Indian J Pure Appl Math (2026) 57:1303-1317
https://doi.org/10.1007/s13226-024-00631-2

ORIGINAL RESEARCH

Approximation of bivariate Lipschitz continuous functions
by hidden variable fractal functions

Vijender Nallapu@®

Received: 23 August 2023 / Accepted: 18 June 2024 / Published online: 11 July 2024
© The Indian National Science Academy 2024

Abstract The crux of the present paper is approximation of bivariate Lipschitz continuous functions by hidden
variable fractal functions. We propose the construction of hidden variable fractal perturbation associated with a
given bivariate Lipschitz continuous function defined on a rectangle D in the Euclidean space. This procedure
yields a fractal operator on the space of all R?-valued Lipschitz continuous functions defined on a rectangle
D. Some basic and important properties of this fractal operator will be discussed. Subsequently, we extend this
fractal operator to the norm preserving bounded linear operator on the the space of all R?-valued continuous
functions defined on a rectangle D. We investigate the stability of hidden variable fractal functions with respect
to a perturbation in the scaling factors. Finally, existence of optimal hidden variable fractal function which
approximates the given bivariate Lipschitz continuous function is discussed.

Keywords Fractals - Iterated function systems - Bivariate Lipschitz continuous functions - Hidden variable
fractal functions

1 Introduction

Iterated Function System (IFS) introduced by Hutchinson [1] is a central concept of fractal theory. Given a
set of data{(x;, z;) € RZ:i =0, 1,..., N}, where xo < x1 < ---,xy—1 < xn. Barnsley [2] introduced
the concept of fractal interpolation using the iterated function system {[xo, xy] X R; w;,i = 1,2,---, N},

where w; (x, z) = (Li(x), F;(x, z)), (x,z2) € [x0, xn] x R, L; is homeomorphism from [xq, xy] to [x;—1, x;]

satisfying
Li(x0) = xi—1, Li(xn) = x;, (D
F; is a continuous function from [xg, x;] x R to R, which is contractive in the z-direction such that
Fi(x0,z0) = zi-1, Fi(xn,2n) = 2. (2)
According to [2], fractal interpolation function (FIF) corresponding to the above data and IFS {[xg, xy] X
R; w;,i = 1,2,---, N}, is a unique function o : [xg, xy] — R satisfying o(L;(x)) = F;(x,0(x)), and
o(xj)=ziforalli =0,1,2,---, N. From [2], we can see that the graph G (o) of o satisfies:

Glo) = iE%Nwi(G(U)),
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1304 V. Nallapu

and hence the FIF o is self-referential. The existing FIFs are obtained by considering L; and F; as follows:
Li(x) = aix + bi, Fi(x,2) =iz +qi(x),

where ¢; : [xp,xny] — R is a suitable continuous function and «; € R such that |o;] < 1. Let
o = (a1, a2,---ay) € (=1, DN, Let h : [x0,xy] — Rand b : [xp, xy] — R be continuous functions
such that b # h, b(x;) = h(xy), and b(xy) = h(xy). By taking ¢;(x) = h(L;(x)) — o;b(x) in the IFS
{[x0, xN] xR; w;, i = 1,2, ---, N}, the a-fractal function ~“ that approximates the function & was constructed
in [2,3].The process of constructing the «-fractal function 2* corresponding to the function £, yields a fractal
operator Fx » on the space of all continuous functions defined on [xo, xy]. Some basic properties such as linear-
ity, boundedness, and invertibility of the fractal operators FX’ , are studied in [3-5]. This fractal operator plays a
vital role in connecting the theory of fractal functions with other branches of mathematics such as approximation
theory, complex analysis, and operator theory. Since fractal functions are constructed through a suitable IFS,
these functions exhibit self-similarity and generally these functions are self-referential in the sense that the graph
of the function is a union of transformed copies of itself. Owing to this reason, fractal functions may not be
suitable for approximation of a function that shows no self-similarity or less self-similarity. Barnsley et al. [6]
initiated the construction of non-self-referential univariate FIFs which are more diverse, appealing and irregular
than self-referential FIFs for the given interpolation data. Subsequently, a huge amount of research towards the
theory of non-self-referential univariate fractal approximation and interpolation has been carried out, for instance,
see [7-9].

