Indian J Pure Appl Math (2026) 57:1211-1233
https://doi.org/10.1007/s13226-024-00691-4

ORIGINAL RESEARCH

Bounded solutions in anisotropic degenerate parabolic
problems with a singular term

Wahiba Zaater - Hichem Khelifi®

Received: 27 July 2023 / Accepted: 27 August 2024 / Published online: 3 September 2024
© The Indian National Science Academy 2024

Abstract In this paper, we study the existence of bounded solutions for a nonlinear anisotropic parabolic equation
with degenerate coercivity and a singular term on the right-hand side. The model problem considered is as follows

du N (uPi'A+Dw) "' Du+|Du|?i2Du _ f .
o~ 2 Dy ( (+ul)? =win 0
u(x,0)=0 on 2,

u=~0 on [,

where 2 is a bounded open subset of RN”'N >2.7T>0,2< pi < N foreveryi =1,...,N,0,y >0,
0<fel™Q) withm > % + 1 (p defined in (2.1)) and Q = 2 x (0, T). The main idea in the proof is
based on Stampacchia’s lemma, which allows us to obtain a priori estimates by making a suitable choice of a
test function.

Keywords Anisotropic parabolic equation - Singular non-linearity - Non coercive operator - Bounded solutions -
Fixed point theorem

Mathematics Subject Classification  35K65 - 35K55 - 35B45 - 35B65

1 Introduction

Let © be a bounded open subset of RY (N > 2), Q be the cylinder  x (0, T) (T > 0), and I be the lateral
surface 92 x (0, 7). We consider the following singular anisotropic parabolic problem

M+ Bu=gwfin Q,
ux,0)=0 on £2, (1.1)
u=~0 on I,
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where

N

Bu = — Z D; [bi (x,t,u, Du)],

i=1

and f > 0 is a function belong to L™ (€2) with m > % + 1. Here, we assume that b; : Q@ x R x RY — R for

i =1,..., N are Carathéodory functions. For almost every (x, ¢) in Q, for every o € R, forall &, € RN, and
foranyi =1, ..., N, the following conditions hold
al&; |7
bi(x,t,0,8)-&§ > ———, 1.2
i € &= (1.2)
- - —2
- p Py — P
0<9 -1+ = 1+—=),p—24+ —14, 1.3
< <rn1n{p +N+y<+N>p +N} (1.3)
1—L
N pi
bi(x,t,0,8) < B[ k(x,1)+ o]’ + Z &; 1P ; (1.4
j=1
and
[bi(x.1,0,6) —bi(x,1,0,EN] (& —&) >0, & #§, (1.5)

where «, f are strictly positive real numbers and & is a given positive function in L'(Q).
Finally, the singular term g : [0, o0) — [0, oo] is continuous, bounded outside the origin, and may potentially
approach infinity at the origin. Additionally, the following properties hold true

3¢>0,3ye(0,p—1) suchthat g(s) < iy Vs € (0, 00). (1.6)
S

Nowadays, anisotropic equations are prevalent in various mathematical models. They are particularly necessary
for studying physical fields like electro-rheological and thermo-rheological liquids [1]. Additionally, they find
applications in biology, as demonstrated by Bendahmane et al. [2], where they serve as a model for describing the
spread of epidemic diseases in heterogeneous environments. There are other modern applications of anisotropic
problems in the thermistor phenomenon (see [11]).

Below, we provide brief descriptions of several papers that are directly relevant to this work. To simplify the
presentation for the reader, we will divide this description into two parts: the isotropic case and the anisotropic
case.

1.1 Analysis of the isotropic scenario: p; = p

The case where p = 2 and y = 0 was studied in Ref. [9]. In Ref. [20], the authors investigated the existence and
regularity of problem (1.7), which is described as follows

9
—L; — div(a(x, 1, u)a(x, t,u, Du)) = f in Q,

0
u=~0 on I, (1.7)
u(x,0)=0 in €,

where f € L™(Q) withm > 1,2 < p < N,anda : Q x R — R is a Carathéodory function that satisfies, for
almost every (x, t) € Q and all s € R, the following inequality

o
— =a X, t7 N S )
(L+sh? ~ ( =7
where0 <6 < p—1+ % The constants « and f are positive constants. The regularity for entropy solutions to
problem (1.7) was obtained in Ref. [12]. If f = —div(g), with0 <6 < p — 1, where g € (L"(0, T; L1V
under certain conditions on r and ¢, existence and regularity results for problem (1.7) have been obtained in
Refs.[7] and [30].
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In [5], the authors have addressed problem (1.1) in the coercive case with y # 0. They have proven the
existence and regularity of solutions to the following problem

ou f

B__Ap =u—1n Q
u(x,0) =ug(x) on 9,
u=~0 on I,

wherey >0,p >2, f >0, f € L"(Q) withm > 1, and ug € L°(2). For the existence and regularity results

regarding the anisotropic elliptic case of problem (1.1), we recommend referring to Refs. [22,31].
Moreover, the authors in [14] study the following problem

8_u —div(a(x, t,u, Du)) = fgu) in Q,

ot
u=~0 on I,
u(x,0)=0 in Q,

where f is a given function belonging to some Lebesgue space L™ (Q) with m > 1, the singular term g satisfies
inequality (1.6) with0 < y < 1,anda : Q x R x R¥ — R is a Carathéodory function that satisfies, for almost
every (x,1) € Qandallo e R, & e RV

aCr,1,0,6).8 > —2E_
I+ 1o
where
p p
O§0<p—1+N+y(l+N).

Finally, in Ref. [21], the authors studied the existence and regularity of the following singular model problem

0
2 diviaCe, t,u, Du)) + [ul*~'u = fg(u) in Q.

ot
u=~0 on I,
u(x,00=0 in Q,

here, f € L™(Q) withm > 1,a : O x R x RN — R is a Carathéodory function that satisfies, for almost every
(x,1) € Qandallo e R, & e RN

algl?

t, ———— with 0<6 <1,
a(x, 05)5_(1+| 0D wi <

and the singular term g satisfies inequality (1.6) with0 < y < 1.

