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Abstract Given two non-empty graphs G, H and a positive integer k, the Gallai-Ramsey number gr, (G : H) is
defined as the minimum positive integer N such that for all n > N, every k-edge-coloring of K,, contains either
a rainbow subgraph G or a monochromatic subgraph H. In this paper, we get some exact values or bounds of
Gallai-Ramsey numbers for rainbow K 3, Ps or P4+ and monochromatic double stars or books.
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1 Introduction

All graphs considered in this paper are finite, simple and undirected. Let V(G) and E(G) denote the vertex set
and edge set of a graph G, respectively. A k-edge-coloring of G is a function ¢ : E(G) — {1, 2, ..., k}, where
{1,2,...,k} is a set of colors. When the integer k is small, we usually use red, blue, green and other specific
colors to represent these colors. A k-edge-coloring of a graph is exact if all colors are used at least once. In this
paper, we consider only exact edge-colorings of graphs. An edge-colored graph is called rainbow if all its edges
have distinct colors and monochromatic if all its edges have the same color.

For an edge-colored graph G, we use G[U] to denote the subgraph induced by a subset U of V(G). Let G'
denote the subgraph of G induced by all i-color edges in G. The degree, deg; (v) or deg(v) for short, of a vertex
v of G is the number of edges incident to it. The minimum degree of G, §(G), is the smallest of the degrees of
vertices in G and the maximum degree, A(G), of G is the largest of the degrees of the vertices in G. For a color
i,let A (G) denote the the maximum i-color degree of G, that is, the maximum degree of the subgraph G of
G. The complement of a graph G, denoted by G, is a graph with vertex set V (G), and any two vertices in G are
adjacent if and only if they are not adjacent in G

Let G and H be two graphs, the join of G and H, denoted by G + H, is to insert all the edges between
V(G) and V(H). In other words, V(G + H) = V(G) U V(H) and E(G + H) = E(G)U E(H) U
{vu|for allv € V(G)andu € V (H)}. The double star Sy, , for integers n > m > 1 is the graph obtained from
K1, and K1, by adding an edge between their centers, this added edge is called the center edge of S, ,. The
center of K , is called n-center in S, ,, and the center of K ,, is called m-center in S, ,. The book B, is the
graph that n triangles share only one edge, that is B, = K, + K3. For more notation and terminology not defined
here, we refer to [2].
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1.1 Ramsey number

Since the original paper of Ramsey [15] was published in 1930, Ramsey theory has become a hot topic in discrete
mathematics. Given k graphs G, Go, ..., Gg, the k-color Ramsey number R(G1, G2, ..., Gi) is defined as the
minimum positive integer n such that every k-edge-coloring of K, contains a monochromatic subgraph G; with
colori,where 1 <i <n.If Gy = Gy = --- = Gy = G, then we simply write the Ramsey number as Ry (G).
If k =2 and G| = G, = G, then we simply write the Ramsey number as R(G). At present, the exact value of
Ramsey number of only a few graphs has been determined.

In 1972, Harary in [9] gave the exact value of Ramsey numbers involving stars.

Theorem 1 [9] R(K1 ,, K1) =n+m — ¢, where ¢ = 1 if both n and m are even and ¢ = 0 otherwise.

In 1978, Rousseau and Sheehan in [10] gave the result of star-book Ramsey numbers.
Theorem 2 [10] Let an integer k = L%J Ifkn <m—1< (k + m) n, then
(k+3) ((k+2)(m — 1) +2(k + 1)n)D o
(k+ 1)k +4) '

In this paper, we will use the following corollary. For more results on Ramsey numbers, we refer to [14].

R(K1,, By) = max ((k + 2)n, {

Corollary 1 For an integer n > 3, we have

R(Kin By)=3n—1 and R(Ky,_1, By) =3n—2.

1.2 Gallai-Ramsey number

An edge-colored complete graph without rainbow triangles has very special structure. In 1967, Gallai in [6] first
examined this structure under the guise of transitive orientations of graphs and it can also be traced back to
the paper [3]. For this reason, an edge-coloring of a complete graph containing no rainbow triangles is called a
Gallai coloring. Gallai’s result was restated in [8] by the terminology of graphs. For the following statement, a
nontrivial partition is a partition with at least two parts.

Theorem 3 [3,6,8] In any edge-coloring of a complete graph containing no rainbow triangle, there exists a
nontrivial partition of the vertices (called a Gallai partition) such that there are at most two colors on the edges
between the parts and only one color on the edges between each pair of parts.

In 2010, Faudree, Gould, Jacobson and Magnant in [4] defined Gallai—Ramsey number gr; (G : H). For
more recent results about Gallai-Ramsey numbers, we refer to [13].

Definition 1 [4] Given two non-empty graphs G, H and a positive integer k, define the Gallai-Ramsey number
gr, (G : H) to be the minimum integer N such that for all n > N, every k-edge-coloring of K,, contains either a
rainbow subgraph G or a monochromatic subgraph H.

Noticing that Gallai-Ramsey numbers consider only edge-colorings of complete graphs. So, according to
the definitions of Ramsey number and Gallai-Ramsey number, we have

gr (G : H) < Ry(H) < o0.

