Indian J Pure Appl Math (2026) 57:1187-1210
https://doi.org/10.1007/s13226-024-00594-4

ORIGINAL RESEARCH

What is the gradient of a scalar function defined
on a subspace of square matrices ?

Shriram Srinivasan@® - Nishant Panda

Received: 24 July 2023 / Accepted: 8 April 2024 / Published online: 24 April 2024
This is a U.S. Government work and not under copyright protection in the US; foreign copyright protection may apply 2024

Abstract We illustrate a technique to calculate the gradient of scalar functions that are defined on any arbitrary
matrix subspace. It generalizes our earlier work titled “What is the gradient of a scalar function of a symmetric
matrix ?”’(Indian Journal of Pure and Applied Mathematics (2022), https://doi.org/10.1007/s13226-022-00313-
x), in which we considered the special case of the subspace of symmetric matrices. Extant methods to calculate
the gradient in such cases have an inherent flaw which leads to spurious results that populate several publications,
as well as respected textbooks and handbooks on matrix calculus. We examine these sources and results in a
rigorous and concrete mathematical setting of a finite-dimensional inner-product space and discover the inherent
flaw and also a remedy. We demonstrate two ways to calculate the derivative/gradient and second derivative for
scalar functions of matrices defined over an arbitrary matrix subspace; the first method is by considering any
(differentiable) extension to the space of square matrices and projection of its gradient onto the given subspace.
The second method utilizes an ordered basis and computes each component of the gradient through evaluation
of the directional derivative. All the ideas presented are illustrated by non-trivial examples, namely, considering
the subspace of 3 x 3 circulant and Toeplitz matrices and presenting the results of gradient-descent with both
the spurious and correct gradients. Moreover, our bibliography makes it clear that a rigorous approach to matrix
calculus is not common in practice, and our presentation of matrix calculus in the language of inner-product
spaces will be significant and meaningful for applied mathematicians, engineers and researchers working in
inter-disciplinary fields to avoid the conceptual pitfalls that exist.
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1 Introduction

Matrix functionals, i.e., scalar functions of matrices, and their derivatives occur in disparate applications and fields
such as statistics, econometrics [1], control systems [2], signal processing & communications [3], optimization
[4], and mechanics [5,6]. In many diverse applications such as wireless communication [3,7], statistical learning
[8] and mechanics [5,6], the matrix arguments possess symmetry, skew-symmetry, Toeplitz, or Hankel structure
[9, 10] which must be respected by the gradient. One salient feature of the matrix arguments in their appearance
in various aforementioned applications is the fact that other than in mechanics, they do not generally describe
physical quantities. For while a matrix of controls or correlations is certainly meaningful, they are not physical
quantities like stress or strain. This observation is relevant because it is easy to regard a matrix as an array of
scalars, especially when it does not represent a physical quantity, and think of functions of matrices as functions
of matrix entries. Such an approach is antithetical to the modern viewpoint of calculus and linear algebra, where
a study of derivatives of functions between normed linear spaces or inner-product spaces encompasses calculus
of vector and matrix spaces and treats them in a unified manner. However, considering that influential books such
as those by Halmos [11] and Dieudonne [12] espousing the abstract viewpoint started to be adopted only in the
1960s, antithetical developments in the calculus of matrices were already becoming entrenched within research
communities where the matrix as an entity did not represent any physical quantity.

The fundamental idea behind these developments appears to have been the conversion of matrices to vectors
and use of the familiar rules of multivariable calculus for vectors. This succeeds when the domain is the vector
space of square matrices, i.e., say R”*" where the dimension of the space is then n2. In this case, the mapping

from matrices in R"*" to vectors in R"’*! is isometric as well as isomorphic. However, if the domain is a matrix
subspace of dimension d < n? (such as symmetric matrices, skew-symmetric matrices etc.), the approach to
matrix calculus that seeks to convert matrices to vectors often leads to spurious results. The underlying reason
(that we discover in the course of this article) is that in a d-dimensional subspace of R"*", while there are d basis
elements, a matrix in the subspace is still represented by n x n entries. In contrast, for vectors in the d-dimensional
subspace RY*!, there are exactly d basis vectors, and the representation has exactly d components. Thus, the
mapping from a matrix to a vector while isomorphic is not necessarily isometric, and this is the underlying reason
for the spurious results.

The development of matrix calculus along the aforementioned lines began in parallel in both statistics [13—
17] and control systems [2,18,19]. One recurring theme in these works indicative of the underlying idea is that
of “functionally independent” matrix elements, which is actually a surrogate for the dimension of the matrix
subspace. Thus, in an n x n symmetric matrix, there are only n(n + 1)/2 “functionally independent” elements
due to the equality of the off-diagonal elements. The subspace of symmetric matrices is especially conspicuous in
the literature, and Srinivasan and Panda [20] discuss in detail how spurious gradients appeared for this particular
matrix subspace and became entrenched in published work [21-39]. The set of symmetric matrices is but one
instance of what is termed in these works as “linear patterned matrices” because the matrix elements satisfy a
linear constraint. Other linear patterned matrices, such as skew-symmetric and skew-hermitian matrices have
also been considered but again with spurious results [3,40,41]. All these works share the same fundamental flaw
that leads to incorrect results.

There are many works that have attempted to clarify the foundations of matrix calculus through the decades,
but without success in our opinion. The works of Vetter [42,43] are some of the earliest, while at various times
since, Pollock [44,45] and Magnus [46] have also made contributions in this regard. A perusal of these works will
make clear that they suffer from the same malaise that has plagued this subject from the beginning - the intention
to treat matrices as column vectors by utilizing various transformations such as “vec” operators and Kronecker
products which obscure the true structure of the matrices as linear transformations. While some practitioners
seem to understand the gains to be made if the underlying ideas are clarified with abstraction [47,48], the old way
of doing things still returns when their exposition moves from the calculus of vectors to matrices. The exception
is the article by Brinkhuis [49], which is in the same spirit of this current work, but is all too brief to be helpful.
The text by Kollo and von Rossen [50] falls into a different category; it begins with the abstract definition of
the Fréchet derivative but then lapses into the conventional practice of matrix calculus and deals with patterned
matrices the same way and obtains similar spurious gradients. However, it then derives the correct result for
derivative of scalar functions of symmetric matrices, albeit with tedious notation, but then declares (wrongly) -
“The results can not be directly applied to minimization or maximization problems, but the derivative is useful
when obtaining moments for symmetric matrices, which will be illustrated later ...”. This sums up the state of

@ Springer



What is the gradient of a scalar function defined on a subspace of square matrices ? 1189

matrix calculus in many ways, for there is much confusion and no clarity, as Fréchet, Gateaux derivatives are
thought to be different from “patterned matrix derivatives”.

In this article, we consider the general case of calculating the gradient of a function defined on a lower-
dimensional matrix subspace and unify the disparate ideas before laying out a mathematically correct procedure
that is applicable for any matrix subspace. We illustrate the theory by specializing the results to a host of common
matrix subspaces, such as symmetric, skew-symmetric, deviatoric, circulant matrices etc. However, the vision
and purpose of this article is far wider. The rapid growth of machine-learning as a tool has given rise to a large
research community with interest in the subject of matrix calculus [51] and the use of structured matrices within
the layers of the neural network [52] who are being led astray by the conceptual pitfalls that exist in various
aforementioned articles and textbooks on the subject. We intend this article to be a reference that facilitates a
move away from the established practice. In order to enable that, in Section2 we reformulate the basic ideas
of calculus of matrix functions in the language of calculus on inner-product spaces . In particular, we focus on
scalar functions of matrices, and outline different ways to obtain their first derivative and gradient in Sects. 3, 4,
and the second derivative in Appendix B. We discuss how to use the methods described for derivatives in some
common cases in Sect. 5 and conclude with Sect. 6.

2 Preliminaries for calculus on normed linear spaces

In the interest of brevity we state at the outset that all vector spaces considered in this article are assumed to be
finite-dimensional and defined over the field of real numbers unless explicitly stated otherwise. However, the
extension to the field of complex numbers is straightforward and remarks on the same will be made in context.