Recently, Ruan and Xu [10] developed a general framework for the construction of fractal interpolation
surface (FIS) which is the graph of a continuous function defined on a rectangle in R?. Prior to Ruan and Xu,
there are different approaches [11-14] for the construction of FISs and each of the above approaches has its
own specific strengths and weaknesses. Based on the FIS construction by Ruan and Xu [10], bivariate «-fractal
functions and their approximation properties, shape preserving aspects, and fractal dimension are reported in
[15—17]. Rate of approximation and many other local approximation properties of positive operators are studied
in [18-20]. In this paper, we study approximation of bivariate Lipschitz continuous functions by bivariate hidden
variable fractal functions.

For a given D = [a, b] X [c,d] C R2, let us define

C(D) = {h : D — R : his continuous on D},
C2(D) = {(t1,2) : 11, 2 € C(D)},
Lip(D) = {h : D — R : h is Lipschitz continuous on D},
Lip,(D) = {(r1, ©2) : 71, .2 € Lip(D)}.

For a given Lipschitz continuous function (f, g) : D — R?, we construct a family of continuous functions
(f%Pv g?), where a, B, and y are the suitable square real matrices. It is worthwhile to mention that the above
procedure is a natural extension of the notion of bivariate a-fractal functions. We refer (f*#7, g?) as the fractal
function corresponding to the function ( f, g). The vantage of the above construction is that the function f*#-7
provides a non-self-referential approximation to the function f : D — R in contrast to the self-referential fractal
approximation obtained through bivariate a-fractal functions. We call the function f*#7 as bivariate hidden
variable function corresponding the function f : D — R since the graph of f%# is the orthogonal projection
of the graph of (%7, g¥). A cheerful potent is that by choosing the matrices «, 8, and y of the hidden variable
IFS, the graph of f%#7 can be made self-referential as well, thus providing more flexibility and diversity in
the process of approximation. The process of constructing the fractal function (f%#¥, g?) corresponding to

the given Lipschitz continuous function (f, g) elicits a fractal operator fz‘i v Lip, (D) — C2(D). We study
the basic and important properties of fg'i Y. We then obtain the fractal analogue of a vector-valued function

(f, g) € C2(D) by extending the operator fg”’i’y to a bounded linear operator on C> (D).

Nature of the bivariate hidden variable fractal function f%#7 corresponding to f € Lip(D) depends on the
choice of «, B, and y, and this naturally leads to the question that whether the function f @B is stable with
respect to a perturbation in «, 8, and y. We answer this question by obtaining an upper bound for the error caused
by a perturbation of the parameters «, 8, and y occurring in the fractal function (f*#7 g?). The presence of
the scaling matrices «, 8, and y in the bivariate hidden variable fractal function f%# obviously offers different
approximants for the continuous function f € Lip(D), and at the same time it naturally raises the question
of optimal bivariate hidden variable fractal function for the function f € Lip(D). We prove that obtaining a
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bivariate hidden variable fractal function f%#7 close to the function f € Lip(D) is a constrained non-linear
convex optimization problem.

