C B = U T U∗U�V ∗

= U

(
T11 T12
T21 T22

)(
�rB 0
0 0

)(
V ∗

1
V ∗

2

)

= U T1�rB V ∗
1 ,

where T1 = (T ∗
11 T ∗

21)
∗, T2 = (T11 T12). Then the matrix ˆA can be written as

ˆA =
(

αA−1 0
0 I

)( 1
α

A + 1
α
(I − 1

α
A)V1�rB T11�rB V ∗

1 (I − 1
α

A)V1�rB T2U∗
−β

α
U T1�rB V ∗

1 I − βU T U∗
)

.
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Let

ˆA =
(

I 0
0 U

)
¯A

(
I 0
0 U

)∗
,

where

¯A =
(

αA−1 0
0 I

)( 1
α

A + 1
α
(I − 1

α
A)V1�rB T11�rB V ∗

1 (I − 1
α

A)V1�rB T ∗
1

−β
α

T1�rB V ∗
1 I − βT

)
.

Note that U∗
2 CU2 is nonsingular. Otherwise, there exists a nonzero vector z such that U∗

2 CU2z = 0. So we
know that U2z ∈ N (C). By the singular value decomposition (3.4), we have that B∗U2z = 0, i.e., U2z ∈ N (B∗).
Then we have U2z = 0 by N (B∗) ∩ N (C) = {0}, which implies z = 0. This contradicts the fact that z is a
nonzero vector.

Now, letting α → 0+, β → 0+, it follows that

1

α
S−1

11 = (αβ I + αU∗
1 CU1 + �2

rB
)−1 → �−2

rB
,

which means S−1
11 → 0. Thus, we can get

T11 → 0, T12 → 0, T21 → 0 and T22 → (U∗
2 CU2)

−1.

In addition, it is easy to find that
1

α
T11 → 1

α
S−1

11 → �−2
rB

.

Furthermore, if α → 0+, β → 0+, we obtain

¯A =
(

I + 1
α
(αA−1 − I )V1�rB T11�rB V ∗

1 (αA−1 − I )V1�rB T ∗
1

−β
α

T1�rB V ∗
1 I − βT

)

→
(

I − V1V ∗
1 0

0 I

)
= ˜A .

Because

V ∗(I − V1V ∗
1 )V =

(
0 0
0 I

)
,

then the matrix ˜A is similar to

˘A =
⎛
⎝0rB 0 0

0 In−rB 0
0 0 Im

⎞
⎠ .

Since the GRBPS preconditioned matrix M −1
G R B P SA is similar to ¯A , and ˜A is similar to ˘A , then we

can draw conclusions that the eigenvalues of the preconditioned matrix M −1
G R B P SA are clustered at 0+ (i.e.,

gathering at 0 from the right side of 0) with multiplicity rB and 1− (i.e., gathering at 1 from the left side of 1)
with multiplicity n + m − rB when both the parameters α and β are close to 0. �	

It is well known that the convergence of Krylov subspace methods is not only related to the eigenvalue
distribution of the preconditioned matrix, but also related to the number of corresponding linearly independent
eigenvectors [30]. The eigenvector distribution of the preconditioned matrix M −1

G R B P SA is presented in the
following theorem.

Theorem 3.3 Assume that the conditions of Theorem 3.1 hold. Let the GRBPS preconditioner MG R B P S be
defined in (2.2), then the preconditioned matrix M −1

G R B P SA has n + i + j (0 ≤ i + j ≤ m) linearly independent
eigenvectors. There are

(1) n eigenvectors [u�; 0] (� = 1, 2, . . . , n) that correspond to the eigenvalue 1, where u� (� = 1, 2, . . . , n) are
arbitrary linearly independent vectors.
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(2) i (0 ≤ i ≤ m) eigenvectors [u1
�; v1

� ] (1 ≤ � ≤ i) that correspond to the eigenvalue 1, where v1
� ∈

N ((I − αA−1)B∗), i = dim{N (I − αA−1) ∩ R(B∗)} , and u1
� are arbitrary vectors, R(·) denote the range

space of the corresponding matrix..
(3) j (0 ≤ j ≤ m) eigenvectors [u2

�; v2
� ] (1 ≤ � ≤ j) that correspond to eigenvalues λ� �= 1, where u2

� , v2
� satisfy

the following equations: λ�SCv2
� = (C + B A−1 B∗)v2

� , u2
� = 1

λ�−1 (A−1 B∗ − 1
α

B∗S−1
C (C + B A−1 B∗))v2

� .