Additionally, if2 < k < |E(G)|—1, then itis clear that there is no rainbow subgraph G in any k-edge-colored
complete graph. Therefore, in this case, we have

gr. (G : H) = Ri(H).

In the study of k-edge-colorings, in addition to “exact k-edge-coloring”, another definition is the so-called “at
most k-edge-coloring”, which means that the actual number of colors used does not exceed k, and it is allowed to
be less than k. In [11], Li, Besse, Magnant, Wang and Watts gave a conjecture about the Gallai-Ramsey number
for rainbow Ps under the at most k-edge-coloring rule.

Conjecture 1 For any graph H with no isolated vertices, we have
gri(Ps - H) = R3(H).

For more recent results about Gallai—-Ramsey numbers, we refer to the monograph [13] and the survey paper [5].
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1.3 Structural theorems under rainbow-tree-free colorings

Thomason and Wagner in [17] obtained the following results.

Theorem 4 [17] For an integer n > 4, let K, be edge-colored complete graph so that it contains no rainbow
Py. Then one of the following statements holds.

(i) At most two colors are used;
(ii) n = 4 and three colors are used, each color forming a perfect matching.

Theorem 5 [17] For positive integers k and n, if K, is a k-edge-colored complete graph without rainbow
subgraph Ps, then after renumbering the colors, one of the following statements holds.

(i) k<3o0rn<4;
(ii) There exists a partition (Vi, Va, ..., Vi) of V(K}) such that for each i, all the edges connecting two vertices
in Vi are colored by either 1 or i (so V1 forms a monochromatic clique), and all the edges between V; and
Vi with i # j are colored by 1;
(iii) K, — v is monochromatic for some vertex v;
(iv) There are three vertices a, b and c such that the edges ab, bc and ac have color 2,3 and 4, respectively,
some edges incident with a have color 3, and all the other edges have color 1;
(v) There are four vertices a, b, ¢ and d such that the edges ab, ac, ad, bc and bd have color 2,3, 4,4 and 3,
respectively, the edge cd has color 1 or 2, and all the other edges have color 1;
(i) n =5, V(K,) ={a,b,c,d, e}, the edges ad, ae and bc have color 1, the edges bd, be and ac have color 2,
the edges cd, ce and ab have color 3, and the edge de has color 4.

In order to facilitate the description of the following structural theorems, we give some edge-colored complete
graphs with special structures.

Definition 2 [1] For an integer n > 4, let G{(n) be a 3-edge-colored K, that satisfies the following conditions:
The vertices of K, are partitioned into three pairwise disjoint sets Vi, V> and V3 such that for 1 < i < 3 (with
indices modulo 3), all the edges between V; and V;1 have color i, and all the edges within V;,| have color i or
i+ 1.

In the G(n) coloring structure, one of Vi, V> and V3 is allowed to be empty, but at least two of them are
non-empty (Otherwise at most only two colors can appear).

Definition 3 [1] For an integer n > 4, let G2 (n) be a 4-edge-colored K, in which there is exactly one edge, say
xy, having color 2. Every edge from x to all the other vertices except y has color 3, and every edge from y to all
the other vertices except x have color 4. All the edges not incident to vertices x, y have color 1.

In the G (n) coloring structure, K, contains no rainbow subgraph P4+ but contains a rainbow subgraph K 3
and a rainbow subgraph Ps (if n > 5).

Definition 4 [1] Foranintegern > 4,let G3(n) be a4-edge-colored K, in which there exists a rainbow subgraph
K3 having colors 1, 2 and 3, say V(K3) = {a, b, ¢}, the edge ab has color 1, the edge bc has color 2 and the
edge ac has color 3. Let every edge incident with at most one vertex in the rainbow subgraph K3 have color 4.

In the G3(n) coloring structure, K,, contains no rainbow subgraphs P4+ and Ps, but contains a rainbow
subgraph K 3. If the edge-coloring structure of a complete graph is the same as G;(n), i € {1, 2, 3}, then we
write it as K, = G;(n).

The local k-coloring of a graph G refers to the edge coloring of G, satisfying that the colors of the edges
incident to each vertex of G are at most k. In [7], Gyéarfas, Lehel, Schelp and Tuza gave the coloring structure of
a local 2-colored complete graph K, with k colors. Let A;; be a vertex subset of complete graph K;;, and each
edge of the induced subgraph by A;; has either color i or color j. Then there are only two types of coloring
structures of the local 2-colored complete graph K, with k colors. One structure is k = 3 and there exists a
partition of V (K,,), denoted as (A2, A13, A23). The other structure is k > 3 and there exists a dominant color,
which may be assumed to be color 1, and the vertex set of K, has a partition, denoted as (A2, A13, ..., A1x).
In [1], Bass, Magnant, Ozeki and Pyron studied the edge-colored complete graphs without rainbow K 3 from
structural perspectives.

Theorem 6 [1,7] For positive integers k and n, if K, is a k-edge-colored complete graph without rainbow
subgraph K 3, then after renumbering the colors, one of the following statements holds.
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(i) k<2orn<3;
(ii) k =3 and K,, = G1(n);
(iii) k = 4 and Item (ii) in Theorem 5 holds.