Before we get to derivatives of functions, we will state our setting required to define functions such that the
idea of the derivative will make sense.

Definition 2.1 Given normed linear spaces (V, |-|ly) and OV, ||-]lyy)), we shall omit reference to the underlying
norm and denote the set of all linear transformations with domain in VV and range in YW by Lin(V, WW). A nonlinear
function ¢ with domain a subset D C )V and range in the vector space VV will be denotedby ¢ : V D D — W.

We now consider the definition of a Fréchet derivative on normed linear (Banach) spaces. This setting is
more general than what we shall consider later but it allows us to make some remarks and clarify issues without
loss of generality. Hilbert spaces (inner product spaces) are nested special cases of this general definition.

Consider a function ¢ : V D D — W as in Definition2.1. We say that ¢ is differentiable if its Fréchet
derivative, defined below, exists [53].

Definition 2.2 (Fréchet derivative) Suppose D C V is open and ¢ is as in Definition2.1. The Fréchet derivative
of ¢ is a mapping d¢ : D — Lin(V, W). In particular, the Fréchet derivative at x € D is the unique linear
transformation d¢ (x) € Lin(V, W) such that for any € > 0, there exists §c > 0 so that for all ||k}, < &,
x +h €D and

l¢(x +h) —¢(x) —dop(x)(M)w < elhly.
In other words,

lpCx +h) —¢(x) —dp) MWl _

1
2]y, —0 l21ly
x+heD

0.

A few remarks are in order to clarify certain implications of Definition2.2.

Remark 2.3 (Requirement of open set) We require an open neighbourhood of x € D C V to be contained in D
for d¢ (x) to exist, which is why the derivative was defined assuming that D was open. If D is not open, then a
derivative of ¢ cannot be defined for x € D, in the sense that we cannot define d¢ : D — Lin(V, WW). However,
if a subspace U/ C V could be found such that D is open in U, then d¢p : D — Lin(U, W) is still well-defined.
In Definition 2.2, if no mention is made of an open subset of V to which x belongs, then the implicit assumption
is that the domain D = V.

Remark 2.4 (Choice of norm) The Definition2.2 does not depend on the choice of norm since in finite-
dimensions, all norms are equivalent.
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1190 S. Srinivasan, N. Panda

Remark 2.5 (Further properties) The Fréchet derivative is unique and obeys the product rule and chain rule just
like differentiation in single variable calculus (see Cheney [53]).

The concept of the gradient appears only in the special case that )V is a Hilbert (complete inner-product) space
where the norm ||-||}) comes from an inner-product (-, -)y, and the function ¢ is real or complex-valued, i.e.,
W = R or W = C. We are interested in the case ¥V = R where the Riesz Representation theorem asserts the
existence of the gradient in

Definition 2.6 (Gradient) Given Definition2.1 for a scalar function ¢ on an inner-product space V with inner-
product (-, -)yy and x € V, the Fréchet derivative d¢(x) € Lin(V, R) determines the gradient V¢ (x) € V
uniquely through the identity

(Vo(x), h)y =dp(x)(h) forevery h € V.

Remark 2.7 The derivative is clearly a more fundamental object than the gradient, since it is independent of
the choice of norm and is an element of the dual space (being a linear functional), but the gradient belongs to
the same vector space on which the scalar function is defined, and hence it has assumed great importance in
applications.

Most practitioners of matrix calculus will have greater familiarity with the idea of partial derivatives and might
associate the gradient with the concept of directional derivative. We state the association precisely and explain
the connection to Fréchet derivative in

Definition 2.8 (Gateaux derivative) Suppose D C V is open and as in Definition2.1, ¢ : V D D — W. The
Gateaux derivative of ¢ at x € D in the (non-zero) direction 7 € V is the unique element dqbi’ € W such that
for any € > 0, there exists §¢ > 0 so that for all |A| < §¢, x + Ah € D and

[+ 1) = () - 1)

< €|Ar|.
w

In other words,

)L —
fm PO 0 _
2—0 A
x+ArheD

Remark 2.9 (Relationship between Gateaux and Fréchet derivatives at a point) The Gateaux derivative is a
generalized directional derivative and is a weaker notion than the Fréchet derivative, i.e., existence of a Fréchet
derivative implies the existence of the Gateaux derivative but not vice versa. Comparison with Definition 2.2 will
show that when a Fréchet derivative exists, dqbi’ = d¢ (x)(h). For scalar functions defined on an inner-product
space, this is then related to the gradient through (V¢, h)y, = dqbfc' emphasizing the directional nature of the
Gateaux derivative as the component of the gradient in a given direction.

Remark 2.10 (Connection to partial derivatives in elementary calculus) Suppose {v1, ..., v,} is an ordered basis
of V,and forx € V,

=n
X = invi, Xj € R.
i=1
Then we may write, with slight abuse of notation,

¢(x) =¢(x1,...,xp)andforA € R, ¢p(x + Av;)) = p(x1, ..., X + A, ..., Xp).

The partial derivative a—¢ in elementary calculus is the derivative with respect to x; assuming other arguments

X
xj, j #iof ¢are uncharllged, ie.,
a_¢_ lim¢(x1""7xi+)"7"‘7xn)_¢(-xla""xi""7xn)
0x; A—0 A
A0) —
A—0 A

Thus, if the Fréchet derivative is known to exist, then the components of the gradient with respect to a basis may
be determined from the corresponding directional derivatives.
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On inner-product spaces, we shall now define other concepts that will be found useful, starting with that of the
tensor product in

Definition 2.11 (Tensor product) Given a € V,b € W equipped with the inner product (-, -)y,, (-, -)yy), the
tensor product b ® a € Lin(V, W) such that

b®a)c=(a,c)yb e WVceV.

Remark 2.12 Note that if {vy, ..., v,} be an ordered basis of V and {wy, ..., wy,} be an ordered basis of WV,
then {w; ® v; V1 < j <n,1 <i < m}is an ordered basis of Lin(V, W). In particular, {¢; ® ¢; V1 < j <
n, 1 <1i < n}is an ordered basis of Lin(R", R").

Definition 2.13 (Grammian) If {vy, ..., vz} be an ordered basis of V, the Grammian or Gram matrix of the
basis is the matrix G € R?*? whose entries are Gij = (vl-, Uf)v V1 < i,j < d. Note that the Grammian is
invertible and positive-definite.

Deﬁnition 2.14 (Coordinate Map) If V = {vy, ..., vz} be anordered basis of VV,and x € ) has the representation
Zﬁz’f x;v;, x; € R, then F € Lin(V, R4* 1), called the Coordinate Map associated with the basis V, is defined
through

F(x) = (x1, %2, ..., xq) € R,

Remark 2.15 Strictly speaking, the notation for the coordinate map F ought to show its dependence on or
association with the ordered basis V of V, but in the interest of simplicity, we will continue to denote it by F
since the context will make clear what basis and vector space is being referred to.

Proposition 2.16 (Properties of the Coordinate Map) Let V. = {vy, ..., vq} be an ordered basis of V and let
F e Lin(V, R¥*1) be the Coordinate Map defined in Definition2.14. The basis and inner-product assumed in
R4 gre the natural basis and the usual Euclidean dot product. Then the following are true:

1. F~! e Lin(R*!, V) exists.

2. Forx,y eV, (x,y)p = (GF(y), F(x))gax1 = F(X)TGF(y).
3. Foranyx €V, ¢ € R¥*1 (FT(C), x>v = (¢, F(x))pax1.

4. Foranyx € V,dF(x)(h) = F(h) € RI* wp e V.

2.1 Specialization to matrix calculus

In order to relate the abstract definitions stated earlier to the matrix spaces of interest, let M = R"*" be the
set of n x n square matrices while M™ denotes the subset with positive determinant. Let S denote the set of
n x n symmetric matrices, and ST denote the set of n x n positive-definite (symmetric) matrices. The set of real
numbers will be denoted by R as is customary. Both M, S are vector spaces of matrices and are equipped with
the Frobenius inner-product defined in

Definition 2.17 (Frobenius inner product) For two matrices A, B in M,
(A, B)pq :=tr (AT B)

defines an inner product and induces the Frobenius norm on M via

I Allp = Vir (AT A).