1.2 Analysis of anisotropic situations

In the case of uniform ellipticity and non-singularity (i.e., & = 0 and y = 0), the existence results for problem
(1.1) have been proven in Refs.[17] and [18] when f € L™(Q) or when f is a bounded Radon measure on
Q. If y = 0, the existence and regularity of entropy solutions for problem (1.1) with lower order terms and
variable exponents were investigated in [19]. The problem (1.7) was further generalized in Refs. [13,29], where
the authors studied the following singular problem

ZD (ai(x,t,u, Du)) = f in Q,

u(x 0)—0 on 2,
u=20 on T,
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Here, f € L"™(Q) withm > 1,a; : O x R x RN > Rfori =1,...,N are Carathéodory functions that
satisfy inequalities (1.3) and (1.5). Moreover, for almost every (x, ) € Q, forall s € R, and for all & € RV, the
following inequality holds

N

u & |
1
;ai()ﬁ t,s,6)§ > OZZ W’

i=1

where p; € (1,+400) foreveryi = 1,...,N,and0 <60 < 1 + ﬁ. In Ref. [29], the authors primarily
focused on studying the existence and regularity of solutions u with respect to the parameter m. However, for the
regularity results of weak solutions to the anisotropic elliptic case of problem (1.1), one can refer to the recent
work in Ref.[10].

1.3 The dilemmas posed by problem (1.1)

Our main objective in this article is to investigate the results of [20] regarding the framework of the non-coercive
operator B(u). However, we face several difficulties in achieving this goal. Firstly, while the differential operator

— - — *
B is well-defined between L7 (0, T'; X(l)’ P()) and its dual (I[j’) (0,T; X(l)’ P (Q))) , it fails to be coercive

v d
on L7 (0, T, X(l)’ P (Q)) when u is unbounded. Due to this lack of coercivity, the classical theory for elliptic
operators acting between spaces in duality (as described in [27]) cannot be applied in general, even if the datum
f is regular (see [16,25]).

Secondly, it is important to note that (1.1) can have a singular term on the right-hand side. In other words,
the solution u is required to be zero on the boundary of the domain, but simultaneously, the right-hand side of
(1.1) could become unbounded.

Finally, the tools and techniques available for the isotropic case cannot be extended to the anisotropic setting,
which further complicates the analysis in this article.

To address these difficulties, we will employ approximation techniques to overcome the issues related to the
degenerate coercivity of the operator term and the singularity of the right-hand side (as stated in problems (3.3)).
By employing truncation methods, we will ensure that the operator term remains bounded, and we will handle
the singularity on the right-hand side appropriately. Furthermore, we will utilize Schauder’s theorem to establish
the existence of a bounded finite energy solution u,, to these problems. This theorem guarantees the existence of
a solution within a certain function space under suitable conditions, providing a valuable tool for our analysis.

2 Fundamentals and main result statement

In this section, we provide the necessary preliminary information and state the main result of our study.
Let Q be a bounded smooth open subset of RV, and let 7 = (p1, pa, ..., py) € RY with p; > 1 for all
i =1,..., N. The anisotropic Sobolev spaces can be defined as follows

whri(Q) ={ve Wh(Q): DiveLli(Q),
Wo P (@) = {v e Wy (@)1 Div e LP ()},

where Dju = gT“ represents the partial derivative of # with respect to x;. The anisotropic space Wé "P(Q) can
1
also be defined as the closure of C(‘)>o (Q) in WhPi (Q) with respect to the norm

N
10l gy = 2 IDiVI 0 g
i=1

/
which makes it a Banach space. Its dual is denoted by (WO1 P (Q)) .

Let 7 = (r1,r2, ..., ry) € RV withr; > 1 foralli =1, ..., N, we define the spaces as follows

N
- .
X(l), p (Q) — ﬂ W(}ypz (Q),

i=1
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N
L7(0,T; Xo 7 () = (L7 (0. T: Wy (),

where the norms are given by
N
il 15 g, = D_ I Dittl i g
i=1

N
s XNMMWTWMQ»
i=1

Now, we recall the following theorem on anisotropic Sobolev embeddings.

Lemma 2.1 [28] Let v € W,” (), and define

NP LA
. 7 _
= NP (L) @.1)
7= (v27)
If 1 < p < N, then there exists a positive constant C, depending only on 2, such that
N 1
ol < CTTIDI gy ¥r e[l P, (2.2)
i=1
10175 ) < CXNDme> 23)

Next, we present the embedding result for the anisotropic Sobolev space (refer to [15,23,28] for more details).
Lemma 2.2 Suppose p; > 1fori =1,...,N.Ifv € ﬂlNzl WLPi(Q) and p < N, then

N

i _
lzr) < CT [ (lullzricg) + IDivliLri )™ . ¥r e [1. 571, (2.4)
i=1

where the constant C depends on N and p;. Furthermore, if p > N, the inequality (2.4) holds for all r > 1,
and C depends on r and |Q|.

The following lemma is useful when proving the boundedness of the solution u,, of problem (3.3).
Lemma 2.3 [3,27] Let ¥ : Ry — R be a non-increasing function such that

W(h ﬂlllk Vh >k >k
) = Gy YOP, V= k= ko

where M1, n, ko, 8, p are positive real numbers with § > 1 and p € [0, 1). Then there exists k > 0 such that
W(k) =0.
We begin by recalling the well-known Gagliardo-Nirenberg interpolation inequality.

