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Abstract
In 1980, J. Beck considered the following 2-player van der Waerden game on a sequence of integers [1, N ].
Player 1 and Player 2 alternately pick a previously unpicked integers in [1, N ]. Player 1 wins if he has selected
all members of a k-arithmetic progression. Player 2 wins if Player 1 cannot obtain all members of a k-arithmetic
progression. Let W (k) be the least integer N so that the first player has a winning strategy and Beck has showed
that lim

k→∞ (W (k))1/k = 2. In this paper, we consider the situation where Player 2 will select t integers instead of

one integer in his turn and Player 1 will remain to pick only one integer in his turn. Let Wt (k) be the least integer
N so that the first player has a winning strategy in this setting and we show that lim

k→∞ (Wt (k)))1/k = t + 1.

Keywords Van der Waerden number · k-term arithmetic progression · k-AP game

Mathematics Subject Classification 05A17 · 05D10

1 Introduction

For an arithmetic progression A = {a + ld : 0 ≤ l ≤ k − 1}, we say that A is a k-term arithmetic progression
(AP) with difference d, or we write {a + ld}0≤l≤k−1. For a positive integer t , we denote the set {1, 2, 3, . . . , t}
by [1, t]. An r-colouring of a set S is a surjective function χ : S → [1, r ]. A monochromatic k-term arithmetic
progression refers to a k-term arithmetic progression such that all of its elements are of the same colour. One the
most fundamental Ramsey-type theorem is the van der Waerden theorem. Van der Waerden’s theorem [19] states
that there exists a least positive integer w = w(k; r) such that for any n ≥ w, every r -colouring of [1, n] admits
a monochromatic k-term arithmetic progression. For more results on van der Waerden numbers, see [1, 5, 6, 13,
17, 18].

Theorem 1.1 [19] (Van der Waerden’s Theorem) Let k, r ≥ 2 be integers. There exists a least positive integer
w = w(k; r) such that for any n ≥ w, every r-colouring of [1, n] admits a monochromatic k-term arithmetic
progression.

Note that exact values of w(k; 2) are only known for small value of k where w(3; 2) = 9, w(4; 2) =
35, w(5; 2) = 178, w(6; 2) = 1132, see [13]. The exact value of w(k; r) is not known in general. We refer
the readers to [5, 6, 14, 16–18].

There are many variants of Ramsey games that have been investigated, see [3, 4, 8–12, 15]. Consider one of the
games here, which is inspired by Ramsey Theory: Player 1 (red) and Player 2 (blue) alternate colouring edges of a
complete graph Km with their colours. Let H be a subgraph of Km . The first player to avoid a monochromatic H
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in his colour wins. A player is said to have a winning strategy if he will win the game by choosing certain integers
at each of his turn regardless of what integer the other player chooses at the other player’s turn. This motivates the
investigations on similar van der Waerden games.

We describe a van der Waerden game here. A k-AP van der Waerden game (or k-AP game) is a game between
two players, Player 1 and Player 2, on the set of integers [1, n]. Initially, all the integers 1, 2, . . . , n are uncoloured.
Player 1 will first select an integer and colour it with red. Player 2 will then select another integer and colour
it with blue. The two players continue this alternating colouring process on uncoloured integers. Each player’s
aim is to form a monochromatic k-term arithmetic progression as soon as possible. The player who first obtains a
monochromatic k-term arithmetic progression wins, thus ending the game. We assume all players play optimally
where both players never purposefully avoid a monochromatic k-term arithmetic progression and at the same time,
they would like to prevent the opponent from forming a monochromatic k-term arithmetic progression.

For the rest of the section, let Ti be the i th turn. Player 1 makes his move on the odd-numbered turns, whereas
Player 2 makes his move on the even-numbered turns.

2 A variant of van derWaerden game

Beck [2] considered the following variant of the k-AP game: Initially, all the integers 1, 2, . . . , n are uncoloured.
Player 1 will first select an integer and colour it with red. Player 2 will then select another integer and colour it
with blue. The two players continue this alternating colouring process on uncoloured integers. The aim of Player
1 is to form a red monochromatic k-term arithmetic progression and the aim of Player 2 is to prevent Player 1
from doing so. Player 1 wins if he obtains a red monochromatic k-term arithmetic progression and the game ends.
Player 2 wins if Player 1 cannot obtain a red monochromatic k-term arithmetic progression after all the integers
in 1, 2, . . . , n are coloured.

Let W (k) be the least positive integer n such that Player 1 has a winning strategy. Beck [2] showed that

lim
k→∞(W (k))1/k = 2. (1)

In this paper, we consider the situation where Player 2 will select t integers instead of just one integer. Formally,
at the beginning, all the integers [n] = 1, 2, . . . , n are uncoloured. Player 1 will first select an integer and colour it
with red. Player 2 will then select t integers and colour them with blue. The two players continue this alternating
colouring process on uncoloured integers. If there are less than t coloured integers at turn T2l , then Player 2 will
colour all the remaining integers with blue and the game ends. As before, the aim of Player 1 is to form a red
monochromatic k-term arithmetic progression and the aim of Player 2 is to prevent Player 1 from doing so. Player
1 wins if he obtains a red monochromatic k-term arithmetic progression and the game ends. Player 2 wins if
Player 1 cannot obtain a red monochromatic k-term arithmetic progression after all the integers in 1, 2, . . . , n are
coloured.

Note that we can write n = (p − 1)t + p + r where 0 ≤ r ≤ t . Suppose r = 0. If Player 1 is not able to
win, then the game ends at turn T2p−1 after Player 1 colours the last integer, say x p with red. At this moment, the
integers coloured with red are {x1, x2, . . . , x p} and the integers coloured with blue are

{y11, y12, . . . , y1t , y21, y22, . . . , y2t , . . . , yp−1,1, yp−1,2, . . . , yp−1,t }.

Suppose 1 ≤ r ≤ t . If Player 1 is not able to win, then the game ends at turn T2p after Player 2 colours the remaining
integers, say yp1, yp2, . . . , ypr with blue. At this moment, the integers coloured with red are {x1, x2, . . . , x p} and
the integers coloured with blue are

{y11, y12, . . . , y1t , y21, y22, . . . , y2t , . . . , yp−1,1, yp−1,2, . . . , yp−1,t , yp1, yp2, . . . , ypr }.
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Let Wt (k) be the least positive integer n such that Player 1 has a winning strategy. Note that when t = 1, then
Wt (k) = W1(k) = W (k). We will show that (see Corollary 2.9)

lim
k→∞(Wt (k))1/k = t + 1.

This is a generalization of equation (1).

2.1 Good system of sets

We begin by introducing some concepts and notations that will be used later. Let [n] = {1, 2, . . . , n} and 2[n] be
the collection of all subsets of [n] including the empty set ∅. A hypergraph F with vertex set [n] is a collection
of non-empty subsets of [n], i.e., F ⊆ 2[n] \ {∅}. An element in a hypergraph is called an edge. For examples,
if n = 9, then F1 = {{1, 2, 3}, {2, 4}, {3, 4, 5, 9}} and F2 = {{1, 8, 9}, {1, 2, 4}, {2, 6, 9}} are hypergraphs and
{1, 2, 3} is an edge of F1 but it is not an edge of F2.