2 Non-self-referential bivariate fractal function

In this section, we construct the non-self-referential bivariate fractal function corresponding to the given f €
Lip(D). Throughout the manuscript, we consider (i) the supremum norm, namely || f|looc = sup{|f(x, y)| :
(x.y) € D} for f € C(D) or f € Lip(D), (ii) the supremum norm, namely [|(f. &)l = I flloo + liglloo
for (f,g) € Co(D) or (f,g) € Lip,(D). Forr € N, let £, = {1,2,...,r}and X,90 = {0,1,2,...,7}.
Suppose that f, g € C(D). Let A = {x¢, X1, ..., XN—1, XN, Y0, V1, ---> YM—1, YN} be a partition of D, where
a=x) <X <--<xN—1<xy=bjc=y)<y <-<yy—1 < ym = d.Let the interpolation data
Ay ={(xi, ¥, 2,5, ti,j); (A, j) € Zn,o X Tyoy and Ay = {(x;, yj, 1, 7); (i, j) € X0 X Zpy,0} be generated
from f, g € Lip(D) such that f(x;, y;) = z; j and g(x;, y;) = t; j. Throughout the manuscript, we follow the
following notation:

0Xn0=1{0,N}, intEZyo={1,2,..., N =1}, 0¥y 0 = {0, M}, and intXpy o = {1,2,..., M — 1}. Denote
I = [x0,xn].J = [yo.ym], Ii = [xi—1,%x;], and J; = [yj—1,y;]. Forany i € Xy, letu; : I — I; be a
contractive homeomorphism satisfying

ui(xo) = xi—1, u;i(xy) =x;, if iis odd,
u;(xo) = x;, uj(xy) =x;_1, if i iseven, and 3)
lui (%) — i ()| < &G |x* —x™| Vo, e,

where 0 < ¢; < 1is a given constant. Similarly, for any j € Xy, letv; : J — J; be a contractive homeomor-
phism satisfying

vj(yo) = yj—1, vj(ym) = yj, if jisodd,
vj(yo) =yj, vj(ym) = yj—1, if jiseven, and “)
[0 (") —v;Y) < 0jly* = y™| Vy*, y™ € J,

where 0 < g; < 1is a given constant. By definitions of #; and v}, itis easy to check that
uy () = up) | (x) Vi € intSy 0,
v () = vl () V€ intTao.

Lett:7Z x {0, N, M} — Z be defined by

2(.0) = l — 1-, (i, N) : (i, M? =1, %f z %s odd,
i,ti,Ny=t(i,M)=1i—1, if i iseven.
Let R? be endowed with the Manhattan metric
dM((x*, Y9, (o, y**)) = % — x| 4 [y* — y*.
Let K = I x J x RZ. For each (i, j) € Ty x Xy, letF;j: K — R2 be a continuous function satisfying

Fi (X Vi, 2kt ) = (2eh,r G T, eGany) Yk, 1) € 98N,0 X 01,0,
du(Fij(x,y, 2,0, F; j(x*, y*,2,0) < ci jdu((x, y), (%, y*)) for some 0 < ¢; j < 1,
dy(Fij(x,y, 251, Fij(x, y, 2%, 0%) < s jdu (@, 19), @, 1),

where 0 < s; ; < 11is a given constant. Now, for each (i, j) € Ty x Xy, wedefine W; j : K — I; x Jj x R2
by

Wi j(x, vy, z.0) = (ui(x),vj(y), Fi j(x, y,2,1)).

Then {K, W; ; : (i, j) € £y x Zp}is an IFS. The following theorem can be proved using the arguments which
are similar to those used in Theorem 3.1 in [11], and hence it is omitted.
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Theorem 1 Let (K, W; ; : (i, j) € Ty X Xy} be the IFS defined as above. Assume that the map F; j, (i, j) €
YN X X satisfies the following matching conditions:

e foralli eint XN, j € Xy and X = ul._l(xi) = u;ll (x7),
Fij(X,y,z2.t) = Fiq,j(X,y,2,) Vye J,z,t € R,
e forall j eint Xy 0,i € Eyandy = vj_l(yj) = vj_il(yj),
Fij(x,y,2,) = Fi jri(x,y,z, ) Vx el z,t €R.
Then, there exists a unique continuous function f* :D — R? such that t* (xi,yj) = (zi,j.ti,j) forall (i, j) €
YN0 X Zpoand G = U Wi i(G), where G = {(x, v, f5(x,y)) : (x,y) € D} is the graph of f*.
(i, ))EEN Xy

Definition 1 The continuous function f* defined in the previous theorem is called bivariate FIF corresponding
to the data set Aj.

