
Indian J Pure Appl Math (2026) 57:1166–1173
https://doi.org/10.1007/s13226-024-00685-2

ORIGINAL RESEARCH

Fundamental property of 2 × n row Suslin matrices

Vijay R. Tiwari · Selby Jose

Received: 17 July 2023 / Accepted: 22 August 2024 / Published online: 10 September 2024
© The Indian National Science Academy 2024

Abstract The study of unimodular rows over a commutative ring involves the utilization of Suslin matrices.
These matrices possess a Fundamental Property, which plays a crucial role in establishing connections between
the group generated by special Suslin matrices and the special orthogonal group. Moreover, the Fundamental
Property serves as a means to establish a link between Suslin matrices and Spin groups. In this work, we focus on
2 × n row Suslin matrices, defining them and exploring their properties. We provide a proof for the Fundamental
Property specific to 2 × n row Suslin matrices.
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1 Introduction

In [1, §5], A.A. Suslin introduced a matrix called a Suslin matrix denoted as Sr (v,w). These matrices are
associated with pairs of vectors (v,w) in R2(r+1), and their determinants for r ≥ 1, are given by 〈v,w〉2r−1

,
where R is a commutative ring with unity. Suslin matrices are defined recursively as follows: For v = (a0, v1)

and w = (b0, w1) in M1×(r+1)(R), where a0, b0 ∈ R, v1, w1 ∈ M1×r (R) and M1×(r+1)(R) denotes the set of
1 × (r + 1) matrices with entries in R, set S0(v,w) = a0 and define Sr (v,w) as the matrix:

Sr (v,w) =
(

a0 I2r−1 Sr−1(v1, w1)

−Sr−1(w1, v1)
T b0 I2r−1

)
,

where the superscript T stands for the transpose of a matrix.
A Suslin matrix Sr (v,w) is called special if 〈v,w〉 = 1 and the group generated by these matrices is referred

to as “special unimodular vector group” denoted as SUmr (R). A.A. Suslin showed that special Suslin matrices
can be used to find completion of the unimoduar row (a0, a1, a2

2 , . . . , ar
r ). The study of Suslin matrices was

further advanced by Jose-Rao in [2–4], where they proved the Key Lemma and the Fundamental Property. They
also developed the commutator calculus for the elementary subgroup EUmr (R) of SUmr (R). The Fundamental
Property plays a crucial role in defining an action of Suslin matrices on the Suslin space Sr , which is a free
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Fundamental property of 2 × n row... 1167

R-module with rank 2(r + 1) having basis elements Sr (ei , 0) and Sr (0, ei ), where ei represents the i-th unit
coordinate vector with 1 ≤ i ≤ r + 1. This action establishes a connection between a quotient of SUmr (R) and
a quotient of the special orthogonal group SO2(r+1)(R).

In [5], Vineeth Chintala established a link between Suslin matrices and Clifford algebra of hyperbolic form
H(Rn)(R − Module Rn × Rn) equipped with the quadratic form q(v,w) = v.wT . By this approach, he
proved Fundamental Property of Suslin matrices. This link, along with the Fundamental Property, established a
connection between Spin group

Spin2n(R) = {x ∈ Cl0(R) | xx∗ = 1 and x H(Rn)x−1 = H(Rn)}
and the matrix group

Gn−1 = {
g ∈ GL2n−1(R) | gSg∗ is Suslin matrix, for all Suslin matrix S

}
.

In this paper, we define 2 × n row Suslin matrices and denote them as S2
n (V, W ) for the vectors V, W ∈

M2×n(R), where M2×n(R) represents the set of 2 × n matrices with entries in commutative ring R. We analyze
their properties and explore their connections with the vectors on which they are defined. We provide a proof of
the Fundamental Property satisfied by 2 × n row Suslin matrices. We call this property as Fundamental Property
since it plays an crucial role in further advancement of theory in context of 2 × n row Suslin matrices. The
Fundamental Property is useful in understanding 2 × n right invertible matrices and their orbits.

2 Preliminaries

In this section, we revisit and review some of the properties of Suslin matrices Sr (v,w) from [3] to [1], to
understand their characteristics.