Let F be a hypergraph with vertex set [n]. Let t ≥ 1 be an integer. Let X , Y ⊆ [n] with |X | = p, |Y | = t(p−1)+r
where 0 ≤ r ≤ t and X ∩ Y = ∅, say

X = {xi : 1 ≤ i ≤ p} ;
Y = {

yi j : 1 ≤ i ≤ p − 1, 1 ≤ j ≤ t
} ∪ {

ypj : 1 ≤ j ≤ r
}
,

with the convention that if r = 0, then
{

ypj : 1 ≤ j ≤ r
} = ∅. For convenience, for each i0 ∈ [p − 1], we set

Xi0 = {xi : 1 ≤ i ≤ i0} ;
Yi0 = {

yi j : 1 ≤ i ≤ i0, 1 ≤ j ≤ t
}
,

and we also set X0 = ∅ and Y0 = ∅, and X p = X and Yp = Y . Note that

Xi0+1 = Xi0 ∪ {xi0+1}, for all 0 ≤ i0 ≤ p − 1,

and

Yi0+1 =
{

Yi0 ∪ {yi0+1,1, yi0+1,2, . . . , yi0+1,t }, if 1 ≤ i0 ≤ p − 2;
Yi0 ∪ {yi0+1,1, yi0+1,2, . . . , yi0+1,r }, if i0 = p − 1.

Therefore, Y = Yp = Yp−1 ∪ {
ypj : 1 ≤ j ≤ r

}
. We shall call

(F, {Xi }1≤i≤p, {Yi }1≤i≤p),

a system of sets.
Given a system of sets (F, {Xi }1≤i≤p, {Yi }1≤i≤p), any integer m ≥ 1 and each i ∈ {1, 2, . . . , p}, we define

�m,i =
∑

A∈F,
A∩Yi−1=∅

1

(t + 1)m−|A∩Xi | . (2)

Here, we use the convention that �m,i = 0 if the set {A ∈ F : A ∩ Yi−1 = ∅} = ∅.

123 Indian J Pure Appl Math (2026) 57:1282–1302



https://doi.org/10.1007/s13226-025-00875-6 1285

Next, for any integer m ≥ 1, any u ∈ [n], all (i, j) with 1 ≤ i ≤ p − 1 and 1 ≤ j ≤ t , and all (i, j) with i = p
and 1 ≤ j ≤ r , we define

φ
( j)
m,i (u) =

∑

A∈F,u∈A,
A∩(Yi−1∪{yi1,yi2,...,yi, j−1})=∅

1

(t + 1)m−|A∩Xi | ,

and use the convention that φ
( j)
m,i (u) = 0 if

{
A ∈ F : u ∈ A and A ∩ (Yi−1 ∪ {yi1, yi2, . . . , yi, j−1}) = ∅

} = ∅.

Note that if j = 1, then {yi1, yi2, . . . , yi, j−1} = ∅ and

φ
( j)
m,i (u) = φ

(1)
m,i (u) =

∑

A∈F,u∈A,
A∩Yi−1=∅

1

(t + 1)m−|A∩Xi | .

A m-good system of sets is a system of sets (F, {Xi }1≤i≤p, {Yi }1≤i≤p) that satisfies the following conditions:
for all 1 ≤ i ≤ p − 1 and 1 ≤ j ≤ t ,

φ
( j)
m,i (yi j ) = max

u∈(X∪Yp−1)\(Xi ∪Yi−1∪{yi1,yi2,...,yi, j−1})
φ

( j)
m,i (u). (3)

Lemma 2.1 If (F, X , Y ) is a m-good system of sets, then �m,i+1 ≤ �m,i for all 1 ≤ i ≤ p − 1. In particular,

�m,i ≤ �m,1 ≤ |F|
(t + 1)m−1 for all 1 ≤ i ≤ p.

Proof Since m − |A ∩ X1| = m − 1 if x1 ∈ A, m − |A ∩ X1| = m if x1 /∈ A, we have

�m,1 =
∑

A∈F,
A∩Y0=∅

1

(t + 1)m−|A∩X1| =
∑

A∈F

1

(t + 1)m−|A∩X1| ≤
∑

A∈F

1

(t + 1)m−1 = |F|
(t + 1)m−1 .

Note that

φ
( j+1)
m,i (yi, j+1) =

∑

A∈F,yi, j+1∈A,

A∩(Yi ∪{yi1,yi2,...,yi, j−1,yi j })=∅

1

(t + 1)m−|A∩Xi |

≤
∑

A∈F,yi, j+1∈A,

A∩(Yi ∪{yi1,yi2,...,yi, j−1})=∅

1

(t + 1)m−|A∩Xi |

= φ
( j)
m,i (yi, j+1)

≤ φ
( j)
m,i (yi j ),

where the last inequality follows from (3). So, we have

φ
(t)
m,i (yit ) ≤ φ

(t−1)
m,i (yi,t−1) ≤ · · · ≤ φ

(1)
m,i (yi1) for 1 ≤ i ≤ p − 1. (4)
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Now, we will show that

∑

A∈F,xi+1∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi | ≤ φ
(t)
m,i (yit ) for 1 ≤ i ≤ p − 1. (5)

In fact,

∑

A∈F,xi+1∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi | =
∑

A∈F,xi+1∈A,
A∩(Yi−1∪{yi1,yi2,...,yi,t−1,yit })=∅

1

(t + 1)m−|A∩Xi |

≤
∑

A∈F,xi+1∈A,
A∩(Yi−1∪{yi1,yi2,...,yi,t−1})=∅

1

(t + 1)m−|A∩Xi |

= φ
(t)
m,i (xi+1)

≤ φ
(t)
m,i (yit ),

where the last inequality follows from (3).
Let 1 ≤ i ≤ p − 1 be fixed. We will show that �m,i+1 ≤ �m,i . Now,

�m,i =
∑

A∈F,yi1 /∈A,
A∩Yi−1=∅

1

(t + 1)m−|A∩Xi | +
∑

A∈F,yi1∈A,
A∩Yi−1=∅

1

(t + 1)m−|A∩Xi |

=

⎛

⎜⎜
⎝

∑

A∈F,
A∩(Yi−1∪{yi1})=∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+ φ

(1)
m,i (yi1)

=

⎛

⎜⎜
⎝

∑

A∈F,yi2 /∈A,
A∩(Yi−1∪{yi1})=∅

1

(t + 1)m−|A∩Xi | +
∑

A∈F,yi2∈A,
A∩(Yi−1∪{yi1})=∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+ φ

(1)
m,i (yi1)

=

⎛

⎜⎜
⎝

⎛

⎜⎜
⎝

∑

A∈F,yi2 /∈A,
A∩(Yi−1∪{yi1})=∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+ φ

(2)
m,i (yi2)

⎞

⎟⎟
⎠+ φ

(1)
m,i (yi1)

=

⎛

⎜⎜
⎝

∑

A∈F,
A∩(Yi ∪{yi1,yi2})=∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+ φ

(2)
m,i (yi2) + φ

(1)
m,i (yi1)

...

...
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=

⎛

⎜⎜
⎝

∑

A∈F,
A∩(Yi−1∪{yi1,yi2,...,yit })=∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+

∑

1≤ j≤t

φ
( j)
m,i (yi j )

=

⎛

⎜⎜
⎝

∑

A∈F,
A∩Yi =∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+

∑

1≤ j≤t

φ
( j)
m,i (yi j ).

