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Abstract The study of unimodular rows over a commutative ring involves the utilization of Suslin matrices.
These matrices possess a Fundamental Property, which plays a crucial role in establishing connections between
the group generated by special Suslin matrices and the special orthogonal group. Moreover, the Fundamental
Property serves as a means to establish a link between Suslin matrices and Spin groups. In this work, we focus on
2 x n row Suslin matrices, defining them and exploring their properties. We provide a proof for the Fundamental
Property specific to 2 x n row Suslin matrices.
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1 Introduction

In [1, §5], A.A. Suslin introduced a matrix called a Suslin matrix denoted as S, (v, w). These matrices are
associated with pairs of vectors (v, w) in R20+D " and their determinants for » > 1, are given by (v, w)zrf1 s
where R is a commutative ring with unity. Suslin matrices are defined recursively as follows: For v = (ag, v1)
and w = (bg, wi) in Mix(+1)(R), where ag, by € R, vi, w; € Mix,(R) and My (-+1)(R) denotes the set of

1 x (r + 1) matrices with entries in R, set So(v, w) = ag and define S, (v, w) as the matrix:

. aoglyr-1 Sr—1(v1, wy)
Sr(v, w) = <_Sr—l(wlv v)T bl

where the superscript 7' stands for the transpose of a matrix.

A Suslin matrix S, (v, w) is called special if (v, w) = 1 and the group generated by these matrices is referred
to as “special unimodular vector group” denoted as SUm, (R). A.A. Suslin showed that special Suslin matrices
can be used to find completion of the unimoduar row (ag, ai, a%, ...,ay). The study of Suslin matrices was
further advanced by Jose-Rao in [2-4], where they proved the Key Lemma and the Fundamental Property. They
also developed the commutator calculus for the elementary subgroup EUm, (R) of SUm, (R). The Fundamental
Property plays a crucial role in defining an action of Suslin matrices on the Suslin space S,, which is a free
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Fundamental property of 2 x n row... 1167

R-module with rank 2(r 4 1) having basis elements S, (e;, 0) and S, (0, e;), where e; represents the i-th unit
coordinate vector with 1 < i < r + 1. This action establishes a connection between a quotient of SUm, (R) and
a quotient of the special orthogonal group SO2(41)(R).

In [5], Vineeth Chintala established a link between Suslin matrices and Clifford algebra of hyperbolic form
H(R")(R — Module R" x R™) equipped with the quadratic form ¢(v, w) = v.w!. By this approach, he
proved Fundamental Property of Suslin matrices. This link, along with the Fundamental Property, established a
connection between Spin group

Spins,(R) = {x € Clo(R) | xx* = 1 and xH(R")x~' = H(R"))}
and the matrix group
Gpo1 = {g € GLyu1(R) | gSg™ is Suslin matrix, for all Suslin matrix S} .

In this paper, we define 2 x n row Suslin matrices and denote them as S,%(V, W) for the vectors V, W e
M>y,,(R), where M, (R) represents the set of 2 x n matrices with entries in commutative ring R. We analyze
their properties and explore their connections with the vectors on which they are defined. We provide a proof of
the Fundamental Property satisfied by 2 x n row Suslin matrices. We call this property as Fundamental Property
since it plays an crucial role in further advancement of theory in context of 2 x n row Suslin matrices. The
Fundamental Property is useful in understanding 2 x n right invertible matrices and their orbits.

2 Preliminaries

In this section, we revisit and review some of the properties of Suslin matrices S, (v, w) from [3] to [1], to
understand their characteristics.

Lemma 2.1 [1, Lemma 1.2] Let R be a commutative ring and o1, a2, B1, B2 € My «(R). If cjoy = apay,
then

det (gi ;i) = det(Bra) — fraa).

Notation 2.2 Ifv = (aog, ..., a,), w = (bo, ..., b)) € Mix@+1)(R), then we denote (v, w) = apby + - - - +

ab, = v.w’.

Lemma 2.3 [3, Lemma 3.1]
Letv,w,s,t € Mixi+1)(R), v = (ag,ai, ...,a:), w=(by,by,...,b,). Then

Sr(v, w) + Sy (w, v)T = {ag + bo} Lo,
S (s, )8 (w, )T + Sp (v, w)SH (1, )T = {{s, w) + (v, 1)} o,
Sp(w, V)T S, (s, 1) + S (2, )T S, (v, w) = {(s5, w) + (v, 1)} or.