Lemma 2.1 [1, Lemma 1.2] Let R be a commutative ring and α1, α2, β1, β2 ∈ Mr×r (R). If α1α2 = α2α1,

then

det

(
α1 α2
β1 β2

)
= det(β2α1 − β1α2).

Notation 2.2 If v = (a0, . . . , ar ), w = (b0, . . . , br ) ∈ M1×(r+1)(R), then we denote 〈v,w〉 = a0b0 + · · · +
ar br = v.wT .

Lemma 2.3 [3, Lemma 3.1]
Let v,w, s, t ∈ M1×(r+1)(R), v = (a0, a1, . . . , ar ), w = (b0, b1, . . . , br ). Then

Sr (v,w) + Sr (w, v)T = {a0 + b0}I2r ,

Sr (s, t)Sr (w, v)T + Sr (v,w)Sr (t, s)T = {〈s, w〉 + 〈v, t〉}I2r ,

Sr (w, v)T Sr (s, t) + Sr (t, s)T Sr (v,w) = {〈s, w〉 + 〈v, t〉}I2r .

Lemma 2.4 [1, Lemma 5.1]
For r ≥ 1, and v, w ∈ M1×(r+1)(R), the Suslin matrix Sr (v,w) has the following properties:

(i) Sr (v,w)Sr (w, v)T = 〈v,w〉I2r = Sr (w, v)T Sr (v,w).

(ii) det Sr (v,w) = 〈v,w〉2r−1
.

3 The 2 × n row Suslin matrix

In this section, we will present the concept of 2 × n row Suslin matrices and explore their properties.

Notation 3.1 We denote 2 × n row by V =
(

v1
v2

)
∈ M2×n(R), where v1 = (a1, . . . , an), v2 = (b1, . . . , bn) ∈

M1×n(R).
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1168 V. R. Tiwari and S. Jose

Definition 3.2 For V =
(

v1
v2

)
, W =

(
w1
w2

)
∈ M2×n(R), we define the 2 × n row Suslin matrix by,

S2
n (V, W ) = S2n−1((v1, v2), (w1, w2)).

Following are some properties of 2 × n row Suslin matrices:

Lemma 3.3 Let V =
(

v1
v2

)
and W =

(
w1
w2

)
∈ M2×n(R). Then,

(i) S2
n (V, W )S2

n (W, V )T = S2
n (W, V )T S2

n (V, W ) = (〈v1, w1〉 + 〈v2, w2〉)I22n−1 .

(ii) det S2
n (V, W ) = (〈v1, w1〉 + 〈v2, w2〉)22n−2

.

Proof Let V =
(

v1
v2

)
=

(
a1, . . . , an
b1, . . . , bn

)
and W =

(
w1
w2

)
=

(
c1, . . . , cn
d1, . . . , dn

)
. We first prove (i) by induction on n.

When n = 1, V =
(

a1
b1

)
and W =

(
c1
d1

)
. Thus by definition,

S2
1 (V, W )S2

1 (W, V )T = S2
1

((
a1
b1

)
,

(
c1
d1

))
S2

1

((
c1
d1

)
,

(
a1
b1

))T

= S1((a1, b1), (c1, d1))S1((c1, d1), (a1, b1))
T

=
(

a1 b1
−d1 c1

) (
c1 −b1
d1 a1

)

=
(

a1c1 + b1d1 0
0 d1b1 + a1c1

)

= (〈v1, w1〉 + 〈v2, w2〉)I2.

Similarly one can prove S2
1 (W, V )T S2

1 (V, W ) = (〈v1, w1〉 + 〈v2, w2〉)I2. Therefore the result is true for n = 1.

