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Abstract In this paper, we deal with the critical Biharmonic elliptic equation of Kirchhoff type. By transforming
this equation into an equivalent system and utilizing the concentration compactness principle, we obtain the
existence and multiplicity of nontrivial solutions.
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1 Introduction and main results

We are interested in the existence of nontrivial solutions for the following Biharmonic elliptic equation
<a + b/ |Au|2dx> Au4u=u?"%u+pf(x,u), in RY, (1.1)
RN

where N > 5,a > 0, b > 0, AZ is the Biharmonic operator, 1 > 0 is a parameter. f is a continuous function
and 2* = % is the critical Sobolev exponent.
Equation (1.1) is related to the problem of a model introduced by Woinowsky-Krieger in [27]. More precisely,

the authors introduced the following equation
2 3%u
dx | -— = f(x,u),

dx2

ou

02u  EId*u H EA (L
0x

at2 x4 o 2oL Jo

where E, I, H, p, A, L are constants. The model was proposed to refine the theory of the dynamic Euler-Bernoulli
beam. It has also found applications in describing physical motivations, such as the large deflection of plates, and
highlighting its importance in engineering, physics, and material mechanics. Recently, many researchers have
focused on a stationary analogue of the fourth-order Kirchhoff type equation

A%y — (a +b/ |Vu|2dx> Au= f(x,u), (1.2)
Q

where a, b > 0. Under the conditions of f(x, u), by the symmetric mountain pass theorem, the existence of
infinitely many solutions for (1.2) was obtained in [1,21]. In [11,24,26], the authors proved the existence of
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Multiple solutions for... 1271

positive solutions of (1.2). The authors [12,18,29] obtained the existence of sign-changing solutions for (1.2) by
employing constraint variational method. Many papers have studied the existence of nontrivial solutions to (1.2),
for example [6,9,10,13,15,17,19,20,23,25,30]. In addition, the multiplicity of solutions for (1.2) involving
concave-convex nonlinearities was considered in [16,28]. In the case where a = 1 and b = 0, equation (1.1) was
treatfd in [2,7,8] by the variational method. Aouaout [4] proved that equation (1.1) has two nontrivial solutions
in R,

Based on the above references, we consider the existence of nontrivial solutions for the critical Biharmonic
elliptic equation of Kirchhoff type. Since equation (1.1) contains a critical growth term, which leads to the lack
of compactness, by means of a concentration-compactness argument, we establish the existence and multiplicity
of nontrivial solutions of equation (1.1).

To obtain the existence of solutions of (1.1), we transform equation (1.1) into an equivalent system. More
precisely, we conclude the existence of nontrivial solutions by solving the following system in (u, A)

A*u+u= |u|2*72u + uf(x,u), in RN,

. 13
a +be7“/ |AuPdx =22, in (0, +00). (13)
RN

We make the following assumptions on f:
(f1) f e CRYN xR, R)and f(x,t) = o(t) ast — 0;
(f») there exists 2 < g < 2* such that lim ALY =0
lt|—>o0 |£]972¢
(f3) tf(x, 1) = 2F (x, 1), where F(x, 1) = [y f(x,s)ds forallt € R;
(f4) there exists k > 0 such that f(x, 1) > 9! forallr > 0and 2 < g < 2*.
Now we state our main results.

s

Theorem 1.1 Assume that (f1) — (fa) hold. Then

@) ifS <N <7, foralla,b > 0, equation (1.1) has a nontrivial solution;

(ii) if N = 8§, there exists bg > 0, such that for all a > 0, equation (1.1) has a nontrivial solution for b < by,
and equation (1.1) has no nontrivial solution for b > by;

(41' ii) if N > 8, there exists ag > 0, such that equation (1.1) has two nontrivial solutions ?1 and uy for

ab¥=38 < «, has one nontrivial solution for abN=8 = a, and has no nontrivial solution for abV=38 > a.
For the degenerate case a = 0 of equation (1.1), we have the following Theorem.

