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Abstract In this paper, we investigate two sufficient conditions, in terms of the horizontal components u” =
(ul, u2) of the velocity field, for the breakdown of local smooth solutions to the 3D incompressible Navier-
Stokes/Poisson-Nernst-Planck system arising from electrohydrodynamics. More precisely, we prove that if

dt <oo for O<a <1

2
hy. j=
/r IV GOl
o L+In(e+Vpuh( Dl e )
or
IVAu" G Dl g0

/T
0 \/1 +In(e + Vo (. Dl o )

dt < 00,

then the local solution can be smoothly extended past the time ¢t = 7.

Keywords Electrohydrodynamics - Navier-Stokes equations - Poisson-Nernst-Planck equations - Weak
solutions - Regularity criteria
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1 Introduction

Electrohydrodynamics (EHD) is an interdisciplinary field that studies the interaction between the electric fields
and different fluid media, including dielectric liquids, gases, and crystals. The influence of moving media on
electric fields, as well as the effect of the electric fields on moving media, can lead to many interesting phenomena
of electric current (cf. [6,21]). In this paper, we are interested in the regularity of weak solutions to the 3D
nonlinear dissipative system modeling electro-diffusion, where the fluid motion is given by the incompressible
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Navier-Stokes equations with an external forcing term, and the self-consistent charge transport is described by
the Poisson-Nernst-Planck equations. The 3D Cauchy problem writes

oru+ (u-Vyu— pulAu+ Vi = eApVo,
V-u=0,

v+ (u-V)v=V-(D Vv —vvVe),
oyw+ (u-VyYw=V-(DrVw +vwVe),
eAPp =v —w,

(u, v, w)|;=0 = (uo, vo, Wo),

(1.1)

where x € R3, ¢t > 0, the unknown functions u = (ul(x, 1), uz(x, 1), u3(x, t)) and m = 7w (x, t) stand for the
velocity field and the pressure of the incompressible fluid, respectively, v = v(x, t) and w = w(x, t) stand for
the densities of a negatively and positively charged species, respectively, and ¢ = ¢ (x, 1) is the electrostatic
potential. The constants u, €, D1, D2, v1, va denote the kinematic viscosity, the dielectric constant, the diffusion
and mobility coefficients of the charged particles, respectively, which shall be assumed to be all equal to one
under the consideration of their concrete values playing no roles in our analysis.

The first two equations of system (1.1) are the momentum conservation and the mass conservation equations
of the incompressible flow, which reduces to the following 3D incompressible Navier-Stokes equations if the
flow is charge-free (i.e., v =w = ¢ = 0):

oru+ (u-Vyu —puAu+ Vi =0,
V-u=0, (1.2)
Ulr=0 = uo.

In [20], Leray constructed a global weak solution u € L°°(0, oo; L2(R?) N L2(0, 0o; H'(R?)) for arbitrary
initial data ug € L*(R?) and questioned whether the weak solution is smooth for a given smooth and compactly
supported initial data u#(. Until now, this problem still remains unsolved and is an outstanding open problem in
mathematical fluid mechanics. In the celebrated work [26], Serrin introduced the class L7 (0, T; L?(R3)) and
showed that any weak solution u satisfies

r 2 3
/ lu(-, )7 ,dt <oo with =+ ==1 and 3 < p < oo, (1.3)
0 qg p

then u is regular on (0, T']. The limit case p = 3 was addressed by Escauriaza et al. [8]. Later on, Beirdo da
Veiga [4] showed that if the gradient of the velocity satisfies

T 2 3 3
/ IVu(-, t)||(£,,dt <oo with —+—=2 and - < p < oo, (1.4)
0 q p 2

then u is still regular on (0, T']. In 1984, Beale, Kato and Majda in their celebrated work [3] showed that if the
smooth solution u blows up at the time ¢t = T, then

T
/0 o, L~ di = oo, (1.5)

where @ = V x u is the vorticity. Since then, many interesting sufficient conditions were proposed to guarantee
the regularity of weak solutions, or to control the breakdown of the local smooth solutions, see [5,7,9,12,13,18,
19,23,27,30-33] and the references cited there.