The inner product and norm are designated with the subscript M for clarity, but it can be dropped whenever the
relevant vector space is obvious from context. Moreover, for any matrix subspace, the Frobenius inner-product
and norm are the only ones considered in this article.

Remark 2.18 (Complex field) For a complex field, instead of the transpose AT, the Hermitian (conjugate-
transpose) A* will appear in Definition2.17.

Remark 2.19 The tensor product for elements of M can now be defined with respect to the inner-product (-, -) o4
exactly as outlined earlier in Definition2.11, and Definition 2.13, Definition 2.14 and Proposition 2.16 also carry

OVeEr.
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1192 S. Srinivasan, N. Panda

Remark 2.20 (Basis of M) Note that {e,-ejT V 1 < i, j < n}isanordered basis of M, where {e1, ez, ..., e, €
R™*1} is the natural basis in R"*!. The n x n matrix e;e jT has the ij element unity and zero elsewhere,
analogous to the tensor-product basis of Lin(R"”, R"). In order to emphasize the abstract viewpoint, we shall,
unlike the usual matrix calculus, discourage thinking about row and column stacking and hence denote this
ordered basis by {M(k), 1<k< nz}. For concreteness, we specify an ordering by choosing M® = e,-ejT, k=
(i—Dn+jV1<i, j<n.Note that there is nothing special about this ordering other than convenience.

Definition 2.21 Given the normed linear spaces (M, ||-|| o¢) and (R, |-|), a matrix functional ¢ with domain D
isdenotedas ¢ : M DD — R.

In order to emphasize the interplay between the domain of the functional and the normed linear space, let us
consider the following

2.2 Tllustrative example

Consider the mapping that takes matrix A > logdet(A), whose gradient is glibly reported to be A=7. We
could think of the domain of the function as being either M™ or ST (neither is a vector space), and so proceed
to write ¢; : M D MT — Ror ¢, : M O ST — R. In the former case, M is open in M and so
Vpi1(A) = A~T makes sense, but in the latter case, ST is open in the subspace S but not in M and hence in that
setting, a derivative cannot be defined for ¢». However, if we consider ¢3 : S O S + — R, then it is true that
Vi (A) = AT =A"1.

2.3 Derivatives on subspaces

In the previous example, the sets M, ST were not proper subspaces of the parent (ambient) vector space. Given
the definition of the Fréchet derivative in Definition 2.2 and a matrix functional with range in R (Definition2.21),
our primary interest in this article lies in the case when the set D is a proper subspace of the ambient vector
space M. On one hand, a lower-dimensional subspace cannot be open in a vector space of higher-dimension that
contains it. Thus D is not open in M and a derivative cannot be defined as asserted. However, consider

Definition 2.22 For a given function ¢ on a proper subspace D C M, ¢®™ is an ambient function or extension
if *™0 : M — R is well-defined and ¢*™(X) = ¢(X) VX € D. Often, ¢ continues to be well-defined for
X € M\ D, in which case we can define ¢*™(X) = ¢(X) VX € M.

For ¢*™ defined as above and differentiable on M, d¢*™ : M —> Lin(M, R) and V@™ : M —> M are
still well-defined, and so too are d¢p : D — Lin(D, R) and V¢ : D — D.

A natural question that follows is whether one can obtain the gradient of ¢ defined on D directly from the
definition or from consideration of the extension function defined on M. This question has led researchers astray
to needlessly complicated methods and spurious results. As an example, Harville [32] justifies the complicated
methods of matrix calculus by noting that the interior of S is empty in M, and that hence, Definition 2.2 is not
applicable.

If interest is restricted to the action of the derivative or gradient on elements of the subspace D, i.e.,d¢ (X)(H)
or (Vo (X), H)p for X, H € D, then it is sufficient to evaluate the action of the derivative d¢*® (X)) or gradient
V¢*™P(X) (with the arguments X, H € D evaluated as elements of M, a fact that will become apparent in
the subsequent proof of Theorem4.5. However, sometimes the object of interest is the derivative or gradient at
X € D viewed as an element of Lin(D, R) or D respectively.

Thus, we have arrived at the central question addressed in this article which is the following - how do we
conceptualize and compute the Fréchet derivative and gradient for a scalar function defined on a domain D
which is a lower-dimensional subspace of M ? At this juncture, we note that for scalar functions of matrices,
these lower-dimensional subspaces represent the space of matrices with particular structure or pattern. Specific
cases that we shall consider include symmetric, skew-symmetric, upper/lower triangular, diagonal, deviatoric
and circulant matrices. The set of orthogonal matrices is exluded from consideration since it does not form a
subspace.
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What is the gradient of a scalar function defined on a subspace of square matrices ? 1193

3 A critical view of matrix calculus development and practice

In this section, we attempt to explain the approach towards gradients and derivatives prevalent in matrix calculus
and also detail how to get correct results following those methods. The viewpoint taken by the majority of
practitioners of matrix calculus is the idea of viewing a matrix through its constituent entries, regarding them as
degrees of freedom and linking them to the dimension of the matrix subspace. Thus, if dim(D) = d, a matrix in
the subspace is supposed to have d “independent” entries whereas dim(M) = n? so that a matrix in the ambient
space has n? degrees of freedom. This is indeed correct, though the reasoning is backwards. The dimension
of the subspace determines the number of basis vectors, and the matrix entries are expansion coefficients of
the linear transformation expressed in that basis. This interpretation of a matrix is different from the abstract
viewpoint expressed through the definition of the Fréchet derivative, which was that of a basis-independent
linear transformation. The following quote by Dwyer[14] confirms this - “In one sense this theory of matrix
derivatives is not necessary since each matrix derivative is simply a collection of scalar derivatives. In this sense
the general theory of matrices is not necessary either since the matrix results are simply collections of scalar
results”. The basis-dependent or component view is less abstract and somewhat limiting. One obvious (and
favourable) interpretation of these remarks would be the conclusion that it is enough to compute the Giteaux
derivatives which would agree with the sentiment expressed in the quote that“each matrix derivative is simply a
collection of scalar derivatives”.

If conventional matrix calculus had followed this procedure with fidelity, there would have been no spurious
results, as we shall see later in Theorem 4.8. However, the problems stem from the fact that, in the desire to stay
in the familiar realm of multivariable calculus rather than matrix calculus, the scalar derivatives are associated
with a function ¢¢ : R?*! — R and the natural basis {e1, e2, . .., eq € R¥*1} (instead of the original function
and matrix basis of D), thus obtaining a vector gradient of ¢¢ lying in R¢*!. Fortunately, the action of this vector
gradient on elements of R?*! is identical to that of the correct matrix gradient on elements of D. The problem
comes when inverting (or reshaping) the transformation to obtain the gradient in D. The inversion recorded
in published articles, books and cookbooks results in a spurious gradient that does not preserve the action.
In the literature, we can see the spurious gradients recorded for the subspaces of symmetric, skew-symmetric,
hermitian, and skew-hermitian matrices. While we could not find any published results for gradients with the other
subspaces considered here (such as deviatoric, circulants etc.), it is certain that application of the same procedure
will lead to spurious results in those cases as well. However, it is possible to obtain the correct gradient despite
this long-winded procedure. This, and the observations earlier made in this paragraph will now be demonstrated
rigorously.

By means of the coordinate mapping F' (see Definition2.14), the following commutative diagram will now
make things clear:

M D D ¢ > R
¢d

—1
Fﬂ / 3.1
Rdxl

Theorem 3.1 (The circuitous method to calculate gradient on a subspace) Given a function ¢ : D —> R where

D C M is a proper subspace of dimension d, an ordered basis {M® e M|i = 1,2,...,d} of D, and its

Grammian G:

(a) There exists a function ¢? : RI*! — R, ¢? = ¢po F~, with F being the coordinate map (Definition2.14)
associated with the given basis.