Theorem 1.2 Assume that ( f1) — (f4) hold. Then

@)if5S<N <TorN > 8 forall b > 0, equation (1.1) has one nontrivial solution;

(ii) if N = 8, there exists bg > 0, such that equation (1.1) has one nontrivial solution (u, 1) for b = by, and
equation (1.1) has no nontrivial solution for b # by.

Example 1.3 We consider the function f defined by

ct +dgri!, ifxeRY, >0,

7t = .
FOD=0 o dg(—ne1, ifx € RN, 1 <0,

for each (x,t) € RN x R, where 2 < q < 2* and ¢, d are two positive constants.

2 Proofs of Theorems 1.1-1.2

Let D>2(RN) be the completion of C§° (R™) with respect to the semi-norm

%
||u||Dz.z(RN)=( / |Au|2dx) .
RN

We define the following Sobolev space

H*RY) := {u € LZ(RN)|/ |Aul*dx < oo and / |Vu|?dx < oo},
RN RN
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1272 J. Lei

with the norm

1

2
il 2 ey = (/R |Aul? + |Vul? + |u|2dx> .

By [22], the norm ||u|| g2 (g~ is equivalent to the norm [Ju|| by

1
lull = (f (Aul? + |u|2)dx>2 .
RN

In this paper, we consider the equation (1.1) in a subspace Hr2 (RV), that is
HARY) = {u e H*®Y) :uo) = u(lx)) ],

and use | - || as the norm of H,2 (RM). The space L”(RV)(1 < p < 00) denotes the Lebesgue space with the
norm ||u||1’; = fRN lu|Pdx, C, Cy, Ca, ... denote various positive constants, which may vary from line to line.

Let S be the best constant for Sobolev embedding D%2(RY) — L (RV), namely

f |Aul’dx
S = inf RY

ue D22 (RN)\(0) .\
</ |u|2 dx>
RN

In order to obatin the results of system (1.3), we first prove the existence of solutions for the following
equation

AMu+u= |u|2*_2u+uf(x,u), in RV, 2.1)

and we solve the algebra equation when u is known

N4 2 2 .
a+bl 2 |[Au|“dx = A°, in (0, +00). 2.2)
RN

The energy functional associated with (2.1) has the form

_ ! 24 uPdr — - % gy —
I(u) = [Aul® + |u|“dx lul*dx —p | F(x,u)dx.
2 Jrw 2% Jrw RN

We say that u € Hr2 (RV) is a weak solution of (2.1) if

/ AuAgodx+/ updx =/ |u|2*_2u<pdx+/L/ fx, u)pdx,
RN RN RN RN

for all o € H>(RN).
In the following, we prove that the energy functional / possesses the mountain-pass geometry.

Lemma 2.1 The energy functional I satisfies the following properties:
(i) There exist constants o, p > 0 such that I (u) > o > 0 for ||\u|| = p;
(ii) There exists e € H*(RN) with |le|| > p such that I (e) < 0.

Proof (i) Forallu € H,2 (RM), by (f1), (f») and the Sobolev inequality, we have
_ l 2 2 _ i 2* _
I(u) = |Aul” + |u|“dx ul* dx — F(x,u)dx
2 RN 2* RN RN
1 *
> Sllull® = Crllul® = pCallu)?,

where the constants C1, Ca > 0 and 2 < ¢ < 2*. Consequently, by choosing p > 0 small enough, fix any
u > 0, we deduce that I (1) > a > 0 for ||u|| = p.
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(i1) Fix vg € C(‘)’O(RN)\{O} with vg > 0in RV, by (fa), forall t > 0, we have
2 2%
t t - 14
1) = Svol? = 5= [ ool dx — ﬂ/ [uoltdx — —oo,
2 2* RN q RN

as t — o0, which implies that I (fvg) < 0 for ¢t > 0 large enough. Therefore, there exists e = #yvg for fo > 0
such that ||e|| > p and I (e) < 0. The proof is complete. m|

Lemma 2.2 Assume that (f1) — (f3) and 2 < g < 2* hold. Then the energy functional I satisfies the (PS),
condition for all ¢ < ¢* = %S% and n > 0.

