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Abstract

In 1980, J. Beck considered the following 2-player van der Waerden game on a sequence of integers [1, N].
Player 1 and Player 2 alternately pick a previously unpicked integers in [1, N]. Player 1 wins if he has selected
all members of a k-arithmetic progression. Player 2 wins if Player 1 cannot obtain all members of a k-arithmetic
progression. Let W (k) be the least integer N so that the first player has a winning strategy and Beck has showed
that kll)ngo (W (k)% = 2. In this paper, we consider the situation where Player 2 will select ¢ integers instead of

one integer in his turn and Player 1 will remain to pick only one integer in his turn. Let W, (k) be the least integer
N so that the first player has a winning strategy in this setting and we show that klim (W ())Y* =141,
— 00
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1 Introduction

For an arithmetic progression A = {a +Id : 0 <[ < k — 1}, we say that A is a k-term arithmetic progression
(AP) with difference d, or we write {a + ld}o</<k—1. For a positive integer ¢, we denote the set {1, 2,3, ..., ¢}
by [1, ¢]. An r-colouring of a set S is a surjective function y : § — [1, r]. A monochromatic k-term arithmetic
progression refers to a k-term arithmetic progression such that all of its elements are of the same colour. One the
most fundamental Ramsey-type theorem is the van der Waerden theorem. Van der Waerden’s theorem [19] states
that there exists a least positive integer w = w(k; r) such that for any n > w, every r-colouring of [1, n] admits
a monochromatic k-term arithmetic progression. For more results on van der Waerden numbers, see [1, 5, 6, 13,
17, 18].

Theorem 1.1 [19] (Van der Waerden’s Theorem) Let k,r > 2 be integers. There exists a least positive integer
w = w(k; r) such that for any n > w, every r-colouring of [1, n] admits a monochromatic k-term arithmetic
progression.

Note that exact values of w(k;?2) are only known for small value of k¥ where w(3;2) = 9, w4;2) =
35, w(5;2) = 178, w(6;2) = 1132, see [13]. The exact value of w(k; r) is not known in general. We refer
the readers to [5, 6, 14, 16—-18].

There are many variants of Ramsey games that have been investigated, see [3, 4, 8—12, 15]. Consider one of the
games here, which is inspired by Ramsey Theory: Player 1 (red) and Player 2 (blue) alternate colouring edges of a
complete graph K, with their colours. Let H be a subgraph of K,,. The first player to avoid a monochromatic H
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in his colour wins. A player is said to have a winning strategy if he will win the game by choosing certain integers
at each of his turn regardless of what integer the other player chooses at the other player’s turn. This motivates the
investigations on similar van der Waerden games.

We describe a van der Waerden game here. A k-AP van der Waerden game (or k-AP game) is a game between
two players, Player 1 and Player 2, on the set of integers [1, z]. Initially, all the integers 1, 2, ..., n are uncoloured.
Player 1 will first select an integer and colour it with red. Player 2 will then select another integer and colour
it with blue. The two players continue this alternating colouring process on uncoloured integers. Each player’s
aim is to form a monochromatic k-term arithmetic progression as soon as possible. The player who first obtains a
monochromatic k-term arithmetic progression wins, thus ending the game. We assume all players play optimally
where both players never purposefully avoid a monochromatic k-term arithmetic progression and at the same time,
they would like to prevent the opponent from forming a monochromatic k-term arithmetic progression.

For the rest of the section, let 7; be the ith turn. Player 1 makes his move on the odd-numbered turns, whereas
Player 2 makes his move on the even-numbered turns.

2 A variant of van der Waerden game

Beck [2] considered the following variant of the k-AP game: Initially, all the integers 1, 2, ..., n are uncoloured.
Player 1 will first select an integer and colour it with red. Player 2 will then select another integer and colour it
with blue. The two players continue this alternating colouring process on uncoloured integers. The aim of Player
1 is to form a red monochromatic k-term arithmetic progression and the aim of Player 2 is to prevent Player 1
from doing so. Player 1 wins if he obtains a red monochromatic k-term arithmetic progression and the game ends.
Player 2 wins if Player 1 cannot obtain a red monochromatic k-term arithmetic progression after all the integers
inl,2,...,n are coloured.
Let W (k) be the least positive integer n such that Player 1 has a winning strategy. Beck [2] showed that

Jim W)k = 2. (1)

In this paper, we consider the situation where Player 2 will select ¢ integers instead of just one integer. Formally,
at the beginning, all the integers [n] = 1, 2, ..., n are uncoloured. Player 1 will first select an integer and colour it
with red. Player 2 will then select ¢ integers and colour them with blue. The two players continue this alternating
colouring process on uncoloured integers. If there are less than ¢ coloured integers at turn 75;, then Player 2 will
colour all the remaining integers with blue and the game ends. As before, the aim of Player 1 is to form a red
monochromatic k-term arithmetic progression and the aim of Player 2 is to prevent Player 1 from doing so. Player
1 wins if he obtains a red monochromatic k-term arithmetic progression and the game ends. Player 2 wins if
Player 1 cannot obtain a red monochromatic k-term arithmetic progression after all the integersin 1, 2, ..., n are
coloured.

Note that we can write n = (p — 1)t + p + r where 0 < r < ¢. Suppose r = 0. If Player 1 is not able to
win, then the game ends at turn 73, after Player 1 colours the last integer, say x, with red. At this moment, the
integers coloured with red are {xi, x2, ..., x,} and the integers coloured with blue are

{)’11,}’12» cees Y1ts Y215 Y225 - - o5 Y215 ---7)’p—1,1,yp—1,2» ---7)’p—1,t}-

Suppose 1 < r < ¢.If Player 1 is not able to win, then the game ends at turn 7, after Player 2 colours the remaining
integers, say ypi, yp2, - - - » Ypr With blue. At this moment, the integers coloured with red are {x;, x2, ..., x,} and
the integers coloured with blue are

{)’11’ )712, "'9y1t7y217 y227~--,y2t,---,)’p71,1’ yp71,27 "'9yp71,tvy[717 yp27"'aypl’}'
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Let W; (k) be the least positive integer n such that Player 1 has a winning strategy. Note that when ¢ = 1, then
Wi (k) = Wi(k) = W (k). We will show that (see Corollary 2.9)

lim (W, (k)% =1 + 1.
k— 00

This is a generalization of equation (1).