(b) (Vé(X), H)yp = (V¢ (x), h)pixi VH € D. Here x = F(X),h = F(H).

(c) Vo(X) = FTVpd(x), F(V (X)) = G~ 1Ve?(x), where x = F(X).

Proof Any X € D may be expressed as X = ZiZ‘f x; MW with x; € R. The commutative diagram shows how
the linear map F extracts the components of the argument X € D of ¢ as an element of R?*!, and allows us
to instead think about a scalar-valued function ¢¢ of vectors in R?*! that maps to the same real number ¢ (X).
From (3.1), we obtain ¢¢ = ¢ o F~! which proves (a).
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1194 S. Srinivasan, N. Panda

Again, starting from (3.1), we get ¢ = ¢? o F. Applying the chain rule for Fréchet derivatives yields
d¢(X) = d¢’ (F(X)) 0 dF(X).

Note that in this statement, d¢ : D —> Lin(D, R) but d¢? : R¥*1 — Lin(R*!, R). Now considering the
action on an element H € D, denoting x = F(X),h = F(H) and introducing the gradients with respect to
respective inner-products, we get

(Vo (X), H)p = dg(X)(H) = d¢* (F(X)) o dF (X)(H) = do" (F(X))(F(H)),
— (V). H)p = (V¢ (). h)

This equation (b) proves our earlier claim that even after the transformation to a vector gradient, the action of
the gradient is preserved. The fundamental flaw in current practice of matrix calculus occurs at this juncture,
arguing that since V¢¢ (x) € R?*!, one can use the inverse map to get F~! V¢? (x) as the required gradient in D.
Indeed, published (spurious) results for various matrix subspaces [3] can be recovered by this flawed approach
that uses the inverse map. However, the error in this approach is that the gradient action is not preserved. The
correct way to recover the gradient ensures that (b) still holds during the transformation:

(Voo n) = (FTvg' 0. 1) = (Vo). H)p.

from which we obtain

dx1’

_ d -1
dx1 <V¢ x), FF h>Rd><1

Vo (X) = FTve?(x).

In computations, to get the coefficients in the basis representation of V¢ (X), we argue as follows using Propo-
sition2.16:

(Vo0 k), | = (V6. H)p = (GF(Vé (X)), hpanr .

dx1

so that
F(V$(X)) = G 'V (x).
|

Remark 3.2 The proof now allows us to tell at a glance why the result for diagonal matrices (see Table 1) was
correct in Hjgrungnes [3] while that of symmetric, hermitian, skew-symmetric, skew-hermitian were all spurious.
The (incorrect) expressions

Vo (X) = F'Vol(x), F(V$(X)) = FF V¢ (x) = Vo (x)

used in these published works coincide with the correct expressions if and only if F7 = F~! or equivalently,
G is the identity matrix, i.e., when the transformation F' is orthogonal or the basis in D is orthonormal. Thus,
this proof validates our claim that the procedure in Hjgrungnes [3] will lead to spurious results for other matrix
subspaces where the natural basis is not orthonormal.

Corollary 3.3 The following assertions follow naturally:

If x* solves argmin ¢?(x), F~'(x*) solves argmin ¢(X).
xeRdx1 XeD

Forx e RN X = F'(x) e D, V¢l (x) =0 < V¢ (X) =0.
Proof The first assertion is a consequence of the identity ¢ = ¢¢ o F, while the second follows from the
invertibility of F that also implies invertibility of FT . O

Remark 3.4 Thus, the spurious gradient F~!V¢? still preserves zeros of V.
The component of the spurious gradient along the true gradient is

(F=1ve 00, FTVg () =(FFvg! (). Vo' o),

— <v¢d (x), Vg! (x)>R >0,

dx1 —

implying that the spurious gradient is still an ascent direction. Figure 1 compares the use of both gradients in a
gradient-descent algorithm to find the minimum.
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g
8
T 10 10
(a) Toeplitz matrix X = (xl mQ)
T3 T
[o¢]
8

T2 10 10

(b) Hankel matrix X = <$1 IQ)
T2 T3

Fig. 1 Iterates of gradient descent with the true (straight dashed line) and spurious (curved dashed line) gradient for the function
¢(X) = tr (XT X) defined over the subspace of 2 x 2 Toeplitz and Hankel matrices with the starting point x; = x; = —x3 = 10.
Compare the convergence and trajectory obtained with the true gradient and the spurious gradient towards the unique minimum
x1=x2=x3=0

Table 1 For function ¢ : M — R, V¢ (X) determines the gradient at X € D for subspace D. The table shows the gradient of ¢
restricted to D in terms of V¢ (X). The argument X is suppresed for economy of notation. The entries in the second column appear
in Hjgrungnes [3] in Table 6.2 on Page-185. In keeping with the conclusion of Theorem 3.1, the only subspace for which the reported
gradient is correct is that of the subspace of diagonal matrices since the matrix basis considered is orthonormal

Subspace Reported Gradient Correct Gradient
Diagonal diag(V¢) diag(V¢)
Symmetric Vo + Vol — diag(Ve) (Vo +VeT)/2
Skew-Symmetric V¢ — VT (Vo —VoT))2
Hermitian V¢ + Vo* (Vo +Vo*)/2
Skew-Hermitian Vo — Vo* Vo —Vp*)/2
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4 Matrix calculus on subspaces done right

In the previous section, we illustrated the steps to get the correct gradient on matrix subspaces if one were
following the rationale of existing work on matrix calculus through (3.1) and Theorem 3.1. However, it is contrary
to the approach we espouse, which is the logical development of matrix calculus on subspaces starting from the
definition of the Fréchet derivative. Recall that the motivating question was whether one can obtain the gradient in
a matrix subspace D knowing the gradient in the ambient space M in the context of Definition 2.22. Theorem4.5
in this section will affirm this possibility, and we shall illustrate two methods to obtain the gradient for various
matrix subspaces (patterned matrices), with one based on Theorem4.5, the other using Gateaux derivatives in
Theorem4.8.

The unification of these ideas is embodied in the commutative diagram (4.1), and it also summarizes the
content of this section. It shows that to compute the gradient on a subspace, one could obtain it in one of three
equivalent ways: from the gradient of any ambient function (Theorem4.5 ), directly from the function defined
on the subspace (Theorem4.8), or via Theorem 3.1. However, before we prove these assertions, we define some
terms and state some results that will be be useful in subsequent discussion.

z o ¢amb .

U R

Q »/qf’

FﬂF“ 4 4.1
Rdx1

Definition 4.1 Given a proper subspace D of M, let P € Lin(M, M) be the projection operator onto D such
that Ran (P) = D and Null (P) = D+.

The construction of the projection operator proceeds through the following

Lemma 4.2 (Projection onto subspace) Let (MY € M|i = 1,2,...,d} be any ordered basis of the proper
matrix subspace D of M and G be the corresponding Grammian as in Definition2.13. Then the action of the
projection operator P on X € M is defined through

i=d
P(X) = Za,-M<i>,
i=1

where a € RV satisfies the linear system Goe = b withb € R and b; = (X, M(i))M.

Proof The statement is nothing but the projection theorem (see for example, Cheney [53]) restated for matrix
spaces and may be equivalently stated as

P(X) =argmin ||Y — X[ oq -
YeD
The projection operator ensures that any X € M may be written uniquely as X = X, + Xo with X, =P(X) €
D, Xo € D+ through the direct sum decomposition M = Null (P) & Ran (P). The representation for P(X) is a
consequence of the property that P(X) — X € D+. O

Remark 4.3 (Orthonormal basis) If the basis {M? € M|i = 1,2,...,d} in Lemma4.2 be orthonormal, then
the Grammian simplifies to the identity matrix and P(X) = Y"/={ (X, M) i MD.

Thus far, we have assumed the existence of an ambient function or extension in Definition 2.22, but the following
lemma shows that one can construct a multitude of functions satisfying Definition 2.22.
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Lemma 4.4 (Existence of ambient function) If ¢ : D —> R be differentiable, then there exists differentiable
¢ - M —> R, such that $*™(X) = ¢(X) VX € D.