Next we give two types of edge-colored complete graphs without rainbow P,", where PI is the graph
consisting of a P4 with one extra pendent edge incident with an inner vertex of Pj.

Theorem 7 [1,16] For positive integers k and n, if K, is a k-edge-colored complete graph without rainbow
subgraph P, then after renumbering the colors, one of the following holds.

(i) k<3o0rn<4;
(ii) k =4 and K,, € {G2(n), G3(n)};
(iii) k > 4 and K, contains no rainbow K 3. In particular, Item (ii) in Theorem 5 holds.

Although the Gallai—-Ramsey number was first studied for rainbow triangles, research on other rainbow
subgraphs has gradually been carried out in recent years. There are many results on Gallai-Ramsey numbers
involving rainbow K 3, Ps or P4Jr .In[12], Li, Wang and Liu got some exact values and bounds for gr; (Ps : K;),
and got the structural theorems for complete bipartite graphs without rainbow subgraphs P4 and Ps. In [18], Wei,
He, Mao and Zhou obtained some exact values and bounds of Gallai-Ramsey for rainbow P5; and monochromatic
fans or wheels. In [19], Zhou, Li, Mao and Wei studied Gallai-Ramsey numbers for rainbow K 3, Ps or P4+ and
monochromatic small path union stars. In [20], Zou, Wang, Lai and Mao derived results for gr, (Ps : H) (k > 3),
where H is a general or special graph.

This paper is organized as follows: In next section, we will give some propositions and lemmas. In Section
3, we determine some exact values or bounds of Gallai-Ramsey numbers for rainbow Kj 3, Ps or P4+ and
monochromatic S, , or B,. In the last section, some related open problems are proposed.

2 Preliminaries

Li, Wang and Liu in [12] determined the sharp bound of & such that any k-edge-colored K, always has a rainbow
subgraph Ps. Bass, Magnant, Ozeki and Pyron in [1] obtained the sharp bound of k such that any k-edge-colored
K, always has a rainbow subgraph K 3 by studying anti-Ramsey numbers.

Proposition 8 [12] For integers n > 5 and k withn +1 < k < (g), there is always a rainbow subgraph Ps
under any k-edge-colored K.

Proposition 9 [1] For integers n > 4 and k with f%-| <k< (;) there is always a rainbow subgraph K| 3
under any k-edge-colored K.

The following two lemmas are very important in this paper. Using these lemmas, we can avoid a lot of
repetitive work in proving the upper bound of Gallai-Ramsey number involving rainbow Ps or Pf .

Lemma 1 Let H be a graph such that H is a subgraph of K, + Ky -2 and H is also a subgraph of
Ki+ K|y (m)|-3. For every 4-edge-colored Ky (N > |V(H)|+ 1 > 5), if Theorem 5 (iii), (iv) and (v) hold,
then there exists a monochromatic subgraph H.

Proof We can easily observe that there is a monochromatic subgraph H when Theorem 5 (iii) holds. Assume
that Theorem 5 (iv) holds. Noticing that {a, b, ¢, v1, ..., vjy) -2} € V(Ky) and the coloring of all edges
incident with {a, b, c} as Theorem 5 (iv), hence there is a monochromatic subgraph H with color 1. Next, we
assume that Theorem 5 (v) holds. Noticing that {a, b, ¢, d, v, ..., vy () -3} S V(Ky) and the coloring of all
edges incident with {a, b, ¢, d} as Theorem 5 (v), hence there is a monochromatic subgraph A with color 1. O

Lemma 2 Let H be a graph such that H is a subgraph of K3 + K\v(m)|—1. For every 4-edge-colored K (N >
|V(H)| + 2), if Theorem 7 (ii) holds, then there exists a monochromatic subgraph H.

Proof Assume that Theorem 7 (ii) holds. If Ky = G,(N), then Ky — x — y is monochromatic with color

1, and hence there is a monochromatic subgraph H. Next, we assume that Ky = G3(N). Noticing that
{a,b,c,vi,...,vy)—1} € V(Kpy) and the coloring of all edges incident with {a, b, ¢} as the definition

of G3(N), hence there is a monochromatic H with color 4. O
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In 2022, Zhou, Li, Mao and Wei in [19] gave some general results between gr; (K13 : H), gr;(Ps : H) and
ary (Pé;F : H) (k > 4). We correct a small flaw in Lemmas 4 and 5 given in [19], which is that the lack of condition
gr, (K13 : H) > 5 can lead to errors. Noticing thatif k > 5 and gr; (K13 : H) = 4, then gr,(Ps : H) > 4 and
grk(P;r : H) > 4. This is because for any k-edge-colored K4 with 5 < k < 6, there is no rainbow subgraph Ps
or Pj‘ , and also no monochromatic subgraph H (except for the trivial case where H = K, or H = 2K)>).

Lemma 3 [19] For an integer k > 4, we have
gr (Ps: H) > gr (K3 : H) and grk(P4+ H)>gr (K13: H).
Lemma 4 [19] For integers k > 5 and gr;, (K13 : H) > 5, we have

o (Ps + H) = max{lV(fI)|+1,grk(K1,3:H)}, 5<k<|V(H);
gr (K13 : H), k= |V(H)|+1=5.