The global existence of weak solutions to all kinds of initial/boundary-value problems of the Navier-
Stokes/Poisson-Nernst-Planck system have already been established, we refer the readers to see the mixed
Dirichlet boundary conditions [14,15], no-flux boundary conditions [24] and Neumann boundary conditions
[25]. However, similar to the 3D incompressible Navier-Stokes equations (1.2), the global regularity of weak
solution and the global existence of smooth solutions are still the challenging open problems. In [11], the authors
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realized that the velocity field plays the dominant role in the regularity issue of weak solutions of system (1.1),
and they proved that if the velocity field u satisfies

T
2 3
/ (-, t)||(£pdt <oo with —4+—=1 and 3<p <o (1.6)
0 q p
or
T 2 3 3
q .
/ Vu(, )l ,dt <oo with —+ —=2 and - < p < oo, (1.7)
0 q P 2

then the weak solution (u, v, w) of system (1.1) is regular on (0, T']. Later on, Fan, Nakamura and Zhou [10]
established the following BKM type criterion, and they proved that if the smooth solution (u, v, w) blows up at
the time t = T, then

T
/0 looC, )l o, _dt =0, (18)

where Bgo,oo(R3) is the homogeneous Besov space. Zhao and Bai [29] subsequently improved the criterion (1.7)
as

T
/0 IVhu" (-, )l gg,_dt = oo, (1.9)

where V}, := (31, 3), and u” := (u', u?) is the horizontal components of the velocity field u. Recently, Zhao
[28] further proved that if the vorticity w satisfies

2

T lo ¢, 0I5
/ dt <oo for O<a <2 (1.10)
o T+In(e+ ot 0lze)
or in the marginal case o = 0, if the vorticity field w satisfies
lo o D)l go,

T
/0 \/1 +1n(e+lloC, Dl )

dt < oo, (1.11)

then the solution (u, v, w) is smooth up to time 7.
In this paper, we are intend to establish an improvement of the above blow-up criteria (1.9)—(1.11), and the
refined blow-up criteria in terms of the horizontal components of the velocity field can be stated as follows:

Theorem 1.1 Ler ug € H>(R3) with V - ug = 0, vy, wo € L' (R3) N HXR3) and vy, wy > 0. Let T > 0 be
the maximum existence time such that the system (1.1) admits an unique solution (u, v, w) satisfying

u e C([0, T1, H*(R%) N L0, T; H3[R?) N L2(0, T; H*(R?)), (L12)
v,w e C([0, T], HX(R3)) N L>®(0, T; H2(R?) N L2(0, T; H3(R?)) '
forany 0 < T < Ty. If T, < o0, then
2
I, IVhu ¢ D %
/ = dt = 00 (1.13)
o 14In(e+[[Viu" (0Dl ge )

forall0 <o < 1.

Remark 1.1. Under the assumptions of Theorem 1.1, if for some 0 < 7 < oo and 0 < @ < 1 such that

dt < o0,

2
T IVl
/0 L In(e + [Vt (Dl e )

then the solution (#, v, w) can be extended past the time ¢t = 7'. Thus (1.13) can be regarded as an improvement
of regularity criteria (1.10).

In the marginal case « = 0, we obtain the following blow-up criterion.
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Theorem 1.2 Let ug € H3(R?) with V - ug = 0, vo, wo € L' (R*) N H*(R?) and vy, wo > 0. Let T, > 0 be
the maximum existence time such that the system (1.1) admits an unique solution (u, v, w) satisfying (1.12) for
any0 < T < T,. If T, < o0, then

T, IVhu" Ol
/ * dt = co. (1.14)
0 JU+InGe+ IVl ¢ 0llgy )

Remark 1.2. Under the assumptions of Theorem 1.2, if for some 0 < 7" < oo such that

[Vt (-, )1l o
00,00

/T
0 JU+Inte+1Vuut (. Dlzo )

dt < o0,

then the solution (u, v, w) can be extended past the time r = T'. Itis clear that (1.14) is alogarithmically improved
regularity criterion of (1.9) and (1.11).