Proof Let {u,} C H,z(]RN) be a (PS). sequence for I at the level c, that is
I(u,) — ¢, and I'(u,) — Oasn — oo. (2.3)

From (f3) and (2.3) it follows that

el +14o0(l) = I(up) — %(I/(un)v ”n>

1 1 * 1

1 1 *
= 5 - ; (179

which implies that {u,} is bounded in LY (RM). From ( f1) and (f2), for any ¢ > 0, there exists a constant
C, > 0 such that

|f (6, un)| < elun] + Celun)?™",

we have
o(1) = (I'(un). un)

:f |Aun|2+ |un|2dx —/ |un|2*dx —,u/ fx, up)uydx
RN RN RN

z/ |Aun|2+|un|2dx—/ |un|2*dx—u/ (elun|® + Celun|)dx
RN RN RN
> Jlull* — Cllun |13,

where the constant C > 0. Thus, {u,} is bounded in H,2 (RM) for all 2 < g < 2*. Hence, we may assume up to
a subsequence, still denoted by {u,}, that there exists u € HE(RN ) such that

u, — u, weaklyin H}(RN),
u, — u, stronglyin LP(RN) (2 < p < 2%), 2.4
U, (x) = u(x), ae.inRY,

asn — o0o. Next, we prove that u;,, — u strongly in Hr2 (R™). By using the concentration compactness principle
(see [14]), there exist some at most countable index set J, &y : is the Dirac mass at x; C RY and positive numbers
{vj}, {w;}, j € J, such that

> = v = [ul* + Y visy,
jeJ

B (2.5)

|Aun? = 0 = |Aul> + Y w8y, SvF <o
jeJ

For ¢ > 0, let ¢ ;(x) € Cgo (RN) be a smooth cut-off function centered at x j such that 0 < ¢, ; < 1,
IVoe.jl < 2,|A¢: ;| < 5, and
I, if |x —xj] <e,

. (2.6)
0, if |x —x;| > 2e.

¢8,j(-x) :l
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1274 J. Lei

Notice that

/ Aty Aun e j)dx :/ |Aun|2¢8,.,-dx+2/ AunVu, Vs jdx
RN RN RN

+ / upAuy A jdx.
RN

By using the Holder inequality, |V, ;| < % and [Ag ;| < g%, we have

lim lim
e—>0n—00

2 % 2 2 %
< lim lim (/ | Ay | dx) (/ Vit 2| Ve | dx)
e—>0n—>00 RN RN

—2 1

N 2N N
< C lim / |Vu|V-2dx / Ve, ;1N dx
e=>0 \JB(x;,2) B(x;j,2e)

N2

O\ AN\
< C lim / |Vu|¥-2dx / (—) dx
e—0 B(x;,2¢) B(xj.2e) \ €
N
i N
<C / [Vu|v-2dx
B(x;,2¢)

=0,

AuyVu, Vo jdx
RN

=

and

lim lim
e—~>0n—00

/ up Auy Age jdx
RN

1

2 % 2 2 2
< lim lim (/ | Auy| dx) (/ u, | Age il dx>
g—>0n—>00 RN RN X

: 2 20\
< C lim u”|Age, j|"dx
e—0 RN

N N\ 3
. 2N w 2\?
< C lim / |u|¥-4dx / — dx
e=0 \JB(x;,2¢) B(xj,2¢) \ &
N-—4
2
. 2N
< Cj lim f |u|N-2dx
e=~>0 \ JB(x;,2¢)

=0,

where Cy, C2 > 0 are constants. Consequently, from (2.4) and (2.5) it follows that

lim lim Aty Alunge, j)dx = lim lim | Auy ¢, jdx
e—>0n—00 JpN e—~>0n—00 JpN

> lim |Au|2¢5‘jdx+wj = wj.
e—0 JrN
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From (2.4), (2.5), (f1) and (f>), we also derive that

lim lim |itn|? Oe,jdx = hm/ |u|? @, jdx +v; =vj,
e—=0n—00 JpN e—0 JrN

lim lim |tn| e, jdx = lim |u|?pe jdx < lim lu|?dx =0,
e—>0n—00 JpN e—=0 JrN e—0 B(x;,2¢)

lim lim V fOe, up)upde, jdx
RN

< Clim lim |tn |2 Be. j + |un |9 e, jdx
e—~>0n—00 3 RN

—0)n—o0

< Clim (|u|2+|u|q)dx —0.
e=>0/B(x;,2)