Proof Let λ be an eigenvalue of the preconditioned matrix M −1
G R B P SA and [u; v] be the corresponding eigen-

vector. From (3.2), we have
(

I A−1 B∗ − 1
α

B∗S−1
C (C + B A−1 B∗)

0 S−1
C (C + B A−1 B∗)

)(
u
v

)
= λ

(
u
v

)
. (3.5)

Note that the Eq.(3.5) can equivalently be reformulated into
{

(1 − λ)u + (A−1 B∗ − 1
α

B∗S−1
C (C + B A−1 B∗))v = 0,

(λI − S−1
C (C + B A−1 B∗))v = 0.

(3.6)

Firstly, if λ = 1, then (3.6) reduces to
{

(A−1 B∗ − 1
α

B∗S−1
C (C + B A−1 B∗))v = 0,

{I − S−1
C (C + B A−1 B∗)}v = 0.

(3.7)

We can find that the Eq.(3.7) are true when v = 0. Therefore, there are n linearly independent eigenvectors
[u�; 0] (� = 1, 2, . . . , n) corresponding to the eigenvalue 1, where u�(� = 1, 2, . . . , n) are arbitrary linearly
independent vectors. Next we discuss other possible cases for v. From the second equation in (3.7), we get that
v = S−1

C (C + B A−1 B∗)v. Substituting it into the first equation in (3.7), it holds that (I −αA−1)B∗v = 0. Hence,
it is obvious that the preconditioned matrix M −1

G R B P SA has i (0 ≤ i ≤ m) linearly independent eigenvectors
[u1

�; v1
� ] (1 ≤ � ≤ i) that correspond to the eigenvalue 1, where u1

� are arbitrary vectors, v1
� ∈ N ((I −αA−1)B∗),

i = dim{N (I − αA−1) ∩ R(B∗)}.
Secondly, we consider the case that λ �= 1. From the first equation in (3.6), we have

u = 1

λ − 1
(A−1 B∗ − 1

α
B∗S−1

C (C + B A−1 B∗))v. (3.8)

If v = 0, then u = 0, which contradicts with [u; v] being an eigenvector. Hence, v is not equal to zero vector. If
there exists v that it satisfies the second and third equations in (3.6), then there will be j (0 ≤ j ≤ m) linearly
independent eigenvectors [u2

�; v2
� ] (1 ≤ � ≤ j) that correspond to eigenvalues λ �= 1. Here, the vectors v2

� arises
from λ�SCv2

� = (C + B A−1 B∗)v2
� , and the vector u2

� (1 ≤ � ≤ j) satisfy (3.8).
Finally, we just need to verify that the n + i + j eigenvectors are linearly independent. That is to say, it is

required to prove that

(
u1 · · · un0 · · · 0

)
⎛
⎜⎝

k1
1

...

k1
n

⎞
⎟⎠+

(
u1

1 · · · u1
i

v1
1 · · · v1

i

)⎛⎜⎝
k2

1
...

k2
i

⎞
⎟⎠+

(
u2

1 · · · u2
j

v2
1 · · · v2

j

)⎛⎜⎝
k3

1
...

k3
j

⎞
⎟⎠ =

⎛
⎜⎝

0
...