The remainder of this paper is organized as follows. In Sect. 2, we shall recall the Littlewood-Paley decom-
position theory and the definition of homogeneous Besov spaces, then we present some analytical tools used in
the proofs of our main results. In Sect. 3, we present the proof of Theorem 1.1, and the proof of Theorem 1.2
will be given in Sect. 4. Throughout the paper, we denote by C a generic positive constant which may vary from
one line to another, and the special dependence will be pointed out explicitly in the text if necessary.

2 Preliminaries

We recall some basic notions of the homogeneous Littlewood-Paley decomposition. Let (¢, x) be a couple of
smooth functions valued in [0, 1], such that ¢ is supported in the shell {£€ € R3, % <&l < %}, X 1s supported

in the ball B(0, %) and

XE+)Y e VE) =1, & cR\{0)

j=0
and

D e =1, EeR\{0).

JEZ

Write h = F~ !¢ and h=F"1 x - The homogeneous dyadic blocks A ; and the low-frequency cutoff operators
S are defined for all j € Z by

A =2 [ @ fe= iy, s =2 [ QTS0 = .

Let Sj (R3) be the space of tempered distribution f € S’(R?) such that

lim S f(x) =0.
j——00
Then one has the unit decomposition for any tempered distribution f € S, R3):

f=Y_A;f. @.1)

JEL

Using the above homogeneous Littlewood-Paley decomposition, the homogeneous Besov spaces can be
defined as follows:
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Definition 2.1 Lets € R, 1 < p,r <ooand f € S'(R?), we set

1
I1£lgy, = (Tiea218;£1,)" for 1 <7 < o0,
. supjez 27 1A fliLe for r = oo.

Then the homogeneous Besov space B;, ,(R3) is defined by

e Fors < %(ors =%ifr= 1), we define

By, R = e SR : £l < oo
e If k € Nand % +k<s< %—i—k—i— 1(ors = % +k+1ifr = 1), then B;,,(R% is defined as the subset of
distributions f € &'(R?) such that 8” f € B ¥(R*) whenever || = k.

The proofs of Theorems 1.1 and 1.2 require some crucial analytic tools, thus we briefly recall them here. We
start with the well-known Gagliardo-Nirenberg type inequalities.

Lemma 2.2 Letk <mand1 < p,q < oo. Assume thatk < j <m, 1 <r <ocoand (0 <0 < 1 satisfying

.3 3 3
Jj=E=0k—=>)+0—0)(m—>).
r p q

Then for all f € W5P(R3) N W™4(R3), we have f € W/ (R3), and there exists a positive constant C such
that

V7 fllr < CIVE I IV fll " 22)
The next result is the generalization of the refined Sobolev interpolation result, where the proof can be found
in [1] (see Theorem 2.42).

Lemma 2.3 Letra > 0and 1 < g < p < oo. Then there exists a positive constant C depending only on o, B,
p and q such that

1£le < CUFIGE 11 with B=a(Z—1) and =7 23)
9.4 q p

holds for all f € By (R®) N BY ,(R3).
Especially, we shall use the following specific case of (2.3) by taking p = 3, ¢ = 2 and using the fact
HAR?) = BY ,(RY):
1 2
I flls = CIIfIIQgOamIIfII;%- 2.4

The inequality (2.4) is originally derived from Meyer-Gerard-Oru [22], then was revisited by Guo-Gala [13] (see
Lemma 2.3).

We also need to use the following well-known commutator estimates due to [16] (see Lemma X1 in Appendix)
and Kenig-Ponce-Vega [17] (see Lemma 2.10).

Lemma 2.4 Lets > 1 and 1 < p < oo. Then we have
IV (fe) = fV°¢ler < C(IV Il IV gl + 1V fllrllgll o) 2.5
with 1 < q1, p2 <oosuchthat%=ﬁ—i—qi1 = %—i—qlz.