2.1 Good system of sets
We begin by introducing some concepts and notations that will be used later. Let [n] = {1, 2, ..., n} and 2I"! be
the collection of all subsets of [n] including the empty set &. A hypergraph § with vertex set [n] is a collection
of non-empty subsets of [n], i.e., § € 2"\ {@}. An element in a hypergraph is called an edge. For examples,
if n = 9, then §1 = {{1, 2, 3},{2,4}, {3,4,5,9}} and §2» = {{1, 8,9}, {1, 2,4}, {2, 6, 9}} are hypergraphs and
{1, 2, 3} is an edge of § but it is not an edge of 3.

Let § be ahypergraph with vertex set [n]. Lett > 1 beaninteger. Let X, Y C [n]with | X| = p,|Y| =t(p—1)+r
where 0 <r <tand X NY = &, say

X={x :1=i=p}
Y={yj:l<sisp-L1<j=<tjUlyy :1<j=r},

with the convention that if » = 0, then { ypj 1<) =< r} = @. For convenience, for each ig € [p — 1], we set

Xip ={xi : 1 =i <io}:

Yip={yj : 1 <i<io,1<j=<t},
and we also set Xo = @ and Yy = &, and X, = X and Y, = Y. Note that
Xig+1 = Xig U {xjg+1}, forall0 <ip < p—1,
and

Yig U Yig+1,15 Yig+1.25 - - +» Yig+1.e}, i1 <io < p—2;
Yio+1 = o
Yi() U {yio—i—l,la Yig+1,25 -+ yi()-‘rl,r}s if lo=p— L.
Therefore, Y =Y, =Y, 1 U {ypj tl<j< r}. We shall call

S {Xih<i<p, Yihi<i<p),

a system of sets.

Given a system of sets (§, {X;}1<i<p, {Yi}1<i<p), any integer m > 1 and eachi € {1, 2, ..., p}, we define
iz X o ®
m,i = L TymolANK
A€3, @+ 1y
ANY;_ =2

Here, we use the convention that &, ; = Oiftheset{Ae§ : ANY,_|1 =0} =0.
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Next, for any integerm > 1,anyu € [n],all (i, j)with1 <i < p—1land1 < j <t,andall (i, j) withi = p
and 1 < j <r, we define

Gy 1
by i) = Z (t + 1ym—I1AnX;]’
AeF,ucA,
ANY;—1U{yi1,Yi2se0 Vi j—1) =9

and use the convention that ¢,51J)l (u) =0if
[AeF :ueAand ANY;—1 Uy, yiz,....vij—1}) =2} = 2.

Note thatif j = 1, then {y;1, yi2, ..., yi,j—1} = @ and

Dy 1
¢m,i(u) - d’m,i (M) - Z (t 4 1)m—|AﬁXi\ :
A€F,ueA,
ANY;_1=2

A m-good system of sets is a system of sets (§, {X;}1<i<p, {¥i}1<i<p) that satisfies the following conditions:
foralll <i<p-—1landl<j<t,

o (i) = ; o). 3)

max
ue(XUYp— D\(X;UY; 1ULyi1, iz, Vi, j—1

Lemma 2.1 If (§, X, Y) is a m-good system of sets, then @, i11 < Oy i forall 1 <i < p — 1. In particular,

D, <P 13 forall 1 <i < p.

< -
=l = (t + 1)ym-1

Proof Sincem — |[ANX|=m—1ifx; e A,m—|ANX||=mifx; ¢ A, we have

. 1 _ 1 1 _ ]
D1 = Z W - Z (t + 1)m—1ANX] = Z (t + 1ym—1 - (t + Dym=1"

Ac€g, Aeg Al
ANYy=9
Note that
G+, — —1
¢m,i i j+1) = Z (t + 1ym=1AnXi]
A€S,yi j+1€A,
AN Ui1,Yi2,-Yi,j—1,Yij D=2
1
< -
- Z (t + l)m—\AﬂX,-\
A€S,yi j+1€A,

AN U(yi1.Yi2.0 )0, j—11) =2
= ¢>,(,,/), Vi j+1)
< ¢ (i),

where the last inequality follows from (3). So, we have

0 i) < 0V Giae) < - <o) forl <i < p— L 4)
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Now, we will show that

1 ) -
> G Ty < GuiGie) forl <i<p—1. ®)
A€eF xi11€A,
ANY; =g
In fact,
> e = > R
m—|ANX;| — m—|ANX;]|
A€F xi+1€A, T+D A€F, xiy1€A, ¢+
ANY;=9 ANYi—1Uyi1s iz Yii—1,Yi D=2
1
= > (t + 1yn—1ANXi]
A€, xiy1€A,
AN —1Ulyi1,yios e Yi—11) =9

= 5 (xi41)

< oW (vin),

where the last inequality follows from (3).
Let1 <i < p — 1 be fixed. We will show that ®,, ;11 < &, ;. Now,

1 1
qu’i = Z (t + 1)m—|AﬂXi| + Z (t + 1)m—|AﬂXi|
A€F,yi1 €A, A€g,yi1€A,
ANY_1=9 ANY_ =92
( 1
(D
S W S IOV
m—|ANX;| m,i
o t+1

AN(Y;— Ui D=2

1 1
_ .
- 2 @+ pmanx T > el Y
A€, yin¢A, Aeg,yin€A,
ANY; Uy )=92 ANYi—1U{yi Hh=2
_ 1 @ . a .
- Z (t + l)m_‘AﬂXi‘ + ¢m,i(y12) +¢m,,-(y11)
A€ET,yin¢A,