Lemma 5 [19] For integers k > 5 and gri (K13 : H) > 5, we have
gr (Pt H) = gri (K30 H).

In 2023, Zou, Wang, Lai and Mao in [20] provided results on the Gallai—-Ramsey number for rainbow Ps.

Theorem 10 [20] For a graph H and an integer k > 5, we have

maxH‘*— Vz”g’ﬂ,s}, k> |V(H)| +1:
gr(Ps: H) = { |V(H)| + 1, k =|V(H)| and H is not a complete graph;
(V(H)| — 1)2 + 1, k = |V(H)| and H is a complete graph.

Based on the idea of Zou, Wang, Lai and Mao [20], the number of colors does not exceed the total number
of edges in an edge-colored graph. So by solving the equation

k < (’;) = |E(Kp)|.

we obtain n > . Therefore, the following lemma is directly given.

14++/148k
2
Lemma 6 For integer k > 3 and any graph H, we have

1+ +/1+8k
e (ki i) = [0

When the number of colors k > 4, we know from Theorem 6 (iii) (i.e., Theorem 5 (ii)) that if a k-edge-
colored complete graph does not contain a rainbow subgraph K 3, then there is only one coloring structure.
Conversely, if the coloring structure of a k-edge-colored complete graph satisfies what is described in Theorem 6
(iii), then the complete graph does not contain a rainbow subgraph K 3. In order to describe the edge-coloring
structure of lower bounds in the following section more concisely, we construct a family of k-edge-colored
complete graphs based on the coloring structure given in Theorem 6 (iii). Therefore, every k-edge-colored
complete graph described in Definition 5 does not contain a rainbow subgraph K 3.

Definition 5 Let integer k > 4 and [K,,, K;,, ..., K;,_,] be a k-edge-colored complete graph obtained from
k — 1 vertex-disjoint complete graphs K;,, K;,, ..., K;_, such that all the edges of K, are colored by i + 1 for
eachl <i < k—1 and all the edges between K;, and K 1 are colored by 1 for any twointegers | <i < j <k—1.
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3 Main results
3.1 Rainbow K 3

In this subsection, we give the Gallai-Ramsey numbers for monochromatic double stars or books involving
rainbow K 3.

Theorem 11 Let integer k > 4. If H is a subgraph of balanced complete (k — 1)-partite graph K; > . 2, then

1+\/1+8k.|
— |

Proof The lower bound is obtained by Lemma 6, and we only need to prove the upper bound. Consider any
k-edge-coloring of Ky (N > Ni). Noticing that Ny < 2k —2 for k > 4. If N, < N < 2k — 3, then it follows
from Proposition 9 that there is always a rainbow subgraph K 3, the result thus follows. Next we assume that
N > 2k — 2. Suppose to the contrary that K contains neither a rainbow subgraph K 3 nor a monochromatic
subgraph H. It follows from the fact k > 4 that Theorem 6 (i) and (ii) do not hold. If Theorem 6 (iii) holds, then
|Vi| > 2 foreachi € {2,3, ..., k}. Since H is a subgraph of balanced complete (k — 1)-partite graph K> > . »,
it follows that there is a monochromatic subgraph H, a contradiction. The result thus follows. O

g (K13 H)=|

For convenience of description, a vertex x contributes to n-center (or m-center) if x is a pendent vertex and
adjacent to n-center (or m-center) in subgraph S, ,,. For a vertex subset V' of V(G), the remaining vertices in
V' are those that are neither center vertices of S,, , nor contribute to a center vertex of Sy, ,,. For k = 3, we have
the following results.

Theorem 12 For integers n > m > 1, we have
gr3(K1,3 : Sm,n) =2n+m+ 2.

Proof Let G| and G, be monochromatic copies of K, with colors 3 and 2, respectively. Let G3 be a monochro-
matic copy of K, 11 with color 3. We construct K»,4,+1 by making G, G2, G3 and inserting all edges between
these copies such that the edges from G to G, are colored by 1, and the edges from G, to G3 are colored by 2,
and the edges from G to G3 are colored by 3. One can easily check that there is neither a rainbow subgraph K 3
nor a monochromatic subgraph S, , under such a coloring of K2, 4,+1,and so gr3(K13 : Sp.n) > 2n+m+ 2.

Consider any 3-edge-coloring of Ky (N > 2n+m +2) and suppose to the contrary that K  contains neither
arainbow subgraph K 3 nor amonochromatic subgraph S,, ,. By Theorem 6 (i7), there is a partition (V7, V2, V3)
of V(Ky) such that Ky = G1(N) when k = 3. Without loss of generality, we assume that |V{| > | V2| > | V3].
If [Vi] > n+1and |V2| > m + 1, then there is a monochromatic subgraph S,,, , with n-center in V, and m-center
in V1, a contradiction.