To prove Theorem 1.1, the crucial step is to establish the higher-order derivative estimates of the solutions
by using the following logarithmic Sobolev inequality, which the proof can be found in [2], and it is a slightly
modification of the one in [19].
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Lemma 2.5 Forall Vf € B! ((R3), f € H*(R?) with s > 3, we have

£l < C(1+ IV £l y/log™ I 1l (2.6)

where H® (R3) denotes the standard Sobolev space and

10g+x= logx, x>e,
1, 0<x<e.

Finally, let us prove the following embedding result.

Lemma 2.6 Forany 0 < «a < 1, we have

IVhu" | g < Clllullz2 + 1V2ull2). 2.7)

Proof Let A be the Littlewood-Paley dyadic operator, which is a frequency projection to the annulus {|§] ~ 2/},
Then we deduce from the classical Bernstein inequality that

h —aj h —aj h
IVat || goa < sup 27 || A;Vyu" || Lo + sup 27 || A Vyul|| oo
' j==1 Jj=0

s 5 5 . .
< C sup 27%227 || Aju || ;2 4 Csup 2279273 A VAU
j=—1 j=0

5 . 1 .
< C sup 227 ||u|| ;2 4+ Csup 2~ 2T V3y |2
j=—1 j=0
< C(lullg2 + 1Vul ).

We complete the proof of Lemma 2.6. O

3 Proof of theorem 1.1

We prove Theorem 1.1 by contradiction. It suffices to show that if the condition (1.13) does not hold, then there
exists a constant K > 0 such that for some 0 < o < 1,

2
I, IVau ¢ D) %
/ 20, dt < K, 3.1
0

T InCe + [ Vau ()l g )

then one can prove that
sup (G, Dl gz + 1@ 1), wl, ) 2) < Co, (3.2)

0<t<T,
where Cy is a constant depending only on ||uol| g3, |[(vo, wo)ll 11~g2, T« and K. This implies that the solution
(u, v, w) can be extended beyond the time 7, which contradicts to the maximality of T,.. We state the above fact
as the following theorem.

Theorem 3.1 Let ug € H3(R3) with V - ug = 0, vo, wo € L'(R3) N H2R?) with vo, wy > 0. Assume that
(u, v, w) is the corresponding local smooth solution of (1.1) on R3 x [0, T) and satisfies the condition (3.1).
Then

OsupT(llu(-, Dllgs + G, 1), wi, D)llg2) < C, (3.3)
<<

where C is a constant depending on ||ug|| g3, || (vo, wo) |l p1ng2 and T.
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Proof We first notice that the fundamental energy inequalities have already been established, e.g., see [29], thus
we have forall0 <t < T,

t
@72 + lw®l7, +2 /0 IV 172 + IVw(@)72)dt < llvoll32 + llwoll2. (34)

t
lu@72 + V@72 +2 /0 (IVu(@)72 + A¢(D)[7.)dT < C, (3.5)

where C is a constant depending only on |[Jugl|;2 and || (v, wo)||;1nz2. Moreover, by the maximum principle,
we know that if v and wg are nonnegative, then v and w are also nonnegative.

Next we derive the desired L2 bounds of the vorticity w = V x u, which leads to the desired bounds of Vu
by the Biot-Savart law. It clear that the vorticity w satisfies the following equations:

ho+ - Vo —Aw= (0 Vu+V x (ApVe). (3.6)

Multiplying (3.6) by w, and integrating over R>, we see that

1d
zaﬂwﬂiz + ||Va)||iz = /R3(a) -Vu - wdx — /ﬂ§3(A¢V¢) - (V x w)dx
=11+ 1. 3.7)
We can rewrite the term /| as
3 ‘ 2 _ 2
I = Z /R3 a)iaiufwjdx = Z AS 6(),‘8,'14/6()/'(1)6—I—X:[lé3 a),-am3w3dx
i,j=1 i=1

i j=1
2

+ Z/ a)383uja)jdx + / a)333u3a)3dx,
s R3
by further using the facts
u = —(u' + dhu?), w3 =0u* —du',
we can easily obtain
h5/|wﬂmﬁw. (3.8)
R3

Notice that, via the Biot-Savart law, we have the following two equalities:

ou .