Proof From the proof of Lemma4.2, we know that M = D & DL, Thus, for any differentiable function
¢+ : DL — R with ¢ (0) = 0, we can define,

for X € M, ¢"™(X) = ¢(X,) + ¢~ (Xo)
satisfying the required condition with the unique decomposition
X =X,+Xo, X, €D, XoeD.

Clearly, the choice of ¢amb is non-unique.
The differentiability of ¢®™® is verified using Definition2.2 with H € M,

H=H,+ Hy, H,eD, Hye D",
and the linear operator d¢*™°(X) defined through
d¢™™ (X)(H) = d¢(X,)(H,p) + d¢™ (X0) (Ho).-
As | HI? = |Hy + Ho|* = | Hp|* + I Holl%, we have
|Hy | < 1HI . IIHoll < IHIl-
Note that
|H|| > 0 = ||H,| — 0. I|Holl — 0.
Now consider
0=
<[ (Xp+ Hy) = $(Xp) —dé(X,)(Hp)| / | H|
+ o (Xo + Ho) — ¢ (Xo) = dg (Xo)(Ho)| / I1Holl,

PR+ H) = 6 (X) — dgT (X)) /I H

so that
Jim X H) = 9 (X) = dgt™ )|/ IH =0,
X+H e M
thus showing that ¢*™ is differentiable on M. m]

The first major result of this section provides a direct relationship for the gradient in D knowing the gradient in
the ambient space M in the context of Definition 2.22. We state and prove this result in

Theorem 4.5 (Gradient projection) If $*™, ¢ defined as in Definition2.22 are Fréchet differentiable at X € D,
then

Ve (X) =P o V™ (X),
where P is the projection operator defined in Definition4.1. Thus, V¢ (X) is independent of the choice of ¢p*™.

Proof From Definition2.2 and Definition 2.6 we see that in order to obtain a gradient at X € D thatis in D, we
need to start with the function ¢ rather than $*™°. Doing so yields the defining equation

(Ve(X), H)p = d¢p(X)(H) VH € D.

Additionally, if we start with the function ¢>amb, we have the equation

<v¢amb(X), H>M — d¢™ (X)(H) VH € M.
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If we restrict H to H € D, and observe that q‘)amb(X ) = ¢(X) on D, the uniqueness of the derivative in
Definition?2.2 gives

(Vo (X). H)p = dg (X)(H) = d¢*™(X)(H) = (V¢*™(X). H) VH € D.

This statement is proof of the fact (stated earlier) that though V¢ (X) € D and V¢amb(X ) € M, they have the
same action on an element H € D. However, in order to obtain V¢ (X) from V¢*™ (X), we appeal to Lemma4.2
which yields the unique decomposition Vg™ (X) = P (V¢ (X)) 4+ Vg™ (X)L, where P (V™ (X)) € D,
and V¢ (X)L € DL, Thereafter, simplification after invoking orthogonality yields

Vo(X) =P (quamb(X)) —Po Ve ™ (X).

The invariance of V¢ (X) with respect to the choice of ¢ is apparent since different functions can have the
the same image under a projection. O

Remark 4.6 The utility of Theorem 4.5 is due to the fact that evaluating V¢ (X) requires us to consider only those
H € D which is easily accomplished only when D has a convenient structure. This also becomes challenging
when ¢ (X) does not have a closed-form expression but is specified as a computational routine. In such cases, it
is far easier to compute V¢*™°(X) numerically (since H € M) or use the gradient V¢*™°(X) if it be already
known and solve for V¢ (X) as the image of the projection onto D.

Remark 4.7 Note that we have been very deliberate and careful in using the coordinate-independent identity of
elements that belong to the vector spaces and subspaces and never the matrix representation of the elements in an
ordered basis. For example, as objects of the vector space, symmetric matrices are special cases of n> matrices,
but their representation in an ordered basis has only n(n 4 1)/2 elements. Thus, the relationship between the
gradients that we have derived is an abstract one, and we do not try to relate their matrix representations.

We are now in a position to state the second major result we alluded to at the start of this section, namely
that when it exists, the gradient can be computed with respect to an ordered basis through the corresponding
directional or Gateaux derivatives as follows:

Theorem 4.8 (Gradient from Gdteaux derivatives) For an ordered basis of D, {M® € M|i = 1,2,...,d)},
any X € D has the unique representation X = Zl lx M® with x; € R. For ¢ : D — R, qb(X)

¢ (Z i x,M(’)) and we may write

i=d j=d
Vo) =33 (67 ) M“) D,

i=1j=1
where G is the Grammian in D as in Definition2.13. If the basis be orthonormal, then this expression simplifies
to

i=d
op
Vo(X) =Y —MDeD.
¢(X) ; ™

Proof If
i=d
Vo(X)=Y) BiMY,

one can solve for 8 € R4*! from Remark 2.9 and Lemma4.2, since

op ;
=2 = (vox), M?)
0x; ( ¢X) D
to obtain
i=d j=d
Vo(X MP = ( ) M(l)
000 = T -2 (), 52
i=1 j=1
For an orthonormal basis G;; = (G_l)ij = §;;, simplifying the expression further. O
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Remark 4.9 Theorem4.8 and Theorem4.5 both aim to construct the gradient on the matrix subspace, and are
equivalent. Theorem4.5 provides a basis-independent statement, but the equivalence becomes clear when we
consider that Lemma4.2 is used in practice in conjunction with an ordered basis of the subspace, which will lead
to the same expression as Theorem4.8.

Remark 4.10 From the two representations of the gradient, Theorem4.5 and Theorem4.8, it would appear that
the latter is more convenient since we do not need to find the projection and instead all that is needed is the set
of partial (directional) derivatives of ¢ with respect to x;. This inference is correct if the (directional) partial
derivatives of ¢ with respect to x; are to be calculated by a computational approximation. However, there can
be cases where Vo™ (X) is known as a closed form analytical expression in which case it is easier to use
Theorem 4.5 since the projector can be obtained without reference to ¢. In contrast, Theorem 4.8 tacitly assumes
that an explicit closed form expression for ¢ (X) is known in terms of the components x ;. This becomes clear if
we consider the function det(-) in the context of R!9*19 and some subspace of it. In order to use Theorem4.8,
one needs to first evaluate the 10 x 10 determinant in terms of the matrix elements whereas since one has a closed
form expression for the gradient in R19%10 it is easy to project it onto the subspace as in Theorem4.5.

We have thus demonstrated the assertions made in (4.1) and shown three equivalent methods for determining
the gradient of a scalar function defined on a matrix subspace.

4.1 Derivatives on some example subspaces
We now apply the results of Theorem4.5 by choosing the matrix subspace D to be some well-known patterned

matrix. In most cases, the projection is self-explanatory and it is easy to guess what D~ should be so we provide
details only where necessary, instead quoting the final expression for V¢ (X) = P (Vd)amb(X )).

4.1.1 Symmetric matrices

A matrix X € M is symmetric if X = X7 . Let sym(X) := (X + X7)/2. In this case, dim(D) = n(n + 1)/2
and we have

Vo (X) = sym(Vep ™ (X)).

4.1.2 Skew-symmetric matrices

A matrix X € M is skew-symmetric (anti-symmetric) if X = —X7. Let skw(X) := (X — X7)/2. In this case,
dim(D) = n(n — 1)/2 and we have

Vo (X) = skw(Ve ™ (X)).

4.1.3 Diagonal matrices

A matrix X € M is diagonal if its entries X;; = 0 Vi # j. We define diag(X) to be the matrix whose main
diagonal has the same entries as X but is zero elsewhere. Here, dim(D) = n and

Vo (X) = diag(Ve ™ (X)).

4.1.4 Upper/lower triangular matrices

A matrix X € M is upper-triangular if its entries X;; = 0 Vi > j. We define uppertriangular(X) to be the matrix
whose upper-triangular elements (i < j) are the same as X but zero elsewhere. Here, dim(D) = n(n+ 1)/2 and

V¢ (X) = uppertriangular(V¢*™ (X)).