So,

∑

A∈F,
A∩Yi =∅

1

(t + 1)m−|A∩Xi | = �m,i −
∑

1≤ j≤t

φ
( j)
m,i (yi j ). (6)

On the other hand,

�m,i+1 =
∑

A∈F,xi+1 /∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi+1| +
∑

A∈F,xi+1∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi+1|

=

⎛

⎜⎜
⎝

∑

A∈F,xi+1 /∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+

∑

A∈F,xi+1∈A,
A∩Yi =∅

t + 1

(t + 1)m−|A∩Xi |

=

⎛

⎜⎜
⎝

∑

A∈F,xi+1 /∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi | +
∑

A∈F,xi+1∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+

∑

A∈F,xi+1∈A,
A∩Yi =∅

t

(t + 1)m−|A∩Xi |

=

⎛

⎜⎜
⎝

∑

A∈F,
A∩Yi =∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠+

∑

A∈F,xi+1∈A,
A∩Yi =∅

t

(t + 1)m−|A∩Xi |

=
⎛

⎝�m,i −
∑

1≤ j≤t

φ
( j)
m,i (yi j )

⎞

⎠+ t

⎛

⎜⎜
⎝

∑

A∈F,xi+1∈A,
A∩Yi =∅

1

(t + 1)m−|A∩Xi |

⎞

⎟⎟
⎠ (from (6))

≤ �m,i −
∑

1≤ j≤t

φ
( j)
m,i (yi j ) + tφ(t)

m,i (yit ) (from (5))

= �m,i −
∑

1≤ j≤t−1

(
φ

( j)
m,i (yi j ) − φ

(t)
m,i (yit )

)

≤ �m,i ,

where the last inequality follows from (4). Hence, the lemma follows. 
�
Lemma 2.2 Suppose (F, {Xi }1≤i≤p, {Yi }1≤i≤p) is a m-good system of sets. If |F| < (t + 1)m−1 and

min
A∈F

|A| ≥ m,
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then for each 1 ≤ i ≤ p and all A ∈ F, either

(a) A ∩ Yi−1 = ∅ and |A ∩ Xi | ≤ m − 1, or
(b) A ∩ Yi−1 �= ∅.

Proof Suppose the lemma is false. Then there is an 1 ≤ i0 ≤ p and an A0 ∈ F such that

A0 ∩ Yi0−1 = ∅ and |A0 ∩ Xi0 | ≥ m.

This implies that

�m,i0 =
∑

A∈F,
A∩Yi0−1=∅

1

(t + 1)m−|A∩Xi0 | =
∑

A∈F,
A∩Yi0−1=∅

(t + 1)|A∩Xi0 |−m ≥ (t + 1)|A0∩Xi0 |−m ≥ 1.

On the other hand, by Lemma 2.1,

�m,i0 ≤ |F|
(t + 1)m−1 <

(t + 1)m−1

(t + 1)m−1 = 1,

a contradiction. Hence, the lemma holds. 
�

2.2 Lower bound ofWt(k)

In this subsection, we will find a lower bound of Wt (k). Let us begin by stating the following lemma in
[2, Lemma 4].

Lemma 2.3 Let us be given h (h ≥ 135) arithmetic progressions P1, P2, . . . , Ph of length k, having the property
that for every two progressions Pi , Pj , either Pi ∩ Pj = ∅ or Pi and Pj have distinct differences. Then one can
select a subsequence Pi1, Pi2, . . . , Pil , where l = 
h1/5�, such that

∣∣∣∣∣∣

⋃

1≤ j≤l

Pi j

∣∣∣∣∣∣
≥ lk − k.

We note here that if l ≥ l0,
∣∣∣
⋃

1≤ j≤l Pi j

∣∣∣ ≥ lk − k and |Pi j | = k, then

(l − l0)k +
∣∣∣∣∣∣

⋃

1≤ j≤l0

Pi j

∣∣∣∣∣∣
=

∑

l0+1≤ j≤l

∣∣Pi j

∣∣+
∣∣∣∣∣∣

⋃

1≤ j≤l0

Pi j

∣∣∣∣∣∣
≥
∣∣∣∣∣∣

⋃

1≤ j≤l

Pi j

∣∣∣∣∣∣
≥ lk − k.

So, we have

∣∣∣∣∣∣

⋃

1≤ j≤l0

Pi j

∣∣∣∣∣∣
≥ l0k − k. (7)

Given an arithmetic progressions P , we shall denote its difference by d(P).
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Let k′ = k−2
k8/9� and P(N , k′) be the set of all arithmetic progressions of the form {a, a+d, . . . , a+(k′−1)d}
with a + (k′ − 1)d ≤ N and a = 2
k′8/9�ld + r where 0 ≤ r ≤ d − 1 and l ≥ 1. Since a can take values from 1
up to N − (k′ − 1) and d can take values from 1 up to N−1

k′−1 , we see that

∣∣P(N , k′)
∣∣ ≤ (

N − (k′ − 1)
) (N − 1

k′ − 1

)
< N 2. (8)

Lemma 2.4 Let P1 ∈ P(N , k′) and

Q = {
P ∈ P(N , k′) : d(P) = d(P1) and P ∩ P1 �= ∅

}
.

Then |Q| ≤ k′−1

k′8/9� + 1.

Proof Let P1 = {a1, a1 + d1, . . . , a1 + (k′ − 1)d1} and a1 = 2
k′8/9�l1d1 + r1 where 0 ≤ r1 ≤ d1 − 1 and l1 ≥ 1.
If a1 + jd1 = 2
k′8/9�l2d1 + r1 for some positive integer l2, then j = 2
k′8/9�c for some positive integer c. This
implies that

c ≤ k′ − 1

2
k′8/9� .

So, the number of elements excluding a1 in P1 of the form 2
k′8/9�ld1 + r1 where 0 ≤ r1 ≤ d1 − 1 and l ≥ 1 is

at most k′−1
2
k′8/9� . Let’s denote these elements by b1, b2, . . . , bc0 where c0 =

⌊
k′−1

2
k′8/9�
⌋

.

Now, we count the number of P ∈ P(N , k′) with d(P) = d(P1) = d1 and P �= P1. Let the first term in P be
a. If a ∈ P1, then a must be equal to one of the bi ’s. Therefore, there are at most c0 of such P’s. If a /∈ P1, we
must have a1 ∈ P . Using similar argument as in the previous paragraph, we see that the number of elements in P
of the form 2
k′8/9�ld1 + r1 where 0 ≤ r1 ≤ d1 − 1 and l ≥ 1 is at most k′−1

2
k′8/9� . Thus, the number of such P’s is

also at most k′−1
2
k′8/9� . Hence, |Q| ≤ 2c0 + 1 ≤ k′−1

2
k′8/9� + k′−1
2
k′8/9� + 1 = k′−1


k′8/9� + 1. 
�

A subset {A1, A2, . . . , Al} ⊆ P(N , k′) is said to be connected if there is A0 ∈ P(N , k′) such that Ai ∩ A0 �= ∅

for all i . Consider the hypergraph

L =
⎧
⎨

⎩

⋃

1≤i≤
k′1/9�
Ai :

∣∣∣∣∣∣

⋃

1≤i≤
k′1/9�
Ai

∣∣∣∣∣∣
≥ 
k′1/9�k′ − k′ and

{
A1, A2, . . . , A
k′1/9�

}
is connected in P(N , k′)

⎫
⎬

⎭
. (9)

Lemma 2.5 There exists a k1 such that for all k′ ≥ k1, if N ≤ (t + 1)k′−5k′8/9
, then

|L| < (t + 1)(k
′
k′1/9�−2k′)−1.

