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Abstract In this paper, we prove the existence of weak solutions for a class of nonlinear weighted elliptic
equations in © with p(x) growth conditions and integrable data. The functional setting involves Lebesgue-
Sobolev spaces with variable exponents. Our results are generalizations of the corresponding results in the
constant exponent case in L. Boccardo et al (Boll. Unione Mat. Ital. 15, No. 4, 503-514 (2022)) and some results
given in D. Arcoya et al ( Journal of Functional Analysis, 268(5), 1153-1166 (2015)).
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1 Introduction

The first problem considered in this work is the nonlinear weighted elliptic problem having a degenerate coer-
civity:

—di _a@,Vu) |\ _ .
div (a(x)(lﬂul)g(,\.)) = f(x) in€Q, .
u=0on9dL,

where € is a bounded open subset of RV (N > 2) with boundary denoted by 3, o(x) > 0. The variable
exponents p(.) : RN — (1, co) are continuous functions and f belongs to LP<0) () where

Np(x)

Pe(x) = (p* ) = g s

The weight function a(x) belongs to W17 (Q) such that for some A € R,
a(x) > A (1.1)

Here, suppose that a(x, &) be a function verifies the following conditions.
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(@) The function @ : 2 x RY — R is a Carathéodory function and there exist a positive constant > 1
such that

Alx, £)E > BIEIPY), ae.x € QandVE e RV,

(a2) There exist a positive constant « such that

1—_L
atx, )] < a(g(x) n h(x)|s|P<X>) 70 e x € Qand VE € RY,

where g € L1(Q), h € L™ are a given positive functions.
(a3) Forevery £, &' € R and for almost every x € Q, we have that

@x,8) —ax,§)E -£)>0 withé #§&'.

Next we will study existence of solutions for the problem

—di ax,Vu) P0)=2,, — -
div (a(0) {05 ) + elul?® 2 = f(x) in @, 0
u =0ondf2.
with the function 0 < e(x) € L'(Q). Even if f € L' (), the assumption
there exists kg > 0 suchthat |f(x)| < kg.e(x). (1.2)

implies the existence of a weak solution u belonging to Wé P (2) and to L*°(R2).
Finally we deal the existence of weak solutions to non degenerate problem (i.e., o(x) = 0) having lower
order terms with natural growth

{ —div (a(x)a(x, Vu)) + e(x)|[u|PO2u = 7(x)F (x, u, Vu) + f(x) in 2, Py)

u=~0 on 0L2.

With the function 7 (x) € L'(£2) such that
Vx € @, |n(x)] < a(x), (1.3)

and we also suppose that the term F(x, s, §) is a Carathéodory function (that is, measurable with respect to x
for every (s, £) € R x RV, and continuous with respect to (s, £) for almost every x € ) satisfying for some
positive constant 7,

|F(x,s,£)| < t]g|P™, (1.4)

for a.e.x € Q and forevery s € R, and & € RV.

In [3], L.Boccardo et al. have studied the existence of the solutions to problem (P) where the data f in
LP+(Q2) and p(x) = p, o(x) = 0. The problem (P;) was also considered in [3], when p(x) = p, o(x) = 0 and
fin L'(R). In the case of a(x) = 1, p(x) = 2 and p(x) = 0 the existence of the solutions to problem (P,) have
been intensively studied by many authors, we refer the reader to the bibliography [1] and references therein. And
s0, in this work, I would like to apply the ideas and results mentioned in [3] to the case of nonlinear weighted

elliptic equations with variable exponent. The method used to prove the existence of solutions u € WO1 P ()
for the problem (P) is the same as used in [3].

The aim of this paper is to extend the results in [1,3] to the case of degenerate elliptic equations and establish
the existence of weak solutions for the problems (P), (P;) and non-degenerate problem (P»).

The main difficulty associated with this strategy. In view of the assumption that the weight function a(x) €

WP (Q), the difficulty is the fact that the differential operator Au = —div (a (x) %) is NOT coercive

on the space Wé PO (2) due to the fact that if u is very large, tends to zero. To overcome this difficulty,

1
(I+Hu)e®

we will proceed by approximation by means of truncatures in to get a coercive differential operator.