0

⎞
⎟⎠ (3.9)

holds only when the vectors k1, k2 and k3 are all zero vectors (denoted as 0). We know that the first matrix
in Eq.(3.9) consists of the eigenvectors corresponding to the eigenvalue 1 for the case (1), the second matrix
arises from the eigenvalue 1 with multiplicity i , and the last matrix produces from the eigenvalue λ� �= 1 (� =
1, 2, . . . , j). By multiplying both sides of (3.9) from left with M −1

G R B P SA , we obtain

(
u1 · · · un
0 · · · 0

)⎛⎜⎝
k1

1
...

k1
n

⎞
⎟⎠+

(
u1

1 · · · u1
i

v1
1 · · · v1

i

)⎛⎜⎝
k2

1
...

k2
i

⎞
⎟⎠+

(
u2

1 · · · u2
j

v2
1 · · · v2

j

)⎛⎜⎝
λ1k3

1
...

λ j k3
j

⎞
⎟⎠ =

⎛
⎜⎝

0
...

0

⎞
⎟⎠ . (3.10)
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By subtracting (3.10) from (3.9), it holds that

(
u2

1 · · · u2
j

v2
1 · · · v2

j

)⎛⎜⎝
(λ1 − 1)k3

1
...

(λ j − 1)k3
j

⎞
⎟⎠ =

⎛
⎜⎝

0
...

0

⎞
⎟⎠ . (3.11)

Since the left matrix in (3.11) means that there are j linearly independent vectors and the eigenvalues
λ� �= 1 (� = 1, 2, . . . , j), we know that k3

� = 0 (� = 1, 2, . . . , j). Substituting k3 = 0 into (3.9), we know that
k1 and k2 are both equal to zero vectors. Therefore, the n + i + j eigenvectors are linearly independent. �	

The purpose of preconditioning is to make the eigenvalue distribution more clustered and to reduce the
iteration numbers within certain tolerance. The solvers usually use Krylov subspace methods to solve the cor-
responding problems because of its well properties, such as, the degree of the minimal polynomial is equal to
the dimension of the corresponding Krylov subspace, which were found to be extremely useful when combined
with an appropriate preconditioner in solving the underlying system [30]. In the following, we study an upper
bound of the degree of the minimal polynomial of the preconditioned matrix M −1

G R B P SA .

Theorem 3.4 Assume that the conditions of Theorem 3.1 hold. Then the dimension of the Krylov subspace
K(M −1

G R B P SA , b) is at most m + 1.

The proof process is similar to [10, Theorem 3.4] and [12, Theorem 3.3], Therefore we omit it.

4 Parameter selection strategy

In this section, we will discuss the choice strategy of optimal and feasible parameter of the GRBPS preconditioner.
Recently, many solvers have studied a lot of effective methods how to estimating the iteration parameter [16,19,
23,29,34]. Through the ideas in [16,23], we can get the new estimation formulas for the parameters α and β of
the GRBPS preconditioner.

First of all, through the expression of GRBPS preconditioner, we can find that the difference between
MG R B P S and the generalized saddle point matrix A is (2.3). To make the preconditioning effect of preconditioner
become better, we need to select suitable parameter so that the preconditioner would be as close as possible to
coefficient matrix, i.e., NR B P S ≈ 0.

We denote

�(α, β) = ‖NG R B P S‖F =
∥∥∥∥
(

0 1
α

AB∗ − B∗
0 β I

)∥∥∥∥
F

.

Thus, we have

�2(α, β) =
∥∥∥∥ 1

α
AB∗ − B∗

∥∥∥∥
2

F
+ β2‖I‖2

F =
∥∥∥∥ 1

α
AB∗ − B∗

∥∥∥∥
2

F
+ β2m

= tr

((
1

α
AB∗ − B∗

)(
1

α
B A∗ − B

))
+ β2m

= 1

α2 ‖AB∗‖2
F − 2

α
Re(tr(AB∗B)) + tr(B∗B) + β2m.