Lemma 2.4 [24] Let v be a function in WOI’I(Q) N LP (), with q > 1 and p > 1. Then there exists a positive
constant M1, depending on N, q, and p, such that

lolls gy < MiIVUIT, g w017, 2.5)
for every 0 and q satisfying
. 1 -~ 1y 1-6
0<6<l1, 1<g<+o00, —=0|1——=)+—. (2.6)
q N P
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1216 W. Zaater , H. Khelifi

An immediate consequence of the previous lemma is the following embedding result:

Lemma 2.5 [6] Letv € L1(0, T; Wol’h(Q)) N L0, T; L(R)), where h, 0 > 1. Then v belongs to L9(Q),
where gy = q %, and there exists a positive constant M, depending only on N, q, and o such that

Pq
/Q [ dx dr < Mal|vll o 710 /Q |Vv|? dx dt. 2.7

Let k > 0 be a given constant. We will make use of the truncation function 7} defined as Ti(s) =
max{—k, min{s, k}}, and its complement function Gy(s) = s — Ty (s). Additionally, we will utilize the fol-
lowing function:

I, if s <2,
Vils) = § 2=, if A <s <22, (2.8)
0,  if s>2A.

We define the notion of a weak solution to problem (1.1) as follows:

Definition 2.6 A function u is a weak solution of problem (1.1) if u € LYo, T; WS’I(Q)), bi(x,t,u, Du) €
(LY(Q)N foralli =1,...,N, gu)f € LL (Q), u > 0 almost everywhere in Q, and the equality

loc

N

0

—/ ua—(fdxdt—}—Z/ bi(x,t,u,Du).Diq)dxdt:/ g) fedxdt, 2.9)
o i=17@ Q

holds for every test function ¢ € C*°([0, T] x Q) such that ¢ = 01in a neighborhood of 92 x (0, T) and ¢ = 0
onQ x T.

The main result of this work is as follows.

Theorem 2.7 Assuming that hypotheses (1.2), (1.5), and (1.6) hold true, if the datum f is a nonnegative function
belonging to L (Q) withm > % + 1, then there exists a function

N
ue (VL2 (0. T; Wy (2)) N L*(Q)
i=1

that is a solution of problem (1.1) in the sense of Definition 2.6.

Remark 1 To obtain the a priori uniform L*°-estimates for the solutions of approximate equations, we apply
Lemma 6.1 in [27], which is stated as Lemma 2.3 below. However, it should be noted that Lemma 2.3 requires
the assumption p; > 2 foreveryi = 1,..., N.

Remark 2 In the isotropic case (i.e., p; = p = 2 and y = 0), the result of Theorem 2.7 coincides with the
classical boundedness results for parabolic equations with degenerate coercivity and non-singularity, as shown
in [9, Theorem 1.1.].

3 Solving the approximation problem
Let f, € C° (Q) (for example f,, = T,,(f)), such that

Il fullemcoy = W fllLmeoy Vn, 3.1)
fu — f strongly in L™(Q). (3.2)

Moreover, let us define g(0) = limy_.o g(s) (see [14,31]). We set

(s) = T,(g(s)) for s > 0,
"7 I min{n, g(0)} otherwise.
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We consider the following approximate problem

ou N
L= D (bi(x, £, Ty(up), Duy)) = gulttn) fy in Q,
ar -
i— (3.3)
u,(x,0)=0 on 2,
u, =0 on I

Lemma 3.1 Ler b; be Carathéodory functions satisfying (1.2)—(1.5) for everyi = 1,..., N, and g satisfies
(1.6). Then there exists a weak solution u,, of (3.3) such that

N
up € (27 (0. 73 Wy (@) N (0, T1; LX)
i=1

d n al ! 2 /
- e;w (0.7: wy @) )+ ©@)

and it satisfies the weak formulation

N
9
/ u"godxdt—i—Z/ bi(x, t, Ty (itn), Dity). Dipdxdt
0 Jat P 0

= /an (un) fupdxdt. (3.4)

for every fixed n € N and for every ¢ € ﬂlNzl LPi (0, T; Wol’pi (Q)) N L*(Q).

Proof Letn € Nand v € LP"(Q) be fixed. Consider the following nonlinear parabolic problem

9 N
5= 2 Di (b1, Ty(w), Dw)) = gu(v) fy in Q.
=1

l
wx,0) =0 on €2,
w=20 on I'.

3.5)

It is clear that problem (3.5) has a unique solution w such that
N
we (L7 (0.7: Wy (2)) N L2(Q),
i=1
ow al p{ . 1, pi / 1
3 € UL (0. 75 Wg " @)') + L'(©),

since the right-hand side in (3.5) belongs to L*°(Q) (see, for instance, [16]), also see [17,18]. In particular, the
map P : LP(Q) — L7(Q) defined as P(v) = w is well-defined for every i = 1,..., N. Moreover, since
gn () f, is bounded, we have that w € L°°(Q), and there exists a positive constant Cwo, independent of v and w
(but possibly depending on n), such that

lwllLe) < Coo- (3.6)

Choosing w as a test function in (3.5), we obtain the following equation
| N
5 / lw(T)|?dx + Z/ bi(x,t, Ty(w), Dw).D;wdxdt
& =179

- /Q g (V) fawdxdt. (3.7)
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1218 W. Zaater , H. Khelifi

By excluding a positive term on the left-hand side of (3.7), and employing (1.2) and (1.6), we can conclude

D Pi
aZf f | Diwl L __dxd: gnV“f \wldxdt.
o (I + [T, (w))) 0

Using Holder’s inequality with exponent p* and the inequality (1 + T, (w))? < (1 4 n)?, we get
1

N

C 1 —x
Z/ |D;w|Pidxdt < —~n? T (1 + n)? 10| (/ lw|? dxdt)'
= /o o 0

The previous inequality and (2.3) yield the following estimate

PN 1
—x * C 7
(/ lw|? dxdt)1 <—ny+1(1+n) Q| @ el </ lw|? dXdl> .
0]

Since py > 1, then there exists a positive constant C(n, | Q]) independent of v and w, such that
||w||LF*(Q) <C(n,|0J).
By the previous inequality and the fact that p < p*, we have
lwll gy < C1C(n, 1) = R(n, Q). (3.8)

Thus, (3.8) implies that the ball B in L?(Q) of radius R(n, |Q]) is invariant for the map P. We are going to
prove that P is continuous. Let vk be a bounded sequence in B. By (3.8), there exists a subsequence of vkk,
still denoted by vk, and a measurable function v belonging to L” (Q) such that the following convergence holds

vp — v strongly in LF(Q). 3.9)
So, vy —> v almost everywhere in Q as k —> oo, hence
8n (V) fo = gn(V) fu ae.in Q,
as k —> oo. Consequently, since for all k € N
8n (W) fu < nfy € L%(Q) C LP(Q), ae.in Q,
by the dominated convergence theorem, one has
gn (W) fo = ga (V) fu strongly in L7(Q).