(I+[upe®
This paper is organized as follows: in Section 2 we recall some basic notations of the weighted Sobolev
spaces with variable exponents, and we provide a technical lemma. Next, in Section 3, we prove the existence

of solutions to problem (P). Finally, in Section 4, we give the proof of existence of solutions to problems (P)
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1246 R. Mecheter

2 Mathematical preliminaries and a technical lemma

In the following, we will revisit some facts on variable exponent spaces L” (). We refer to ([4], [11]) and the
references therein, for further properties of variable exponent Lebesgue-Sobolev spaces.
Hereinafter, we set

C+(§) ={pe cC(Q): p(x) > 1, for any x in Q.

For any p € C4 (), we denote

pt =maxp(x) and p~ =minp(x).

x€Q x€Q

We define the Lebesgue space with variable exponent LP() () as the set of all measurable functions u : @ — R
for which the convex modular

Pp() () = / Jul ") dx,
Q
is finite. The expression

) u
lullpey == ”u”LP(')(Q) = inf {)L >0: pp(~)(x) = 1},

defines a norm on L?®)(Q), called the Luxemburg norm. The space (LP) (), ||| () is a separable Banach
space. Moreover, if | < p~ < pT < 00, then LPO) () is uniformly convex, hence reflexive and its dual space
is isomorphic to L”'©)(2) where p(x) + o = 1 Forallu e LPO(Q) and v € LP'O(Q), the Holder type

inequality

p(x

| / wodx| < (—+ —)||u||p<.>||v||p/<.> = 20ull iy 1l
holds. We define also the Banach space
whrO@) = {u e LPO(Q) : [Vu| € LPO(Q)},
which is equipped with the norm
lull,pey = lullwrro @) = llullpey + 1Vullpe-

The space (W!PO(Q), llull1, p() is a Banach space. Next, we define W(}’p(‘)(SZ) the Sobolev space with zero
boundary values by

Wy (Q) = {u e WHPOQ) 1w = 00ndg),
endowed with the norm || - |1, p(.). The space WO1 P (')(Q) is separable and reflexive provided that 1 < p~ <
pT < +oo.Foru e Wé PO (Q) with p € C (), the Poincaré inequality holds
lullpey = CliVullpeys 2.1

for some C > 0 which depends on €2 and p(-). Therefore, ||Vu| () and |ull1, »() are equivalent norms. Given a
real positive number k and s € R we will define the functions T (s) = max(—k, min(s, k)).
As in [3], we have the following result.

Lemma 2.1 Lets K, be a sequence of functions in L'(2), p(x) > 1 and let a, be a sequence of functions in
WP (Q) such that:

1. the sequence {K,}, is bounded functions which converges to K in LYQ);
2. the sequence {a,}, is bounded in W'-P™) (Q);
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3. there exists a weak solution v, in W(}’p(x)(Q) of

: ax,Voy) _ :
—div (an ) (1+TT:(an)|)Q(")> =Ky, inQ *)
v, =0, on 02.
4. The sequence (Ti(vy))n is bounded in Wol'p(x)(SZ);
Then, we have
a(X, Vo) f 1,p(x)
Vo = | Hyp, Yo e Wy (Q2)NLY(RQ),
/Q (1+ 1T, () ) Q 0
where H, is bounded in L' (). Furthermore,
VTi(vy) —> VTi(v) strongly in (LP© ()N, (2.2)
Remark 2.2 Notice that by Fatou’s lemma, the condition (4) in Lemma 2.1 implies that
”U””Wol’p(x)(fz) <C,
after letting k — +00, so, there exists a function v belongs to WO1 P (x)(Q) such that, up to subsequences,
vy — v weaklyin W, "™ (@), 2.3)
v, —> v strongly in LPY(Q), 2.4)
v, — v aein Q. 2.5
Proof of Lemma 2.1
Proof Let (a,(x)),
a(x)
aﬂ (x) = ’ (2.6)
(x)
1+ 50

be a sequence of bounded functions which converges strongly to a(x) in W™ (). Note that we have, thanks
to (1.1), there exist a constant C;,_ such that

A
m =Cy <ay(x) <n. (2.7)

Taking % ( belongs to Wé P (x)(Q)) as test function in the weak formulation of (), we obtain

f an(x) a(x, Vuy,)
@ an(x) (1 4 T, (vy) 0w

_/ an(x) a(x, Vuy) Vang :/ K, @ ’
Q an(X)? (1 + | T, (vy))2™) Q  an(x)