To calculate the quasi-optimal parameters of the GRBPS preconditioner, we can regard parameter β as a constant
which is close to 0 and then analyze the value of parameter α. By minimizing the function �2(α, β), We get the
following the expression of the quasi-optimal parameter α of the GRBPS preconditioner:

α0
est = ‖AB∗‖2

F

Re(tr(AB∗B))
. (4.1)

It is easy to find that the GRBPS preconditioner reduces to the RBPS preconditioner (2.1) as parameters α = β,
in this case, the quasi-optimal parameter α of the GRBPS preconditioner satisfies the quaternary linear equation:

α4 + dα + e = 0
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with d = Re(tr(AB∗B))/m, e = −‖AB∗‖2
F/m. It is the fact that the parameter α is positive constant, then we

can get the expressions of α as follows:

α1
est = −1

2

√
	 + 1

2

√
−	 + 8d

4
√

	
, α2

est = 1

2

√
	 + 1

2

√
−	 − 8d

4
√

	
, (4.2)

where 	 = 3√2	1

3 3
√

	2+
√

−4	3
1+	2

2

+
3
√

	2+
√

−4	3
1+	2

2

3 3√2
with 	1 = 12e and 	2 = 27d2 (It should be noted that the

other two roots of the equation are negative values, so we discard them.).

5 Numerical experiment

In this section, we present an example to show the effectiveness of the new preconditioner MG R B P S for the
generalized saddle point linear system (1.1). In actual implementation, the initial guess is chosen to be the zero
vector, the exact solution is the vector with all its element being ones and b = A · 1. The iteration is terminated
if the current iterations satisfied

RES = ‖ b − A uk ‖
‖ b − A u0 ‖ ≤ 10−6

or if the number of the prescribed iteration steps (denoted by ‘IT’) Kmax = 1500 is exceed. All experiments
are performed in MATLAB (version R2016b) in double precision on a personal computer with 1.80GHz central
processing unit (Intel(R) Core(TM) i7-8565U), 4.00 GB memory and Windows 10 operating system. To see the
quality of computed solutions, we also define the relative errors of the computed approximations as ERR, i.e.,

ERR = ‖u∗ − uk‖
‖u∗‖

are also reported with u∗ representing the initially known exact solution.
Besides, we also test DPSS preconditioner [28,31] and RDPSS preconditioner [12,32] for generalized saddle

point system, the forms of those are as follows:

MD P SS = 1

2α

(
α I + A 0
0 α I + C

)(
α I B∗
−B α I

)
,

MR D P SS = 1

α

(
A 0
0 α I

)(
α I B∗
−B C

)
.

Furthermore, to better implement the discussed four preconditioners, we should select suitable parameters to
solve the linear sub-systems. We use the quasi-optimal parameter given in [16, Table 1 and 2] for BPS and
DPSS preconditioner, optimal parameter α is found by experimentally test for the RDPSS preconditioner, for the
GRBPS preconditioner, we use parameter αest given in section 4. The linear sub-systems are solved by the sparse
Cholesky factorization if the coefficient matrix is Hermitian positive-definite and the sparse LU factorization
if the coefficient matrix is non-Hermitian positive-definite. We use the left preconditioned GMRES iteration
method to solve the problem of example.

Example [16]. Consider the following two-dimensional linearized Navier-Stokes equation: Find u and p
such that {−v	u + ω · ∇u + ∇ p = f

∇ · u = 0 in � (5.1)

where � = [0, 1] × [0, 1] ∈ R
2 is a bounded domain, v > 0 is the kinematic viscosity, u is a vector-valued

function representing the velocity, ω is the known velocity from the previous Picard iteration, p is a scalar
function representing the pressure, 	 is the componentwise Laplace operator, ∇ and ∇· denote the gradient and
the divergence operators.

Here, we use the IFISS package developed by Elman et al. [21] to generate the test generalized saddle point
linear system. In particular, we choose the “leaky" lid-driven cavity problem. In this problem, a unit velocity is
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specified along the entire top surface and zero velocity on the other surfaces, i.e. the boundary conditions are
ux = uy = 0 on three fixed walls (x = 0, y = 0 and x = 0) and ux = 1, uy = 0 on the moving wall (y = 1)
[9,22]. The uniform grids of five increasing sizes (8 × 8, 16 × 16, 32 × 32, 64 × 64 and 128 × 128) are used to
discretize the bounded domain. For each grids, we take two viscosities, i.e., v = 1 and v = 0.1. The Q1 − P0
mixed finite element method with local stabilization method is used to discretize the linearized Navier-Stokes
equation (5.1). Here, the stabilized parameter is taken as 0.25. Note that the discretized coefficient matrix is
singular. To get a nonsingular generalized saddle point linear system, we often drop the last two columns of the
matrix B and the last two rows and two columns of C [12,31]. The final generalized saddle point matrix A
satisfies: the (1,1)-block matrix A is nonsymmetric positive-definite, the submatrix B has full row rank and the
submatrix C is symmetric positive-semidefinite.