Proof Let A0 ∈ P(N , k′). Set

H(A0) = {
A ∈ P(N , k′) : A ∩ A0 �= ∅

}
.
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We will show that H(A0) < k′2 N . Let

A0 = {a0, a0 + d0, . . . , a0 + (k′ − 1)d0}.

Now, we count the number of elements in H(A0). Let A = {a, a + d, . . . , a + (k′ − 1)d} ∈ H(A0). If a ∈ A ∩ A0,
then a = a0 + j0d0 for some 0 ≤ j0 ≤ k′ − 1. So, there are at most k′ choices for a. For each of these choices,
d ≤ N−a

k′−1 < N . So, there are at most Nk′ of such A’s with a ∈ A ∩ A0. If a /∈ A ∩ A0 and a + d ∈ A ∩ A0,
then a + d = a0 + j1d0 for some 0 ≤ j1 ≤ k′ − 1 and there are at most k′ choices for a + d. For each of these
choices, d ≤ N−a

k′−1 < N . So, there are at most Nk′ of such A’s with a /∈ A ∩ A0 and a + d ∈ A ∩ A0. Similarly,
for each 2 ≤ j ≤ k′ − 1, there are at most Nk′ of such A’s with a + j1d /∈ A ∩ A0 for 0 ≤ j1 ≤ j − 1 and
a + jd ∈ A ∩ A0. Thus, there are at most k′2 N of such A’s. This means |H(A0)| ≤ k′2 N . Therefore, the number

of
{

A1, A2, . . . , A
k′1/9�
}

⊆ P(N , k′) with Ai ∩ A0 �= ∅ is at most

(
k′2 N


k′1/9�
)

=
k′2 N (k′2 N − 1) . . .

(
k′2 N − 
k′1/9� + 1

)

(
k′1/9�)! < k′2
k′1/9�N 
k′1/9�.

By Equation (8), there at most N 2 of such A0’s. Therefore,

|L| <

(
k′2
k′1/9�N 
k′1/9�

)
N 2 = k′2k′1/9

N 2+
k′1/9� < (t + 1)k′
N 2+
k′1/9�,

provided that (1 + t)k′8/9
> k′2 which is true for sufficiently large k′ depending on t . Hence,

|L| < (t + 1)k′
N 2+
k′1/9� ≤ (t + 1)k′ (

(t + 1)k′−5k′8/9)2+
k′1/9�

= (t + 1)k′
k′1/9�+3k′−10k′8/9−5k′8/9
k′1/9�

≤ (t + 1)
k′
k′1/9�+3k′−10k′8/9−5k′8/9

(
k′1/9−1

)

= (t + 1)k′
k′1/9�−2k′−5k′8/9

< (t + 1)(k
′
k′1/9�−2k′)−1.


�
Now, note that every arithmetic progression of length k in [N ] = {1, 2, . . . , N } contains an element from

P(N , k′). In fact, {a1, a1 + d1, . . . , a1 + (k − 1)d1} contains the element

{
2z
k′8/9�d1 + r , (2z
k′8/9� + 1)d1 + r , . . . , (2(z − 1)
k′8/9� + k′ − 1)d1 + r

}
∈ P(N , k′),

where a1 = qd1 + r with 0 ≤ r ≤ d1 − 1 and q = 2(z − 1)
k′8/9� + r ′ with 0 ≤ r ′ ≤ 2
k′8/9� − 1.
Now, recall that Player 1 chooses an element from [N ] and colours it with red at his turn and Player 2 chooses

t elements from [N ] and colours them with blue at his turn. The aim of Player 1 is to obtain a monochromatic
arithmetic progression of length k with red colour whereas the aim of Player 2 is to prevent Player 1 from doing so.
Suppose that Player 1 wins. This means Player 1 would obtain a monochromatic arithmetic progression of length
k with red colour. Since this arithmetic progression contains an element in P(N , k′), this means Player 1 would
also be able to colour an element in P(N , k′) with red. Here, an element A ∈ P(N , k′) is said to be coloured with
red if each integer in A is coloured with red.
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We are going to show that if N ≤ (t +1)k−7k8/9
, then no matter what Player 1 does, he will not be able to colour

any element in P(N , k′) with red. The following theorem then follows.

Theorem 2.6 There is a positive integer k0 = k0(t) such that for all k ≥ k0,

Wt (k) > (t + 1)k−7k8/9
.

Note that

N ≤ (t + 1)k−7k8/9 ≤ (t + 1)k′+2
k8/9�−7k8/9 ≤ (t + 1)k′−5
k8/9� ≤ (t + 1)k′−5
k′8/9�. (10)

Let’s say after some turns, there are at most t uncoloured integers and it is Player 2’s turn. Then Player 2 will
colour the remaining integers with blue and the game ends. In this scenario, Player 1 loses the game. If Player 1
wins, then the game ends after Player 1 colours an integer with red and he obtains an element in P(N , k′) with
red. So, we may assume that at each of the Player 2’s turns, he will be able to colour t integers with blue.

We will devise a strategy for Player 2, so that no matter what Player 1 does, Player 1 will not be able to get an
element in P(N , k′) with red.

At the beginning, just before Player 1 colours any integer with red, let X0 = Y0 = ∅ and B0 = ∅ = V00 = W00.
Suppose that after some turns (just before Player 1 chooses any uncoloured integer and colours it with red), we
have obtained {Xi }0≤i≤r1 , {Yi }0≤i≤r1 , {Bi }0≤i≤r2 , {Vi j }0≤i≤r2,0≤ j≤si and {Wi j }0≤i≤r2,0≤ j≤si such that

(i) Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit } for 1 ≤ i ≤ r1;
(ii) Vi0 = ∅ and Wi0 = ∅ for 0 ≤ i ≤ r2;

(iii) Vi j = Vi, j−1 ∪ {vi j } and Wi j = Wi, j−1 ∪ {wi j1, wi j2, . . . , wi j t } for 1 ≤ i ≤ r2 and 1 ≤ j ≤ si ;
(iv) for each 1 ≤ i ≤ r2, |Bi | = 
k′8/9� and there is a Pi ∈ P(N , k′) with Bi = Pi \ Xr1 ;
(v) for each 1 ≤ i ≤ r2 and 1 ≤ j ≤ si , Vi j ⊆ Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1);

(vi) if [N ] \ (Xr1 ∪ Yr1) ⊆ ⋃
1≤i≤r2

Bi , then at most t different i’s with Bi ∩ Yr1 �= ∅;
(vii) if [N ] \ (Xr1 ∪ Yr1) �

⋃
1≤i≤r2

Bi , then Bi ∩ Yr1 = ∅ for all 1 ≤ i ≤ r2.

Note that either (vi) or (vii) holds.
Now, Player 1 chooses an uncoloured integer, say z and colours it with red. We consider two cases.

Case 1. z /∈ ⋃
0≤i≤r2

Bi .
In this scenario, (vii) holds. We label z as xr1+1 and set

Xr1+1 = Xr1 ∪ {xr1+1}.

Player 2 chooses yr1+1,1, yr1+1,2, . . . , yr1+1,t and colour them with blue according to the two subcases:

Case 1.1. Suppose there are more than t uncoloured integers in [N ] \ (⋃
1≤i≤r2

Bi
)
. Then we choose

yr1+1,1, yr1+1,2, . . . , yr1+1,t from [N ] \ (⋃1≤i≤r2
Bi
)
.