AN(Y;—1U{yi H=2

1
= @ (3, Mo,
o Z W +¢m,i(y12)+¢m’i(yzl)
A€F,
ANY;U{yi1.yi2}) =9
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B T P
= (f + 1yn—1AnX;] m.i \Vij
A€g, l=j=t
AN U{yit, vz, yie D=2
1 )
=~ + pmanx | 1 2 buiOip)-
A€g, l<j<t
ANY; =2
So,
1 )
Z m =P, — Z Br.i Vij)- (6)
A€g, 1<j<t
ANY; =2
On the other hand,
® B 1 1
m,i+1 = Z (t + 1)m—\AﬂX,'+1\ + Z (t + 1)m—|AﬂXH_1|
AEF . xiy+1¢A, A€F,xj+1€A,
ANY;=9 ANY; =@
- = 1 Y
= (1 - 1ym—1ANX;[ (t + 1)ym—1ANX;[
A€eF,xi11€¢A, (t + 1) AeF,xj+1€A, (t + 1)
ANY; =0 ANY; =2
1 1 t
| Y et L e |t X e
m—|ANX;| m—|ANX;| m—|ANX;|
A€eF,xi11¢A, (t + 1) A€F,xit1€A, (t + 1) A8 xjt1€A, (t + l)
ANY; =2 ANY; =2 ANY; =2
1 t
-| T e |t T e
m—|ANX;| m—|ANX;|
A€F, (t - 1) A€F,xj+1€A, (t - 1)
ANY,; =2 ANY; =2
_ o ) (v, !
=(®wi— D 0D+ D SRS (from (6))
I<j<t A€F,xi 11 €A,
ANY; =2
S Qi — Y G ip) + 18y (vir) (from (5))
I=j=t
=0ui— > (00 -9l i)
1<j<i—1
5 q)m,iv
where the last inequality follows from (4). Hence, the lemma follows. O
Lemma 2.2 Suppose (F, {Xi}1<i<p, (Yi}1<i<p) is a m-good system of sets. If || < (t + 1)"~! and
min |[A]| > m,
A€eF
Indian J Pure Appl Math (2026) 57:1282-1302 @ Springer
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then foreach 1 <i < p andall A € §, either

(a) ANY,_ 1 =Tand |ANX;| <m—1, or
(b) ANYi_| # @.

Proof Suppose the lemma is false. Then there isan 1 < iy < p and an Ay € § such that

ApNYjy—1 =2 and [Ag N X;,| > m.
This implies that
Prmio = fé’ (t + l)ml—lAﬁX,-OI - é, (1 DA = (¢ 4 Il 2 1.
ANYj =2 ANYj_1=2
On the other hand, by Lemma 2.1,
|5 t+ 1"t

Dyin < =1,
m.o — (r + Hym—1 < (r + ym—1

a contradiction. Hence, the lemma holds. m]
2.2 Lower bound of W; (k)

In this subsection, we will find a lower bound of W;(k). Let us begin by stating the following lemma in
[2, Lemma 4].

Lemma 2.3 Let us be given h (h > 13°) arithmetic progressions Py, Pa, ..., Py of length k, having the property
that for every two progressions P;, Pj, either P; N P; = & or P; and P; have distinct differences. Then one can
select a subsequence P;, P,, ..., P, where | = th/sj, such that

U Pyl =ik -k
1<j<l

We note here that if [ > [, ‘Ulsjsl P,-j > lk — k and |Pij| =k, then

(—ok+| J pj= > Ipf+| U B|=|U P|ztk—k
1<j<lp l+1=<j<I 1=j=l l=j=l
So, we have
U 2| = lok -k 7

1<j<l

Given an arithmetic progressions P, we shall denote its difference by d(P).
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Letk’ = k—2[k8/°| and B(N, k) be the set of all arithmetic progressions of the form {a, a+d, . . ., a+(k'—1)d}
witha + (k' — 1)d < N anda = 2[k’*°|ld + r where 0 < r <d — 1 and [ > 1. Since a can take values from 1

upto N — (k" — 1) and d can take values from 1 up to Z_:]l’ we see that

N-—1
BN, K| < (N - & - 1) (m) < N2 (8)

Lemma 2.4 Let Py € P(N, k') and

Q={P e PN, k) : d(P)=d(P)) and PN P, # T} .

Then |Q| < + L.

Lk,s/gJ
Proof Let Py = {aj, ai +di, ... a1+ (k' — Ddy} anda; = 2|k |I\d +r where 0 < r| <dj —1andl; > 1.
Ifa; + jd; = 2Lk/8/9jlzd1 + r1 for some positive integer /p, then j = 2Lk’8/9jc for some positive integer c. This
implies that

K —1
< —F.
- 2|_k/8/9J

So, the number of elements excluding a; in P; of the form 2Lk/8/9jld1 +riywhere0) <r; <dy—1landl > 1is

at most 2Lk’8/9J Let’s denote these elements by by, b, ..., b, where ¢y = szg}gd

Now, we count the number of P € P(N, k') with d(P) = d(Py) = d; and P # P;. Let the first term in P be
a.If a € Py, then a must be equal to one of the b;’s. Therefore, there are at most ¢y of such P’s. If a ¢ Py, we
must have a; € P. Using similar argument as in the previous paragraph, we see that the number of elements in P

of the form 2Lk/8/9jld1 +ry where 0 <r; <dy —1and!/ > 1 is at most ZLk,g/QJ Thus, the number of such P’s is

+ 1. O

Hence, |Q] < 2co+ 1 < K=+

also at most 2Lk/8/9J = 5] 2Lk/8/9j +1= Lk’g/"J

Asubset {A], Aa, ..., A;} € B(N, k') is said to be connected if there is Ag € P(N, k') suchthat A; N Ay # &
for all i. Consider the hypergraph

o= U a:| U Alzw"K -« and
1<i<[k''?) I<i<|k'1/9]
{Al, Ag, ..., ALk,1/9J} is connected in B(N, k') ¢ . 9)

Lemma 2.5 There exists a k| such that for all k' > ki, if N < (t + l)k/_Sk,S/g, then
L] < (r + 1)(k/Lk,1/9J_2k,)_1.
Proof Let Ag € P(N, k). Set

H(Ag) = {A e BN, k') : ANAg # o}.
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We will show that $(Ag) < k’>N. Let
Ag = {a(), ap+do,...,a0 + (k/ — l)d()}.