Hence, by uniqueness, one deduces that wy = P (vx) convergestow = P(v) in LP(Q). This gives the continuity
of P.

On the other hand, one can choose wy as a test function in the weak formulation of the problem solved by
wy, which is the following

d
=t ZD (bi (x. £, Ty(wr), Dwn)) = gu () fu in Q.

wk(x O) _O on 2,
wr =0 on I,

we obtain, foralli =1,..., N

1

T . T . >
| Diwi |75, o dt < c/ (/ lwi|P dx) dt. (3.10)
/O l L@ 0 Q
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Since the ball in L?(Q) is invariant under P, we have wy belonging to B. From equations (3.8) and (3.10),
N _
we can deduce that wy is bounded in () L?i ((0, T, W(}’pi (Q)), and wy € LP(Q). This is because there exists

i=1
je€i=1,...,Nsuchthat p; > p. The growth assumption on b; implies the following foralli =1,..., N

/|bi(xyf,wkaDiwk)|p’{dth
0

o (=57}
= Cﬁ/ [Ik(x,t)l + lwkl”+Z|Djwkl”-’} dxdt
0 -
j=1

<C[kp;, w4 e . ]
<C|l ”L"i(Q) l k||Lp(Q) l k||Lpl_(0’T;W01_p,(Q))

< +00.

Therefore, 2% is bounded in Y | L7 (0, T; (W, (sz))’) NL'(Q) foralli = 1,..., N. As mentioned in

[26], this implies that wy is relatively strongly compact in Ll(Q). Thus, there exists a subsequence of wy (still
denoted by wy), and a measurable function w belonging to L!(Q) such that

wy —> w aein L'(Q). (3.11)

Using equations (3.10) and (3.11), along with the Lebesgue theorem, we can conclude that wy converges strongly
to w in L? (Q). This implies that the operator P is compact. By Schauder’s fixed point theorem, there exists u,
such that

N
wn € (VL7 (0.7 Wy (@) N C(10, T): LA()),
i=1

and

ouy
at

N
ey L (0, T; (Wy" (Q))/) NL'(Q).
i=1

and u, = P (u,) for every fixed n.
Moreover, taking ¢ = u, in (3.3), we have

| N
3 /Q |u;(T)|2dx + Z/Qbi(x,t, T, (uy), Duy).Diu, dxdt
i=1
=/ &n(Upn) fau, dxdt.
o

Using (1.2), omitting the non-negative terms, and recalling that g, («,) f, > 0, we can deduce the following
inequality

N
o . -
(1 +n)? Z/Q |Dju,, |Pidxdr < /an(un)fnun dxdt < 0.
i=1

From this inequality, we can conclude that [ju,, || = 0, which implies that u,, > 0 almost

LPi0,7; Wy " ()
everywhere in Q. O

@ Springer
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4 A priori estimate in the L* norm

In this section, we will use the symbol C to represent various positive constants (not depending on n) whose
values may vary from line to line. These constants will only depend on the given data.

Lemma 4.1 Suppose that the assumptions of Theorem 2.7 are satisfied, and let u,, be a solution of (3.4). Then,
there exists a positive constant C such that

lunllzecg) < C, 4.1)
||un||IL7(07T;X(1),—p>(Q)) <C 4.2)
Proof For all T € (0, T], we take

o) = [(1+u)? ' = NG )0, Yi=1,....N,

as a test function in equation (3.4), where x(o,r) denotes the characteristic function of the interval (0, t) within
the interval (0, T'] and G (1) = u, — Ty (u,) for all k > 0. By using (1.2),(1.6) and the fact that

Dig(un) = [ (P = D1+ 1) 2 Gun) + (1 + )"~ = 11G{wn) | Diten 0.

= (P — (1 +un)? G (un) Dittn x(0.7)

we obtain
N . .
_ |Diun|pt D=2 7
S un)dx + a(p~ — 1) //—(l+u)p G/ (u)dudt
/Q ’ ; o Jao (14 uy)? " kA
r p—
5/ /fn(1+un)p_1_yG;c(un)dth» (4.3)
0 Q
where

Un _
D(uy) = / ((1 + 5P - 1) Gy (s)ds.
0
Using the fact that (1 + y)® > 14 y® forall » > 0 and all § > 1, we obtain
Up _
®(uy) = /0 sP7L G (s)ds

Up 1 — , 4
:f (:Ska(S)) ds
0 p

1 —
—uy, G ()
p

v

v

1 i Wall
%Gk(un)ka(un)' (4.4)

this occurs because, when u,, > 0 almost everywhere in 2, we can observe that u, > Gg(u,) > 0. Let
Ap () ={x € Q:uy(x,t) > k} fort € (0, T). By using (4.3), (4.4), (3.1), Holder’s inequality, and the fact
that 1 + u,, < 2(k 4+ G (uy)) for k > 1 and that G;{(un) = 0Oontheset {x € Q2 : u,(x,t) <k}, we obtain the
following inequality foralli = 1,..., N

/ Gr(un(0)Pdx + / ' / ded;
Ao 0 Jag,m (1+uy)?=P+2

T — !
< CillfliLmo) (f / (k4 G (uy)) P~ 1=7Im dxdt)
0 Ak‘n(t)