Noting that u, ¢, ; is bounded in Hr2 (RN) uniformly for #, from the above information, we get

0= lim lim (I'(u,), unde, ;)

e—>0n—o00

= lim lim {/ AunA(u,,qu,,-)dH/ |un|2¢8,,-dx—/ lun|* e, jdx
RN RN RN

e—>0n—o00

- M/ f(xv un)ui1¢e,jdx}
RN

> lim (f |Au?pe jdx + w; —/ > . jdx — uj)
e—0 RN RN

=wj; — I)j.
Consequently, we deduce that v; > w;. From (2.5) it follows that

wj > SUJ?* > Sa); ,

2 2
*

which implies that
v >w; > ST (2.7)

To proceed further we show that (2.7) is impossible. Combining with (2.3) and (2.7), we have

c= lim I(uy,)
n— o0

n— 00

. 1 2 2
> lim (I1Auy|” + uy|")dx
2 Jpv

—i |u |2*dx—E/ fx, up)updx
2* ]RN n 2 RN ’ n n

1 1 2
Z—wj—gvjiﬁs )
which implies that ¢ > ¢*. It contradicts our assumption, so it indicates that v; = w; = O forall j € J, we
obtain that u, — u in L RN) as n — oo. According to (f1), (f2), the boundness of {u,} and the Holder
inequality, we have

&z

lim '/ flx,up)(uy, —u)dx
RN

n—oo

< C 1im / il + 1001971t — w)dlx
n—oo RN

1 1
2 2
< lim </ |un|2dx> (/ lu, — u|2dx> (2.8)
n—00 RN RN

g—1 1

+ lim (/ |u,,|qu> ! </ |un—u|qu>q
n— 00 RN RN
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1276 J. Lei

Therefore, by view of (2.4) and (2.8), we have

0= lim (I'(up), up — u)

n— oo

= lim {/ Au,,A(u,,—u)dx—i—/ u,(u, —u)dx
RN RN

_/ |”n|2*_2un(un —u)dx — M/ SO, un) (uy — M)dx}
RN RN

= lim AuyA(u, —u)dx,

n— oo ]RN

which implies that u,, — u strongly in Hr2 (RM). The proof is complete. O

Choose the extremal function

N—4
2

[N(N —4)(N? —4)]'F ¢

N—a , X € RN, e > 0.
2 +x?) 7

Ues(x) =

It is a solution of the following problem
AU, =U¥7", inRV,

satisfies

/ |AU,|2dx =f |U.|* dx = ST.
RN RN

Let ¢ € CX(RY) be a cut-off function such that ¢(x) = 1 on B(0,r), ¢(x) = 0 on RY \ B(0,2r) and
0 < ¢(x) < 1onRN. Setuy(x) = ¢(x)Us(x), from [2] and [5], we have

/N |Aug2dx = ST + 0V,

. . (2.9)
lug|? dx = ST 4+ 0(N),
RN
and
—4
0 (eTq) , ifg < ,
N3
/ lugl%dx = { 0 (eN—#qum), ifg =~ (2.10)
RN _
_ N
%) (sN—NT44), 2" > g > .
N —4
Moreover, we obtain that
14 if N >5 N
/ e Pz = | € N zS N#£S, @.11)
RN 0 (&Y |Ing)), if N =8,

where y = min{4, N — 4}. Then we have the following Lemma.