Suppose that |Vi| > n + 1 and |V2| < m. If AI(G[Vl]) > m — |V,| + 1, then we choose an m-center in V;
and an n-center in V5, and then we choose | V| — 1 vertices from V, to contribute to the m-center and m — |V, |+ 1
vertices from V; to contribute to the m-center. So the number of remaining vertices in V] is at least

Vil=m—=Vo|+ 1) =1=2n+m+2— (V2| +|V3]) —(m — |[V2| + 1) = 1
=2n —|V3| > n.

Therefore, at least n vertices in V| can be contributed to n-center. Hence, there is a monochromatic subgraph
Sm.n with color 1, a contradiction. So AY(G[VI]) < m — |V,| and similarly A3(G[V1]) < m — |V3], but it
contradicts with the fact A'(G[V1]) + A3(G[Vi]) = AGIVI]D) = [Vi| = 1 > 2n+m + 1 — (|Va]| + |V3)]).

Suppose that | V| < n. If AY(G[V5]) = n — |Vi| + 1, then we choose an m-center in V; and an n-center in
V>, and then we choose | V(| — 1 vertices from V; to contribute to the n-center and n — | V1| 4+ 1 vertices from V;
to contribute to the n-center. So the number of remaining vertices in V> is at least

Vol —(n—=Vi|+1) =1 =|Vi|+ Vo] =n =2

2

Z§(2n+m+2)—n—2
_1l.2 2 2
TRty T =My

@ Springer



1180 Y. Si

Noticing that |Va| — (n — |Vi] + 1) — 1 is an integer, thus the number of remaining vertices in V; is at least
m. Next we choose m vertices from V to contribute to the m-center, there is a monochromatic subgraph S, »
with color 1, a contradiction. Similarly, if A3(G[V3]) > n — |Vi| + 1, then we can also find a monochromatic
subgraph S, , with color 3. Therefore, A'(G[V2]) < n — |Vi| and A3(G[V3]) < n — |Vy], which implies
AX(G[V2]) = |Va|—1=(—|Vi]) = [Vi|+|Va|—n—1and A*(G[V3]) = |V3|—1—(n—|Vi]) = |Vi|+|V3|—n—1.
Recall that the edges from G[V;] to G[ V3] are colored by 2. Noticing that |V |+ | V3| —n—1—(m+n—|V2|+1) =
Vil + V2| + | V3| — 2n 4+ m + 2) > 0. Next we choose an m-center in V, and an n-center in V3, and then we
choose | V>| — 1 vertices from V5 to contribute to the n-center and n — | V3| + 1 vertices from V3 to contribute to
the n-center and m vertices from V3 to contribute to the m-center. Therefore, there is a monochromatic subgraph
Sm.n with color 2, a contradiction. The result thus follows. O

For k > 4, we completely solve and give the exact values of the Gallai-Ramsey numbers for rainbow K 3
and monochromatic double stars.

Theorem 13 For integers k > 4 andn > m > 1, we have

(H'— V21+8k—|, n+m<2k—4,
n—+m-+2, n+m=>2k—3andn < (m+ 1)k —-2)— 1,

Ki3:S =
& (K13 Smn) (]]z%é)(n—a)—i—a—i—l, n>m+1)k—-2)andn=a (modk —2)

where 0 < a < k — 3.

Proof Assume that n +m < 2k — 4. It follows from Theorem 11 that gry, (K13 : Sp,n) = [H'— V21+8k—| Next, we
distinguish the following two cases to prove this theorem.

Casel n+m >2k—3andn < (m+ 1)(k—2) — 1.

Since n + m > 2k — 3, it follows from gr, (K13 : Spm.n) = |V (Syu,n)| = n 4+ m + 2 that the lower bound of
the theorem holds. Consider any k-edge-coloring of Ky (N > n + m + 2) and suppose to the contrary that K
contains neither a rainbow subgraph K 3 nor a monochromatic subgraph S, ,,. It follows from the fact k > 4
that Theorem 6 (i) and (ii) do not hold. If Theorem 6 (iii) holds, then |V;| > 2 foreachi € {2,3,...,k}
and Zle |Vil| = n 4+ m + 2. Without loss of generality, we assume that |Vo| > V3| > ... > |Vi| > 2. If
|Vk—1| = |Vk| = n + 1, then there is a monochromatic subgraph S, , with the center edge between Vj_; and
Vi, a contradiction. If |Vy_1| > n + 1 and |Vi| < n, then |V;_3| > |Vi—1| = n + 1, and hence there is a
monochromatic subgraph S,,, , with the center edge between Vj_ and Vj_1, a contradiction.

Nextwe assume that |Vi_1| < nand| V| < n.If |Vk—1| < nand|Vi| < m,thenitfollows from N — (| Vx_1|+
Vi) = (n—|Vik—1|+1)+(m—|Vi|+1) that there is a monochromatic subgraph S, ,, with the center edge between
Vi—1 and Vg, a contradiction. If |Vy_j| < mandm + 1 < |Vi| < n, then |V,| > |V3| > ... > |Vi| = m + 1.
Since n < (m + 1)(k — 2) — 1, it follows from Uf;zl Vil < (m + 1)(k — 2) that there is a monochromatic
subgraph S, , with the center edge between Vi_; and Vi, a contradiction. The result thus follows.