Vo

which can be rewritten as

/ a(x, V) Vo = / ) a(x, Vuy,) Va, +/ X, @
o (14 T, (vy) oW Q an(x) (1 4 | T, (vy) oW Q an(x)

=/ Hy(x)g, Yo € Wy ™(Q), 2.8)
Q

where

B a(x, Vuy,)
=25 <(1 ¥ T, (on) )

Vay + K,,) . 2.9)

@ Springer



1248 R. Mecheter

Thanks to (2.7), the sequence {ﬁ}n is bounded by Cll Furthermore, since

Va(x)

Va,(x) = ————,
T+ ey

we have that |Va, (x)| < |Va(x)|. Moreover, from the assumption (a3) and the fact that 1 + |7, (v,)| > 1, we
have

1--4 1
/|Hn<x)|dxsi/ (g +hIVul"™) P<")|va(x)|dx+—f | Knldx
Q G Ja Ci Ja

1——
< Cl/ (g+ |Vv,,|”(x)> ”“|Va(x)|dx+c2/ |Kp|dx. (2.10)
Q Q
L
where C; = C%(l + ||h||Loc)1 »*and Cp = Cik By application of Young’s inequality, we have

f|Hn(x>|dxsc3f (g+|an|”<X>)dx+c4f IVH(X)I”(X)dX-FCz/ |Kyldox.
Q Q Q Q

By assumption (2), the L' (Q)-bound on g(x), and LP")(Q)-bound on Vv, (since(4)) and the fact that the
sequence {K,}, is bounded in LY(Q) (since (1)), we conclude that H,, is bounded in L'(€2). Now, to show that

VTi(vy) —> VTi(v) strongly in (LP (). (2.11)

We fix k > 0. Plugging Tox (T (v,) — Tr(v)) as a test function in (), we get

/a ) ax, Vuy) V(o (Tx (v )—T(v)))dx—/ K, Tor (Ty (vy) — Tic(v))dx (2.12)
o " (A Ty (uyye@ I A = | KnTa(Ti(n) — T : .

For the first integral in (2.12), we can write it as

ax Vo) __g g Ti(v)))d
[ a0 Y (T (i) = T

C
Z 7
(1 +k)e

_/ an(x) aix, Von) V(Tr(v))dx
{lvn|>k} (1 + | T, (vg) )2

/{ A TV Tk an) ~ T

G,
Z
(1 +k)e

—/ an(x)a(x, Vv,)V(Tx (v))dx.
{lvn|>k}

/{I | k}a(xaVTk(Un))v(Tk(Un)_Tk(”))dx

It follows from the above inequality that

Ci
(1+k)ye"

5/ an(X)?f(x,an)V(Tk(v))dx+/ Ky Tor (Tie(vn) — Tic(v))dx.
{lval>k} Q

/Qfl\(x, VT () V(Ti(vn) — Tic(v))dx

Furthermore, we have

T LA VT~ VW)V () = T
= [ et Vs — o [t VTon v - s

+ / Ko To (Ti(vn) — Te@)dx = I + I + I,
or
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Limit of /;.By the assumption &>, the L' (€2)-bound on g (x) and L°°(£2)-bound on /(x), and L?*) (Q)-bound
on Vu, for p(x) (since (4)), we have

1— -1 ,
@, Vo)l = a(g00) + ho| Vo, "0) 7 e L7 @). (2.13)

The strong convergence of a,(x) to a(x) in L” (), and by the dominated convergence theorem
an ()| V(T W) X(jvy 1=y —> @) VTi) | x(vj=k) strongly in LY (),
which is zero, as n — +o00. Thus, we obtain

lim I; = 0. (2.14)

n—s 400

Limit of /,. Since (4), we obtain VT;(v,) — VTi(v) weakly in (L?®(Q))" and the boundedness of
a(x, VTr(v)) in LP @) (), we obtain

lim I, =0. 2.15)

n—>-—+00

Limit of /3. Notice that
3] < f |Kn — K| Tox (Tk (vn) — Tie(v))|dx +/ | Kn Tok (T (vn) — Tic(v))|dx
Q Q
< Zk/ |Kyn — K|dx +/ | f Tok (T (vy) — T (v))|dx.
Q Q

Since K, —> K strongly in L!(2), using (4) and the Lebesgue dominated convergence theorem, we have

lim I3 = 0. (2.16)

n—> 400

Now, passing to the limits in (2.13) as n tend to infinity, and by (2.14)-(2.16), we deduce that
lim 1F =0,

n—>- 400

where
Ik = /;z[a(stTk(Un)) —a(x, VI ()IV(Ti (v,) — T (v))dx.