Now for n > 1, let V =
(

v1
v2

)
=

(
a1, v

′
1

v2

)
and W =

(
w1
w2

)
=

(
c1, w

′
1

w2

)
, where v′

1 = (a2, . . . , an),

w′
1 = (c2, . . . , cn). For I = I22n−2 , by definition,

S2
n (V, W )S2

n (W, V )T

= S2n−1((v1, v2), (w1, w2))S2n−1((w1, w2), (v1, v2))
T

=
(

a1 I S2n−2((v
′
1, v2), (w

′
1, w2))

−S2n−2((w
′
1, w2), (v

′
1, v2))

T c1 I

)

×
(

c1 I −S2n−2((v
′
1, v2), (w

′
1, w2))

S2n−2((w
′
1, w2), (v

′
1, v2))

T a1 I

)

=
(

α β

γ δ

)

where,

α = a1c1 I + S2n−2((v
′
1, v2), (w

′
1, w2))S2n−2(w

′
1, w2), (v

′
1, v2))

T ,

β = −a1S2n−2((v
′
1, v2), (w

′
1, w2)) + a1S2n−2((v

′
1, v2), (w

′
1, w2))

= 0,

γ = −c1S2n−2((w
′
1, w2), (v

′
1, v2))

T + c1S2n−2((w
′
1, w2), (v

′
1, v2))

T

= 0,

δ = c1a1 I + S2n−2((w
′
1, w2), (v

′
1, v2))

T S2n−2((v
′
1, v2), (w

′
1, w2)).

By Lemma 2.4,

α = (a1c1 + 〈v′
1, w

′
1〉 + 〈v2, w2〉)I

= (〈v1, w1〉 + 〈v2, w2〉)I,

δ = (c1a1 + 〈v′
1, w

′
1〉 + 〈v2, w2〉)I

= (〈v1, w1〉 + 〈v2, w2〉)I.
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Hence, S2
n (V, W )S2

n (W, V )T = (〈v1, w1〉 + 〈v2, w2〉)I22n−1 . Similarly one can prove S2
n (W, V )T S2

n (V, W ) =
(〈v1, w1〉 + 〈v2, w2〉)I22n−1 .

We now prove (i i). Note that

det S2
n (V, W ) =

∣∣∣∣ a1 I S2n−2((v
′
1, v2), (w

′
1, w2))

−S2n−2((w
′
1, w2), (v

′
1, v2))

T c1 I

∣∣∣∣
Since (a1 I )S2n−2((v

′
1, v2), (w

′
1, w2)) = S2n−2((v

′
1, v2), (w

′
1, w2))(a1 I ), by Lemmas 2.1 and 2.4,

det S2
n (V, W )

= det (c1a1 I + S2n−2((w
′
1, w2), (v

′
1, v2))

T S2n−2((v
′
1, v2), (w

′
1, w2)))

= (〈v1, w1〉 + 〈v2, w2〉)22n−2
.

This proves (i i). 	


Lemma 3.4 Let V =
(

a1, . . . , an
b1, . . . , bn

)
=

(
v1
v2

)
, W =

(
c1, . . . , cn
d1, . . . , dn

)
=

(
w1
w2

)
∈ M2×n(R). Then,

(i) S2
n (V, W )T = S2

n (V ′, W ′), where V ′ =
(

a1,−c2, . . . ,−cn
−d1,−d2, . . . ,−dn

)
and W ′ =

(
c1,−a2, . . . ,−an

−b1,−b2, . . . ,−bn

)
∈

M2×n(R).

(ii) adj S2
n (V, W ) = (〈v1, w1〉 + 〈v2, w2〉)22n−2−1S2

n (W, V )T .

Proof Let I = I22n−2 , v′
1 = (a2, . . . , an), w′

1 = (c2, . . . , cn) ∈ M1×(n−1)(R). By definition,

S2
n (V, W )T = S2n−1((v1, v2), (w1, w2))

T

=
(

a1 I −S2n−2((w
′
1, w2), (v

′
1, v2))

S2n−2((v
′
1, v2), (w

′
1, w2))

T c1 I

)

= S2n−1((a1,−c2, . . . ,−cn,−w2), (c1,−a2, . . . ,−an,−v2))

= S2
n (V ′, W ′),

where V ′ =
(

a1,−c2, . . . ,−cn
−d1,−d2, . . . ,−dn

)
, W ′ =

(
c1,−a2, . . . ,−an

−b1,−b2, . . . ,−bn

)
. This proves (i). Note that

(adj S2
n (V, W ))S2

n (V, W ) = det S2
n (V, W )I22n−1 ,

and hence

(adj S2
n (V, W )S2

n (V, W ))S2
n (W, V )T = (det S2

n (V, W ))S2
n (W, V )T .