— =Rj(Rxw) for j =1,2,3,

8Xj

and
Vxw=Vx(Vxu)=V(V-u — Au=—Au,
where R = (Ry, R2, R3), Rj = %(—A)_% (j = 1,2, 3) are the Riesz transforms. Since the Riesz operators
are bounded in L? (R3) forall 1 < p < 0o, we know that forany 1 < p < oo,
IVullr < CllollLr and floflLr < Cl[VullLr.
Thus applying (2.3) in Lemma 2.3 and the fact (A = v/—A)

h — o h o 2 ~
IVau™ll yg = A2 Vul 2 < [[A2Vull2 < CllA2 ol 2 = Cllo]l 4,
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the right-hand side of (3.8) can be bounded by
I < / Vi llofPdx < IV | allol2,
R

1 2
hy3 hy3
< ClIVau ||3~_a [Viu ”13_-[%||w”L2”Vw||L2

2
< C||Vyu" ||B_a ol ¢ lolz2[Vel
S—a 3ta
< C||Vpu" ||3_a loll,3 Vel 3
] 2 12—2&
< Z||Vw||L2+cnvhu |B_a looll 3
<1 \v4 c(Iv 2 2
<l ol%, + C(| Vau || %t lloli)lol,
1
sz||Vw||Lz+C(||vhu || = +||Vu||iz>||w||iz, (3.9)

where we have used the following interpolation inequalities (0 < o < 1):

1—< [:2 1 1
1y < A0 2 IVl and I f s < ALV FI

For the second term /> in (3.7), since ¢ obeys the Poisson equatlon A¢p = v — w, we can use the energy

inequalities (3.4)—(3.5) and the interpolation inequality || £l ;4 < || £} 12 IV f || 2t bound it as

- /R (APVE) - (V x @dx = CIVP 31 A9l sVl .

A

»—‘-I>I>—‘-I>I>—‘-I>I>—‘-I>I>—‘

IVol7, + Cliw, w) 7.1 Vel7

1 3 1 3
IVoI2, + Cliw, w2, (Yo, Vw) I, [V, [ A1 2,

IA

3 1
IVoll7, + Cllw. w72 1(Vv, Vw) |12, [Vl 2,

IA

IA

IVeoll72 4+ Cllw, w72 (Vo, Vw)ll72 + Cll(w, w)l|72[Vll7
< ZIVelZ, + AT, Vu)lz, + 1. (3.10)

Plugging (3.9) and (3.10) into (3.7), then using the logarithmic Sobolev embedding inequality (2.7) in Lemma
2.6, we obtain

Lol + Vol < (14 1l + 1T, V) +||w”||ﬁ ) (1wl +1)
dt L2 L2 = L2 ) 2 h B;C(?OO L2

N || B_a
1+ In(e + || Vauh ||Booaw))

x (14 (e + 1Vau"ll o)) (Il + 1)

= C(1+1Vulld, + 1Yo, V) 12, +

hy T
Va5 )
L+ In(e + [[Vpu || j=o )

< c(l + IVull3, + 11(Vo, Vw) 17, +

xIn (e + 1V3ul2, + 1720, V2w 12, ) (el + 1))
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Based on the facts (3.4)—(3.5) and the growth condition (3.1), one deduces that for any small constant o > 0,
there exists Ty < T such that

T
f (L +1IVull?, + 1(Vv, Vw)|I2,)dt < o
Tt

0

and

2

T Vel

/ s dt < o.
7, 1+ In(e+ IV, uh ||BO—O§OO)

Let us denote for any ¢ € [Ty, T),

Y(0):= sup (IVuC. D72 + [(Vo(, 1), V2w, 1))

To<t<t
It should be observed that the function Y () is nondecreasing, and for any 7o < ¢t < T, we integrate (3.11) from
Ty to ¢t to obtain that

t

lo®72 < (loC, To)lI7, + 1) exp (/ C(1+ Vull7, + 1(Vv, Vw)|7,

To

2
h)T—a
1Vt 1%

+ 1+ In(e + ”thh”l'?;c‘?oo))dr In(e + Y(t)))