€
g
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Then,
|Djuy| P
sup / Gi(un(t))Pdx + sup / / dxdt
2€0.71J Agu (0) " cer0.r1Jo Jag, @) (1+un)?7+2
T | ’
< Cillf o) f / k + Gr(un)) P~ dxds
0 Ak‘n(t)
Hence, foralli =1, ..., N, we have
”Gk(un)”Loo(O T; Lp(Akn))
T —_ , m’
< Cill fllmco) f / (k + Gr(un) P~ "™ dxdr |, 4.5)
0 JApa.0
and

Dju, |P:
/ / | ”9| e dxdi
Ay (14 uy)?=PF

r - /
< Cillflln(o) ( f / (k + G (uy))P=1=ym dxdr) : (4.6)
0 Apn(t)

5\

The proof is divided into two cases.
Case 1: Suppose that

— — —2
2<9<m1n{ -1+ = —l—y(l—l—%),ﬁ—%l——}. 4.7)

For all 1 < o; < p;, we can write

DG g (CA p+2)al
f|D,~Gk(u,,)|"idxdt:[ M(l+un) P dxdt.
0 Q0

(O=p+2)0;

A +up) 7

Using (4.6) and Holder’s inequality, we have

/ |Di G ()| dxdr
0

o;

DG .\
/ / | k(L;n)| DGR ay
Apn () (L uy)?—PF
Pi=oj
T O—p+2)0; P
X / / (1 4+ uy) ri—°i dxdt
0 Ak,n(t)
T S pjriﬂ
<G / / k 4+ Gr(up)™ P~V dxdt
0 JAg, (1)

Pi—9%

T O—p+2)0; pi
x f f (k + G (uy)) 7i—o  dxdt . (4.8)
0 Ak,n(t)

Now let’s consider o; = Ap;, where A € [0, 1) such that,

O®—P+20; O-—Pp+2Dr N+
pPi — 0; o 1—A n N

o, 4.9)
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so that
p(p+N)+N(p—-2-10)

o= — (4.10)
N+7p
N[p(N+P)+N(p—-2-10
F+ — NIp( tf)Jr _(p )] @.11)
N2—p"—N@P—-2-0)
Putting u = NTJJE, we get
Pp+N)+Np—-2-6
= p(p+N)+N(p ) 4.12)
N
Taking the %-th root of each side of inequality (4.8), and utilizing (4.9) and (4.12), we arrive at the following
inequality

Vo7
( f |Din<un>|“fdxdt>
(9]
T P N;:-m/
<G / f (k + Gr(u)™ P~V dxdt
0 JAg (1)

T (=M
X / / (k + Gr(up))*dxdr ,
0 JAL, 1)

this implies that

[1( [ i:Gunrasa)
i=1 M0

T S pm
<C4 / f (k + Gy ()™ P~V dxdt
0 JAp (1)

T 5
X (/ / (k + Gk(un))“a’xdt)
0 JAg@®)

Since m > % +lando > p — I — y, we can conclude that

Ql

GIN+p) T N+P
mNp—1—y) p—1—y  m'N

1.
By applying Holder’s inequality, we can derive the following inequality

T —
f f (k + Gr(up))™ P~ 1=V dxdt
0 Ak,n(t)

m'N@—1-y)

T ~ (N+pio
< ( / / <k+Gk<un>>“)
0 Agn (1)

| N G—1-y)

T (N+p)o
x ( / |Ak,n<t)|dr>
0

Therefore, using (4.13) and (4.14), we can write for all k > 1

N

[ (/ |Din(un)|"fdxdr)N”"
0

i=1
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NP=1-y)+(p—o)(N+p)
P(N+p)

T
<GCs (/ / (k + G (up))dxdt
0 Ak,n(t)

a _Np-l-y)

T o’ (NTPP
X (/ |Ak,n(t)|dt) . 4.15)
0

=

Now, observe that

ﬁZ
0<ﬁ—2+ﬁ<:>ﬁ<u<6*

Using the interpolation inequality, we obtain

IGk )t I a,,y < NGk I 56,

X |G (un)(t, .)Ilza*(Akn), (4.16)
where
- _ —%
r= P-WT “.17)
(p—0oHu

By equations (4.10), (4.11), (4.12), and (4.17), we can observe the following relationships
N
T=——,
N+7p
Using (4.16), (4.14) and (4.18), the result is

tu=0 and (Il —7)u = —o0. (4.18)

Z |l

T
n
/O 1G], dt

Ie T _
S NGk e o, 75174, ) /0 1Gk @ 7ee 4y, 9%

p-l-y

T N+p
< Cq (/ / (k + Gk(un))“dxdt>
0 JAg()
T % p-l-y
X </o IAk,n(t)Idt>

We apply the anisotropic Sobolev inequality with r = 5, denoted as (2.4), to obtain

N+p T B
o
/0 Gk @) Tar 4, , - (4.19)
T —
G, 1 = [
fo iz @ = J)
Since Y| Nim = 1, applying the Holder’s inequality and (4.15), we have

T B N Nor
/ |Gk, di < l_[( f |D,~Gk(un>|"fdxdz)
0 N - Q
i=1
N@=1=y)+(p=)(N+p)

T p(N+p)
<GCs f / (k + Gi(up))*dxdt
0 Ak,n(l)

7 _N@-l-y)

r o’ T NTPID
X (/ |Ak,n(t)|dt) . (4.20)
0

T N

l_[(f |Din(un>|“fdx) d.
Al (1)

i=1
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Based on inequalities (4.19) and (4.20), we can deduce that

NG-1—y) , P&

T T PN TP
/ / Gi(up)*dxdt < Cq / / (k + Gi(up))*dxdt
0 Ak,n 0 Ak.n(t)
T N+p
X (/ / (k + Gk(un))“dxdt>
0 JAr®)