Now, we derive a functional equation for the bivariate FIF f*.
Let G = {h = (h1,h2) € Co(D) | h(xi, y;) = (i), ti,j), (i, j) € 9EN,0 X T p10}. Then G is a complete
metric space with respect to the metric p which is induced by supremum norm, i.e.,

p(g ) =llgr —hilloo + 1182 — h2llc, V8 =1(g1,82), h=(h1,h2) €G.

Define the Read-Bajraktarevic¢ operator 7 on (G, p) as

Thix,y) = Fij(u; ' @), v ), by 0,07 ), G, y) € Dijy G, ) € En X D (5)
The bivariate FIF f* in the previous theorem is the unique fixed point of the operator 7 and it satisfies

£ (v y) = Frj (@), v) ) By 00, v 00), (e, ) € Dy (s J) € Ty X B ©6)
Let L = (L1, L2) : Co(D) — R? be a bounded linear map satisfying

Lif # f.Lag # &, (L(f, &) (xi. yj) = (f. 8)(xi, yj) V (i, j) € 0Zn,0 X dTp1.0. (7
Consider the contractive homeomorphisms u; and v; satisfying (3)-(4) respectively as
ui(x) =aix +bi,vj(y) =cjy +dj,

where

cCi = —m— -
s Cj »Uj s
XN — X0 XN — X0 Ym — Yo Ym — Yo

Io if i is odd,
€ =

g = Yima TXiclbe o XNXiclte — X0Xig Yi—€ — Yj-14e; IMYj—lte; — YOYj—e;
1 s Y1 —

1 if i is even,

£
e =10 S edd ®)
] 1 if j iseven.
Define F; j : K — R? as
Fij(x,y,2,1) = (Oli,jz +Bijt+ fui(x),v;(y) —aj(L1f)x,y) — Bij(L2g)(x, y),
)]

gt + 8 (), v () = 71, (Lag)(x. 1) ),

where «; ;, B; j, and y; ; are real numbers such that |o; j| < 1 and |B; ;| + |y;,j| < 1. The numbers «; ;. B; ;,
and y; ; are called scaling factors. We define the IFS {K, W; ; : (i, j) € Xy x Zp ), where W; ;(x,y,z,1) =
(u i), v;(), Fij(x,y,z, t)), and the above IFS is called a hidden variable IFS. One can verify that F; ; defined
in (9) satisfy the matching conditions given in the previous theorem. As a result, we have the following theorem.
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Theorem 2 Let {K, W; ; : (i, j) € Xy x Xy} be the IFS. Then, there exists a unique continuous function

aﬁ 4 (fziy, gA Lz) : D — R? such that fZ”’i’y(x,-, vj) = fxi,yj) anng’Lz(xi, vj) = g(xi,yj) forall
(l, ]) €XnoX Xyoand G = U Wi, i (G), where G = {(x, v, ¢Z’ﬂl;y) (x,y) € D} is the graph of
(i, J))EENXZpm ’
o, By
AL -

Owing to (5), the aforementioned bivariate FIFs fZii’V and gz, 1, respectively satisfy the following functional
equations: for all (x,y) € D, (i, j) € Ty X Xy,

FETY i), v (0) = @i fay” @oy) + Bijgh p, @ y) + i (), v ()
—a; j(L1f)(x, ) = Bi j(L2g) (x, y), (10)
gh 1, i), (M) = vi gk 1, (%, ¥) + gwi(x), v; () = ¥i,j (L2g) (x, y). (11

From (10), one can verify that the fractal function fg’ﬁ "V interpolates f at the points (x;, y j) i, j) e Eno %
Y.0. Further, the graph Graph(fZ’ ) of fAL £ is projection of the graph Gmph(gl)A ) of ¢‘Z’3Ly,
Graph( fZ:i’y) is not always the union of transformed copies of itself. Hence, fx A,L ¥ is non-self-referential and

we call the function fZ”‘z’y as non-self-referential bivariate fractal interpolation function corresponding to the
function f.