Lemma 2.4 [1, Lemma 5.1]
Forr > 1, and v, w € My« +1)(R), the Suslin matrix S, (v, w) has the following properties:

(i) Sy, w)S,(w, )T = (v, w)hr = S (w, V)T S, (v, w).
(ii) det S, (v, w) = (v, w)2 .
3 The 2 x n row Suslin matrix

In this section, we will present the concept of 2 x n row Suslin matrices and explore their properties.

Notation 3.1 We denote 2 x n row by V. = (Z;) € Masn(R), where vi = (ai, ..., an), v2 = (by, ..., by) €
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1168 V. R. Tiwari and S. Jose

Definition 3.2 For V = (Z;) W= (“”

w2> € Mo, (R), we define the 2 x n row Suslin matrix by,

Sa (V. W) = Sau-1((v1, v2), (wi, w2)).
Following are some properties of 2 x n row Suslin matrices:
Lemma 3.3 Let V = (”1) and W = (“’1) € My, (R). Then,
V2 wa

(i) S2(V, W)S2(W, V)T = S2(W, V)T S2(V, W) = ((v1, wi) + (v2, w2)) Lyza-t.
(ll) det S},zl(v, W) = ((vl’ w1> + <U2, w2>)22n—2.

al, ... wr\ _ [(Cl,---5Cn . . .
Proof LetV = <v2> <b1, ...,b )and W= <w2> = (dl,“"dn)We first prove (i) by induction on n.

Whenn =1,V = (b]) and W = (dl)' Thus by definition,

SHV, WS, V) = 8} ((b ) (21)) Si <<lel> ’ (ZD)T

Si1((a1, by), (c1,d1))S1((c1, dy), (a1, b)T

ay b\ (c1 —b;

—dj ¢y d a
(alcl + b1d; 0 )
(«

dib1 +ajcy

vi, wi) + (v2, wa)) .

Similarly one can prove Sf(W, V)TSf(V W) = ((v1, wi) + (v2, wa)) I>. Therefore the result is true forn = 1.

/
Now forn > 1,let V = <v1) = <a1, ) and W = <w1) = <c1,w1)’ where vi = (a2, ...,ay),
V2 v w2 w2
= (c2,...,cp). For I = I,.—2, by definition,

S2(V, W)S2(w, v)T

= Son—1((v1, v2), (W1, w2))San—1((wy, w), (v1, v2))"

_ < arl Son—2((v], v2), (W), wz)))
—Son—a (W}, wa), (v}, v2)T cil
( Cll _S2n—2((Uiv 02), (w/]s w2)))
Son—2 (W), wa), vy, v2))T arl

-(55)

where,
a = ajcr] + Sou—2((v], v2), (W], w2))San—2 (W, wa), (v}, v2))7,
B = —a182,—2((v], v2), (W}, w2)) + a1 S2—2((vy, v2), (W}, w2))
=0,
y = —c18m—2((w, w2), W, v2)" + c1Sm_2 (W], wa), (], v12))"
=0,
8 = crarl + Sau—a((wi, wa), (v}, v2)" S2u—2((W], v2). (W], wn)).
By Lemma 2.4,

a = (ajcr + (v, wy) + (v2, wa)) 1
= ((vi, w1) + {v2, w2)) 1,

8 = (cra1 + (v}, wy) + (v2, wa)) I
= ((vi, wi) + (v2, w2)) 1.
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Hence, S2(V, W)S2(W, V)T = ((v1, w1) + (v2, w2)) Ir2.-1. Similarly one can prove S2(W, V)T S2(V, W) =
((v1, w1) + (v2, wa)) Iron-1.
We now prove (ii). Note that

arl Son—2((v], v2), (W], w2))

2 _
det S,V W) =1 gy s (W) w2), (0], va))T el

Since (a11)S2,—2((v], v2), (W}, w2)) = S24—2((v], v2), (W}, w2))(a1l), by Lemmas 2.1 and 2.4,
det S2(V, W)

= det (c1arl + Sau—2((w}, wa), (W}, v2)T S22 ((V], v2), (W], w2)))

2n—2
= ((v1, w) + (v, wa))*" .
This proves (ii). ]
_(ar,...,an) _ (V1 _[(C1s--sCn )y _ (W1
Lemma 3.4 LetV = (bl, . --,bn> = <v2> , W= (dl, . --,dn> = <w2> € My, (R). Then,
. 2 T _ 2 / / ;o ay, —C2, ..., —Cp 5 Ccl,—a, ..., —day
(i) S;(V, W) = S;(V',W'), where V' = <—d1,—d2,...,—dn> and W' = (-bl,—bz,.--,—br) €

M2><n(R)-
(ii) adj S2(V, W) = ((v1, wi) + (v2, wo))*" " ~182(W, V)T .