Using the following well-known inequalities that hold for any two real vectors &, n and a real p > 2:

227PIE — P, if p > 2,
(161772 — InIP 2 —n) = e (2.17)
(p—l)W, lf1<p<2,

we find,
22" / IV(Ti(vn) — Te()|PPdx < IF.
{xeQ, p(x)=2}

Now, ontheset E = {x € 2,1 < p(x) < 2}, we have

/ IV (Tk (vn) — Te(0)[PS) dx
E

/ |V (Tk () — T (v))|P) PEC—p()

< o X (V@@ + V)™ 2 dx
E(V(Tea)| + VT~ =
V(T — VT (v)|P® DQ—plx
<o YIR@) = VIWIZ VT + 9T "2 =5
(IV(Te@a)| + VT~ 2 L@ LEP0 (E)
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1250 R. Mecheter

+

(/ ( |V (Ti(va)) = VTic(v)|? )% (fg IV (Ti (vn)) — VT (v)? xdt)%}

IV (Tx )] + IVTe(w)])> (IV(Tic(w))| + [V T (w))>~7)

2-pt _
(f (19 Tieon) + 19T " dx) - (f (9T | + IV Tew)) " d)
@ Q

ot
2

+ p- P X =
("= 07T aH T = 07T ah | max | ([ (V@001 970D dax)

X
=
o
>
—— —_—— ——

< 2max

2—p~

2 ] (2.18)

X (/ (lV(Tk(vn))| + |ka(v)|)p(x) dx)
Q

Since I¥ — 0 as n —> +o0 and (T (v,)), is bounded in Wol’p(x)(Q) (see lemma 2.1), we conclude (2.11).
From this result, we deduce that ( up to subsequences)

Vv, — Vv almost everywhere in 2. (2.19)

O

3 Existence of finite weak solution to problem (P)

Definition 3.1 Leta(x) € WP®)(Q). A function u is a weak solution of problem (P) ifu € Wé’pm(Q) and

a(x, Vu) -
[ “ )(1+I e V¥ x:/Qf‘pdx’ Vo € Wy (Q). 3.1)

Theorem 3.2 Let p(x) > 1 and let f € LP+X)(Q). Then, the problem (P) has at least one weak solution
ue Wé’p(x)(Q) in the sense of Definition 3.1.

3.1 Proof of Theorem 3.2

Let (a,(x)) be as in (2.6) converges strongly to a(x) in WP (Q). We consider the approximate problem

T __ax,Vuy) i
div (a"(x) (+IT, (un)l)é’“)) f o m@ (Fn)
u, =0, on 9€2.
Note that
1 - 1 + (x) (3.2)
, = max o(x), :
(14 1T ua)?™ ~ (1 +n)e” ¢ vea

so that the operator B,, : Wol’p(x)(Q) — WLP'@(Q) defined by

. 3(/‘7 Vuy,) 1,p(x)
/Q<an,<ﬂ>dx —/ an(x )(1 AR Vodx, Yo e W, (Q).

is coercive due to the fact that a, (x) > C, > 0 and is pseudo-monotone on Wol’p (x)(Q). Thus, the existence of
the approximate solution is proved as in [8].
Now, Taking Ty (u,) as test function in (P,) and using Holder’s inequality, we obtain

/ 4, (x) a(x, Vuy) VTi(uy)dx < / [N T ldx < 2k0 £ 1l e o 1 oy o - (3.3)
Q (I + T (up) )™ ~Ja - (@) P ()

According to assumption (@) and the condition (2.7), we get forn > k > 0

W / VT @) P9 < 260 F oy o -
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Therefore, there exists C = C(f) > 0 such that

| Tk () |l Wl @) = C. (3.5)

Up to subsequences, there exists a function u € WOl P Q) such that
U, — u a.e.in Q. 3.6)

Hence, assumption (4) of Lemma 2.1 holds for the sequence {7 (i,,)},. Since f is bounded in L' (), then we
have that assumption (1) of Lemma 2.1 holds. So, we can apply the Lemma 2.1 to have that,

Vu, — Vu ae.in Q. (3.7

Moreover, by the estimate (2.13) and the strong convergence of a, (x) to a(x) in L? (), we can pass to the
limit for n —> +o00 in the weak formulation for (P,)

a(x, Vuy) B 100
/an( )(1+|T(un)DQ(x)V(de—/Qﬂpdx, Vo € Wy (),

we obtain that u is a weak solution for (P).