Now, we count the number of elements in H(Ag). Let A = {a,a+d,...,a+ k' —1)d} € H(Ap).Ifa € AN Ay,
then a = ag + jodp for some 0 < jy < k' — 1. So, there are at most k" choices for a. For each of these choices,
d < g:‘l’ < N. So, there are at most Nk’ of such A’s witha € AN Ag.Ifa ¢ ANApanda +d € AN A,
thena +d = ag + jidy for some 0 < j; < k' — 1 and there are at most k" choices for a + d. For each of these
choices, d < g—:‘f < N. So, there are at most Nk" of such A’s witha ¢ AN Aganda +d € AN Ag. Similarly,
for each 2 < j < k’ — 1, there are at most Nk’ of such A’s witha + jijd ¢ AN Ay for0 < j; < j—1and
a+ jd € AN Ag. Thus, there are at most k>N of such A’s. This means [9(Ag)| < KN, Therefore, the number

of {Al, As, ... ALk,l/gj} C BN, k') with A; N Ag £ @ is at most

k/ztk’”"J N

W2 KENGEN = 1) (k’ZN w0 1)
(Lk/l/9J> = (Lk/l/QJ)y <

By Equation (8), there at most N2 of such Ag’s. Therefore,

|£| < (k/ZLk/l/9JNLk/1/9J> N2 _ k/2k/1/9N2+Lk/1/9J <+ 1)k/N2+Lk/l/9J,

provided that (1 + t)k/g/9 ~ k’? which is true for sufficiently large k” depending on ¢. Hence,

) /179 / s ep8/on 241K
18] < (1 + DE NZHET < (4 1)k ((Z+1)k —5k )

_ (t + l)k/Lk/1/9J+3k1_10k18/9_5k/8/9 Lk/1/9J

K1V 31— 1089 — 5809 (11191
<@+ (1)

_ ([ + 1)k/Lk/l/9J _Zk/_sk/8/9

< (1 4+ DI,

O

Now, note that every arithmetic progression of length k£ in [N] = {1,2,..., N} contains an element from
B(N, k). In fact, {a;,a; +d,, ...,a; + (k — 1)d;} contains the element

/8/9

{2sz/8/9Jd1 4,z )+ Ddy 7, Qe = DY 1K = Ddy + r} e PN, k),

where @) = gd +r with0 <r <d; —land g = 2(z — D[K’Y°] + ' with0 < ' <2[k’%°] — 1.

Now, recall that Player 1 chooses an element from [/ ] and colours it with red at his turn and Player 2 chooses
t elements from [N ] and colours them with blue at his turn. The aim of Player 1 is to obtain a monochromatic
arithmetic progression of length k£ with red colour whereas the aim of Player 2 is to prevent Player 1 from doing so.
Suppose that Player 1 wins. This means Player 1 would obtain a monochromatic arithmetic progression of length
k with red colour. Since this arithmetic progression contains an element in (N, k'), this means Player 1 would
also be able to colour an element in (N, k') with red. Here, an element A € B (N, k') is said to be coloured with
red if each integer in A is coloured with red.
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We are going to show thatif N < (# + 1)"_7"8/9, then no matter what Player 1 does, he will not be able to colour
any element in B(N, k") with red. The following theorem then follows.

Theorem 2.6 There is a positive integer ko = ko(t) such that for all k > ko,
Wik) > (£ + 1<%
Note that
N < (t+ DET < DFRUIIZTED o g =SIEPT o g RS (10)

Let’s say after some turns, there are at most ¢ uncoloured integers and it is Player 2’s turn. Then Player 2 will
colour the remaining integers with blue and the game ends. In this scenario, Player 1 loses the game. If Player 1
wins, then the game ends after Player 1 colours an integer with red and he obtains an element in B (N, k’) with
red. So, we may assume that at each of the Player 2’s turns, he will be able to colour ¢ integers with blue.

We will devise a strategy for Player 2, so that no matter what Player 1 does, Player 1 will not be able to get an
element in PB(N, k') with red.

At the beginning, just before Player 1 colours any integer with red, let Xg = Yo = @ and By = & = Vo = Woo.
Suppose that after some turns (just before Player 1 chooses any uncoloured integer and colours it with red), we
have obtained {X;}o<i<r» {Yito<i<r» {Bilo<i<ry» {Vijlo<i<r,0<j<s; and {W;;j}o<i<r,,0<j<s; such that

1) Xi =Xi-1U{xtand Y; = Yi_1 U{yir, yia, ..., yirp for 1 <i <ry;
(i) Vio=Dand W;p = S for0 <i <rp;
(iii) Vij = Vi,j—l U {U,’j} and W,'j = Wi,j—l U {wijl, Wij2, . ..,w,’j;} forl <i<mrmandl <j <s;;
(iv) foreach 1 <i <ry, |Bi| = [K'¥°] and there is a P, € P(N, k') with B; = P; \ X,
(v) foreachl <i <rpand1 < j <s;,V;; S B\ (BoUB U---UB;_1);
(vi) if [N]\ (X, UY,) C Ulsisrg B;, then at most ¢ different i’s with B; N Y, # @;
(vil) if [N]\ (X,, UY}) z U1§i§r2 B;,then B;NY, =@ foralll <i <rp.

Note that either (vi) or (vii) holds.
Now, Player 1 chooses an uncoloured integer, say z and colours it with red. We consider two cases.

Casel.z ¢ Uy, Bi-
In this scenario, (vii) holds. We label z as x,, 41 and set

Xrl-l—l = Xr1 U {xr1+1}-

Player 2 chooses yr,+1.1, ¥r+1,2s - - - » ¥r1+1,¢ and colour them with blue according to the two subcases:

Case 1.1. Suppose there are more than ¢ uncoloured integers in [N] \ (Ul <i<r B,-). Then we choose
V41,15 Yri41,25 « - o5 Yr41,¢ from [N]\ (UIS,-SQ B;).