Case2 n> (m+ 1)(k—2)andn =a (mod k —2) where 0 <a < k — 3.

It follows from n = a (mod k — 2) and n > (m + 1)(k — 2) that =5 is an integer and 7=5 > m + 1. Let
t = =5 +aandt; = =5 foreach2 < i < k — 1. Then K(H)(n—a)w = [K;, Ky, ..., Ky, 11s a k-edge-
colored complete graph. One can easily check that there is neither a rainbow subgraph K 3 nor a monochromatic
subgraph S, ,, and so gr; (K13 : Sp.n) > (%)(n —a)+a+1.

Consider any k-edge-coloring of Ky (N > (%)(n —a) + a + 1) and suppose to the contrary that Ky
contains neither a rainbow subgraph K 3 nor a monochromatic subgraph S, ,,. It follows from the fact k > 4
that Theorem 6 (i) and (i) do not hold. If Theorem 6 (iii) holds, then |V;| > 2 foreachi € {2,3,...,k} and

Zle |Vi| = (%)(n — a) + a + 1. Without loss of generality, we assume that |Vo| > [V3| > ... > |V;| > 2.

Noticing thatm +1 < \J‘nTZJ = 15 < =5 ta.1f2 < |Vi| < m, thenitfollows from N — (|Vx—1|+|Vk]) >

(n — |Vk=1] + 1) + (m — | V| 4 1) that there is a monochromatic subgraph S,, , with the center edge between
Vi—1 and Vj, a contradiction. If m + 1 < |Vi| < %, then |V (Ky)| — |Vk| = n + 1, and hence there is a
monochromatic subgraph S, , with the center edge between Vj;_; and Vi, a contradiction. If |Vi| > Z:g +1,

then Uf;zl Vil > n —a+k—2 > n+ 1, and hence there is a monochromatic subgraph S,,, , with the center
edge between Vi_1 and Vi, a contradiction. The result thus follows. |
The following two lemmas will help us simplify the following proof details and avoid repetitive statements.
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Lemma 7 For an integer n > 2, we have

7, n=2;
gry(Ki3:By) > 110, n=3;
3n, n>4.

Proof First, we consider the case of n = 2. Let G and G, be monochromatic edge-colored complete graphs of
order 3 with colors 2 and 3, respectively. We construct K¢ from G| and G» by adding the edges such that the
edges between G| and G are colored by 1. One can easily check that there is neither a rainbow subgraph K 3
nor a monochromatic subgraph B, under such a coloring of K¢, and so gr3(K; 3 : B2) > 7. Then, we consider
the case of n = 3. Let G be a copy of K5 with colors 1 and 3 such that the induced subgraph of color 1 is a Cs
and the induced subgraph of color 3 is a Cs. Let G and G3 be monochromatic copies of K, with color 2. We
construct K9 by making G1, G,, G3 and inserting all edges between these copies such that the edges from G| to
G are colored by 1, and the edges from G, to G3 are colored by 2, and the edges from G to G3 are colored by
3. One can easily check that there is neither a rainbow subgraph K 3 nor a monochromatic subgraph B3 under
such a coloring of Ko, and so gr3(K; 3 : B3) > 10.

Next, we consider the case of n > 4. Let G be a copy of Kg(k, ,_,,B,)—1 With colors 1 and 3 such that the
induced subgraph of color 1 with maximum degree less than n — 1 and the induced subgraph of color 3 without
subgraph B,. Let G, be a monochromatic copy of K> with color 2. Recall that R(Ky ,—1, B;,) = 3n — 2. We
construct K3,_1 by making G1, G, and inserting all edges between these copies such that the edges from G to
G are colored by 1. One can easily check that there is neither a rainbow subgraph K 3 nor a monochromatic
subgraph B, under such a coloring of K3,_1, and so gr3(K1 3 : B,) > 3n. O

Lemma 8 For every 3-edge-coloring of Ky (N > 2n + 3), if Ky contains no rainbow subgraph K 3, then
there is a partition (V, Vo, V3) of V(Kn) such that Ky = G1(N). Furthermore, if |Vi| > |V2| > |V3] and
|Va| = nor |Va| = 1, then there exists a monochromatic subgraph By,.

Proof Consider any 3-edge-coloring of Ky (N > 2n + 3). Since Ky contains no rainbow subgraph K 3, it
follows from Theorem 6 (i) that there is a partition (V1, V;, V3) of V(K y) such thatif k = 3,then Ky = G{(N).

Assume that | V2| > n. Since | V1| > |V2| > n and the edges between V| and V; are colored by 1, it follows
from that the color of all edges in the induced subgraph of V; is not color 1 for each i € {1, 2}. Therefore, the
induced subgraph of V| is a monochromatic complete graph with color 3 and the induced subgraph of V; is a
monochromatic complete graph with color 2. If | V]| > n 4 2, then there is a monochromatic subgraph B, with
color 3. If |Vi| = n + 1, then |V3| = |[V(Kn)| — (|Vi| + |V2]) > 1, there is a monochromatic subgraph B, with
color 3. If | V| = |V2| = n, then |V3] = |V(Ky)| — (|Vi] + [V2]) > 3, there is a monochromatic subgraph B,
with color 3.