From (11), we can verify that the fractal function g, interpolates g at the points (x;, y;), (i, j) € Xy,0 X Zpm.0-
It is plain to see that the graph Graph(gZ’Lz) of gZ,Lz satisfies

Graph(gy ;,) = U W2(Graph(gy ).

. )EXN XXy

where
W25,y 1) = (ui(x), v (), FFe, v, 0) F2 (e, y, 1) = vt + (i (x), v;(0) = 1, j (Lag) (x, ¥).

Hence, g’ A.L, 18 self-referential and we call the function gk A.L, as self-referential fractal function corresponding
to the function g. If the elements of the hidden variable IFS are chosen such that zijj=tijando; ;i +Bij = Vi,

for all (i, j) € ¥y X Xy, and f = g, then we get that fA,L = gA,Lz’ and hence in this case one obtains a
self-referential FIF. Similarly, if g; ; = 0 for all (i, j) € Xy x Xy, then

G h o, U W-l- G h a,By ,
rap (fA (z DeESNxEn 1,]( rap (fA,L ))

where
le,j(-xv Y Z) = (ui(x)v U](Y)7 F‘ll,J(xv Vs Z))r Fi%j(-xv Y Z) Zai,jz—i_f(ui(-x)’ vj(y)) _ai,j(Llf)(-xr )’)

It is worthwhile to mention that f g, is self-referential in this case as well. Let us introduce the following
notation: @ = [o; jInxm, B = [BijIlnxm, v = Vi jInxm, lolo = max{le; ;| : (I, ) € Zy x Zp},
|Bloo = max{|B; ;| : (i, j) € Ty X Xy}, and |y oo = max{ly; ;[ : (i, j) € Ty X Ty}

From (11), we get that

gk, i (), v (1) — g (), v () = yi (84 1, @ ¥) — 8. ¥) + g0, ) — (Lag) (x, 1)) ¥ (x. ) € D.
Now, it follows that

lgn. 2, (i (), v () = @i (), v; N = 1yi (18R 1) (¥, ¥) — 8o, W]+ Ig(x, ¥) — Lag(x, »)I)

(12)
< Iyloo(llgn.r, = &lloo + g = L2gllco)-
The above inequality yields
ly|
lgh 1, —&lloo < ﬁug—ngnw. (13)
- o0
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From (10), we obtain that for all (x, y) € D,

FRBY @i (), v () = £ i), v;(0) = 0 j(fat (e y) = (L1 ) + Bij(gh 1, @ y) = Lag(x, y)).

This implies that

Y i), v (0) = £ (), 0] < lei i1 (1A 57 @ y) = FE I+ G y) = (L1 £, y)])
+ 1B j1(lgh 1,0 ¥) — g, I + g (x, y) = (Lag) (x, »)]),

< leloo (IS8 = Flloo +11f = L1gllso)

+1Bloo(llgk. 1, — &lloo + llg — Laglioo)-

Using (13) in the above inequality, we get:

aﬁy | |oo |/3|oo .
I fa'L flloo_1 o |Oo||f Liflloo+ (1—I0t|oo)(1—l)/|oo)”g L8|l co- (14)

3 Fractal linear operator on Lip, (D)

Definition 2 For a fixed partition A of D, scaling matrices «, 8, and y, and a linear operator L., we define the
fractal operator

FERY  Lipy(D) — Co(D), FeR7 (f.9) = (fX87 8k 1.
To discuss some basic and important properties of the fractal operator fz’ﬂ "7 we need the following results and
definitions [22].

Lemma 3.1 [22] If U is a bounded linear operator from a Banach space into itself such that |U|| < 1, then
(Id — U)~" exists and it is bounded.