Therefore by Lemma 3.3,

(adj S2
n (V, W ))(〈v1, w1〉 + 〈v2, w2〉) = (〈v1, w1〉 + 〈v2, w2〉)22n−2

S2
n (W, V )T .

If (〈v1, w1〉 + 〈v2, w2〉) is not a zero divisor in R then we are done as

adj S2
n (V, W ) = (〈v1, w1〉 + 〈v2, w2〉)22n−2−1S2

n (W, V )T (1)

Now if (〈v1, w1〉 + 〈v2, w2〉) is a zero divisor in R then let v1(x) = (a1 + x, a2, . . . , an), w1(x) =
(c1 + x, c2, . . . , cn) ∈ M1×n(R[x]) and V (x) =

(
v1(x)

v2

)
, W (x) =

(
w1(x)

w2

)
∈ M2×n(R[x]). Thus

(〈v1(x), w1(x)〉 + 〈v2, w2〉) is a unitary polynomial and hence a non zero divisor in R[x]. Therefore by Eq.
(1),

adj S2
n (V (x), W (x)) = (〈v1(x), w1(x)〉 + 〈v2, w2〉)22n−2−1S2

n (W (x), V (x))T .

Setting x = 0, since v1(0) = v1, w1(0) = w1, V (0) = V and W (0) = W , we get the result. This proves (i i). 	
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Lemma 3.5 Let V =
(

a1, . . . , an
b1, . . . , bn

)
=

(
v1
v2

)
, W =

(
c1, . . . , cn
d1, . . . , dn

)
=

(
w1
w2

)
, S =

(
s1
s2

)
and T =

(
t1
t2

)
∈

M2×n(R). Then for r = 2n − 1,

S2
n (V, W ) + S2

n (W, V )T = {a1 + c1}I2r ,

S2
n (S, T )S2

n (W, V )T + S2
n (V, W )S2

n (T, S)T = {〈s1, w1〉 + 〈s2, w2〉 + 〈v1, t1〉 + 〈v2, t2〉}I2r

S2
n (W, V )T S2

n (S, T ) + S2
n (T, S)T S2

n (V, W ) = {〈s1, w1〉 + 〈s2, w2〉 + 〈v1, t1〉 + 〈v2, t2〉}I2r .

Proof Let I = I22n−2 , s1 = (x1, . . . , xn), s2 = (y1, . . . , yn), t1 = (z1, . . . , zn) and t2 = (w1, . . . , wn) in
M1×n(R). Let v′

1 = (a2, . . . , an), w′
1 = (c2, . . . , cn) ∈ M1×(n−1)(R) By definition,

S2
n (V, W ) + S2

n (W, V )T

= S2n−1((v1, v2), (w1, w2)) + S2n−1((w1, w2), (v1, v2))
T

=
(

a1 I S2n−2((v
′
1, v2), (w

′
1, w2))

−S2n−2((w
′
1, w2), (v

′
1, v2))

T c1 I

)

+
(

c1 I −S2n−2((v
′
1, v2), (w

′
1, w2))

S2n−2((w
′
1, w2), (v

′
1, v2))

T a1 I

)

= (a1 + c1)I22n−1

This proves the first equality. Now by Lemma 3.3,
S2

n (V + S, W + T )S2
n (W + T, V + S)T

= {〈(v1 + s1), (w1 + t1)〉 + 〈(v2 + s2), (w2 + t2)〉}I22n−1

= {〈v1, w1〉 + 〈v1, t1〉 + 〈s1, w1〉 + 〈s1, t1〉
+〈v2, w2〉 + 〈v2, t2〉 + 〈s2, w2〉 + 〈s2, t2〉}I22n−1 .

By definition,

S2
n (V + S, W + T ) = S2n−1((v1 + s1, v2 + s2), (w1 + t1, w2 + t2))

= S2n−1((v1, v2), (w1, w2)) + S2n−1((s1, s2), (t1, t2))

= S2
n (V, W ) + S2

n (S, T ).