Let m1 = k′
k′1/9� − 2k′. Suppose yr1+1,1, yr1+1,2, . . . , yr1+1, j−1 have been chosen. Define

α
( j)
r1+1(u) =

∑

A∈L,u∈A,
A∩(Yr1∪{yr1+1,1,yr1+1,2,...,yr1+1, j−1})=∅

1

(t + 1)m1−|A∩Xr1 | ,
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for all u ∈ [N ] \ (⋃1≤i≤r2
Bi
)
. Player 2 chooses a yr1+1, j ∈ [N ] \ (⋃1≤i≤r2

Bi
)

satisfying

α
( j)
r1+1(yr1+1, j ) = max

u∈[N ]\
(⋃

1≤i≤r2
Bi

)
,

u is uncoloured

α
( j)
r1+1(u). (11)

Next, after Player 2 has chosen yr1+1,1, yr1+1,2, . . . , yr1+1,t , set

Yr1+1 = Yr1 ∪ {yr1+1,1, yr1+1,2, . . . , yr1+1,t }.

Since z = xr1+1 /∈ Bi , we have Bi = Pi \ Xr1 = Pi \ Xr1+1 for 1 ≤ i ≤ r2. Furthermore, yr1+1, j /∈ ⋃
1≤i≤r2

Bi

for all j implies that Bi ∩ Yr1+1 = ∅. Suppose these are the only

Pr2+1, Pr2+2, . . . , Pr2+r3 ∈ P(N , k′) \ {P1, P2, . . . , Pr2},

with

|Pi \ Xr1+1| = 
k′8/9� and Pi ∩ Yr1+1 = ∅, for all r2 + 1 ≤ i ≤ r2 + r3.

We set Bi = Pi \ Xr1+1, Vi0 = ∅, Wi0 = ∅ and si = 0 for r2 + 1 ≤ i ≤ r2 + r3. So, we have obtained
{Xi }0≤i≤r1+1, {Yi }0≤i≤r1+1, {Bi }0≤i≤r2+r3 , {Vi j }0≤i≤r2+r3,0≤ j≤si and {Wi j }0≤i≤r2+r3,0≤ j≤si such that

(i’) Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit } for 1 ≤ i ≤ r1 + 1;
(ii’) Vi0 = ∅ and Wi0 = ∅ for 0 ≤ i ≤ r2 + r3;

(iii’) Vi j = Vi, j−1 ∪ {vi j } and Wi j = Wi, j−1 ∪ {wi j1, wi j2, . . . , wi j t } for 1 ≤ i ≤ r2 + r3 and 1 ≤ j ≤ si ;
(iv’) for each 1 ≤ i ≤ r2 + r3, |Bi | = 
k′8/9� and there is a Pi ∈ P(N , k′) with Bi = Pi \ Xr1+1;
(v’) for each 1 ≤ i ≤ r2 + r3 and 1 ≤ j ≤ si , Vi j ⊆ Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1);

(vi’) if [N ] \ (Xr1+1 ∪ Yr1+1) ⊆ ⋃
1≤i≤r2+r3

Bi , then at most t different i’s with Bi ∩ Yr1+1 �= ∅;
(vii’) if [N ] \ (Xr1+1 ∪ Yr1+1) �

⋃
1≤i≤r2+r3

Bi , then Bi ∩ Yr1+1 = ∅ for all 1 ≤ i ≤ r2 + r3.

We note here that if the game ends after Player 1 colours the integer z, then Yr2+1 = Yr2 . Also conditions (vi’)
and (vii’) hold because by construction, Bi ∩ Yr1+1 = ∅ for all 1 ≤ i ≤ r2 + r3.

Case 1.2. Suppose there are less than t uncoloured integers in [N ] \ (⋃1≤i≤r2
Bi
)
, say t1. Then we choose all

these integers and label them as yr1+1,1, yr1+1,2, . . . , yr1+1,t1 , then simply choose t − t1 uncoloured integers from⋃
1≤i≤r2

Bi and label them as yr1+1,t1+1, yr1+1,t1+2, . . . , yr1+1,t .
Next, after Player 2 has coloured yr1+1,1, yr1+1,2, . . . , yr1+1,t with blue, set

Yr1+1 = Yr1 ∪ {yr1+1,1, yr1+1,2, . . . , yr1+1,t }.

Since z = xr1+1 /∈ Bi , we have Bi = Pi \ Xr1 = Pi \ Xr1+1 for 1 ≤ i ≤ r2. Now, 0 ≤ t1 < t implies that there
are at most t different i’s with Bi ∩ Yr1+1 �= ∅ where 1 ≤ i ≤ r2. Suppose these are the only

Pr2+1, Pr2+2, . . . , Pr2+r3 ∈ P(N , k′) \ {P1, P2, . . . , Pr2},

with

|Pi \ Xr1+1| = 
k′8/9� and Pi ∩ Yr1+1 = ∅, for all r2 + 1 ≤ i ≤ r2 + r3.
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We set Bi = Pi \ Xr1+1, Vi0 = ∅, Wi0 = ∅ and si = 0 for r2 + 1 ≤ i ≤ r2 + r3. So, we have obtained
{Xi }0≤i≤r1+1, {Yi }0≤i≤r1+1, {Bi }0≤i≤r2+r3 , {Vi j }0≤i≤r2+r3,0≤ j≤si and {Wi j }0≤i≤r2+r3,0≤ j≤si such that

(i’) Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit } for 1 ≤ i ≤ r1 + 1;
(ii’) Vi0 = ∅ and Wi0 = ∅ for 0 ≤ i ≤ r2 + r3;

(iii’) Vi j = Vi, j−1 ∪ {vi j } and Wi j = Wi, j−1 ∪ {wi j1, wi j2, . . . , wi j t } for 1 ≤ i ≤ r2 + r3 and 1 ≤ j ≤ si ;
(iv’) for each 1 ≤ i ≤ r2 + r3, |Bi | = 
k′8/9� and there is a Pi ∈ P(N , k′) with Bi = Pi \ Xr1+1;
(v’) for each 1 ≤ i ≤ r2 + r3 and 1 ≤ j ≤ si , Vi j ⊆ Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1);

(vi’) if [N ] \ (Xr1+1 ∪ Yr1+1) ⊆ ⋃
1≤i≤r2+r3

Bi , then at most t different i’s with Bi ∩ Yr1+1 �= ∅;

Similarly, as in Case 1.1, if the game ends after Player 1 colours the integer z, then Yr2+1 = Yr2 . Only conditions
(vi’) holds because by construction, there are at most t different i’s (1 ≤ i ≤ r2) with Bi ∩ Yr1+1 �= ∅, and
Bi ∩ Yr1+1 = ∅ for r2 + 1 ≤ i ≤ r2 + r3.
Case 2. z ∈ ⋃

0≤i≤r2
Bi .

In this scenario, we set

B∗
i = Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1), for all1 ≤ i ≤ r2.

Clearly, B∗
1 , B∗

2 , . . . , B∗
r2

are disjoint subsets of [N ]. Suppose z ∈ B∗
i2

for some 1 ≤ i2 ≤ r2. We set

Si2 =
{

P ∩ B∗
i2

: P ∈ P(N , k′) and |P ∩ B∗
i2
| ≥ k′1/9

}
.

Label z as vi2,si2+1 and set

Vi2,si2+1 = Vi2si2
∪ {vi2,si2+1}.