Lemma 3.2 [22]If U is a bounded linear operator and S is a compact operator on a normed linear space, then
US and SU both are compact operators.

Following [22], we use the product notation for the value of a linear functional on an element: (x, ¢) =
(@, x) = ¢(x) forx € X and ¢ € X* the dual of X. Let S : X — Y be a bounded linear operator. The adjoint
or dual S* of S is the unique map S* : Y* — X* such that

(x,S*¢) = (Sx,¢) =p(x) Vx € X, € Y*.

Lemma 3.3 [22] Let X and Y be normed linear spaces. Let S : X — Y be a bounded linear operator. If S
invertible, then S* is also invertible.

Definition 3 [22] An operator U is Fredholm if: (i) Range(U) is closed, and (ii) Ker(U™) is finite-dimensional.
Further, the index of a Fredholm operator is defined as: index (U) =dim(K er(U )) — K er(U *) where U™ is
adjoint of U.

Now, we discuss our results in the following:
Theorem 3 Let Cr (D) be endowed with the uniform norm ||.|| . Let 1d be the identity operator on Cy(D). Then,

1. The fractal operator fg’i Y is a bounded linear operator with respect to the uniform norm on C> (D). Further,
the the operator norm satisfies

_7:“/37/ <2 (Jot]oo + [Bloo + 1V 1s0)
I =2 e = 1yl

max{(|fg — Ly, [1a — La2ll}.
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Ifmax{||oo, |Bloo + |¥]oo} < IIL|I~Y, then the fractal operatorfa By : Lip, (D) C C2(D) — Co(D) is not
closed.
Let Rg(]—'a’ﬁ’y)be the range space of}'a’ﬁ’y Ifmax{|e|oo, |Bloc + 1V lso} < LI, then the fractal operator

]—'Ziy is bounded below. Further, the inverse operator (]—'aﬁ Yyl Rg(]:aﬁ Yy € (D) — Lip,(D) C
Cz(D) is a bounded and closed operator.

4. Null space N((fgiy) ) of (]—'Ziy) Uis a closed subspace of Rg(]—'Z’,’i’y).

6.

For (f. ) € Rg(fg"i’y), define |(f, @) robryo1 = 1(fs &) lloo + ||(]-‘Z’f£”’)*‘(f, lloo- Then, (f,8) >
, FI ,
. B,
I(f, g)||(]__z,’/i,y)_, is a complete norm on Rg(ji‘A"’LV).
Ifmax{|c|o0o, |Bloo + |V |0} # O, then the fixed points of L are the fixed points of the fractal operator f‘i’%y.

Proof 1. Let (p1, p2), (Y1, ¥2) € Lip,(D), and ky, k» € R. For (x, y) € D; ;, we have

(klpli’fBL’y(x,y), k1,02£,L2(x,y)) = (kml(x y)+k10tz](,01AL (le))(u (x), vy o)
ki (024 1, = L2p2)) @7 00,07 ),

koo, ) + ki (P2l 4, — (L2p2) ) (), v{,.l(y»),

(e 57 o9, a2l 1, (6 9) = (ku/n(x, ¥+ koaij (VS = Lovn )@ @) v; o)
ko (V2 1, — L)) @ 0,07 ),
kaya(x, y) + kavi,j (WzZ,LZ - (Lzlﬂz))(ufl(X), vjl(y)))

Addition of the above two equations and linearity of the operator L yield

((klplA oo kzl/fla % J/)(x, ), (klpzz,Lz +k21ﬁ2£,L2)(x, Y)> =

((k101+k21/f1)(x 0+ (ki + ke S0 9 = Litkipn + oy ) @ @), 07 )
+ i (koS + i) = Lot + kv ) @ @), 07 (),