(N+p)g _ p—l-y

T PNm’ P
x ( /0 |Ak,n(t>|dr)

Hence,
Zlore (N+P)T _ F=1-y
A < CsA,, (W, (k)) phm’ K
(N?]ﬁ)ﬁ(zﬁ— ]:y—ﬁ) (11;17)3+E
m’ P
+ Cok T (W) " , 4.21)
where

(N+p)o

T T
W, (k) = [ AraOldt, Ane = / [ Gt 5 dxdr.
0 0 Apn(t)

Thus, according to Young’s inequality, for all ¢ > 0,

2p=loy=o N+P)T _p=l-y

Ay " (Wyk)) PN T

(N+P)T _ |
(O =1 sty

< eAu + C(e)W, (k) (4.22)
Applying (4.21) to (4.22) and taking ¢ = ﬁ, we get
M*(F*lfﬂ E%
Ank < Clo‘yn(k)( Nm’ ) +1+y—p
(Nt]ﬁ)ﬁ(zﬁflgyfﬁ) (;;Z)/F+$
+ Ciok (W (k) (4.23)
Since m > % + 1, we can conclude that
N+p)o 1 N+po Dp—o
N +Pp) CF-1-p)) = _>(_ 2 LPoT
Nm' o+1+y—7 pNm' 12
We observe that |V, (k)| < T|2|, for k > 1. Therefore, we can state that
(N;]@E(ﬁ—ty—ﬁ) (IX;?)/EJr?
An < Crik T (W) T (4.24)

Recalling the property. of Gi(s), if h > k, we have |Gr(u,)| > h — k on Ap ,(t), and Ap ,(t) C Agn(t).

Considering 2”_1% < 1, we can express (4.24) as follows
(N-;?)F(Zﬁ—l:y—ﬁ) (lj;ﬁ)/a +?
Ciik ! W, (k) "
w,(h) < -4 (Ewg’)i ) . Vhsk>1. (4.25)
(h—k)y "

By applying Lemma 2.3 to the values of p, n, and § given as
_2p—1l—-y-0 n = (N +Dp)o

)

, and §
JZ N

p
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we can conclude that there exists a positive constant k* such that W, (k*) = 0. Since it is known that |¥,, (k)| <
T|2| (as stated in the proof of Lemma A.1 in [23]), there exists a positive constant w independent of n such that
k* < w. Therefore, we have

W, (0) = 0. (4.26)

Hence, from (4.26), we obtain (4.1).
Case 2: Suppose that 6 € [0, p — 2]. Using (4.6), we can write

/ |D; Gy (uy)|P dxdt
(0]

T —
= / / | Dittn |7 (1 + |uy )P~ 2dxdt
0 Ak,n(t)

L
7

T B ) m
<C (/ f (k + |Gr(uy))@=1=rm dxdt) , (4.27)
0 JApa@)

Foreachi =1, ..., N, we take the p; N-th root of both sides of inequality (4.27), resulting in

v -
Pi

[T( [ G asar)

i=1 @

T B / m
<c f f k + Grun) P axar |
0 Ak.n(t)

Applying Lemma 2.2 with r = p* (where p < N) to the left-hand side of the above inequality and using
Hélder’s inequality with exponent WZ’W—?) > 1 (since m > % +1> % and y > 0) on the right-hand
side, we obtain

"c\‘

p—l-y

T . T ., 7
f / Gi(un)? dxdt < C / / (k + Gr(up))? dxdt
0 Jae, 0 A0

A

T m'p P
x ( / |Ak,n(r>|dt)
0

Thus, we can establish the following inequality

p=l-y P _poloy p-l-y 7
By <CB," (¥,n™ " +Ck " (W)™ . (4.28)
where
r %
B« :/ / Gi(uy)? dxdt.
0 JAra()
For any positive value of ¢, Young’s inequality implies that
P-l-y 7 _ploy w
m’ m! (1+
B, (W,(k)"" " <eBy+C@W,(k) " (4.29)

Using (4.28) and (4.29), and choosing ¢ = %, we get

p—1— 7*

Yy =7
+Ck " (W)™

P —(p-l1-ym’
m (1+y)

Bnk <CV¥, (k)
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1226
The condition m > % + 1> % gives rise to the inequality
P S D A
m'(1+y) pm’
Hence,
p-l-y 2
AN (4.30)

B, < Ck

Taking into account the property of G (s), when i > k, we observe that |Gy (u,)| > h — k on Aj, , (), and note
that Ay, (¢) is a subset of Ay ,(¢). With reference to equation (4.30), and considering the condition p* > 1, we

can conclude that
prP=ly "
Ck """ (W,(k o
W, (h) < ( 7*( ) , Yh>k=>1. 4.31)
(h — k)’
Hence, by employing Lemma 2.3 in combination with
51— _*
:p__*y<l,r/:ﬁ*>0 and 8:_p > 1,
ppr pm’

As aresult, we obtain W, (w) = 0, which concludes the proof of (4.1)
By considering u,, as a test function for problem (3.4), and using (1.2) and (3.1), we obtain the following
D; _
Dienl™ ) ar < / fouh ™V dxar. (4.32)
0

2, ”"(T)zd”“zf T+,

By discarding the nonnegative first term in (4.32), and using the boundedness of the sequence {u,}, in L*(Q)

-V
o)

we obtain
|Dittn |7 1 1
/ BT xdt < —|f || Q1 luh
Q o
(4.33)

(1 +up)?
<C Vi=1,...,N.