In Tables 1 and 2, we list the values of the parameter α for the preconditioners MB P S , MD P SS , MR D P SS and
MG R B P S , the number of iteration steps ‘IT’, the CPU times and the corresponding residuals ‘RES’ and relative
errors ‘ERR’ of PGMRES method incorporated with MB P S , MD P SS , MR D P SS and MG R B P S . Besides, we also
list the iteration steps of the no preconditioning GMRES iteration method (denoted as ‘I’) to show advantages of
the four preconditioners. The difference of these two tables is that Table 1 lists the numerical results for Navier-
Stokes equation with v = 1, while Table 2 lists those with v = 0.1. In the column of GRBPS preconditioner
under each grid, the parameter α in the first row is calculated by α0

est in (4.1), the parameter α in the second row
is calculated by α1

est or α2
est in (4.2) (It should be noted that there are two estimation parameters for the GRBPS

preconditioner when α = β, and we only list the value of parameter with better numerical effect in tables by
numerical examples), and optimal α in the third row is found by numerical test. Especially, through the proof
analysis of Theorem 3.2, we know that the spectrum of preconditioned matrix M −1

G R B P SA is more clustered
when both the parameters α and β of GRBPS preconditioner tend to zero, see the pictures for details.

From Table 1, it is the fact that the preconditioning effect of the GRBPS preconditioner is more than those
of another preconditioners MB P S , MD P SS and MR D P SS . When the four preconditioners select their own
calculated optimal parameters, the preconditioning effects of MB P S and MD P SS are almost the same, while
the preconditioning effects of MR D P SS is more than that of MG R B P S when the grid is less than 64 × 64.
Specifically, the approximate level between the numerical solution and the exact solution obtained by the four
preconditioning methods is almost the same when the dimension is small. With the dimension increases, ERR of
the preconditioning methods under the preconditioners MB P S and MD P SS are getting bigger, which is because
the iteration has satisfied the condition RES< 10−6 before the iteration solution is well approximate to the exact
solution in the iteration process of the two preconditioning methods. Even under the large dimension and stopping
criterion, the numerical solutions obtained by the two preconditioning methods with the preconditioners MR D P SS
and MG R B P S can still approximate the exact solution well. Besides, we find that GRBPS preconditioner with
calculated optimal parameters take more time than that of RDPSS preconditioner as grid is bigger. Nevertheless,
the effect of GRBPS preconditioned GMRES method still exceeds that of BPS preconditioned GMRES method,
and the former can show better performance than RDPSS method under the test of optimal parameters.

From Table 2, we see that all the preconditioners improve the performance of the preconditioned GMRES
method significantly. What’s more, the preconditioning effect of MG R B P S is better than that of the another
three preconditioners when the actual optimal parameters are selected with grids being 8, 16 and 32. We also
find from the value of ERR that all preconditioning methods can obtain good approximate solutions under the
given stopping criterion. In addition, it can be found that α1

est in (4.2) is more effective than α0
est in (4.1) for the

column of GRBPS preconditioner under each gradient, and when GRBPS preconditioner selects parameter α1
est ,

its preconditioning effect is better than that of the BPS preconditioner under calculated optimal parameter, which
indicates that α1

est is effective. Furthermore, the preconditioning effect of MG R B P S with parameters obtained
from the experimentally test is still advantage over that of another preconditioners with larger grids.