Letm; =k’ Lk/1/9j — 2k’. Suppose Yy, 41,1, Yri+1,2+ - - - » Yri+1, j—1 have been chosen. Define
o9 () = 3 1
ri+1 - 1) —lANX, [’
AeL ucA, (t + ) :

ANYr ULV 41,15V #1200 Vry 41, j— 1) =2
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forallu € [N]\ (U)<i<, Bi)- Player 2 chooses a y,, +1,; € [N]\ (U;<;<,, Bi) satisfying

o)) e ) = max o) (). (11)
uelN\ (U <i<r, B ).
u is uncoloured
Next, after Player 2 has chosen y, 11,1, Yri+1,2, - - - » Yr+1,1» SEL
Y1 =Y U401 Y4120 o Yr+1,1)-

Since z = x, 41 ¢ Bi, wehave B; = P;\ X, = P;\ X, 41 for 1 <i <r. Furthermore, y, +1,; ¢ U1§i§r2 B;
for all j implies that B; N Y,,+1 = &. Suppose these are the only

Pr2+1,Pr2+2,---,Pr2+r3 G‘B(N’k/)\{PhP2"~-5Pr2}a
with
[P\ Xp41] = |_k’8/9j and P,NY, 41 =, forallry+1<i <r+r;.

We set B = P; \ Xy 41, Vio = 9, Wipo = D ands; = Oforrp +1 < i < rp 4+ r3. So, we have obtained
{XiYo<i<ri+1> (YiYo<i<ri+1, {Bio<i<rtrss {Vijlo<i<r4r;,0<j<s and {W;j}o<i<r,4r3,0<j<s; such that

") Xi=Xi1U{xitand Y = Yi—1 U {yi1, yio, ..., yied for 1 <i <rp + 1
11’) Vio=and W;o =@ for0 <i <r +rj3;
>111’) V,'j = Vi,j—l U {v,-j} and Wi]’ = Wi,j—l @) {wijl, Wij2y«ees u),'j,} forl<i<rm+4+mrmandl <j <s;
(iv’) foreach 1 <i <rp +r3, |B;i| = Lk/g/gj and there is a P; € P(N, k') with B; = P; \ X, 41;
(v’) foreachl <i <rm+r3and1 <j <s;,V;; C B\ (BoUBU---UB;_1);
(vi") if [N]\ (X1 U Y, 41) C U1§i§r2+r3 B;, then at most ¢ different i’s with B; N Y, 1 # @;
(vit”) if [N]\ (Xr 41 YU Y 41) g Ul§i§r2+r3 Bi,then B;NY, 1 =@foralll <i <r+rs.

We note here that if the game ends after Player 1 colours the integer z, then Y,,+1 = Y;,. Also conditions (vi’)
and (vii’) hold because by construction, B; N Y41 = @ forall 1 <i <ry +rs.

Case 1.2. Suppose there are less than ¢ uncoloured integers in [N] \ (U1 <i<r Bl-), say t1. Then we choose all

these integers and label them as y,, 41,1, Yr;+1,2, - - - » Yr +1,7,» then simply choose ¢ — #; uncoloured integers from
Ulsl-Sr2 B; and label them as yy,+1.1,+1s Yri+1.6142» - - » Yri+1.t
Next, after Player 2 has coloured y,, 41,1, Yr14+1.2, - - - » Yr1+1.: With blue, set

Yr1+1 = Yr1 U {yrl-i-l,la Yri+1,25 -4 yr]+l,t}-

Since z = x,,+1 ¢ Bi,wehave B, = P; \ X,;, = P; \ X, 11 for1 <i <rp.Now, 0 <1 < ¢ implies that there
are at most ¢ different i’s with B; N Y,, 11 # & where 1 < i < rp. Suppose these are the only

Pr2+l,Pr2+2’---’Pr2+r3 E%(N,k/)\{P],P2,...,Pr2},
with

1P\ Xpe1] = K%°) and PiNY, 4 =@, forallr+1<i <r +r3.
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We set Bj = P; \ Xy 41, Vio = 9, Wipo = Dands; = Oforrp +1 < i < rp + r3. So, we have obtained
{Xito<i<ri+1, {Yilo<i<ri+1, {Bilo<i<ry+ry» {Vijlo<i<r+r;,0<j<s; and {Wijlo<i<r4r3,0<j<s such that

() Xi=X;—1U{x}and Y = Y1 U{yit, yio, ..., yu} for 1 <i <rp + 15
(i1’) Vio=Dand W,o =@ for0 <i <r +r3;
(i11”) Vij = Vi,j—l U {U,’j} and W,'j = Wi,j—l U {w,-jl, Wij2, -, u),-jt} forl<i<m+4mrmandl <j <s;;
(iv’) foreach 1 <i <ry+r3, |Bi| = [K*°] and there is a P; € P(N, k') with B; = Pi \ X, 11
(v’) foreachl <i <rp+r3and1 <j <s;,V;; S B\ (BoUBU---UB;_y1);
vi") if [N]\ (Xp, 41U Y, 41) C U1§i§r2+r3 B;, then at most ¢ different i’s with B; N Y, 11 # &;

Similarly, as in Case 1.1, if the game ends after Player 1 colours the integer z, then Y, | = Y,,. Only conditions
(vi’) holds because by construction, there are at most ¢ different i’s (1 < i < rp) with B; N Y, 41 # <, and
BiNYr 41 =gforrn+1<i<ry+rs.

Case 2.z € Uy, ,, Bi-

In this scenario, we set

Bi*ZB,'\(BoUBlUu-UBi_l), foralll <i <rp.