Proof Let I = Iyu—2, v} = (a2, ...,a,), W] = (c2, ..., ) € Mixu—1)(R). By definition,

2V, W)T = S2,1((v1, v2), (wi, wa))T

_ arl —Sa—2((w], w2), (v}, v2))
Son—2((V}, v2), (), wa))T cil
= Sanl((ala —C2, ..., —Cp, —w2), (Clv —az, ..., —dp, _UZ))
=S;(V/. W),
;o a1, —=C2, ..., —Cp ;[ C1, —az, ..., —dy . .
where V' = <—d1, . _dn) , W= <_b1» VS —bn>' This proves (7). Note that

(adj S2(V, W))S2(V, W) = det S2(V, W) L1,
and hence
(adj S2(V, W)S2(V, W) SZ(W, V)T = (det S2(V, W) S2(W, V)T.
Therefore by Lemma 3.3,
(adj S2(V, W) ({vr. wi) + {v2. wa)) = (i wi) + (wa, wa)*" SZW. V)T

If ((v1, wy) + (v2, wr)) is not a zero divisor in R then we are done as

adj S2(V, W) = ((v1, wi) + (v2, wa))> 182w, V)T )
Now if ({(v1, wy) 4+ (v2, wp)) is a zero divisor in R then let vi(x) = (a1 + x,az,...,a,), wi(x) =
(€1 + X.c20eeirn) € Mixn(RIx]) and V(x) = (”lv(j)),W(x) - (’”;ff) € Maun(RIx]). Thus

((v1(x), wi(x)) + (v2, wa)) is a unitary polynomial and hence a non zero divisor in R[x]. Therefore by Eq.

(1),
adj S2(V (x), W(x)) = ((v1(x), w1 (x)) + (w2, wo)® I S2W(x), V(x)T.

Setting x = 0, since v{(0) = vy, w1(0) = wy, V(0) = V and W(0) = W, we get the result. This proves (ii). O
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_(ar,--.,an) _ [V (1) _ (W (s _(h
Lemma 38 v = (3000 2 () (50 ) = (). () ani = (1)

My«n(R). Then forr = 2n — 1,

S2(V, W)+ S2(W, V)T = {a1 + 1},
S2(S, T)S2(W, V)T + S2(V, W)S2(T, )T = {(s1, w1) + {52, wa) + (v, 11) + (v2, 12)} or
SZW, V)T S2(S, T) + S2(T, )T S2(V, W) = {(s1, w1) + (52, wa) + (v1, 1) + (v2, 22) } or.

Proof Let I = 122,1 2, §1 = (xl,.. s Xn), 2 = Dy oo ), 1 = (21,...,20) and 1 = (wy, ..., wy) in
Mix,(R). Let v1 (ap, ..., ay), w1 (2, ..., ¢n) € Mixn—-1)(R) By definition,

S2(V, W) + S2(w, V)T

= Son—1((v1, v2), (W1, w2)) + Spp—1 (W1, w2), (v1, v2))T

_ ( arl Son—2((v], v2), (W}, w2))
—San—2((w}, wa), (v}, v2)” cil
n cil —Son—2((v], v2), (W, w2))
Son—2(wy, wa), (vy, v2))T arl

= (a] + C])IzZn—I

This proves the first equality. Now by Lemma 3.3,
S2V+S,W+T)SHW+T,V+95)T

= {{(v1 +51), (w1 +11)) + ((v2 + 52), (W2 + 1))} [p2n-1
= {(vi, wi) + (v1, f1) + (51, wi) + (51, 71)
+(v2, wa) + (v2, 12) + (52, w2) + (52, 22) } pon-1.

By definition,
S2(V 4+ S, W+ T) = San_1((v1 + 51,02 +52), (Wi + 11, w2 + 1))
= Sou—1((v1, v2), (W1, w2)) + S2p—1((s1, $2), (1, 12))

= S2(V, W)+ S3(S.T).