Similarly S2
n (W + T, V + S)T = S2

n (W, V )T + S2
n (T, S)T . Therefore,

S2
n (V + S, W + T )S2

n (W + T, V + S)T

= S2
n (V, W )S2

n (W, V )T + S2
n (V, W )S2

n (T, S)T + S2
n (S, T )S2

n (W, V )T

+S2
n (S, T )S2

n (T, S)T

= (〈v1, w1〉 + 〈v2, w2〉)I22n−1 + S2
n (V, W )S2

n (T, S)T + S2
n (S, T )S2

n (W, V )T

+(〈s1, t1〉 + 〈s2, t2〉)I22n−1 .

Now equating the two equations we get,
S2

n (S, T )S2
n (W, V )T + S2

n (V, W )S2
n (T, S)T

= {〈s1, w1〉 + 〈s2, w2〉 + 〈v1, t1〉 + 〈v2, t2〉} I22n−1 .

This proves second equality. Similarly one can prove the third equation. 	
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4 The fundamental property for 2 × n row Suslin matrices

In this section we prove Fundamental Property of 2 × n row Suslin matrices.

Theorem 4.1 (Fundamental Property of 2 × n Row Suslin Matrices)
Let V, W, S, T ∈ M2×n(R) be given by

V =
(

v1
v2

)
, W =

(
w1
w2

)
, S =

(
s1
s2

)
, T =

(
t1
t2

)
.

Then we have,

S2
n (S, T )S2

n (V, W )S2
n (S, T ) = S2

n (V ′, W ′)
S2

n (T, S)S2
n (W, V )S2

n (T, S) = S2
n (W ′, V ′)

for some V ′ =
(

v′
1

v′
2

)
, W ′ =

(
w′

1
w′

2

)
∈ M2×n(R) with

〈(v′
1, v

′
2), (w

′
1, w

′
2)〉 = 〈(s1, s2), (t1, t2)〉2〈(v1, v2), (w1, w2)〉.

Proof Let v1 = (v11, v1), w1 = (w11, w1), s1 = (s11, s1), t1 = (t11, t1) ∈ M1×n(R), where v1 =
(v12, . . . , v1n), w1 = (w12, . . . , w1n), s1 = (s12, . . . , s1n), and t1 = (t12, . . . , t1n) ∈ M1×(n−1)(R). Then
for r = 2n − 2 and I = I2r by definition,
S2

n (S, T )S2
n (V, W )S2

n (S, T )

= S2n−1((s1, s2), (t1, t2))S2n−1((v1, v2), (w1, w2))S2n−1((s1, s2), (t1, t2))

=
(

s11 I Sr ((s1, s2), (t1, t2))
−Sr ((t1, t2), (s1, s2))

T t11 I

)

×
(

v11 I Sr ((v1, v2), (w1, w2))

−Sr ((w1, w2), (v1, v2))
T w11 I

)

×
(

s11 I Sr ((s1, s2), (t1, t2))
−Sr ((t1, t2), (s1, s2))

T t11 I

)

=
(

γ11 γ12
γ21 γ22

)
.

where,

γ11 = s2
11v11 I − s11{Sr ((s1, s2), (t1, t2))Sr ((w1, w2), (v1, v2))

T

+Sr ((v1, v2), (w1, w2))Sr ((t1, t2), (s1, s2))
T }

−w11{Sr ((s1, s2), (t1, t2))Sr ((t1, t2), (s1, s2))
T },

γ12 = (s11v11 + t11w11)Sr ((s1, s2), (t1, t2)) + t11s11Sr ((v1, v2), (w1, w2))

−Sr ((s1, s2), (t1, t2))Sr ((w1, w2), (v1, v2))
T Sr ((s1, s2), (t1, t2))

γ21 = −(s11v11 + t11w11)Sr ((t1, t2), (s1, s2))
T − s11t11Sr ((w1, w2), (v1, v2))

T

+Sr ((t1, t2), (s1, s2))
T Sr ((v1, v2), (w1, w2))Sr ((t1, t2), (s1, s2))

T

γ22 = t2
11w11 I − t11{Sr ((w1, w2), (v1, v2))

T Sr ((s1, s2), (t1, t2))

+Sr ((t1, t2), (s1, s2))
T Sr ((v1, v2), (w1, w2))}

−v11{Sr ((t1, t2), (s1, s2))
T Sr ((s1, s2), (t1, t2))}.