Clearly, B}, B}, ..., B;"2 are disjoint subsets of [N]. Suppose z € B;‘; for some 1 < ip < ry. We set
&, = {P NB; : PeP(N,K) and |P N Bl = k””} .
Label z as v;,, siy+1 and set

Vviz,s,'2+l = ‘/iZSiz U {Uiz,sl'2+1}-

Player 2 chooses Wi, s; 1,1, Wiy,si,41,25 - - - » Win,s;, 11, and colour them with blue according to the following
rules:

_p1/9 . . .
Let mp = [k""/”|. Suppose Wi, sy 41,1 Winsiy 41,25 - - s Wi, s 1,1~ 1 have been chosen. Define

() _ !
ﬁiz,siz+1 (u) - Z m2_|AﬂVi2Si ‘ ’
A€, ueA, t+1 2

Aﬂ(Wizsiz U{wiz,si2+1 ! swfz,si2+1,2 ~~~~~ wiZ’-5i2+l =1 }):@

for all u € [N]. Player 2 chooses a w;, Siy+ 1.1 satisfying

B (Wi aw) = max BN (). (12)

12,8i5+1 ue[N], 12,8iy+1
u is uncoloured

Next, after Player 2 has chosen wiy,s;, 1,1, Wis,siy 11,25 - - - » Win,s;,41,1> SEt

Wiz,siz-f—l = u/iz,si2 U {wi2s5i2+la1’ wiz,s,'2+1,27 ceey wiz,s,'2+1,1}~

Let slfz =si, + 1 and 5] = s; for i # i>. We have obtained {X;}o<i<r, {¥i}o<i<r» {Bi}o<i<r {Vij}oggrz,ofjgs;
and {Wij}Ofigrg,ijfsi’ such that
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() Xi = X;i1U{x}and Y; = Y1 U{yi1, yiz, ..., yied for 1 <i <ry;
11”) Vio=2and W;g = D for0 <i <rp;
(111”) V,'j = Vi,j—l U {v,-j} and Wij = Wi,j—l @) {wijl, Wij2yeees wij,} forl<i<mrmandl <j< Sl{;
(iv?) foreach 1 <i <r, |B;| = [k'*°] and there is a P; € P(N, k') with B; = P; N X,
(v’) foreachl <i <rmandl <j <s;, Vij C B\ (BpUB{U---UBj_1).
vi”) if [N]\ (X, UY,)) C Ulgigrz B;, then at most ¢ different i’s with B; N Y, # &;
(vii”) if [N]\ (X, UY,) & Ui<i<, Bi-then BiNY, = @ forall 1 <i <rs.

We note here that if the game ends after Player 1 colours the integer z, then Wi, 5, 11 = Wi, ;. .
At the end, Player 1 colours an integer and wins the game. At this moment we have obtained {X;}o<i<g,,
{Yilo<i<r;» {Bito<i<ry» {Vij}o<i<r,,0<j<s; and {W;;j}o<i<r,,0<j<s; such that

D Xi=X;1U{x;}and Y; = Yi—1 U {yi1, yi2, ..., yie} for 1 <i < Ry;
(II) Vipo=2and W;g = D for0 <i < Ry;
(III) Vij = Vi,j—l U {v,-j} and W,'j = Wi,j—l U {wijl, Wij2, . ..,w,'j;} forl <i<Ryand1<j<S§;;
(IV) foreach 1 <i < Ry, |Bi| = [k’®°] and there is a P, € B(N, k') with B; = P; \ Xg,:
(V) foreachl <i < Ryand1 <<,V CB \(BoUB U---UB;_1);
(VI) there are at most ¢ different i’s with B; N Yp, # @ where 1 <i < R».

Depending on Case 1 or Case 2, for (I), it is possible that Y, = Yg,—1 and for (III), it is possible that W, S, =
WiZ,Siz—l' Note that (V1) is a consequence of the scenario in Case 1.2. It is also possible that B; N Yz, = & where
1 <i <R,

Now, for each A € £, |[A| > m (see (9)). So, (£, {Xi}1<i<r,» {Yil1<i<r,) is a mj-good system of sets ((3) is
satisfied with § = £). In fact, by equation (11),for 1 <i < Ry —land 1 < j <, we have

) ()
&, i ij) = max ¢, (W),
M (XU R -\ UYim Uit yizeeyi ot )

as the integers in (X U YRl,l)) \ (X; UY;—1 U{yi1, yi2, ..., yi,j—1}) are uncoloured just before y;; was chosen
by Player 2. Furthermore, all the integers in (X U YRI—I)) \ (X; UYi—1 U{yit, yi2o ..., Yi,j—1}) are in [N] \
(U <i<r, Bi) by construction.

By Lemma 2.2, for all A € £, either

(@ ANYr_1=@and |[ANXg,| <m;— 1=Kk =2k = 1,0r
(b) ANYg,_| # @.

At the moment, let’s assume that the following two facts are true.
Fact1 Fact 1. For each P € B(N, k'), there are at most k'7/° — 1 number of i s with B; N P # @.

Fact2 For each fixed i, there are at most (t + D11 edges P € B(N, k') with | P N B;| = 2.

Since Player 1 wins, there is a Q € PB(N, k') with red. Therefore,

QgXRl U U ‘/iS,'-

1<i<Ry

By construction, if Q = P; for some 1 <i < Ry, then |Q N Xg,| =k" — Lk’g/gj. Since Q isred, Q N Yg, = @.
Therefore, if Q # P; forall 1 <i < R, then by construction, |Q \ Xg,| > |_k’8/9j. This means |Q N Xg,| <

) Springer Indian J Pure Appl Math (2026) 57:1282-1302



https://doi.org/10.1007/513226-025-00875-6 1295

k' — Lk’s/gj. In either case, |Q N Xg,| < k' — I_k/g/gj. This implies that

on |J Vis|z > 1 — 1,

1<i<R,
By (V), Vis,, Vasys .., VRZSR2 are disjoint sets. Let ip be such that
|Q N Vs, | = max |QN Vg
0 1<i<R»

Since Q isred, Q N Yg, = <. Therefore, by Fact 1

on U Vis|= (K77 =1)100 Vi, |

1<i<Ry
Thus,

/8/9 1

10 Vigs,y| > > K. (13)

k/7/9 -1

On the other hand, consider the set

1/9
S, ={PNB : PePW.K) and [P0 B, = K"}

Since Viys, < Bf.itfollows from (13) that QN B}, € &;,. Now, k' = k—2[k%/%] = k—2k%/° = k (1 - kl%) > &

for k > 4°. This implies that &’ > 27 and &'"/° > 2. By Fact 2, |6;,| < (t + D¥"”'J=1. For each A € &;,
|A| > Yo > Lk’1/9j. By (12), it is not hard to see that (&;,, {Vig;}1<j<s;,+ {Wigj}1<j<s,,) is a ma-good system
of sets ((3) is satisfied). By Lemma 2.2, for all A € G,, either

(©) ANWigs,—1=2and |[AN Vs, | <my— 1= &) =1 <k’ — 1 or
(d) AN Wi(),S,'O—l 7& <.