Lemma 2.3 Assume that (f4) and 2 < q < 2* hold. Then

Hz

2
sup I (tuy) < NS ,

>0

forall n > 0.
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Proof According to Lemma 2.1, we have I (tu;) - —oo ast — +oo and I (tu;) < 0 ast — 0. Thus, there
exists t, > 0 such that I (t,u,) = sup,>o I (fug) > a > 0. Moreover, there exist positive constants 1, > 0
such that 0 < 11 < 1, < tp < +00. Now, we define

I(teug) = J(teug) — M/ F(teug)dx,
RN

where *
A 2 2 A 2%
J(teue) = — [Aug|” + |ugl"dx — — lue|” dx.
2 RN 2% RN
Let *
A 2 2 A 2*
h(te) == J(teus) = — [Aug|” + |ugl“dx — — lug|” dx.
2 JrN 2% JrN
It is easy to see that lim; .0 2 (t;) = 0 and lim;, _, , h(t;) = —o0. Consequently, there exists 7 > 0 such that

h(t}) = max;,>o h(t), that is
W) = el — () / s dx =0,
RN
from which we have

1
¥*2
2
l[ute ||

[, e
R

Therefore, from ( f1), (2.9), (2.10) and (2.11) it follows that

t* =

tq
sup (1) = I (tous) < h(t}) — 2 / e |9dx
g Jrv

t>0
)
(l* 2 (t*)Z Ktq
UM el dx — B | i 9dx
q RN

2 2* ]RN
2
2%_2
2 llue |12
v |7 | Il -uCu| ucldx
[ e R
RN
<254 _uc / eldx + Cy 1 E.
— — K u X
=N e 217 |ne|
2 N
< —S87,
N

where C1, C» > 0 are constants and y = min{4, N — 4}. In fact, by (2.10), we have the following cases:
Case (1)) ifS<N <7,2<q <2"and y = min{4, N — 4} :N—4,let,u=£_4,wehave

CreN ™4 — ,bLCllC/ lug|?dx < 0.
RN
Case (i) if N = 8, 5 =2 < ¢ < 2" and y = min{4, N — 4} =4, let ;1 = |Ing|, we get
Cae*|lne| — /LClkeN_NTA‘q = |lne| <C284 — C1K8N_NT4lq) < 0.
Case (iii) if N > 8, 15 <2 < ¢ <2*and y = min{4, N — 4} = 4, we have
Cre* — /LC1K8N_#‘] < 0.

The proof is complete. O
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Proposition 2.4 Assume that5 < N < 7or N > 8 and 2 < q < 2*. Then equation (2.1) has a nontrivial
solution for all u > 0.

Proof Applying the mountain pass lemma in [3], there exists a sequence {u,,} C H>(R") such that
I(u,) = ¢ >0, and I'(u,) - Oasn — oo,
where
= inf I(y (1)),
¢ = Inf max (y ()
and

= {y e C([0, 1], HX®RM)) : y(0) = 0, y(1) = e}.

From Lemma 2.2, we know that {u,} C H,2 (RM) has a convergent subsequence, still denoted by {u,,}, such that
Up —> Uy in Hrz(RN) as n — oo. Thus, we have

Iuy) = lim I(uy) =c >0,

which implies that u, # 0. Therefore, we infer that u, is a nontrivial solution of (2.1). The proof is complete. O

Lemma 2.5 Equation (1.1) has at least one nontrivial solution v € HFZ(RN ) if and only if system (1.3) has at
least one nontrivial solution (u, A) € Hrz(]RN) x (0, +00).

Proof Suppose that v € H,2 (RV) is a nontrivial solution of equation (1.1), then
(a + b/w |Av|2dx> Av+v =) 2v+ uf(x,v), xeRV.
Letting u(x) = v(27x) = v(y) and A2 = a + b [ |Av|%dx, we get
W=atbr'T / |Auldx,
RN

and
Au(x) + u(x) = A2A%(y) + v(y)

= <a + b/ |Av|2dx> A%v(y) + v(y)
RN

= lvWI* "2(y) + uf(x, v)

= [u()* 2u(x) + uf (x,w).
Consequently, we obtain that (z, A) is a nontrivial solution of system (1.3).
Now, let (u#, A) be a nontrivial solution of system (1.3), then