By Lemma 2.3,
Sr ((s1, s2), (t1, t2))Sr ((w1, w2), (v1, v2))

T + Sr ((v1, v2), (w1, w2))Sr ((t1, t2), (s1, s2))
T

= (〈(s1, s2), (w1, w2)〉 + 〈(v1, v2), (t1, t2)〉
)

I

= (〈s1, w1〉 + 〈s2, w2〉 + 〈t1, v1〉 + 〈t2, v2〉
)

I.
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And by Lemma 2.4,

Sr ((t1, t2), (s1, s2))
T Sr ((s1, s2), (t1, t2)) = (〈t1, s1〉 + 〈t2, s2〉

)
I.

Therefore,

γ11 = (s2
11v11 − s11{〈s1, w1〉 + 〈s2, w2〉 + 〈t1, v1〉 + 〈t2, v2〉}

−w11{〈t1, s1〉 + 〈t2, s2〉})I.

= v′
11 I (say)

γ12 = (s11v11 + t11w11)Sr ((s1, s2), (t1, t2)) + t11s11Sr ((v1, v2), (w1, w2))

−Sr ((s1, s2), (t1, t2)){(〈w1, s1〉 + 〈w2, s2〉 + 〈v1, t1〉 + 〈v2, t2〉)I

−Sr ((t1, t2), (s1, s2))
T Sr ((v1, v2), (w1, w2))}

= (s11v11 + t11w11)Sr ((s1, s2), (t1, t2)) + t11s11Sr ((v1, v2), (w1, w2))

− (〈w1, s1〉 + 〈w2, s2〉 + 〈v1, t1〉 + 〈v2, t2〉
)

Sr ((s1, s2), (t1, t2))

+Sr ((s1, s2), (t1, t2))Sr ((t1, t2), (s1, s2))
T Sr ((v1, v2), (w1, w2))

= (s11v11 + t11w11)Sr ((s1, s2), (t1, t2))

− (〈w1, s1〉 + 〈w2, s2〉 + 〈v1, t1〉 + 〈v2, t2〉
)

Sr ((s1, s2), (t1, t2))

+t11s11Sr ((v1, v2), (w1, w2)) + (〈s1, t1〉 + 〈s2, t2〉)Sr ((v1, v2), (w1, w2))

= (
s11v11 + t11w11 − 〈w1, s1〉 − 〈w2, s2〉 − 〈v1, t1〉 − 〈v2, t2〉

)
×Sr ((s1, s2), (t1, t2)) + (〈s1, t1〉 + 〈s2, t2〉)Sr ((v1, v2), (w1, w2))

= Sr ((xs1 + yv1, xs2 + yv2), (xt1 + yw1, xt2 + yw2))

where,

x = s11v11 + t11w11 − 〈w1, s1〉 − 〈w2, s2〉 − 〈v1, t1〉 − 〈v2, t2〉,
y = 〈s1, t1〉 + 〈s2, t2〉.

Similarly by Lemmas 2.3 and 2.4,

γ21 = −Sr ((xt1 + yw1, xt2 + yw2), (xs1 + yv1, xs2 + yv2))
T , and

γ22 = w′
11 I (say).

Then for v′
1 = (v′

11, xs1 + yv1), v′
2 = (xs2 + yv2), w′

1 = (w′
11, xt1 + yw1), w′

2 = (xt2 + yw2) ∈ M1×n(R),

we have

S2
n (S, T )S2

n (V, W )S2
n (S, T ) = S2n−1((v

′
1, v

′
2), (w

′
1, w

′
2))

= S2
n (V ′, W ′),

where, V ′ =
(

v′
1

v′
2

)
, W ′ =

(
w′

1
w′

2

)
∈ M2×n(R).

Similarly one can prove the other statement. For the inner product relation, we have by Fundamental Property,

S2
n (V ′, W ′) = S2

n (S, T )S2
n (V, W )S2

n (S, T ),

S2
n (W ′, V ′)T = S2

n (T, S)T S2
n (W, V )T S2

n (T, S)T .