Since Q isred, (Q N Bl?’(‘)) N Wio,SiO—l = @. This implies that

1/9
10N Vigs, | = 1(Q N B N Vigs, | <k =1,
a contradiction (see (13)).
Now, it is left to show that Facts 1 and 2 are true.

Proofof Fact 1 Assume that Fact 1 is false. So, thereis a Py € P(N, k') and By, , Bq,, . .., By, suchthat B, NPy #
gforalll <i <vandv > K70 1. By (VI), we may assume that B, N Py # & and B,, N Yg, = & for
all1 <i < v andv > kK7 =1 —1. By (IV), thete are Py, Py, ..., Pa, such that By, = Py, \ Xg,. So,
Py, NPy # @.Let by = 1 and set

Q= {Pa,, L 1<i<v,d(Py)=d(Py,) and Py NP, ;é@}.
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Let Py, ¢ £ and set
Q={Py : 120 =V, Py #Q1.d(Py) =d(Py,) and Py Py, # 0}

Let Py, ¢ 1 U Q> and set

Q={Py, : 1<i<V.Py¢ | Q.d(P)=d(Py,) and Py, 0 Py, # @
1<j<2

We may continue this process and obtain 1, 3, ..., £ at the end because 1, 7, . .., Qy, are disjoint and are
subsets of { Py, Pay, - .., Pa,}. By Lemma 2.4, Q| < ﬁ + 1 for all i. This means

/ K- 1

1<i<h
which implies that
, k8] (k/7/9 1 t) (k/8/9 _ 1) (k’7/9 1 t)
Vv
hz % = 8/9 = 8/9 A
e | k' — 1+ (k87 k' —1+4 k%

|_k/8/9j

for sufficiently large k’. Now, each Py, € ;. So, we have Py s Pay,s - - -
or d(Pabi) * d(Pabj) forall i # j.

By Lemma 2.3, we can select ] = W3] > Lk’l/gj elements from {Pa;,] , Pabz, Cel, Pabl}, say

, Pahh such that either Pah,- N Pahj =0

PLlC]?Pa627"~’PaCla

such that

U P, | = IK =K.
l<j=l
It follows from equation (7) that

U Pz Y0 —
1<j<[k''?]

Now, {Paq, Pac2= R PC,CWI/9J } is connected by Py. So, Ag = UISjSLk/1/9J Pacj € £.Since B, N YR, =
forall 1 <i </, we must have Ag N Yg,—; = &. Note that
A0 N X Rl = Aol — A0\ Xr,| = Aol = Y [Pa, \ Xl
1<j<[k'?)
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> (WP = K) - K7
2

lfjfl_kll/gj
1/9 1/9 8/9
= (WK = K) = k)

> 1K)k — 2K,

a contradiction (see (a)).

O

Proof of Fact 2 Given any arithmetic progression {a,a +d, ...,a+ (k' — 1)d}, if a + jid and a + j»d are known
for different j; and j», then a and d can be determined. So, given any two fixed integers, there are at most (];)

elements in B(N, k') containing the two integers. This implies that for a fixed B;, there are at most (];/ )(‘gil)

elements P € P(N, k') with |P N B;| > 2. By (IV),

‘ 8/9 2 4
(g)Ci{):<§)Cﬁzj)<(g)‘<%‘fﬁM%2<2WWF‘sa+4ﬂk

Here, =2 > % provided that &’ is sufficiently large.

Hence, Theorem 2.6 holds.
2.3 Upper bound of W; (k)

In this subsection, we will find the upper bound of W; (k). We begin with the following lemma.

Lemma 2.7 Let B be the set of all k-term arithmetic progressions in [N]. If N > \kfz_\/_él then

2

B —_
[Bo| > 7Y
Proof A typical element in B is of the form

{a,a+d,...,a+ (k—1)d).

JZ__f . Therefore,

Foreachl <a <N — (k—1),wehaved <

N—i N—i
- ¥ Y 1
ol Lk—1J> _ (k—l >
1<i<N—(k—1)

1<i<N—(k—1)

NN — (k-1 NeGk—1)N—(k-1)+1

NN 1) (VDW= kDD
*k—1) 2k —1)

_W—k+ DWW -k  (N-k> N

- 2k —1) T2k—1) T ak—1)

. k2
provided that N > N

Theorem 2.8 There is positive integer kg = ko(t) such that for all k > ko,

t + DT Wk < 43 + 1)F2,
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Proof Let 9B denotes the set of all k-term arithmetic progressions in [N] where N > 4k3(t + 1)¥=2.
We will devise a strategy for Player 1, so that no matter what Player 2 does, Player 1 will always be able to get
an element in ‘B with red, or in other words, Player 1 will always win. The theorem then follows from this.
Now, just before Player 1 chooses the first integer and colours it with red, let Xo = Yo = &. Suppose that
after some turns (just before Player 1 chooses any uncoloured integer and colours it with red), we have obtained

{Xi}o<i<r» {Yi}o<i<r, such that
Xi=Xi—1U{x;} and Y = Y;—1 U {yi1, yi2, ..., yie}, forl <i <ry.