We do not repeat these ideas for lower-triangular matrices since they are transposes of upper-triangular matrices.
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4.1.5 Deviatoric matrices

A matrix X € M is deviatoric if tr (X) = 0. Let dev(X) := X — %1. In this case, dim(D) = n% — 1 and we
have

Vé(X) = dev(V™™(X)).
4.1.6 Circulant matrices

A circulant matrix [54,55] X € M is a (special kind of Toeplitz) matrix where each column is a cyclic shift
of the previous column. Suppose the first column is the sequence of entries x := [xg, X1, ..., X,—1]” . The next
column will be [x,,—1, x0, X1, ..., xn_z]T, etc. Then we write X = circ(x). Note that we expect the dimension of
the subspace to be n but the projection in this case is not obvious and depends on some properties of the circulant
matrices that we now state.

1. For a circulant matrix X, X*X = XX*, so that X is a normal matrix. The spectral theorem guarantees
the existence of a unitary matrix U whose columns are the eigen basis. Furthermore, U is known to be
the normalized DFT matrix, i.e, a normalized Vandermonde matrix comprising the roots of unity and this
diagonalizes every circulant matrix as U*XU = A where A is diagonal.

2. Thus, with the basis U, every circulant matrix is diagonal, and we confirm from this that dim(D) = n.

3. Lete; = (0,1,0,,...,0) € R". Define W = circ(ez), WO = I. Then, X = circ(x) = Y '=n~" x;W’. Note
that {I, W, ..., W"’l} is an ordered basis of D.

The projection can now be expressed in two equivalent ways. In the orthogonal (but not orthonormal) basis
listed above, one can write, following Lemma4.2,

i=n—1
Vo) = Y %<v¢mm(xyxvﬁﬂ1wﬁ

i=0

Otherwise, using the spectral decomposition and unitary invariance of the Frobenius norm, we can transform the
search space to diagonal matrices as follows:

argmin [|Y — X|| pq = argmin ||A - U*XUHM.
YeD A diagonal

The projection in this case is already discussed above and so we can write
V¢ (X) = Udiag(U* V™™ (X)U)U*.

As an example, both expressions yield

555 123
Vop(X)=|555| when Vo™ (X) = | 456
555 789

4.1.7 Toeplitz, Hankel matrices and others

The significance of Lemma4.2 and Theorem 4.5 is that they offer a straightforward way to compute the gradient
on agny matrix subspace as long as an ordered basis for the subspace is known. Thus, other matrix subspaces
consisting of the Toeplitz matrices, Hankel matrices (both have dimension 2n — 1) etc. can also be considered.

4.1.8 Nonlinear patterned matrices

The matrix subspaces considered here are instances of a “linear pattern” [56], i.e., the entries of the matrix satisfy
a linear constraint. There are also “nonlinear patterned matrices” [57], but on closer examination one finds that
the theory is simply a restatement of the chain rule for Fréchet derivatives used in conjunction with our statement
proved earlier in Theorem4.5 — that the gradient of any ambient function acting on a subspace has the same
action as the gradient of the given function restricted to the subspace.
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4.2 An example with circulant matrices

We shall demonstrate the three different ways to calculate the gradient on an example. Consider

100 xXyz
A=1020], and the circulant matrix X = [ z x y | = xWj + yW, + zWs.
003 yzx

The space of circulant matrices D in R3*3 is three-dimensional and the three basis vectors Wi, Wa, Wx and the
Grammian G are

100 010 001 300
Wi=1010}), W, =001}, W3=|100],G=]030
001 100 010 003

We assume ¢ : X € D +— tr ((AX)?) € R, so that
d(X) = ¢%(x, y,2) = 36x> + 144xyz + 18y + 182>,
Following Definition2.2, for 2™ : ¥ € R33 - tr ((AY)?) e R,

3x2 4 15yz 18xz + 18y? 36xy + 1822
Vo™ (X) =3AT(AX)T(AX)T = | 18xy + 1822 24x2 + 48yz 90xz + 18)2
36xz 4 18y? 90xy + 18z 81x% + 81yz

The same expression for V¢*™(X) follows from using Theorem 4.8, when we note that ¥ = Y1=7 y; M®
as per Remark 2.20 and

Vi (X) =

1

9
ad)amb(Y) ‘ M
dy; Y=X

1

The gradient V™ (X) is clearly not a circulant, and we now project it using Lemma4.2 to get

36x% +48yz 48xy + 1872 48xz + 18y?
Vo (X) = | 48xz + 18y 36x2 + 48yz 48xy + 1872
48xy + 1872 48xz + 18y? 36x2 + 48yz

Now coming to the second method using Gateaux derivatives,

3 3 3
99 _ 108x2 + 144yz, % _ 144xz + 54y2, % _ 144xy + 5477,
ox ay 9z

and using Theorem 4.8, we again get
Vo (X) = (36x2 + 48y2) Wy + (48xy + 1822)Ws + (48xz + 18y%) W,
Starting with Vo4 (x, y, z) = (108x2+144yz)e + (144xz+54y?)ey 4 (144xy +547z2)e3 and using Theorem 3.1

also yields the same result as above. We can also confirm that for H = bWy + hoWo + hsW3 € D, F(H) =
h = hiey + hoer + h3e3, we have

(Vorro0, 1) = (Vo). Hip = (Ve (x v 20.h)
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4.3 An example with Toeplitz matrices

Consider the same matrix function ¢ as in Subsection4.2 but the argument this time is a Toeplitz matrix

Xyz
X=|vxy|=uW +ovWr+xW3+4+ yWyq + zWs.
UvX
The space of Toeplitz matrices D in R3*3 is five-dimensional and the five basis vectors Wi, ..., Ws and the
Grammian G are
000 000 100
Wi=1000], Wo=|100], W3=]010],
100 010 001
10000
010 001 02000
Wy=1001], Ws=|000],G=]00300
000 000 00020
00001

Note that in this case,

H=mnW;+hyWy+h3sW3 4+ hyW4 + hsWs € D,
F(H) =h = hje; + hyey + hzes + hgeq + hses.

We also have
& (X) = ¢%(u, v, x, y, 7) = 36uxz + 108vxy + 18uy” + 18v%z + 36x°.

As circulants are special cases of Toeplitz matrices, it is logical that one recovers the expression derived earlier
for ¢p(X) = ¢>d(x, y, z) on substituting u = y, v = z.

Clearly, ¢®™ and ¢ are same as earlier so
uz + 6vy + 3x2 18uy + 18vx  36ux + 18v2
Vo™ (X) = | 18vz + 18xy 24x2+48vy  90vx + 18uy ,
36xz + 18y>  90xy + 18vz 27uz + 54vy + 81x?
while

Vol (u, v, x,y,z) = (36xz + 18y%)er + (36vz + 108xy)es + (36uz + 108vy + 108x2)e3
+ (36uy + 108vx)es + (36ux + 18v%)es.

All methods to evaluate V¢ (X) lead to the expression

12uz + 36vy + 36x%  18uy + S4vx 36ux + 18v?
Vo(X) = 18vz + S54xy 12uz + 36vy + 36x2 18uy + S4vx
36xz + 18y 18vz 4+ 54xy  12uz + 36vy + 36x2

5 Use and significance in applications

The discussion thus far was at a conceptual level, and understandably so, since we were demonstrating the
rigorous way to think about derivatives of functions defined on subspaces of matrices. The same techniques can
be applied to obtain the second derivative of scalar matrix functions, and this has been recorded in Appendix A
and Appendix B. What follows is a brief explanation of how to use the theory in various cases that one is
likely to encounter in applications. In our view, they can be grouped into two categories, namely, cases where the
function has a closed-form analytical representation, and those where the function is specified as a computational
“black-box” routine.
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5.1 Function has closed-form analytical representation

The examples illustrated in this article, and indeed almost all examples in books fall under this category. Starting
with the closed-form representation for the function ¢ : D — R, it is ideal if one can write ¢ as a sum,
product, or composition of other functions whose Fréchet derivative is known and use the product/chain rules
[53,58] to obtain the expression for the derivative. If this fails, then one could try to evaluate the function in
terms of the matrix components. Note that this may be difficult or even infeasible sometimes when dealing with
determinants or inverses of large matrices. However, if successful, one can compute the derivative using the
directional (Gateaux) derivative along each basis vector following Theorem4.8. If this approach also fails, then
one has no choice but to use a numerical approximation method that we describe next.