4 Existence of weak solutions to problems (P;) and (P»)

As mentioned in Section. 1. In this section we will prove existence of solutions for the problem (P;). We will use
the following function defined for by Gy (r) = r — Ti(r) for every r € R.

Definition 4.1 Let a(x) € WP (Q). A function u is a weak solution of problem (Py) if u € Wy (2) N
L*°(2), and

a(x,Vu) e _/
[ ) T e WH/QEOC)'"I updx = | fodx, 4.1)

for every ¢ € W0 ()

Theorem 4.2 Let p(x) > 1 and let f € LX), suppose that (1.1), (1.2) holds true. Then, the problem (Py) has
at least one weak solution u € WO p(x)(Q) N L°°(K2) in the sense of Definition 4.1.

4.1 Proof of Theorem 4.2

Let the sequence a, (x) be previously defined by the relation (2.6). Consider the following approximated problem

- 5 ax,Vuy,) px)—2 _ :
div (a"(x)(1+|rn(un>\>a<x)) +e(@lunl tn = fu n <2, (P1y)
u, =0 onod2.
with (f,), fn = T,(f) be a sequence of bounded functions defined in €2, such that
I fullLiy) = 1Lt
4.2)
fu — f stronglyin L'(Q) .
Note that by (1.2), we have
[ fa(O)] < [f ()] < ko-e(x) (4.3)
Thus, from (3.2) and the boundary of the sequence {a,},, the existence of the approximate solution of (Py,) is
proved as in [8](see also [10]). We choose G g (u,,) as test function in (Py,) with R = maxXEQ{k”(” "1, we get

a(x,Vuy) ()2 _
/Qa"(x)(l+|Tn(un)|)9<x)v(GR(u"))dx+/Qe(x)|u”|p unGR(un)dX—/anGR(un)dX- (4.4)
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1252 R. Mecheter

By assumption aj, we find that

1
px) p(x)—2
BC /Q T ape ! VORI dx + /Q e(O)lun "™ 21, G () dx

< /Q [fnllG R (un)ldx. (4.5)

Using that u,, G g(u;) > 0 and (4.3), we obtain

1
e, W'VGR%)I"(")dx +/Qe(x)(|un|"<">—‘ — ko)|Grun)dx < 0.
n

1
-1

We remark that the integrand in the second integral is zero if |u, (x)| < ké’ < R, so we deduce that

BC. | mwc;wmmdx =0,
which implies

lu,| < R. (4.6)
This implies that (u,), is bounded in L*>°(2).

Now, to show that the sequence {7} (i)}, is bounded in WO1 P@) Q). inserting Ty (un) in (Pyy), and from
(4.6), we get

1

PO v e

f |V Ty () [P dx + f () 1 |P 7wy, Ty () dx < f FuTi(un)dx.
Q Q Q

Using that u, Ty (u,) > 0, so after dropping nonnegative terms, we can rewrite the above inequality as follows

1

PO TR

/ IV T3 () PP ddx < K 1l 11 0.
Q

Thus, the sequence {7} (1)}, satisfies the assumption (4) of Lemma 2.1. Furthermore, thanks again to (4.6), we
have

/ () |un PO 2u,dx < f e(X)|un|POdx < (R + 1) / e(x)dx.
Q Q Q
Since e(x) € L'(Q), the sequence {e(x)|u, |p(x)_2u,,}n is bounded in L!(£2) and thanks to the boundedness of
the sequence {u,}, in L°°(£2), we have that
() un PO 2u, — e(0)u|?®2u strongly in  L'(S). 4.7
Moreover, it is clear that assumption (1) in the Lemma 2.1 is satisfied because that the sequence { K, },, where
Kn(x) = fu(x) = () |P2u,

is bounded in L'(£2). We can apply the Lemma 2.1 to have that {Vu,} converges almost everywhere to Vu in
Q2. Furthermore it, thanks to the boundedness of the sequence (u,), in W(}’p (€2), we have that

IVun|?2Vu, — |Vul’">Vu in L7 (). (4.8)