Player 2 chooses wi2,si2+1,1, wi2,si2+1,2, . . . , wi2,si2+1,t and colour them with blue according to the following
rules:

Let m2 = 
k′1/9�. Suppose wi2,si2+1,1, wi2,si2+1,2, . . . , wi2,si2+1,t1−1 have been chosen. Define

β
(t1)
i2,si2+1

(u) =
∑

A∈Si2 ,u∈A,

A∩(Wi2si2
∪{wi2,si2+1,1,wi2,si2+1,2,...,wi2,si2+1,t1−1})=∅

1

(t + 1)
m2−|A∩Vi2si2

| ,

for all u ∈ [N ]. Player 2 chooses a wi2,si2+1,t1 satisfying

β
(t1)
i2,si2+1

(wi2,si2+1,t1) = max
u∈[N ],

u is uncoloured

β
(t1)
i2,si2+1

(u). (12)

Next, after Player 2 has chosen wi2,si2+1,1, wi2,si2+1,2, . . . , wi2,si2+1,t , set

Wi2,si2+1 = Wi2,si2
∪ {wi2,si2+1,1, wi2,si2+1,2, . . . , wi2,si2+1,t }.

Let s′
i2

= si2 + 1 and s′
i = si for i �= i2. We have obtained {Xi }0≤i≤r1 , {Yi }0≤i≤r1 , {Bi }0≤i≤r2 , {Vi j }0≤i≤r2,0≤ j≤s′

i
and {Wi j }0≤i≤r2,0≤ j≤s′

i
such that
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(i”) Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit } for 1 ≤ i ≤ r1;
(ii”) Vi0 = ∅ and Wi0 = ∅ for 0 ≤ i ≤ r2;

(iii”) Vi j = Vi, j−1 ∪ {vi j } and Wi j = Wi, j−1 ∪ {wi j1, wi j2, . . . , wi j t } for 1 ≤ i ≤ r2 and 1 ≤ j ≤ s′
i ;

(iv”) for each 1 ≤ i ≤ r2, |Bi | = 
k′8/9� and there is a Pi ∈ P(N , k′) with Bi = Pi ∩ Xr1 ;
(v”) for each 1 ≤ i ≤ r2 and 1 ≤ j ≤ si , Vi j ⊆ Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1).

(vi”) if [N ] \ (Xr1 ∪ Yr1) ⊆ ⋃
1≤i≤r2

Bi , then at most t different i’s with Bi ∩ Yr1 �= ∅;
(vii”) if [N ] \ (Xr1 ∪ Yr1) �

⋃
1≤i≤r2

Bi , then Bi ∩ Yr1 = ∅ for all 1 ≤ i ≤ r2.

We note here that if the game ends after Player 1 colours the integer z, then Wi2,si2+1 = Wi2,si2
.

At the end, Player 1 colours an integer and wins the game. At this moment we have obtained {Xi }0≤i≤R1 ,
{Yi }0≤i≤R1 , {Bi }0≤i≤R2 , {Vi j }0≤i≤R2,0≤ j≤Si and {Wi j }0≤i≤R2,0≤ j≤Si such that

(I) Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit } for 1 ≤ i ≤ R1;
(II) Vi0 = ∅ and Wi0 = ∅ for 0 ≤ i ≤ R2;

(III) Vi j = Vi, j−1 ∪ {vi j } and Wi j = Wi, j−1 ∪ {wi j1, wi j2, . . . , wi j t } for 1 ≤ i ≤ R2 and 1 ≤ j ≤ Si ;
(IV) for each 1 ≤ i ≤ R2, |Bi | = 
k′8/9� and there is a Pi ∈ P(N , k′) with Bi = Pi \ X R1 ;
(V) for each 1 ≤ i ≤ R2 and 1 ≤ j ≤ Si , Vi j ⊆ Bi \ (B0 ∪ B1 ∪ · · · ∪ Bi−1);

(VI) there are at most t different i’s with Bi ∩ YR1 �= ∅ where 1 ≤ i ≤ R2.

Depending on Case 1 or Case 2, for (I), it is possible that YR1 = YR1−1 and for (III), it is possible that Wi2,Si2
=

Wi2,Si2−1. Note that (VI) is a consequence of the scenario in Case 1.2. It is also possible that Bi ∩ YR1 = ∅ where
1 ≤ i ≤ R2.

Now, for each A ∈ L, |A| ≥ m1 (see (9)). So, (L, {Xi }1≤i≤R1, {Yi }1≤i≤R1) is a m1-good system of sets ((3) is
satisfied with F = L). In fact, by equation (11), for 1 ≤ i ≤ R1 − 1 and 1 ≤ j ≤ t , we have

φ
( j)
m,i (yi j ) = max

u∈(X∪YR1−1)\(Xi ∪Yi−1∪{yi1,yi2,...,yi, j−1})
φ

( j)
m,i (u),

as the integers in
(
X ∪ YR1−1)

) \ (Xi ∪ Yi−1 ∪ {yi1, yi2, . . . , yi, j−1}) are uncoloured just before yi j was chosen
by Player 2. Furthermore, all the integers in

(
X ∪ YR1−1)

) \ (Xi ∪ Yi−1 ∪ {yi1, yi2, . . . , yi, j−1}) are in [N ] \(⋃
1≤i≤R2

Bi
)

by construction.
By Lemma 2.2, for all A ∈ L, either

(a) A ∩ YR1−1 = ∅ and |A ∩ X R1 | ≤ m1 − 1 = k′
k′1/9� − 2k′ − 1, or
(b) A ∩ YR1−1 �= ∅.

At the moment, let’s assume that the following two facts are true.

Fact 1 Fact 1. For each P ∈ P(N , k′), there are at most k′7/9 − 1 number of i’s with Bi ∩ P �= ∅.

Fact 2 For each fixed i , there are at most (t + 1)
k′1/9�−1 edges P ∈ P(N , k′) with |P ∩ Bi | ≥ 2.

Since Player 1 wins, there is a Q ∈ P(N , k′) with red. Therefore,

Q ⊆ X R1 ∪
⋃

1≤i≤R2

Vi Si .

By construction, if Q = Pi for some 1 ≤ i ≤ R2, then |Q ∩ X R1 | = k′ − 
k′8/9�. Since Q is red, Q ∩ YR1 = ∅.
Therefore, if Q �= Pi for all 1 ≤ i ≤ R2, then by construction, |Q \ X R1 | > 
k′8/9�. This means |Q ∩ X R1 | <
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k′ − 
k′8/9�. In either case, |Q ∩ X R1 | ≤ k′ − 
k′8/9�. This implies that

∣∣∣∣∣∣
Q ∩

⋃

1≤i≤R2

Vi Si

∣∣∣∣∣∣
≥ 
k′8/9� > k′8/9 − 1.

By (V), V1S1, V2S2, . . . , VR2 SR2
are disjoint sets. Let i0 be such that

|Q ∩ Vi0 Si0
| = max

1≤i≤R2
|Q ∩ Vi Si |.

Since Q is red, Q ∩ YR1 = ∅. Therefore, by Fact 1

∣∣∣∣∣∣
Q ∩

⋃

1≤i≤R2

Vi Si

∣∣∣∣∣∣
≤
(

k′7/9 − 1
)

|Q ∩ Vi0 Si0
|.

Thus,

|Q ∩ Vi0 Si0
| >

k′8/9 − 1

k′7/9 − 1
> k′1/9

. (13)

On the other hand, consider the set

Si0 =
{

P ∩ B∗
i0

: P ∈ P(N , k′) and |P ∩ B∗
i0
| ≥ k′1/9

}
.