Now, Player 1 chooses an uncoloured integer x,, 41 and colours it with red according to the following rules:
Define

1
O +1(u) = Z m’

AeDBg,ucA,
Aﬂle =

and Player 1 chooses an integer x,,; that satisfies

erl—l—l(xrl—i-l) = max erH—l(u)- (14)
u€[N],
u is uncoloured

Set Xr1+] = Xi’1 U {-xi’1+1}-
If there are more than ¢ uncoloured integers left, Player 2 will choose some ¢ uncoloured integers and colour

them with blue, say yr,+1.1, Yrj+1.25 - - - » Yrj+1,¢- We set
Yiiot =Y Um0 Yrd1.2s - o5 Vet 1)
If there are more at most s < ¢ uncoloured integers left, say y, 41,1, ¥r+1,2, - - -» Yr +1,5, Player 2 will colour all

of them with blue. We set
Y1 =Y U110 V41,25 -« o Yri+1,s)-

Note thatif s = 0, then Y, 41 =Y.

If Player 1 wins the game using this strategy, we are done. Assume that Player 1 loses the game, that is he is
not able to obtain an element A € B with red.

Now, write N = (p — 1)t + p + r where p, r are positive integers and 0 < r < t. The game ends after Player
2 colours the remaining r uncoloured integers. So, we have obtained {X;}o<;<p, {¥i}o<i<p such that

Xi=X;1U{x;} forl <i < p;
Yi =Y,'_1U{yi1,)’i2»--w)’it}, forl Sl Sp_l’

and Y, =Y, 1 U{yi1, yi2,.--, Yir}. Note thatif r =0, then Y, = Y, _;.
Foreach 0 <i < p, we define

1
@i = Z —(t+1)|A\Xi|'

AeDB
ANY; =2
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By Lemma 2.7,
1 1 1B N?
0 AEZ%;O (t + DAXol Ago (t+ DAL~ (+ DF = 4k — Dt + DE (15)
ANYy=2
Now, no elements in B are red. So, ANY, # & for all A € By. This implies that
1
®, = — =0. 16
ANY,—o
For0 <i < p — 1, we will show that
tk?
O;r > 0; — 17
l+1 -_ l 2(f + 1)2 ( )
Note that
0 Y et Y o
it1 = , )
[A\X; 1] [A\Xi 1]
AeBp,xi+1€A, (t + 1) . AeBo,xi+1¢A, (t + 1) -
ANYi =9 ANYi1=9
t+1) 1
- Y Ut Y e
[A\X;| [A\X; |
AeBp,xi+1€A, (t + 1) AeBg,xi+1¢A, (t + 1)
ANYi =0 ANYi1=0
t 1
e D S a9
[A\X | [A\X |
AeBp,xi+1€A, (t + 1) A€e'By, (t + 1)
AﬁYi+1:@ ANY;1=0

Now, the number of A € B with x;;1 € Aand ¢ € Y;41 \ ¥; is at most (S) So,if Yiy1\ Y; # <, we have

1
b1 = ) (t + DIAX
AE%O,Xi+]€A,
ANY; =2
1 1
- Y gt Y e
[A\X;| [A\X;|
AeB,xi41€A, (t + 1) AeDBg,xi1 €A, (t + 1)
ANY; =@ ANY;=a,AN(Y;+1\Yi)#2
1 1
= Y et Y o
- [A\Xi| 2
AeBg,xi11EA, t+1) AeDB,xj11€A, ¢+
ANYi =0 ANY; =2, AN(Y;11\Y;)#2
k
1
= ) G+ DA T J(f)l)z
AeBp,xi+1€A,
ANYiy1=0

1 k?
< 2 +
[A\X;] 2’
AeBy.x;11€A, (t + 1) 2(t + 1)
ANYi =0
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which implies that

1 k>
Y o > G (i) = 5 (19)
|A\X;| — Vil 2
A€Bo,xi41 €A, ¢+ 1 20+ 1D
ANYip1=9
Next, for0 <i < p — 2, we have
1 1 1
A;{) (t + DHIAXT AGX%:O (t + DIA\Xil - A;{) (t + DIANXi]
ANY;41=2 ANY; =2 ANY; =2, AN(Y; 11 \Y) £D
1
=0; - Z (t + DIAX]

AeBy,
ANY; =2, AN(Y;1\Y;) #2

1

> 0i - Z Z (t + 1)IAXi]

I<j<t A€By,yi+1, ;€A

ANY; =02

=0, — Y Oir1(it1) (20)

1<j<t

Similarly, fori = p — 1, we have
1
Z m >0; — Z Oi1(Vig1,r)- (21)
AeBg,xi+1¢A, I<j<r
ANYiy1=0
By (18), (19), and (20), for 0 <i < p — 2, we have
tk?
Oip1 > 10 11(xi41) — 2L 1)? +0; — Z Oi+1(Yit1,/)-

I<j<t

By equation (14), 6; +1(x;j+1) > 0;+1(yi+1,;) for all j. Therefore

041 (xig1) = Y i1 (i1, j)

I<j<t
and inequality (17) holds. Similarly, by (18), (19), and (21), inequality (17) also holds for i = p — 1. Therefore,

ptk?

S} S —
P 2(t + 1)2

> O

Recall that N > 4k3(t + D*2and N = (p — D)t + p+r > (t + 1)p — 1. So, p < 24 < 2N for sufficiently
large k. Together with (15), we have

N2 Ntk>

T P s S PN

’

contradicting equation (16). Hence, Player 1 will win the game.
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This completes the proof of the theorem. O
The following corollary is a direct consequence of Theorem 2.8.

Corollary 2.9 For a fixedt > 1,

lim (W, (k)% =1+ 1.
k—o00

3 Conclusions

In this paper, we show that limy_, oo (W; (k))!/¥ = ¢ 4 1 and Player 1 always has a winning strategy in the game.

Here, we only consider 2-players games in this paper. So, it will be interesting to consider r-players games where
each player is given one colour with certain number of choices at each turn. So, this will be a r-colouring of [1, n]
and more parameters of the game can be explored.
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