5.2 Function specified as a computational routine

Suppose we are provided with a routine that computes ¢ (xy, ..., xg) € R. In the absence of any other infor-

mation, one may assume that the domain is R9*! and proceed to compute (§7¢, el ;—'ﬁ
1 Xd

approximation around a given point (x1, ..., Xg). These are the components of the gradient in the natural basis.
If the requirement is the action of the derivative or gradient on another vector i = (hy, ..., hg) € RIX1 e,
(Vo ((x1, ..., xq), h)gax1, then the approximated gradient is sufficient. If further information is available regard-
ing the d-dimensional domain D, in particular if an ordered basis of D is known, then one can use Theorem 4.8
to associate the components (approximate partial derivatives) with the basis and determine the gradient. Note
that this can be done for the second derivative too (see TheoremB.11) to get the bilinear form.

) by a finite-difference

6 Conclusion

We showed three ways to calculate the derivative/gradient and second derivative for scalar functions of matrices
defined over a matrix subspace. The first method is by definition of the Fréchet derivative, the second method
utilizes an ordered basis and computes each component of the Fréchet derivative through a Gateaux (directional)
derivative. The third method follows the reasoning behind existing results in matrix calculus and casts the
derivative calculation in terms of a scalar function of a vector. In this process, we also uncover the reason behind
the spurious results obtained for various matrix subspaces, and propose an alternative to correct the fundamental
flaw. All the methods were illustrated by an example calculation. Most importantly, we have reformulated the
basic ideas of calculus of matrix functions in the language of calculus on inner-product spaces so that engineers
and researchers who are working in inter-disciplinary fields may find it useful and avoid the conceptual pitfalls
that exist in various articles and textbooks on the subject.
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Appendix A Extension to functions that are not scalar-valued

Thus far, we worked exclusively with functions of matrices whose range was real numbers and elucidated three
methods for computing gradients on a matrix subspace, i.e, using the Frechet, Gateaux derivatives as well as

@ Springer



1204 S. Srinivasan, N. Panda

using the commutative diagram. It is natural to ask if analogous results exist for functions whose range is a
vector space of dimension greater than one, especially since the second derivative of scalar functions, which are
of interest in the context of optimization, fall under this category. Of course, the concept of gradient does not
enter the picture, but one can derive similar results with derivatives instead.

To start with, consider

Definition A.1 Denote g™ : M — W, and g : D — W by g(X) = g™™°(X) VX € D for a proper
subspace D C M.

We would like to know if the derivative dg(X) € Lin(D, W) can be obtained from dg*™"(X) € Lin(M, W) in
a manner similar to that of Theorem4.5. The following lemma answers this.

Lemma A.2 If g®™°, g defined as in DefinitionA.1 are Fréchet differentiable at X € D, then
dg(X) = dg"™(X) o P,

where P is the projection operator defined in Definition4.1.

Proof Consider Definition 2.2 for the function g™ for X € D. Observe that, P>(H) = PoP(H) € DVH € M,
hence

g™ (X + P(H)) — "™ (X) — dg"™ (X)(P(H))
= §(X +P(H)) — g(X) — dg"™(X) o P(P(H)).
On comparison with the definition and appealing to the uniqueness of the Fréchet derivative, we have
dg(X) = dg™(X) o P.
]

Let us also record how to compute the Fréchet derivative componentwise using the Gateaux derivative as in
Definition2.8. This is a direct application of Theorem4.8.

Lemma A.3 If{DY € D|i = 1,2, ...,d} bean ordered basis of D, (W € W|i = 1,2, ..., p} be an ordered
basis of W, and g : D — W have the representation

i=p i=d
gxX)=> g | > xiD|w®,

i=1 j=1

then we may write

i=p j=d k=d ag
de(X) = o8 (G—1> W @ DU,
s0=22 > 5-(67) whe
i=1 j=1k=1
8 .
where G is the Grammian in D as in Definition2.13. If we construct a matrix dg™ e RP*? gs dg{;?at = aﬁ,
Xj

then we can rephrase the statement above in terms of the matrix of dg(X) with respect to the two bases in D, VW
as

mat(dg(X)) = dg™ G,
If the basis in D be orthonormal, then these expressions simplify to
dg(X) = iilsz:% %W(") ® DY) and mat(dg(X)) = dg™ respectively.
0

X
i=1j=1 "7
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Proof From Definition2.11, and the remarks following Definition2.17, it is clear that {W(i) DWVYI<ic<
p, 1 < j <d}is an ordered basis of Lin(D, W) containing dg(X), hence

i=p j=d
dg(X) = Z Za,’jW(i) ® D(j), a;j € R.
i=1 j=1

The rest of the proof proceeds by developing an expression for ;; as follows:

r=p

agr
de(X)(D® ,W(’>> =<d D<“’W(Z>> - 98 ) o
< g(X)( ) w £x w ; oxy

w
so that

i=p j=d
de(X)(D® ’Wa)) — ~<W(">,W<’>> <D(f>,D<k>>
[dg@®). w®) ;j;au " ;

Introducing the Grammians of both bases to expand the inner-products and then simplifying, we get

k=d

ajj = Z g—i; <G—1)kj .

k=1
O

Remark A.4 Tt is not obvious why the Grammian of the basis in V¥ has no role to play in the representation of
the derivative until one recognizes that the derivative of g is essentially the derivative of each of its components,
which are all scalar functions. The correspondence with Theorem 4.8 then becomes clear.

The third method to calculate the derivative is through a commutative diagram like (3.1), with the only change
being to replace R with W and write g, g? as the functions instead of ¢, ¢¢. With these modifications, the
statement of the chain rule

dg(X)(H) = dg® (F(X))(F(H)) = dg® (x)(h) (A.1)

still holds with dg : D — Lin(D, W), dg¢ : R*! — Lin(R?*!, W) but of course in this instance we cannot
simplify this relation further by transforming to gradients. However, we can relate the matrix representations of
dg(X) and dg“(x) relative to their respective ordered bases as follows:

mat(dg(X)) = mat(dg?(x)). (A.2)

Appendix B The second derivative of a scalar matrix functional

For a twice-differentiable scalar function of a matrix, the critical points may be obtained by finding the zeroes of
the derivative or gradient. However, to classify the nature of the extremum, it is important to obtain the second
derivative. We shall obtain the second derivatives from three different approaches, but first we record

Proposition B.1 Given a vector space D, Lin(D, Lin(D, R)) and Lin(D x D, R) are isometrically isomorphic
(see Amann and Escher [59]).

PropositionB.1 allows us to speak of the space of bilinear forms Lin(D x D, R) instead of the convoluted
Lin(D, Lin(D, R)) and use the properties of the former to interpret the latter.

Proposition B.2 For a function ¢ : D — R, at X € D, the second derivative d2¢ (X) € Lin(D, Lin(D, R))
is a symmetric bilinear form, i.e., d*¢(X)(H, K) = d*¢(X)(K, H) VH, K € D. (see Amann and Escher [59])

Remark B.3 The isometric isomorphism allows us to write d2¢ (X)(H, K) instead of d?¢ (X)(H)(K).

We are now ready to state the results for the second derivative.
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Corollary B.4 For a function $*™ : M — R, and ¢ : D —> R, we have the relationships
AV (X) =PodVe ™ (X) o P, and d’¢(X) = d*¢*™(X) o Po P,
where d*¢(X) € Lin(D, Lin(D, R)) but dV¢(X) € Lin(D, D).
Proof The result follows from Lemma A.2 and Theorem4.5. O

Remark B.5 Very often, for a function ¢ : M — R, we find the second derivative at X denoted by VV¢ (X)
or V2¢(X). This notation is inappropriate and misleading because strictly speaking, such quantities are not
defined; one cannot determine the gradient of a function V¢ that is not scalar-valued. Moreover, we see from
Corollary B.4 that dV¢ (X) is not a bilinear form but an element of Lin(D, D). In order to find extrema of smooth
functions, we are interested in the second derivative due to its appearance in the Taylor series representation
of ¢(X), and thus only d2¢ (X) makes sense in this context, as d2¢ (X)(H, H) € R. Thus, even if the term is
denoted by V2¢(X) or dV¢(X), this is what is actually meant.