< (o€, To)lI72 + D exp (2Co In(e + Y (1))
< (o, To) 125 + (e + Y (). (3.12)

Finally, we are going to derive the estimates for(V3u, VZv, V2w). Applying V3 on the first equation of
system (1.1), taking the L? inner product of the resultant equations with V>u, we see that

ld 3 5 4 2 3 3
EE”V ullps +IIViulli. = —/R3V ((u-Viu) - Vudx
+ / V3 (APV) - Vudx. (3.13)
R3

We estimate two terms on the right-hand side of (3.13) one by one. By using the commutator estimate (2.6) in
Lemma 2.5 and the interpolation inequality in Lemma 2.2 as

1 11
3 iV 4 12
IV3ulle < CIVul 31V 3,

the first term can be bounded as

- /1;3 V3 ((u - Vyu) - Vudx = —/ﬂ@ [V (- V)u) — (- V)Vu] - Vudx
< CIVA (@ Vyu) = - V)V3ull 411Vl s
< ClIVull 2IVull74
< CIVull®, 9%l

1
< Z||v4u||iz + Cl|Vul )3,

where we have used the incompressible condition V - u = 0 to derive that

/ (u-V)V3u - Vudx =0.
]R3
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For the second term, we employ the Leibniz’s rule and the specific relation of ¢ and (v, w) to bound it as

/ V3 (ApV) - Viudx = —f V2((v — w)Ve) - Viudx
R3 R3

IA

— B = = ] —

IV*ull7, + CIIVZ((v — w)Ve)lI7

IA

V47, + C(IVZ (v — w)VII7, + 2[(Vv — Vw) V17, + I(v — w)V3¢l13,)

IA

IV*ull2 + C(I(V20, V) 1751V 7s + 11w, w) 1731 (V, V) [176)

IA

IV4ull?, + C(1(V2, V2w) [ 21 (V3v, V3w)ll 2 + (Yo, V)l 12V, Viw)|12,)

IA

1
ZHV“uniz + guw%, V3w, + C(1+ [1(Vo, Vw)[17,) [(VZv, VZw)II7,.
Therefore we obtain

d 1
E||V3M||iz +IVHI2, < S 1V, V2w |2, + ClVull )

-3
+ C(1+ (Yo, V) [ 3,) I1(V2v, VEw)]|7,. (3.14)
For the charged density v, we can exactly proceed as (3.14) to obtain that
1d
——IV%, + V2 = = | V(- V)v)Viudx — | V2V - (vV¢)Vvdx. (3.15)
2dt L L R3 R3

Based on the energy inequalities (3.4) and (3.5), we obtain from the Sobolev embedding inequality that
IVullZeo < Clull7: + 11Vull72) < CA+V3ul7,),

thus we can estimate two terms on the right-hand side of (3.15) one by one as follows:
— / V2((u - VIv)Vudx = / V((u - V)v) - Vvdx
R3 R?

1
S IVlge + CIVu - Vwligs + e V)VollZ,)

IA

1
T IV0lg2 + CUVUlZ= I VoIE: + V20l 7)

1 1 3 1 u
T IV0lge + CUVOIL A+ IVulZ) + lull IVl 2 0l 7 1Vl )

IA

IA

1
gnv%niz + CIVIZ, (14 1Vul2,) + ClIVull )8,

—/ V2V - (vV¢)Vudx = f V2(vVg) - Vivdx
R3 R3
< %”V%”iz + C(IV2uV8|7, + [VVV2e[7, + [0V ¢]17,)
< %nv%niz + C(IV2I3:1IVeI76 + IVOIT6 V175 + IvlI75 11V — w)76)
< %nv%niz + C(IV20ll 21Vl 2 + ol 2V 2 1 (VP VEw)T3 )
< éuv%niz + C(L+ (Yo, V) [7.) (1 + 1(V0, VEw)I[7,).