By Lemma 3.3,
(〈v′

1, w
′
1〉 + 〈v′

2, w
′
2〉)I22n−1

= S2
n (V ′, W ′)S2

n (W ′, V ′)T

= S2
n (S, T )S2

n (V, W )S2
n (S, T )S2

n (T, S)T S2
n (W, V )T S2

n (T, S)T

= (〈s1, t1〉 + 〈s2, t2〉)2(〈v1, w1〉 + 〈v2, w2〉)I22n−1
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Comparing we get,

〈v′
1, w

′
1〉 + 〈v′

2, w
′
2〉 = (〈s1, t1〉 + 〈s2, t2〉)2(〈v1, w1〉 + 〈v2, w2〉).

or,

〈(v′
1, v

′
2), (w

′
1, w

′
2)〉 = 〈(s1, s2), (t1, t2)〉2〈(v1, v2), (w1, w2)〉.

	

Corollary 4.2 Let V, W, S, T ∈ M2×n(R) be given by V =

(
v1
v2

)
, W =

(
w1
w2

)
, S =

(
s1
s2

)
, T =

(
t1
t2

)
. Then

we have

S2
n (T, S)T S2

n (V, W )S2
n (T, S)T = S2

n (V ′, W ′)

for some V ′ =
(

v′
1

v′
2

)
, W ′ =

(
w′

1
w′

2

)
∈ M2×n(R) with

〈(v′
1, v

′
2), (w

′
1, w

′
2)〉 = 〈(s1, s2), (t1, t2)〉2〈(v1, v2), (w1, w2)〉.

Proof Let T =
(

t11, t12, . . . , t1n
t21, t22, . . . , t2n

)
and S =

(
s11, s12, . . . , s1n
s21, s22, . . . , s2n

)
. Then by Lemma 3.4, S2

n (T, S)T = S2
n (T ′, S′),

where T ′ =
(

t11,−s12, . . . ,−s1n
−s21,−s22, . . . ,−s2n

)
=

(
t ′1
t ′2

)
and S′ =

(
s11,−t12, . . . ,−t1n

−t21,−t22, . . . ,−t2n

)
=

(
s′

1
s′

2

)
. Note that

〈(t ′1, t ′2), (s′
1, s′

2)〉 = 〈(t1, t2), (s1, s2)〉 = 〈(s1, s2), (t1, t2)〉.
Now the result follows from Theorem 4.1. 	


5 Future applications

The Fundamental Property, played a vital role in connecting special Suslin matrices Sr (v,w) with orthogonal
maps for unimodular rows. In this paper, we proved the Fundamental Property for 2 × n row Suslin matrices,
thereby laying the foundation for further exploration. We anticipate extending our research by introducing an
anti-involution and a reflection map, which are expected to establish a link between the 2 × n row Suslin matrix
and an orthogonal transformation. Once this connection is established, the group of 2 × n row Suslin matrices
can be associated with special orthogonal groups which are well known object.

Another application of Fundamental Property is to establish a connection between 2 × n row Suslin matrices
and Clifford algebras of certain hyperbolic form. This connection is further to be explored.

Acknowledgements The first author would like to thank Professor Ravi A. Rao for the encouragement and support. We are extremely
grateful to anonymous referee for their constructive comments on a previous version of this paper.

Declarations

Conflict of Interest The authors have no conflict of interest to declare that are relevant to this article.
References

1. Suslin, A.A.; On Stably Free Modules (Russian), Mat. Sb. (N.S.) 102(144) (1977), no. 4, 537-550.
2. Jose, Selby; Rao, Ravi A.; A local global principle for the elementary unimodular vector group. Commutative Algebra and

Algebraic Geometry (Banglore, India, 2003), Contemp. Math., vol. 390, Amer. Math. Soc., Providence, RI, 2005, pp. 119-125.
3. Jose, Selby; Rao, Ravi A.; A Structure Theorem for the Elementary Unimodular Vector group. Trans. Amer. Math. Soc. 358

(2006), no. 7, 3097–3112.
4. Jose, Selby; Rao, Ravi A.; A Fundamental Property of Suslin matrices, Journal of K-theory: K-theory and its Applications to

Algebra, Geometry, and Topology (2010), 5, 407-436.
5. Chintala, Vineeth.; On Suslin matrices and their connection to spin groups. Doc. Math. 20 (2015), 531-550

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-05-20T11:35:29+0530
	Preflight Ticket Signature