Now we provide a representation of the second derivative in terms of components. The proof is omitted since it
is a straightforward consequence of Theorem4.8 and Lemma A.3.

Lemma A.5 (Second derivative in terms of components) If{D<i) e Dli =1,2,...,d} be an ordered basis of
D, then ¢ : D —> R has the representation ¢ (X) = ¢ (Zl 1 %Xi D(’)> and we may write

i=d j=d k=d I=d

d’p(X) = ZZZZ( ),z T (G*‘)kj D @ DV,

i=1 j=1k=11I1=1
where G is the Grammian of the basis. If we construct a matrix (the Hessian)

%P (X)
Ox;0xx

H(¢p(X)) € R H(p (X)) =

then we may write
mat(d’¢ (X)) = G 'H(#(X))G .
If the basis be orthonormal, then the representations simplify to
i=dj=d 2,

d*¢(X) = Z Z Txox — " D' ® D/ and mat(d*¢ (X)) = H(¢ (X)) respectively.
=1 j= i0Xj

Remark B.6 This result demonstrates how the Hessian arises in the context of the second derivative, and how to
interpret terse but imprecise statements that suggest that the second derivative of a scalar function is the Hessian
matrix.

Remark B.7 If we expand the bilinear form in terms of components, say H = Zfi‘f hiD', K = Z;j kj DJ,
d*¢(X)(H, K) = (G F(H))" mat(d*¢ (X)) (G F(K)) = F(H)"H(¢(X))F(K).

Before we get to the calculation of d2¢ from the commutative diagram (3.1), we state

Proposition B.8 (Generalized product rule, Amann and Escher [59]) IfU,V, VW are Banach spaces, and

7 :Lin(WxW,R), f:U —V,g:U — W, then
dn(f,8) =n(df, g +n(f,dg).

Lemma B.9 (Second derivative from the commutative diagram)
For ¢, ¢, F asin (3.1), d’¢(X)(H, K) = d’¢* (x)(h, k),
where X, H, K € D,x = F(X),h = F(H),k = F(K) € R?*1,
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Proof Recall that the chain rule applied to ¢ = ¢¢ o F yields
de(X) = d¢p?(F(X)) odF(X) VX € D.

Now before we apply the chain rule again, we make the point that the chain rule is stated for composition of
functions, not their values, thus, one cannot (and should not) invoke it on the expression for d¢ (X) but instead
express d¢ as a composition first. This can be done by invoking Proposition B.8 after writing

d¢ = n((d¢p? o F),dF)

with 7 € Lin(Lin(D, R) x Lin(D, R?*1), R). Thus, we have simply rewritten the composition of two linear
transformations (which is bilinear) in terms of 7 to make it easy to see the way forward. Invoking the chain rule
now yields

d’¢ = ((d*¢? o F) odF,dF) + n((d¢? o F),d*F).

The second term on the right hand side vanishes since F is a constant linear map, but in the first term the
symbol o has to be interpreted in context in each appearance. For example, we know that d2¢?(F (X)) €
Lin(R?*!, Lin(R¢*!, R)) and for H, K € D,

d’¢?(F(X)) o dF(H) € Lin(R**!, R) while (d*¢%(F(X)) o dF(H)) o dF(K) € R.

Thus, with this understanding, we may write
Pp(X) = <d2¢d (F(X)) o F) oF.
Considering the action on H, K € D, we get
d*¢(X)(H, K) = d*¢* (x)(h, k).

Remark B.10 In terms of matrices, the relationship may be restated as
F(H)"H($ (X)) F(K) = h" H@" (x)k.
However, note that F(X) = x VX € D, and hence this equation reduces to
H(¢ (X)) = H(" (x)).

This is hardly surprising, considering both matrices are constructed from the same scalar function of the matrix
components.

Theorem B.11 (Invariant nature of quadratic form) For $*™ : M — R, ¢, ¢%, F as in (3.1), the following
are equivalent:

(a) d2¢(X) is positive-definite (positive-semidefinite) (indefinite)

(b) H(¢p (X)) is positive-definite (positive-semidefinite) (indefinite)

(c) H(¢%(x)) is positive-definite (positive-semidefinite) (indefinite)

(d) H(¢amb(X )) is positive-definite (positive-semidefinite) (indefinite) on D

Proof Following the remarks in Lemma A.5 and Lemma B.9, the quadratic forms for given X, H, K € D satisfy
d’¢(X)(H, K) = F(H)"H(@(X)F(K) = h"H@* (0))k,
and have the same value in (a), (b), (c). But we also have
d*¢(X)(H. K) = d*¢"™ (X)(P(H), P(K)).

Recall that dim(M) = n?, hence we have H(¢*™P (X)) € anx"z, F(H), F(K) € R"**! since the coordinate
map is for the orthonormal natural basis in M Remark 2.20, and

2™ (X)(P(H), P(K)) = d2¢™(X)(H, K) = F(H)TH(@$"™ (X)) F(K).

Thus, they are all positive-definite (positive-semidefinite) (indefinite). O

Remark B.12 The significance of this result is that to determine the nature of the extremum existing at a critical
point, one can test the quadratic form obtained from the second derivative using any of the methods outlined
above.
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Appendix B.1 Illustrative examples continued

We continue with the example considered in Subsection4.2 to now calculate the second derivative. By direct
calculation, we can show that for H, K € D,

d’¢(X)(H,K) =3tr (AKTAXTAHT + AXTAKT AHT).
On the other hand, from the Hessian matrix

216x 144z 144y
H(¢(X)) = H(¢% (x)) = | 144z 108y 144x |,
144y 144x 108z

while

6x 62 99 6y 0 O 9z 0 O
6z 0 0O 18x 12z 18y 18y 0O O
99 0 0 18z 0 O 36x 18z 27y
6y 18x 18z 0 12y 0 O 18z O
H(¢*™ (X)) =| 0 12z 0 12y 48x 36z 0 36y 0
0 18y 0 0 36z 0 18y 90x 54z
9z 18y36x 0 0 18y 0 0 27z
0 O 18z 18z36y90x 0 0 54y
0 0 27y 0 0 54z 27z 54y 162x

32¢amb(y)

Note that H(¢2™ (X)) =
ote that H(¢™™° (X)) ik odve lr=x

. By direct calculation, we find that all bilinear forms have the same

expression

36(k1(6h1x + 4hyz + 4h3y) + ka(dhi1z 4+ 3hoy + 4hsx) + k3 (dhyy + 4hox + 3h32)).
Continuing with Subsection4.3, we find

0 0 36z 36y 36x
0 36z 108y 108x 36v
H(p(X)) = H(¢% (x)) = | 36z 108y 216x 108v 36u
36y 108x 108v 36u O
36x 36v 36u 0 O

’

while

6x 6v 9« 6y 0 O 9z 0O O
6v 0 O 18x 12v 18u 18y 0O O
9« 0 0 18 0 0 36x 18v 27u
6y 18x 18v 0 12y 0 0 18z O
H(@*™(X)=| 0 12v 0 12y48x 36v 0 36y 0
018y 0 0 36v 0 18y 90x 54v
9z 18y36x 0 0 18y 0O O 27z
0 0 18v 18z36y90x 0 0O 54y
0 0 27u 0 0 54v 27z 54y 162x

It can be verified that all the three associated bilinear forms have the same expression

36k (h3z + hay + hsx) + 36ka(haz + 3h3y + 3hax + hsv)
+ 36k3(h1z + 3h2y 4 6h3x + 3hav + hsu)
+ 36kq(h1y 4 3hox + 3h3v 4 hau) + 36ks(h1x + hov + hau).
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