Similarly S2(W + T,V + 8)T = S2(W, V)T + SX(T, S)T. Therefore,
SpV 4+ S, WHTSHW+T, V49T

= S2(V, W)S2W, T + S2(v, \)S(T, $)T + $2(S, T)S>(W, V)T
+82(S, T)SX(T, $)T

= ((v1, w1) + (V2, W) Lzt + SE(V, W)SA(T, )T + 82(S, T)S>(W, V)T
+((s1, 1) + (52, 22)) Ip2n-1.

Now equating the two equations we get,
S2(S, T)SZW, V)T + S2(V, W)SX(T, 5)”

= {{s1, w1) + (52, w2) + (v1, t1) + (v2, 22)} Lr2u—1.

This proves second equality. Similarly one can prove the third equation. O
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4 The fundamental property for 2 x n row Suslin matrices

In this section we prove Fundamental Property of 2 x n row Suslin matrices.

Theorem 4.1 (Fundamental Property of 2 x n Row Suslin Matrices)
Let V,W,S, T € Max,,(R) be given by

=) =) =) =)

Sa (S, T)S;(V, W)Sy(S, T) = Sp(V/, W)
S2(T, $)S2(W, V)SX(T, S) = SZ(W', V')

Then we have,

v w)
for some V' = < }) L, W= <w}) € Moy, (R) with

v 2

(W], vh), (), wh)) = ((s1,52), (11, 2))*((v1, v2), (W1, w2)).

Proof Let vi = (vi1,v1), w1 = (Wi, wr), s1 = (511,50, 11 = (t11,11) € Mix,(R), where vf =
(W12, .., V), W1 = (W12, ..., Win), 51 = (812, ..., S1n), and 71 = (f12,...,tn) € Mix@u—1)(R). Then
forr = 2n — 2 and I = I» by definition,

S2(S, T)S2(V, W)S2(S. T)

= 82, —1((s1, 52), (11, 12)) S2n—1((v1, v2), (W1, W2))S2n—1((51, 52), (11, 12))
_ ( Slll Sr((ﬁ’ SZ)’ (Ea t2)))
=S (@1, ), Groso)T tinl

» ( vit! Sy ((v1, v2), (wr, wz)))

=S, ((wr, wa), (v1, v2))T wi !

« ( Slll Sr((ﬁa 52)1 (H? t2))>

—S,((t1, 12), (51, s2)) T il
_ (Y n2
V1 yn)’

yit = st l — si{S-(GT, $2), (11, 2))S, (W1, w2), (07, v2))”
+8, (U7, v2), (BT, w2)) S+ (71, 12), T, 52)) 7}
—wi1{S, (57, 52), (71, 2)) S, ((T1, 12), 57, 520) 7},
yi2 = (s1vin + tiwi)Sr(G1, 52), (71, 1)) + t11511S- (U1, v2), (W1, w2))
— 8, (37, 82), ({1, ) Sy (W7, w2), (71, v2))" S (GT. 52), (71, 12))
ya1 = —(s11v11 + twi) S (1, 22), 51, s2) T — s116118-((Wr, wy), (07, v2) T
+S, (@1, 22), 5T, $2) 7 S, (U1, v2), @7, w2))SH (71, 12), (57, 52)"
v = thwi I — 1 {8y (01, w2), (@1, )’ S, (6T, 52), (71, 12))
+8: (71, 12), (51, 52) 7 S, (U1, v2), (Wr, w2)))
—v11{S- (1, ), BT, 52)" S-(GT. 52), (71, 22)}.

where,

By Lemma 2.3,
S}’((ﬁs S2)7 (Ee tz))Sr((w_lv w2)9 (v_lv UZ))T + Sr((v_17 U2)7 (U)_], wZ))Sr((Ev t2)7 (ﬁa SZ))T

= ((G1, 52), (W1, w2)) + (W1, v2), (71, 12))) 1
= (51, 1) + (52, wa) + (71, 1) + (12, v2)) 1.
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And by Lemma 2.4,
S, (01, 12), 5T, $2) " S,(GT, 82), (71, 12)) = ({71, 51) + (12, 82)) 1.
Therefore,