Given that the sequence {u,}, is bounded in L°°(Q) and based on inequality (4.33), we can conclude

D;
f |D,-un|pidxdt=/ Lnlg(l-i-un) dxdt
0 o (I +uy)
D |Pi
[Djuy| dxdt

n

<C Vi=1,...,N.
i

Therefore, we can deduce estimate (4.2)
Lemma 4.2 Suppose that the assumptions of Theorem 2.7 are satisfied, and let u, be a solution of (3.4). Then

there exists a positive constant C such that the following estimate holds
d
‘ tn <c. (4.34)
O N Lr.rw-1r @)+L1(0)
where
N 7} .
l<r< min{ PP } (4.35)
i=tv | pm pi—1
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Proof For all n € N, if u, is a solution of problem (3.4), then we have the expression

N
ou
atn = ; D;(b;(x,t, T,,(up), Duyp)) + gn(un) fu,

Given that g, (u,,) f,, is bounded in L'(Q), our objective is to demonstrate that
N
vp = Y Dibi(x, 1, Ty(up), D))

i=1

belongs to a bounded set in L” (0, T; W1 (Q)) + L' (Q). To be precise, we define v, (1) = v, fort € (0, T).
By using the condition (1.4) and applying the Holder inequality, we obtain

lonl W-Lr(Q)

N
= s | [ n T, i Digds
@ %o

/
@EW(}’r
<1
HWHW(}J/(Q)_

1
N =%

N
<pB  sup Z/ k+ unl? + Y |Djuy P |D;pldx
pew) " (@ =179 j=1

s =<1
H‘PHW&,/(Q)_

N
<C  sup Y IDigll g
peW, " (@) i=I

<l
1001 0, =

N N
X [ bl 4 D 101 ,
i=1 v =1
since ¢ € W(} v’ (€2), we conclude that
T
A ”vl’l”;}‘/—l,r(g)dt
rl N~ N (1_%)’
< C/ Z/ k+ unl” + 1D jun |7 dt. (4.36)
0 “ Q
i=1

j=1

Thanks to (4.35), we obtain

1 N+7p
<1——>r< TPyt N,

Pi pm
there exists € such that foralli =1,..., N
( 1 ) N+Dp
l——r<e< ——.
Di pm
Since m > % + 1 we obtain that
N+Dp
— < 1.
pm

@ Springer



1228 W. Zaater , H. Khelifi

Therefore € € (0, 1) and foreveryi =1,..., N

L < i, (4.37)

(1-3):
1—— )= <1 (4.38)
pi) €

1 <ep; <

By Holder inequality (4.36), (4.38) and the imbedding W(}’p "(Q) — LP(), and using the inequality

N o
(Zai) <Y a7, Voelo1],

we obtain

T
r
/0 ||Un||W71.r(Q)dt
— 1 \r
(1-7)¢

N N

<Ccy’ / K+ [un|P + D D ju, |P7 | dxdi
= 0 i—
i=1 j=1

B N (lil’ii)é
f k€ + |Dju, | + Z |Djun|€p-" dxdt . (4.39)
o i
j=1

<C

-

1

Using (4.37), (4.38) and the fact that ¢ < 1, we get

T N
/0 lonlly -1, oyt < C Z/Q (k€ + C|Diu,|P") dxdt + C.
i=1

Since k € LP1(Q), from Lemma 4.1, we find (4.34). This completes the proof of Lemma 4.2. ]

5 Proof of the main result

By Lemma 4.1, the sequence {u,}, remains in a bounded set of ]]_,7’) (O, T; X(l)’ P (Q)). Additionally, from

Lemma 4.2, the sequence {% }n remains in a bounded set of the space
L', T; (W (@) + L) = L'(0, T; W (@) + L' (0),

for all s < min {%, r}. Then, by Lemma 4.2, the sequence { B:I" ] remains in a bounded set of the space
n

L0, 7; W= (@) + L'(Q).

Now, using Corollary 4 in [26], we deduce that {u,}, is relatively compact in L' (Q). This implies that we can
extract a sub-sequence (denoted again by {u,},) such that
u, — u strongly in L'(0), 5.1
U, —> u a.e.on Q. 5.2)

To proceed with the proof, we require the following lemma.

Lemma 5.1 [17] For every k > 0, there exists a function 6 such that for any ¢ > 0, the following inequality
holds
N
lim supzv/{| " }b,-(x, t, T,,(uy), Duy)(D;u, — Diuk)dxdt < 6r(e),
u,—u*|<e

=l

where lim 0 (€) = 0, uF = ¢y (), with ¢y is family of functions satisfy (see [17])
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() ¢« is a twice differentiable function, ¢, ¢ are bounded on R
(ii) ¢(0) =0 iflo| <k and ¢\ (o) =0if|o| = k+ 1,0 < ¢} < 1 on the set (k. k + 1) U (—(k + 1), —k).

Now, by adapting the approach of Lemma 4.11 in [19] and using Lemma 5.1, there exists a subsequence
(still denoted {u,},) such that forany i = 1,..., N

(bi(x,t,u,, Du,) — b;j(x,t,u, Du))(D;u, — D;u) — 0 ae. (x,1) € Q.
By employing a technique similar to the one used in [8], we have
Diu, — Dju ae.in Q Vi=1,...,N. 5.3)
As the functions b; are Carathéodory functions, and from (5.2) and (5.3), we can deduce that
bi(x,t,uy, Duy) — bi(x,t,u, Du) ae.in Q Vi=1,...,N. 54
By combining (1.4) and (5.4), it follows that
bi(x,t,uy, Du,) — bi(x,t,u, Du) weakly in Lp;(Q) Vi=1,...,N. (5.5)
We begin by proving an important lemma that will be useful in the proof of Theorem 2.7.

— —
Lemma 5.2 Let u, be a weak solution of (3.4). Then, for allIL” (0, T X(l)’ Q) N L®(Q), we have

n——+0o

lim gn(uy) frnpdxdt = f g) fodxdt. (5.6)
0 0
Proof Considering L? O, T; X(l)’ P(Q)) N L*®(Q) as a test function in (3.4), we obtain

bi(x, t, Tp(un), Duy).Digdxdt

= f &n(un) fupdxdt. (5.7)

0
If g(0) < 400, we can conclude that (5.6) holds true. Now, let’s consider the case where g(0) = +o00. Suppose
@ is a non-negative function in ]L7’) O, T; X(l)’ P (Q)) N L>®(Q) as a test function in the weak formulation (5.7).