Au+u= |u|2*72u +uf(x,u), xe€ RV,
and

2 N4
A =a+br2

|Aul’dx, »eR*.
RN

Define v(x) = u(k_%x) = u(y), we have
(a + b/ |Av|2dx) A%v(x) + v(x)
RN

-2 N4 2 2
=X a—+bi2 RN|Au| dx | A“u(y) +u(y)

= ) * 2uy) + uf (x, u)
= () ¥ "2u(x) + uf (x, v),

which implies that v is a nontrivial solution of equation (1.1). The proof is complete. O

@ Springer



Multiple solutions for... 1279

Proposition 2.6 (i) If5 < N <7, then system (1.3) has a nontrivial solution (u, A) for all u,a, b > 0;

(ii) If N = 8, then there exists by > 0, such that for all ,a > 0, system (1.3) has a nontrivial solution
(u, 1) for b < by, and system (1.3) has no nontrivial solution for b > by;

(iii) If N > 8, then there exists ag > 0, such that for all u > 0, s&stem (1.3) has two nontrivial solutions

4

(u, A1) and (u, A2) for abV=8 < w, has one nontrivial solution for ab¥N-38 = w, and has no nontrivial solution
4

for abV=38 > .

Proof We define a function

42 N-4 2 +
gu(d) = A a—bir 2 |Au|“dx, VA eRT.
RN
(i) If 5 < N <7, by the definition of g, (4), for all a, b > 0, we obtain that g, (1) — +00 as A — +o00. Since

gu(A) < Ofor A € (0, a%], so there exists A > a% such that g, (1) = 0. Thus, (u, A) is a nontrivial solution of
system (1.3).

(ii) If N = 8, we have g,(1) = (1 — b [pn |Aul?>dx))\*> — a. Let by = p
R

m, if b < b, then

1
A= (W) * is a solution of gu(A) = 0 and (u, 1) is a nontrivial solution of system (1.3). If b > by,
R

then system (1.3) has no nontrivial solution.
(@ii) If N > 8, for all a, b > 0, it is easy to see that g,(A) — 400 as A — —oo and g,(A) < O for

A € (0, a%], for every u # 0, we get

dg, (. N—4,
gu( ) — )\'—1 2k2 _ b_)LNT4 |Au|2dx )
di 2 RN

which implies that g, (1) has a unique maximum point

4 N8 0
Ay = ,
“ <b<N —4) fon |Au|2dx> -

and
4

) = gulh) = 2= - :
m = = o
reir S = 8 =N\ (N = 4) o |AuPdx ’

Let

_ N-38 4 e
OZN A\ N2 [ |Audx '

If abﬁ < «ap, there exist A1 € (a, Ay), A2 € (Ay, +00), such that (u, A1), (u, A2) solve system (1.3). If

abﬁ = ag, (u, A,) solve system (1.3). If abﬁ > wp, system (1.3) has no solution. The proof is complete. O
For the degenerate case, i.e. a = 0, we have the following Proposition.

Proposition 2.7 (i) If5 < N <7 or N > 8§, then system (1.3) has a nontrivial solution (u, A) for all u,b > 0;
(ii) If N = 8, then there exists bo > 0, such that for all u > 0, system (1.3) has a nontrivial solution (u, A)
for b = by, and system (1.3) has no nontrivial solution for b # b.

Proof We define a function

gl = 22— AT / |AulPdx, VieRT.
RN

(i)If5 < N <7or N > 8, by g,(A), there exist A = (b [y |Aul?dx) ¥ such that g, (1) = 0 for all b > 0.
Hence, (u, A) is a nontrivial solution of system (1.3).
(ii) If N = 8, we deduce that g,(A) = (1 — b [ |Aul*dx)A%. Let by = m, if b = by, for all

A > 0 such that g, (1) = 0, then (u, 1) is a nontrivial solution of system (1.3). If b # by, then system (1.3) has
no nontrivial solution.
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Proofs of Theorems 1.1-1.2 Combining the facts with Proposition 2.4, Proposition 2.6 and Proposition 2.7 the
proofs of Theorems 1.1-1.2 are complete. O
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