yit = (sfvin — s1{(ST, i) + {52, wa) + (I, 07) + (82, v2)}
—wy{(t1, s1) + (2, s2) D 1.
= vyl (say)
yi2 = (suvnn + tnwi) Sy (51, 82), (71, ©2)) + t115115, (U1, v2), (W1, w))
=8, ((s1, 52), (t1, ){((W1, 51) + (w2, 52) + (U1, 11) + (v2, )]
— 8, ((t1, 12), (51, 5207 S+ (U1, v2), (W1, w2))}
= (s11v11 + w11 S, (1, 82), (t1, 2)) + 11511 (01, v2), (W1, w2))
— (w1, 51) + (w2, $2) + (U1, 71) + (v2, 12)) S, (51, 82), (71, 12))
+8:((1, 82), (71, 22)) S, (71, 12), (5T, $2)) 7 S, (7, v2), (W, w2))
= (s11v11 + w11 Sy (6T, $2), (71, 1))
— (w1, 51) + (w2, $2) + (U1, 71) + (v2, 12)) S, (51, 82), (71, 12))
+t115118, (01, v2), (Wi, w2)) + (51, 1) + (52, 22)) S, (U1, v2), (Wr, w2))
= (s1vi1 + tmwn — (W1, 51) — (w2, $2) — (U1, 71) — (v2, 1))
xSp((51, 82), (11, 22)) + ((s1, 1) + (52, 22)) S, (U1, v2), (W7, w2))
= Sy ((x51 + yv1, x52 + yv2), (xt1 + YWy, xt2 + yw2))

where,

x = spvir + tiwi — (wr, 51) — (wa, 82) — (U1, 1) — (v2, 1),
y = (s1,11) + (52, 12).
Similarly by Lemmas 2.3 and 2.4,
ya1 = =Sy ((xf1 + yW1, xt2 + ywa), (X517 + Y07, x52 + yv2))”, and
yn =w) I (say).

Then for vi = (v/ll’xﬁ-’_ yv_l)v vé = ('XSQ. + yv2)7 w/l = (w/llaxﬁ-’_ yw_l)v wé = ('xtz + yw2) € Man(R)a
we have

Sy(S, T)Sa(V, W)Sy(S, T) = San—1((W], v5), (W, w)))
= S2(V/, W),
where, V' = (v;) , W= (%) € Myxn(R).
v w

2 2
Similarly one can prove the other statement. For the inner product relation, we have by Fundamental Property,

S2(V, W'y = S2(S, T)SE(V, W)S2(S, T),

2w, vhT = s2(T, HT s2(w, V)T s2(T, s)T.
By Lemma 3.3,
((v], w}) + (v5, wh)) Iz
=SV, wHstw', v)T
= S2(S, T)S2(V, W)S(S, T)S2(T, $)T S2(W, V)T ST, $)T
= ((s1, 1) + {52, ) ? ((v1, w1) + (v2, w2)) L2t
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Comparing we get,

(v}, wi) + (b, wh) = (s1, 1) + (52, )2 ((v1, wi) + (v, w2)).

or,
(W], vy), (i, wh)) = ((s1. 82), (11, 12))* (W1, v2), (W1, w)).
m]
. (v _(w (st _(n
Corollary 4.2 Let V, W, S, T € My, (R) be given by V = (vz) W= <w2> , S = <S2) , T = (tz)' Then
we have
Se(T. )T SV, W)SHT, $)T = SpV', W)
v/ w/
for some V' = ( }) W = < }) € My, (R) with
) w;
(W], vy), (i, wh) = ((s1. 82). (11, 12))*( (W1, v2), (W1, w)).
_ (h1,h2, .50 S115 8125 -+ 2 T 271
Proof LetT = (l‘z],tzz, b )andS (Szl,szz, - Szn) Then by Lemma 3.4, S; (T, S)" = S;(T’", S"),
_ _ / _ _ /
where T’ = 111, =812, - —S1n 1/ and " = 1 R U S} Note that
—521,—S22,~-- —82n 5 —l, —122,..., —Ip Sy
(11, 1), (51, $9)) = (11, 12), (51, 52)) = (51, 52), (11, 12)).
Now the result follows from Theorem 4.1. O

5 Future applications

The Fundamental Property, played a vital role in connecting special Suslin matrices S, (v, w) with orthogonal
maps for unimodular rows. In this paper, we proved the Fundamental Property for 2 x n row Suslin matrices,
thereby laying the foundation for further exploration. We anticipate extending our research by introducing an
anti-involution and a reflection map, which are expected to establish a link between the 2 x n row Suslin matrix
and an orthogonal transformation. Once this connection is established, the group of 2 x n row Suslin matrices
can be associated with special orthogonal groups which are well known object.

Another application of Fundamental Property is to establish a connection between 2 x n row Suslin matrices
and Clifford algebras of certain hyperbolic form. This connection is further to be explored.
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