where we have used the interpolation inequality in Lemma 2.2 as

1 11
2 w3, 12
IVZllge < Clivll 21Vl 5
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Therefore we obtain the estimate for v as
d 4
Env%niz + §||v3v||iz < C|Vul
+ C(L+ 1V, V) I 7.) (1 + [IV3ull 3, + [[(V2, VEw)|13,). (3.16)

The estimate for w can be derived exactly as v, thus we obtain

d 4
E”Vzw”iz + §||V3w||iz < C|Vul}¥

+ C(1+ 11V, V) I12,) (1 + IVull 3, + 1V, VZw)13,). (3.17)

Summarizing the above estimates (3.14), (3.16) and (3.17) together, after absorbing all the dissipative terms and
using the fact that |Vu||;2 < C||w||;2, we can derive from (3.12) that

AT < c(vullh +19alf) + C( -+ 170, Vo)) (e + Y ()
< Cle+ Y)Y+ C(1+1(Vv, V) |2,) (e + Y (1)) (3.18)

Choosing o small enough such that 18Co < 1, the above inequality (3.18) yields that forany 7o <t < T,

d 2
E(e +Y(®) < C(1+[[(Vo, Vw)|7,) (e + Y (1)).

The Gronwall’s inequality directly leads to
t
Y (1) < (e + Y (Tp)) exp (c/ (1+ (v, Vw)||iz)dz) <c,

To

where ¥ (To) = [[V3u(-, To)ll7, +I1(V*v(, To), V2w(-, To)) |17, This together with the basic energy inequalities
(3.4) and (3.5) finally show that

Jup (Il Ol gz + 1 E D, wC D)l g2) < C.
<t<

We complete the proof of Theorem 3.1. O

4 Proof of theorem 1.2

Similarly, we prove Theorem 1.2 by contradiction. If the condition (1.14) does not hold, then there exists a
constant K > 0 such that

. [V -, 1) o
f 2000 dt < K, (4.1)
0 JUHInGe+ |Vt (.0l )
then we can still prove that
sup ([luC, )l gz + I1@C 1), wi, 1) 2) < Co. (4.2)
0<t<Ti

This implies that the solution (u, v, w) can be extended beyond the time 7, which contradicts to the maximality
of T,. We state the above fact as the following theorem.

Theorem 4.1 Under the assumptions of Theorem 3.1 if we replace the condition (3.1) by (4.1), we still obtain
the desired bound (3.3).
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Proof Based on the condition (4.1), we apply the logarithmical Sobolev inequality (2.6) in Lemma 2.5 to derive
the bound of ||w]|;2 that

h 2
Iy = Cl[VpullLe oy

< C(LH IV 1y InCe + 1 V3ull2)) o7,
< C(1+ IVhu"llgo_y/InCe + V3ullz2)) @75 43)
Taking (4.3) and (3.10) into (3.7), and employing (2.7) with « = 0 in Lemma 2.6, we find that
Lol +1¥0l2 < C(1+170. V)l + IV s \finte19%ul2)) (1ol +1)
dt L L L Boo'oo L
IVl g,
JUHInGe + IVt )
x (yinte + 1v3ull ) (el +1)
V"l 50,
JU+ e+ ”Vh“h”égo,w))

= (14 1o, Vw2, + I+ InGe+ 19"l )

= c(1+1(Vv, V)2, +

xIn (e + 1V3ul2, + 1720, V2w)l12, ) (ol + 1) (44)
Under the growth condition (4.1), one deduces that for any small constant o > 0, there exists 7o < 7T such that
IVl g,

/T
fo T+ Inte + [Vt ll g )

dt < o.

Therefore, integrating (4.4) from Ty to ¢ for any Tp <t < T, one obtains that

. t , IVau" 1,
lo (17> <C exp (/ C(1+1(Vv, Vw)lI»+ ’ JdTIn(e+Y (1))
Ty J1HInGe + IVl )
< Cexp (2C0 In(e + Y(t)))
<Cle+Y(1)*. 4.5)

As soon as (4.5) is established, one can exactly follow the same procedures as that in the proof of Theorem 3.1
to get the desired bound (3.3), here we safely omit the proof. O
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