To verify this desirable property, in Figures 1 and 2, we plot the eigenvalue distribution of four preconditioned
matrices when v = 1 and v = 0.1, respectively. In addition, for the GRBPS preconditioned matrix, we show
two cases, one case is when the iteration parameters α = β taken as in Table 1, the other case is when iteration
parameters α �= β with α, β taken as close to 0. We observe that the all preconditioners improve the eigenvalue
distribution of the original matrix greatly. Besides, in agreement with the theory, the eigenvalue of GRBPS
preconditioned matrix is clustered at two points 0+ and 1− as the iteration parameters are close to zero.

To further show the impact of the iteration parameters on the iteration counts of different case of the GRBPS
preconditioned GMRES iteration methods, we plot the steps as functions of α in Figure 3. It is need to explained
that when the parameter α is not equal to β, we fix β = 10−7 and then depict the iteration curves with varying α.
We can find from those figures that, the choice of α �= β is better than that of α = β in the case of ν = 1. At this
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Fig. 1 Eigenvalue distribution of the generalized saddle point matrix with preconditioners for 16 × 16 grids (v = 1)

time, when α is located in the field of point 1.5, the iteration step of the GRBPS preconditioned GMRES method
reach the minimum. On the contrary, the choice of α = β is better than that of α �= β as ν = 0.1, and when
α = β > 0.6, the rate of convergence of GRBPS preconditioned GMRES does not appear to be overly sensitive
to the choice of α, in the sense that small relative changes in the size of α do not usually cause the number of
iterations to change to drastically.

In Figure 4, we plot the values of residuals of the BPS, DPSS, RDPSS and GRBPS preconditioned GMRES
methods with iteration steps for linearized Navier-stokes problem with v = 1(left) and v = 0.1(right) in 32 × 32
grids. In left figure, we choose estimation parameters α = 0.0402, α = 0.05, α = 0.5 and α = 1.8, β = 10−7

for BPS, DPSS, RDPSS and GRBPS preconditioners, respectively; for above four preconditioners, we select
parameters α = 0.0075, α = 0.0.013, α = 0.1 and α = 0.2, β = 0.2 in right figure, respectively. It can
be observed from Figure 4 that the convergence curves of GRBPS and preconditioned GMRES method are
more smoother and faster, on the contray, the convergence curves of the another two preconditioned GMRES
methods appear inflection points and the phenomenon of residual errors increasing. Comparing the BPS, DPSS
and RDPSS preconditioned GMRES method with the GRBPS preconditioned GMRES methods, we find that
latter preconditioner is more effective and practical than another preconditioners.
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Fig. 2 Eigenvalue distribution of the generalized saddle point matrix with the preconditioners for 16 × 16 grids (v = 0.1)

Fig. 3 Number of iteration steps vs. the iteration parameter α for Example 1: v = 1(le f t) and v = 0.1 (right)
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Fig. 4 The values of residuals RES with iteration steps IT for 32 × 32 grids v = 1(left) and v = 0.1(right)

From these numerical results, we see that the GRBPS preconditioners perform much better than BPS, DPSS
and RDPSS preconditioners. This also shows that the new preconditioner could be more effectively to solve the
generalized saddle point linear system (1.1).

6 Conclusions

In this paper, we establish a GRBPS preconditioner for generalized saddle point linear system (1.1). We mainly
discuss the spectral properties of the GRBPS preconditioned matrix. Numerical experiments reveal that the
proposed preconditioner has great superiority in suitable parameters compared with BPS, DPSS and RDPSS
preconditioner under the exact algorithms.

Besides, it is easy to find from numerical experiment that the quasi-optimal parameters of GRBPS precondi-
tioner given in Section 4 is relatively valid (i.e., the values of parameters αest can not achieve the best numerical
effect in the case of v = 1, while in the case of v = 0.1, the value of parameter α1

est is effective). In fact, it is dif-
ficult for the two parameters α and β to show their effective expressions for all problems. Next, we will focus on
deriving the practical optimal parameters for GRBPS preconditioner and further discussing the preconditioning
effect of the proposed preconditioners under inexact algorithms in our future work.
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