Assume that |V>| = 1. Since each color is used at least once, it follows that |V>| = V3| = 1, and then
Vil = [V(Kn)| — (|V2| + |V3]) = 2n 4 1. Noticing that R(K ,) < 2n, there is a monochromatic subgraph
K1, with color 1 or 3 in the induced subgraph of Vi, and so a monochromatic subgraph B, in K. The result
thus follows. O

According to the above two lemmas, we can get the following theorem directly. For n > 4, the exact value
of gr; (K 3 : B,) may be related to the classical Ramsey number.

Theorem 14 gr3(K; 3 : B2) = 7 and gr3(K13 : B3) = 10.

Proof From Lemmas 7 and 8, we can directly obtain gr; (K 3 : B2) = 7. Next, we consider the Gallai-Ramsey
number gr3 (K13 : B3). It follows from Lemma 7 that gr3(K,3 : B3) > 10. Consider any 3-edge-coloring of
Ky (N > 10) and suppose to the contrary that K y contains neither arainbow subgraph K 3 nor amonochromatic
subgraph B3z. By Theorem 6 (i7), there is a partition (V7, V2, V3) of V(K y) such thatifk = 3,then Ky = G{(N).
Without loss of generality, we assume that |Vi| > |V>| > |V3]. It follows from Lemma 8 that we only need to
consider the case of |V,| = 2. If |[Vo] = 2and 1 < |V3| < 2, then |Vi| = |V(Kn)| — (|Va| + |V3]) = 6. It
follows from Theorem 1(R(K 1 3) = 6) that there is a monochromatic subgraph B3, a contradiction. If | V2| = 2
and | V3| = 0, then | V| = |V(Kn)| — | V2| > 8. It follows from Corollary 1(R(K 3, B3) = 8) that there is a
monochromatic subgraph B3, a contradiction. O

For k > 4, we completely solve and give the exact values of the Gallai-Ramsey numbers for rainbow K 3
and monochromatic books.
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Theorem 15 For an integer k > 4, we have

[T 8T 1<n<2k—6
gre (K15 By) = (%)(ﬂ—l—a)—i-a—l—l, n>2%—5andn—1=a (modk—?3)

where 0 <a <k —4.

Proof Assume that 1 < n < 2k — 6, it follows from Theorem 11 that gri (K13 : B,) = (H— V21+8k—|
Next, we consider the case of n > 2k — 5andn — 1 = a (mod k — 3) where 0 < a < k — 4. It fol-
P

lows from n — 1 = a (mod k — 3) that ”;lg“ is an integer and “12¢ > 2. Let r; = 2% 4 4 and

k—3 k-3
= [Ky, Kpy, ..., Ky, ]11s a k-edge-colored com-

— n—l— i
f = nk—3a foreach2 < i < k — 1. Then K(lk%)(n_l_a)ﬂ

plete graph. One can easily check that there is neither a rainbow subgraph K 3 nor a monochromatic subgraph
By andso gri(Ki3:By) > (5h(n—1—a)+a+ L.

Consider any k-edge-coloring of Ky (N > (%)(n — 1 —a) +a+ 1) and suppose to the contrary that
Ky contains neither a rainbow subgraph K 3 nor a monochromatic subgraph B,,. It follows from the fact k > 4
that Theorem 6 (i) and (ii) do not hold. If Theorem 6 (iii) holds, then |V;| > 2 foreachi € {2,3, ..., k} and
Zle Vil > (%)(n —1—a)+a+ 1. Without loss of generality, we assume that | V2| > |V3| > ... > V| > 2.

If2 < [Vioi] < 2259, then 4 < |Viey| + Vil < 22259 and |V(Kn)| = (Veet | + Vi) = () -
3 —a) +a — 1 = n, and hence there is a monochromatic subgraph B,, a contradiction. If | V1| > ”;:“ +1,
then Uf;zz Vil >n—1—a+k—3>n—1—a+a+ 1 =n, and hence there is a monochromatic subgraph
B,,, a contradiction. The result thus follows. m]

3.2 Rainbow P;s

In this subsection, we give the Gallai-Ramsey numbers for monochromatic double stars or books involving
rainbow Ps. For k = 4, according to Lemma 3 and Theorem 13, we have the following corollary.

Corollary 2 For integersn > m > 1, we have

4, n<4-—m,
n+m-+2, S—m<n<2m+1;
r4(Ps : S > o1, (K13: S = - =
g4( 5 m,n)_g4( 1,3 m,n) %n—l—l, evenn > 2m + 2:

In+3.  oddn=2m+3.
Similarly, for k = 4, according to Lemma 3 and Theorem 15, we have the following corollary.
Corollary 3 For an integer n > 1, we have

4, l=n=<2Z

gry(Ps : By) = gry(Ki3: By) = :371 -2, n>3.

Lemma 9 Let integer k > 4. For a graph H with at least k vertices, we have
gr(Ps: H) > |V(H)| + 1.