J/i,j(klpzz,Lz + kvl o, — Latkipa + kzl/fz))(u (xX), v ()’))>

The previous equation implies that (k1p1 A LV + ko Wl A Ly, k1p2 AL, T kztﬁz AL ) is fixed point of the
Read-Bajraktarevi¢ operator 7 (cf. (5)). Next, from the construction of the hidden variable bivariate FIFs, we
a.By Y
can notice that ((k 101 + ko 1)A L (k 102 +ka w2>A ., ) is the fixed point of of the Read-Bajraktarevi¢
5 s L2

operator T (cf. (5)). Since the fixed point of the Read-Bajraktarevi¢ operator T is unique, it follows that:
<k1p1‘2’§iy + kzlﬁ]og)ﬁiy, klpzZ,Lz + sz2Z,L2> = <(k1p1 + kzlﬁl) (k1p2 + k2W2> L2>7

which implies the linearity of the fractal operator .7:2’%}/. Next, one can rewrite (13)-(14) as follows:

[y]
gk, lloo < ||g||oo+ﬁ||g_1428”oo' (15)

o, B,y < | |oo L |ﬁ|oo _L 16
AL oo = W lloo+ oI = L floo + r e S T 18— Laglle (10)
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By definition of the fractal operator J’-a b 7 we get

IFSEY (f oo = 1257 oo + llgh 1, lloo-

Substituting (15)-(16) in the previous equation, we obtain:

I Lol = (14 T2 = Ll

1Bloo + ¥ oo
(I = lerfoo) (1 = [¥ ]o0)

(Itloo + [Bloo + 17 loc)
< (2 e Ty ™l = L = L2 I 9)

+(1+ 1 = Lallo ) Iglloo

Therefore, fz ’iy is a bounded linear operator.
2. From the functional analysis, it is known that: if X¢ is a subspace of the normed linear space X; Y is a Banach
space, and S : Xo C X — Y is a closed and linear bounded operator, then X is a closed subspace of X.

Since Lip, (D) is not a closed subspace of the Banach space C2(D) and fZ”ﬁL’V is a bounded linear operator,

using the above result, it follows that ]—'X”’SL’V is not closed.
3. From (10)-(11), we get:

lgh 1, — &lloo < I¥locllgh 1, = L28)lloos (17)
LFEEY = Flloo < ool fat” = (L1 Plloo + 1Blssligh 1, — (L28)lloo- (18)
Using (17)-(18), one obtains:

IR 8% 1) = (e ®lloo = IS5 = Flloo + I8k 1, — lloc

aﬁ)/ Y (9
< lalsll FA L = LiPloo + [1Bloo + 17 Ioc]llgh 1, = (L28)lloo-

Using the previous inequality, we get
I @lloo = 1T 8% 1 lloe < ICFREY 8K 1) — (f. ©)lloo
< max{lclos, [Bloe + ¥ locHIC/AET 8% 1) oo + (L1 f: L2g) s |

< max{|aloc. [Bloo + |y|oo}{||( PR 8% 1)lloe + ILIICE 8)loc |-

Now, from the aforementioned inequality and definition of ]—'a , it follows that

By 1 — max{|et|oo, |Bloc + |7 oo} IL|
IFCBY (f, )l = (£, @)lloos
A 8lee = el Bloo + 71} 8o

which ensure that (.7-'2”‘;54”/)*1 : Rg(faA”’i’V) C C2(D) — Co(D) is a bounded operator if max{|a|so, |8loo +
[V]oo} < ﬁ Now using the result mentioned in item 2, in order to prove that (fg’i’y)_l is a closed
operator, it is enough to prove that Rg (}'Z’i’y) is a closed subspace of C5 (D). For this, let {o,} be a sequence
in Rg(]—'ﬁ’i’y) such that ¢, — o € Cy(D). Suppose that (]—'Z’i’y)_l(an) — ® € Cy(D). Denoting
(}'Z"’i’y)’l (6,) = w,, we obtain

®w, — o and fg”i’y(wn) — 0.