Since the sequence (a,), strongly converges to a(x) in L?(£2) (being strongly convergent in WP (Q)), we can
use (4.8) and by the dominated convergence Theorem, we get

an(X)|Vun P >Vu, — a(x)|Vul?>Vu in L' (Q).
and using (2.5), we have that

Vo — ngo, a.ein 2,

Vol < [Vgl| € L¥(),

1
1Ty (un)|
| LT (un)]
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So,

|Vun| P>V,
L+ [T (un)l

Finally. Using (4.2), (4.7), we can easily pass to the limit for n —> +o00 in the weak formulation for (Py)

Vu|P~2v
V(pdx=/ a(x)'ul—qudx.
Q

lim a, (x
o 1+ |ul

n—-+00

a(xavull) / -2 1,00
a, (x Vodx + | e()|u,|?®2u dx=/ dx, Yo e W, 7 (Q),
oo s Vids + [ el Rugds = [ fpds. Yo e W @)

to have that (4.1). Then, the Theorem 4.2 is proved.
Now, as stated in Sect. 1, we study the problem (P,), and prove existence of solutions.

Theorem 4.3 Let p(x) > 1 and let f € LY(Q), suppose that (1.1)-(1.4) holds true. Then, the problem (P>) has
at least one weak solution u € W&’pm(Q) N L% () such that

/ a(x)a(x, Vu)Vedx + f e()|u|PP2updx = / 7(x)F (x, u, Vu)pdx + / fodx, (4.9)
Q Q Q Q

for every ¢ € W(}’OO(Q).

4.2 Proof of Theorem 4.3

Consider the following approximated problem

—div(a, (X)a(x, Vi) + e(x)|un [P~ 2u,
=7, (x) Fy (X, up, Vuy,) + fr in 2, (Pon)
u, =0 on 0%2.

with f;, be as in (4.2) and 7,,, F, defined by

w(x) F(x,u,Vu)

T (x) = LN Fn(x, up, Vuy) = ) Fa v
n + n

(4.10)

Note that the definition of a, in (2.6) and since ¥ (s) = s(1 + %)_1 is increasing, we deduce by (1.3) that

|7 (%) a(x)
)l = o = T
+= I+ as

= a,(x). 4.11)

Thanks to the Schauder fixed point Theorem (see [9]), for every n € N, there exists a solution u,, € WO1 P ()
of (P2y,). As [2] we define the real functions ¢ € C'(R) by ¢(s) = (e’ — 1)sgn(s), we choose v = ¢(G g (1))
1

as a test function in (Py,) with R = max, _g{k{ =11 we obtain

T / an (X)@(x, Vity) Ve 1OR U gy / e(X) |1 1" 2,0 (G g (un))dx
Q Q

< / 172 () | B (X, i, Vi) (71 CREDT — 1y / | ol (T 1OREDT 1)y,
Q Q

Observing that
0 < upp(Ggrlup)) = |un|(eT\GR(Mn)| -1, ePlORW _ 1 < pTIGRUN)]

According assumption (a7) and by (4.11) , we get
/3.[/ an(x)|VGR(un)|p(x)eT|GR(u”)‘dx +/ e(x)|un|P(x)—1(eT\GR(Mn)| — 1)dx
Q Q

< / n ()| Fy (x, ttn, Viay) |78 dx / | fal ("R — Dydx,
Q Q
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So, by (1.4), we have

TA
A+1

< [ 1EoRe ~ .
Q

/(ﬁ _ 1)IVGR(M,,)Ip(x)ethR(””)ldx +/ e(x)|un|p(x)7](ethR(”")‘ — Ddx
Q Q

Moreover, from (4.3) we get

AB—1
%/ VG g (1) |P T IOr WD g +f e() (Jun|PO7 — ko) (719U — gx < 0. (4.12)
Q Q
1
If [u, (X)| < kg Ol < R itis straightforward to observe that

/ e(x)(lun|p(x)_1 _ ko)(eTIGR(un)\ — 1dx = 0.
Q

This proves that

A(B -1
P /Q |VGR(un”P(X)eTIGR(Mn)\dx —=0.