Proof Let G be a monochromatic copy of K|y u)—1 with color 1 and G> be a copy of K. We construct a
K\|v(m) by making use of G, G, by inserting all edges between these copies such that the edges from G| to G2
are colored by 2, 3, ..., k. One can easily check that there is neither a rainbow subgraph Ps nor a monochromatic
subgraph H under such a k-edge-coloring of K|y x|, and so gr,(P5 : H) > |V(H)| + 1. |

Since |V (Spu.n)| = n+m 4+ 2, S, is a subgraph of K> + Ky4+m and K4 + Ky+m—1, it follows from
Corollary 2, Lemmas 1 and 9 that we have the following corollary directly.
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Corollary 4 For integersn > m > 1, we have

gry(Ps : Sy p) = max {n +m+3,gry(K13: Sm,,,)}

n+m-+3, 2<n<2m-+3;
= %n+l, evenn > 2m + 4;
%n—l—%, oddn > 2m + 5.

Since |V (B,,)| = n+2, B, is a subgraph of Ko + K, and K4 + K,,_1, it follows from Corollary 3, Lemmas 1
and 9 that we have the following corollary directly.

Corollary 5 For an integer n > 3, we have

gry(Ps : B;) = max {n + 3, gry (K13 : Bn)} =3n-2.

3.3 Rainbow PI

In this subsection, we give the Gallai-Ramsey numbers for monochromatic double stars or books involving
rainbow P4Jr . For k = 4, according to Lemma 3 and Theorem 13, we have the following corollary.

Corollary 6 For integersn > m > 1, we have

4, n<4-—m;

n+m—+2, 5—m=<n<2m-+1;
(P S >ar,(K13: S = ’ - - ’
gry(Py mon) = (K13 0 Sin) %n—i—l, evenn > 2m +2:

%n—i—%, oddn > 2m + 3.
Similarly, for k = 4, according to Lemma 3 and Theorem 15, we have the following corollary.

Corollary 7 For an integer n > 1, we have

4 1<n<2;
PYr-B)> Ki3:B,)=1_" .,
gry(Py n) Z gra(Ky3 2 By) 3n—2, n>3.

Lemma 10 For a graph H except a star, we have
gry(P H) > |[V(H)| + 2.

Proof Let Ky my+1 = G2(|V(H)|+1). It follows from Theorem 7 (ii) that there is neither a rainbow subgraph

Pj‘ nor a monochromatic subgraph H under such a 4-edge-coloring of H, and so gr4(P‘[|r cH) > |V(H)| + 2.
O

Since |V (Sy.n)| =n+m+2, Sy, 1s a subgraph of K3 + Ky+m+1, it follows from Corollary 6, Lemmas 2
and 10 that we have the following corollary directly.

Corollary 8 For integersn > m > 1, we have
n+m+4, 1<n<2m+5;

gr4(P4+ 2 Sm.n) = max {n +m44, gry (K13 Sm,n)} = %n +1, evenn > 2m + 6;
%n—i—%, oddn >2m +17.

Since |V (B,)| = n + 2, B, is a subgraph of K3 4 K, 1, it follows from Corollary 7, Lemmas 2 and 10 that
we have the following corollary directly.
Corollary 9 For an integer n > 1, we have

n+4, 1<n<2;

P+ - B — 4’ K B ==
gry(Py" < By) = max {n +4, gry(K13 : By)} 3n—2, n>3.
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At the end of this section, in order to supplement Lemma 5, we directly give the following corollary according
to Lemma 11 and Proposotion 9.

Lemma 11 Gallai-Ramsey number gr; (K13 : H) = 4 ifand only if4 < k < 6 and H is a subgraph of balanced
complete (k — 1)-partite graph K> 3, . 2.

Proof 1f4 < k < 6and H is asubgraph of balanced complete (k — 1)-partite graph K> > 2, then it follows from
Theorem 11 that gr, (K13 : H) = 4. If gr; (K13 : H) = 4, then it follows from the definition of exact k-edge
coloring and Proposition 9 that4 < k < 6. Suppose H is nota subgraph of balanced complete (k — 1)-partite graph
Ky»o . 2.Ford <k <6,lett; =2foreach 1 <i <k — 1. Then Ky—1) = [Ky, Ky, ..., Ky, ]1s a k-edge-
colored complete graph. One can easily check that there is neither a rainbow subgraph K 3 nor a monochromatic
subgraph H, and so gr, (K13 : H) > 2(k — 1) + 1 > 7, which contradicts with gr, (K3 : H) = 4. The result
thus follows. O

Corollary 10 Let integer 5 <k < 6. If gr;, (K13 : H) = 4, then
grk(Pf :H)=>5.

4 Conclusion

Gallai-Ramsey number involving rainbow K 3 plays a very significant role in Gallai-Ramsey number involving
rainbow Ps or P4Jr . When the number of colors £ > 5, if we know gr, (K13 : H), then we can directly get

gr,(Ps : H) and grk(PI : H) from Lemmas 4, 5 or Corollary 10. Essentially, this special property is determined
by Theorems 5, 6 and 7. Although we have obtained some results, there are still some unsolved problems. We
end this section with an open problem.

Problem 1 For an integer n > 4, determine the exact value of gr3(K1 3 : By).
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