Since Vi0 Si0
⊆ B∗

i0
, it follows from (13) that Q∩B∗

i0
∈ Si0 . Now, k′ = k−2
k8/9� ≥ k−2k8/9 = k

(
1 − 2

k1/9

)
≥ k

2

for k ≥ 49. This implies that k′ ≥ 217 and k′1/9
> 2. By Fact 2, |Si0 | ≤ (t + 1)
k′1/9�−1. For each A ∈ Si0 ,

|A| ≥ k′1/9 ≥ 
k′1/9�. By (12), it is not hard to see that (Si0, {Vi0 j }1≤ j≤Si0
, {Wi0 j }1≤ j≤Si0

) is a m2-good system
of sets ((3) is satisfied). By Lemma 2.2, for all A ∈ Si0 , either

(c) A ∩ Wi0,Si0−1 = ∅ and |A ∩ Vi0 Si0
| ≤ m2 − 1 = 
k′1/9� − 1 ≤ k′1/9 − 1, or

(d) A ∩ Wi0,Si0−1 �= ∅.

Since Q is red, (Q ∩ B∗
i0
) ∩ Wi0,Si0−1 = ∅. This implies that

|Q ∩ Vi0 Si0
| = |(Q ∩ B∗

i0
) ∩ Vi0 Si0

| ≤ k′1/9 − 1,

a contradiction (see (13)).
Now, it is left to show that Facts 1 and 2 are true.

Proof of Fact 1 Assume that Fact 1 is false. So, there is a P0 ∈ P(N , k′) and Ba1, Ba2, . . . , Baν such that Bai ∩ P0 �=
∅ for all 1 ≤ i ≤ ν and ν > k′7/9 − 1. By (VI), we may assume that Bai ∩ P0 �= ∅ and Bai ∩ YR1 = ∅ for
all 1 ≤ i ≤ ν′ and ν′ > k′7/9 − 1 − t . By (IV), there are Pa1, Pa2, . . . , Paν′ such that Bai = Pai \ X R1 . So,
Pai ∩ P0 �= ∅. Let b1 = 1 and set

Q1 =
{

Pai : 1 ≤ i ≤ ν′, d(Pai ) = d(Pab1
) and Pai ∩ Pab1

�= ∅

}
.
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Let Pab2
/∈ Q1 and set

Q2 =
{

Pai : 1 ≤ i ≤ ν′, Pai /∈ Q1, d(Pai ) = d(Pab2
) and Pai ∩ Pab2

�= ∅

}
.

Let Pab3
/∈ Q1 ∪ Q2 and set

Q3 =
⎧
⎨

⎩
Pai : 1 ≤ i ≤ ν′, Pai /∈

⋃

1≤ j≤2

Q j , d(Pai ) = d(Pab3
) and Pai ∩ Pab3

�= ∅

⎫
⎬

⎭
.

We may continue this process and obtain Q1, Q2, . . . , Qh at the end because Q1, Q2, . . . , Qh are disjoint and are
subsets of {Pa1, Pa2, . . . , Paν′ }. By Lemma 2.4, |Qi | ≤ k′−1


k′8/9� + 1 for all i . This means

ν′ ≤
∑

1≤i≤h

|Qi | ≤ h

(
k′ − 1


k′8/9� + 1

)
,

which implies that

h ≥ ν′
k′−1


k′8/9� + 1
>


k′8/9�
(

k′7/9 − 1 − t
)

k′ − 1 + 
k′8/9� >

(
k′8/9 − 1

) (
k′7/9 − 1 − t

)

k′ − 1 + k′8/9 > k′5/9
,

for sufficiently large k′. Now, each Pabi
∈ Qi . So, we have Pab1

, Pab2
, . . . , Pabh

such that either Pabi
∩ Pab j

= ∅

or d(Pabi
) �= d(Pab j

) for all i �= j .

By Lemma 2.3, we can select l = 
h1/5� > 
k′1/9� elements from {Pab1
, Pab2

, . . . , Pabl
}, say

Pac1
, Pac2

, . . . , Pacl
,

such that

∣∣∣∣∣∣

⋃

1≤ j≤l

Pac j

∣∣∣∣∣∣
≥ lk′ − k′.

It follows from equation (7) that

∣∣∣∣∣∣

⋃

1≤ j≤
k′1/9�
Pac j

∣∣∣∣∣∣
≥ 
k′1/9�k′ − k′.

Now,

{
Pac1

, Pac2
, . . . , Pac
k′1/9�

}
is connected by P0. So, A0 = ⋃

1≤ j≤
k′1/9� Pac j
∈ L. Since Bai ∩ YR1 = ∅

for all 1 ≤ i ≤ ν′, we must have A0 ∩ YR1−1 = ∅. Note that

|A0 ∩ X R1 | = |A0| − |A0 \ X R1 | ≥ |A0| −
∑

1≤ j≤
k′1/9�
|Pac j

\ X R1 |
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≥
(

k′1/9�k′ − k′)−

∑

1≤ j≤
k′1/9�

k′8/9�

=
(

k′1/9�k′ − k′)− 
k′1/9�
k′8/9�

≥ 
k′1/9�k′ − 2k′,

a contradiction (see (a)). 
�
Proof of Fact 2 Given any arithmetic progression {a, a + d, . . . , a + (k′ − 1)d}, if a + j1d and a + j2d are known
for different j1 and j2, then a and d can be determined. So, given any two fixed integers, there are at most

(k′
2

)

elements in P(N , k′) containing the two integers. This implies that for a fixed Bi , there are at most
(k′

2

)(|Bi |
2

)

elements P ∈ P(N , k′) with |P ∩ Bi | ≥ 2. By (IV),

(
k′

2

)(|Bi |
2

)
=
(

k′

2

)(
k′8/9�
2

)
<

(
k′

2

)2

<
k′4

4
≤ 2k′1/9−2 < 2
k′1/9�−1 ≤ (t + 1)
k′1/9�−1.

Here, 2k′1/9−2 ≥ k′4
4 provided that k′ is sufficiently large. 
�

Hence, Theorem 2.6 holds.

2.3 Upper bound ofWt(k)

In this subsection, we will find the upper bound of Wt (k). We begin with the following lemma.

Lemma 2.7 Let B0 be the set of all k-term arithmetic progressions in [N ]. If N ≥ k
√

2√
2−1

, then

|B0| >
N 2

4(k − 1)
.

Proof A typical element in B0 is of the form

{a, a + d, . . . , a + (k − 1)d}.

For each 1 ≤ a ≤ N − (k − 1), we have d ≤ N−a
k−1 . Therefore,

|B0| =
∑

1≤i≤N−(k−1)

⌊
N − i

k − 1

⌋
>

∑

1≤i≤N−(k−1)

(
N − i

k − 1
− 1

)

= N (N − (k − 1))

(k − 1)
− (N − (k − 1))(N − (k − 1) + 1)

2(k − 1)
− (N − (k − 1))

= (N − k + 1)(N − k)

2(k − 1)
>

(N − k)2

2(k − 1)
≥ N 2

4(k − 1)
,

provided that N ≥ k
√

2√
2−1

. 
�
Theorem 2.8 There is positive integer k0 = k0(t) such that for all k ≥ k0,

(t + 1)k−7k8/9
< Wt (k) ≤ 4k3(t + 1)k−2.
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Proof Let B0 denotes the set of all k-term arithmetic progressions in [N ] where N ≥ 4k3(t + 1)k−2.
We will devise a strategy for Player 1, so that no matter what Player 2 does, Player 1 will always be able to get

an element in B0 with red, or in other words, Player 1 will always win. The theorem then follows from this.
Now, just before Player 1 chooses the first integer and colours it with red, let X0 = Y0 = ∅. Suppose that

after some turns (just before Player 1 chooses any uncoloured integer and colours it with red), we have obtained
{Xi }0≤i≤r1 , {Yi }0≤i≤r1 such that

Xi = Xi−1 ∪ {xi } and Yi = Yi−1 ∪ {yi1, yi2, . . . , yit }, for 1 ≤ i ≤ r1.