Here, B > 1 ensures that
lu,| < R. (4.13)
Now, taking ¢ = (e™! -l — 1)sgn(T} (u,)) as a test function in (Pa,), using |7 (u,)| < k, we obtain

TA
A+

[ BT PO a4 [ eolunlP 2 e DsenTetun)d
Q Q
< [ 15" = Dax. (4.14)
Q
The fact that u,, (™ Tkl — 1)sgn(Ty (u,)) > 0 and dropping the non-negative term in (4.14), we derive

TA
P / IV Tk () [P TR dx < (™ — 1)) £l 11q)-
Q
In particular, we deduce that

1Tkl 1.re ) = C- (4.15)

Furthermore, after choosing again ¢ = (eTlunl — 1)sgn(u,) as a test function in (P2,) and using |u,| < R, we
find (after simplifications)

8 / 0 ()| Vit [P eVl < / 1w GO Fo s e, Vi) e dx 4 (8 — D) Fll 110y,
Q Q

Since |, (x)| < a,(x) and (1.4), we have
B — 1)/ |70 QO Fn (x4, Vi) e™“rldx < (67 = DI £l 11 (-
Q

In particular, we have that the sequence {r, (x) F}, (x, u,, Vu,)}, is bounded in L' (), so that if one defines
Ky (x) = fu(x) + 700 () Fy (x. st Vity) — €)1 |72,

the sequence {K,}, is bounded in L'(£2), so that assumption (1) of Lemma 2.1 holds. Since the sequence
{Tx (un)}, is bounded in Wé’p(x)(Q) by (4.15), we can apply again Lemma 2.1 to have that

Vu, — Vu ae.in Q. (4.16)
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Now, to pass the limit in the weak formulation for (P,), we take

ur—u Te@(x)

v, with 0<veW,N(©@)nNL®®),
an(x)

p=e

as test function in (P, ), we obtien

a,VTi(a) — Tx(a)Vay,

dn

/ alx, Vu,)V(u, —u)e" “Ti(a)vdx + /
Q

a(x, Vuy,)e'™ ™ |:
Q

v+ Tk(a)Vvi| dx

+/Qe(x)lun|”(x)_2un<pdx=fgnn(x)Fn(x,un,Vun)quer/anwdx,

S0,

/ a(x, Vu)V(u, —u)e'""Ti(a)vdx + / a(x, Vuy)e" " [VTi(a)v + Ty (a)Vv] dx
Q Q

+/ e(x)|un|p(X)_2un(pdx
Q
_u Tk(@)Vay

dn

- / ax, Vig)e" vt f 0 (5 F (5, 10, Vit pdlx + / fupdsx.
Q Q Q

Since @ is a Carathéodory function and by (2.5),(4.13),(4.16), the strong convergence of a, to a in WP and
the boundedness of a_l,, we can pass to the limit in (P»,) by Fatou’s Lemma, to have that

/ a(x, Vu) [VTi(a)v + Tr(a)Vv]dx + / e()ulPO 2 updx
Q Q

< / a(x, Vu)
Q
Letting k tend to +o00, we deduce that

Ty (a)Va Ty (a) odi

a

v+/ n(x)F(x,u,Vu)vdx+/ f
Q Q

/zz(x,vu) [Vav+aVv]dx+f () |u|PP 2 yvdx
Q Q

§/ﬁ(x,Vu)st+/ n(x)F(x,u,Vu)vdx—i—/ Sfudx,
Q Q Q

which implies that

fa(x)a(x,vu)vvdx+/ e(x)|u|p(x)_2uvdx§/n(x)F(x,u,Vu)vdx-l—/ fudx.  (4.17)
Q Q Q Q

To prove the opposite inequality, we choose
_ ey Tea))
an(x)

In the same way as above and letting first  tend to infinity and then k tend to infinity, we arrive at

v, with 0<wveW,N(©)nNL®).

-/Qa(x)ﬁ(x,Vu)Vvdx—i—/ﬂe(x)|u|p(x)72uvdx
> /S;n(x)F(x,u,Vu)vdx—i—/vadx. (4.18)
Combining (4.17) and (4.18) , we deduce that
/Qa(x)ﬁ(x,Vu)Vvdx+/Qe(x)|u|”(x)72uvdx
=/Qn(x)F(x,u,Vu)vdx—l—/vadx, vu e Wy N(Q) N L®(Q),

with v > 0. Thus, we have that (4.9) holds for every nonnegative test function. The case of a general test function
v is then obtained by choosing v+ and v, and then adding up the two equalities.
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