By using(1.4) and Young’s inequality, we get

/gn(un)fn(dedt
0

d

0 ot

N N
+ﬁZfQ k+ unl? + > |Djun|P |Digldxdt
i=1 j=1

dxdt

<—/ lup|Pidxdt + —— ‘—' dx dt—i—ﬁ— /|D,<p|p’dxdt

(p ‘)’

N
] D .
’3( —)/z :/ |k|+|”n|p+§ |Dj1/tn|p-’ dxdt
P i=179Q =

p;

dp pi
L7} + ”k”L”i(Q)>

<C (nunnw(g) + H o

+C (”“n”

L7i(Q)

+ llell

L7 0,7;x57 (@) L7 (o,T;Xﬁ(m))
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<C. (5.8)

Therefore, (5.8) implies that the sequence f;, g, (u,)¢, is bounded in L! (Q). By taking the limit as n — 400 in
(5.8), we can apply Fatou’s lemma to obtain

fog(u)wdxdt <C, (5.9)

where C does not depend on n. Hence, we have fg(u)p € L! (Q) for all nonnegative L? O, T; Xé’ P@yn
L*°(Q). This implies that

/ gw) fodxdt = g(O)/ fedxdt < 400,
{u=0} {u=0}
so that

/ fodxdt =0, forall 0<g¢eCl(0,T)x Q).
(u=0)

so that so that, f¢ = 0 a.e. on {# = 0} for all L7 o, T, X(l)’ P (€)) N L>(Q). Using the fact that f € L"(Q) C
L'(Q), we can deduce (as shown in [4])

{u=0}C{f=0}. (5.10)

For any fixed A > 0, we can express

/ fngn(un)(Pdth:/ ngn(up)pdxdt
0 ONfuy>1}

+ / ngn(up)pdxdt
ON{up <2}

=L, +I;. (5.11)
For Irll’ 5» We can observe that
0 < gn(un) fuX(u=1y9 < sup [g()]fp € L'(Q). (5.12)
s€[k,+00)

Using the Lebesgue’s dominated convergence theorem and the fact that y,,, -, converges to x,>, almost every-
where in 2, we have

lim I, = / g(u) fodxdt.
n—eo ON{uz1}

Since g(u) fo € L'(Q), applying the Lebesgue’s dominated convergence theorem with respect to A, we conclude
that

lim lim I}, = / gw) fodxdt = f g(u) fodxdt.
’ 0N{u=0} 0

A—0t n—>o0

By (5.10), it follows that

lim lim I}, = f g(u) fodxdt = / g(u) fodxdt. (5.13)
’ oN{u>0} o

r—0tn—o0

To eliminate Iﬁ, 5.» we consider Vj (u,)¢ as the test function in (3.4), where V} is defined in (2.8). By doing so,
we obtain the following expression

ouy, il
o Valunpdxd +3 7 | bixt, Ty(un), Dug) Di (Vi n)g)dxds
0 =/
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= f Sn&n ) Vi (uy)pdxdt. (5.14)
Q
Using integration by parties and definition of Vj, we have
ad 0
/ Uy (un)pdxdt = — / ® () L dxd, (5.15)
0 at 0 at

where
B(s) = /0 Vi(y)dy.

Using (1.2), V) (u,) = —% and the fact that

D;(Vy(up)@) = Di@oVy(u,) + V):(un)(pDiun,

we get,

N
> / bi(x, £, Ty (), Duy) Di (Vi () p)dxdt
i=17¢

N
= 3" [ bitr.t. Ty, D) Vi) D, (5.16)
i=17¢
On the other hand, we have
/ Su&n(un) Vi (uy)pdxdt Z/ Su&n(un) Vi (uy)pdxdt
0 ON{uy <A}

+ / Jn&n(uy) Va(uy,)epdxdt
ON{r<u, <2A}

= / Sn&n ) Vi (uy)pdxdt. 5.17)
ON{uy <A}
Combining (5.14)—(5.16) and (5.17), we obtain

/ Sn&n(un) Vi (un)pdxdt
ONf{uy <A}
N
= Z/ bi(x,t, T,,(up), Duy)Vy(u,).Dipdxdt —/ D (uy)@dxdt.
i=17¢ 0
Using the boundedness of V; and the continuity of ®, we can deduce that as n tends to infinity, ®(u,) %2 —
®(u) % strongly in L' (Q). Additionally, we have
bi(x, 1, Ty (un), Dun) Vi (i) — by (x,1,u, Du)V; (u) weakly in LPi(Q),
foralli =1,..., N. This implies that

lim sup / Fron () Vi () pdxdt
ON{u, <A}

n——+00

N
9
< —/ ®(u) L dxdi + Y :/ bi(x, t, u, Du)V, (). Digdxdt,
(=0} ot = Ju=0)

then,

lim lim 2, =0. (5.18)

A—=>0Qn—o00 n,

@ Springer



1232 W. Zaater , H. Khelifi

By (5.11), (5.13) and (5.18), we deduce that for all nonnegative }L7’) 0, T; X(l)’ P(Q)) N L>®(Q), the following
holds

lim fngn(up)pdxdt = / few)pdxdt. (5.19)
Moreover, by decomposing any ¢ =@ — ¢ with ¢ = max{g, 0} and ¢~ = — min{g, 0}, we deduce that
(5.19) holds for every ¢ € L7 o, T; X1 P(€)) N L>(Q). This concludes the proof of (5.6). O

Letn — 400 in (5.7), by (5.1), (5.5) and (5.6) we get
/ <pdxdt+2 / bi(x,t,u, Du).D;pdxdt = / g) fodxdt,
0

— —
forevery ¢ € L7 (0, T; Xy 7 () N L®(Q).
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