Now, Player 1 chooses an uncoloured integer xr1+1 and colours it with red according to the following rules:
Define

θr1+1(u) =
∑

A∈B0,u∈A,
A∩Yr1=∅

1

(t + 1)|A\Xr1 | ,

and Player 1 chooses an integer xr1+1 that satisfies

θr1+1(xr1+1) = max
u∈[N ],

u is uncoloured

θr1+1(u). (14)

Set Xr1+1 = Xr1 ∪ {xr1+1}.
If there are more than t uncoloured integers left, Player 2 will choose some t uncoloured integers and colour

them with blue, say yr1+1,1, yr1+1,2, . . . , yr1+1,t . We set

Yr1+1 = Yr1 ∪ {yr1+1,1, yr1+1,2, . . . , yr1+1,t }.

If there are more at most s ≤ t uncoloured integers left, say yr1+1,1, yr1+1,2, . . . , yr1+1,s , Player 2 will colour all
of them with blue. We set

Yr1+1 = Yr1 ∪ {yr1+1,1, yr1+1,2, . . . , yr1+1,s}.
Note that if s = 0, then Yr1+1 = Yr1 .

If Player 1 wins the game using this strategy, we are done. Assume that Player 1 loses the game, that is he is
not able to obtain an element A ∈ B0 with red.

Now, write N = (p − 1)t + p + r where p, r are positive integers and 0 ≤ r ≤ t . The game ends after Player
2 colours the remaining r uncoloured integers. So, we have obtained {Xi }0≤i≤p, {Yi }0≤i≤p such that

Xi = Xi−1 ∪ {xi } for 1 ≤ i ≤ p;
Yi = Yi−1 ∪ {yi1, yi2, . . . , yit }, for 1 ≤ i ≤ p − 1;

and Yp = Yp−1 ∪ {yi1, yi2, . . . , yir }. Note that if r = 0, then Yp = Yp−1.
For each 0 ≤ i ≤ p, we define

	i =
∑

A∈B0,
A∩Yi =∅

1

(t + 1)|A\Xi | .
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By Lemma 2.7,

	0 =
∑

A∈B0,
A∩Y0=∅

1

(t + 1)|A\X0| =
∑

A∈B0

1

(t + 1)|A| = |B0|
(t + 1)k

≥ N 2

4(k − 1)(t + 1)k
. (15)

Now, no elements in B0 are red. So, A ∩ Yp �= ∅ for all A ∈ B0. This implies that

	p =
∑

A∈B0,
A∩Yp=∅

1

(t + 1)|A\X p| = 0. (16)

For 0 ≤ i ≤ p − 1, we will show that

	i+1 ≥ 	i − tk2

2(t + 1)2 . (17)

Note that

	i+1 =
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi+1| +
∑

A∈B0,xi+1 /∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi+1|

=
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

(t + 1)

(t + 1)|A\Xi | +
∑

A∈B0,xi+1 /∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi |

=
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

t

(t + 1)|A\Xi | +
∑

A∈B0,
A∩Yi+1=∅

1

(t + 1)|A\Xi | . (18)

Now, the number of A ∈ B0 with xi+1 ∈ A and c ∈ Yi+1 \ Yi is at most
(k

2

)
. So, if Yi+1 \ Yi �= ∅, we have

θi+1(xi+1) =
∑

A∈B0,xi+1∈A,
A∩Yi =∅

1

(t + 1)|A\Xi |

=
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | +
∑

A∈B0,xi+1∈A,
A∩Yi =∅,A∩(Yi+1\Yi )�=∅

1

(t + 1)|A\Xi |

≤
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | +
∑

A∈B0,xi+1∈A,
A∩Yi =∅,A∩(Yi+1\Yi )�=∅

1

(t + 1)2

≤
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | +
(k

2

)

(t + 1)2

<
∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | + k2

2(t + 1)2 ,
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which implies that

∑

A∈B0,xi+1∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | > θi+1(xi+1) − k2

2(t + 1)2 . (19)

Next, for 0 ≤ i ≤ p − 2, we have

∑

A∈B0,
A∩Yi+1=∅

1

(t + 1)|A\Xi | =
∑

A∈B0,
A∩Yi =∅

1

(t + 1)|A\Xi | −
∑

A∈B0,
A∩Yi =∅,A∩(Yi+1\Yi )�=∅

1

(t + 1)|A\Xi |

= 	i −
∑

A∈B0,
A∩Yi =∅,A∩(Yi+1\Yi )�=∅

1

(t + 1)|A\Xi |

≥ 	i −
∑

1≤ j≤t

∑

A∈B0,yi+1, j ∈A
A∩Yi =∅

1

(t + 1)|A\Xi |

= 	i −
∑

1≤ j≤t

θi+1(yi+1, j ). (20)

Similarly, for i = p − 1, we have

∑

A∈B0,xi+1 /∈A,
A∩Yi+1=∅

1

(t + 1)|A\Xi | ≥ 	i −
∑

1≤ j≤r

θi+1(yi+1,r ). (21)

By (18), (19), and (20), for 0 ≤ i ≤ p − 2, we have

	i+1 ≥ tθi+1(xi+1) − tk2

2(t + 1)2 + 	i −
∑

1≤ j≤t

θi+1(yi+1, j ).

By equation (14), θi+1(xi+1) ≥ θi+1(yi+1, j ) for all j . Therefore

tθi+1(xi+1) ≥
∑

1≤ j≤t

θi+1(yi+1, j )

and inequality (17) holds. Similarly, by (18), (19), and (21), inequality (17) also holds for i = p − 1. Therefore,

	p ≥ 	0 − ptk2

2(t + 1)2 .

Recall that N ≥ 4k3(t + 1)k−2 and N = (p − 1)t + p + r ≥ (t + 1)p − t . So, p ≤ N+t
t+1 < 2N

t+1 for sufficiently
large k. Together with (15), we have

	p >
N 2

4(k − 1)(t + 1)k
− Ntk2

(t + 1)3 > 0,

contradicting equation (16). Hence, Player 1 will win the game.

123 Indian J Pure Appl Math (2026) 57:1282–1302



https://doi.org/10.1007/s13226-025-00875-6 1301

This completes the proof of the theorem. 
�
The following corollary is a direct consequence of Theorem 2.8.

Corollary 2.9 For a fixed t ≥ 1,

lim
k→∞(Wt (k))1/k = t + 1.

3 Conclusions

In this paper, we show that limk→∞(Wt (k))1/k = t + 1 and Player 1 always has a winning strategy in the game.
Here, we only consider 2-players games in this paper. So, it will be interesting to consider r -players games where
each player is given one colour with certain number of choices at each turn. So, this will be a r -colouring of [1, n]
and more parameters of the game can be explored.
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