Now by boundedness of fz”ﬂ "7 we obtain w,, — @ implies fz”’i’y (wy) — fii ¥ (w). Finally, by uniqueness
of limit, it follows that o = ]-'Z”i’y (w) € Rg (fX"%y). This completes the proof.
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4. To prove that N ((]:Z”% "=y is a closed subspace of Rg(f-z'i’y), let {s,} be a sequence in N ((]-'Z’,’i’ y=h
such that s, — s € Rg(FLh7). We show that s € N((FL47)~1). Since (F&27)~(s,) = 0 for all n, by
definition of closedness of (Fo%")~!, it follows that's € Rg(Fy”) and (FLh")~!(s) = 0.

5. Notice that | (f. &) esor) 1 = 1(f. ) lloo + I(FAL) ™ (£, 8)lloo is the graph norm on Rg(FR 7). Tosee

that it is complete, let {m, } be a Cauchy sequence in Rg (]_—Z,[;,y) with respect to ||.|| (FeB -1 Then it follows
’ AL

that {x, } and {(fz”’i’y)_l ()} are Cauchy sequences in C (D). Since C»(D) is a Banach space, there exist
7, ¢ € Cr(D) such that

170 = Tlloo = 0 and [(FLE7) " (20) = @lloc — 0 as 1 — oo,

Now using the fact that (]—'Z”'i’ ¥y~lis closed operator, we have € Rg(}'Z’,’i’y) and (}'Z”’i’y)’l () = 9.
Thus,

170 — oo + 1FLE) tn — 1)l — 0 as 1 — o0,

showing that the sequence {m,} converges in Rg (]—'Z”i’y) with respect to ||.| (FBT -1+
’ AL

6. Let (f, g) be a fixed point of L. Using (19) and the definition of fZ’i’y, we get

IFRE (.8 = (. @)lloo = max{[aloo, [Bloo + ¥ I LT (£ 8) = (. 9)loc |-

Since 0 < max{|e|co, |Bloo + |V |0} < 1, the above inequality implies that fg”’?jy(f, g)=(f, 9.
O

Theorem 4 [22] Let Sy : Xo C X — Y be a bounded linear operator, where X is dense in X, and Y is a

Banach space. Then, there exists a unique bounded linear operator S : X — Y such that S is an extension of

So. Further, ||Soll = ||S||, and for x € X, Sx = lim Sox,, where {x,} is a sequence in X¢ such that x,, — x.
n— o0

We first prove the denseness of Lip(D) in C2(D) to apply the previous theorem in the present study. Let

(f,g) € C2(D) and € > 0. Since f, g € Lip(D) are continuous, by the Weierstrass theorem, there exist

polynomials p;,i = 1,2, such that || f — pillec < § and [|g — p2llec < 5. Therefore, we get

1(f: 8) = (P1. P2 lloo = I1f = Pilleo + 118 = P2lloc <€,

establishing the denseness of Lip2 (D) in C2(D).
Let (f, g) € C2(D). Let {( fy, gn)} be a sequence in Lip, (D) such that (f;, g») — (f, g) asn — oo. Let L be
the norm preserving extension of L to C> (D). We define fﬁ’i’y :Co(D) — Co(D) as

apy v _ Fapy L By
Ut g ) =T (g = lim FLT7 (fus gu).

Theorem 5 Let L be the norm preserving extension of L to Co (D). For the operator .7:'2 ”%’V :Cr(D) — C(D),
the following holds: ’

1. For max{||oo, |Bloc + |¥|eo} < (1 + |[Id — L||)~Y, then the fractal operator JEZ"%’Y is a topological auto-
morphism on Cy(D). ’
2. If max{|c|cos |Bloo + |V ]ool} < ||L||_1, then the fractal operator J’-’Z’%y is not a compact operator.

3. Ifmax{|o|oo, |Bloo + ¥ loo} < (1 4+ [ Id — L|)~!, then the fractal operatorj’:'Z”%y is Fredholm and its index
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1312 V. Nallapu

Proof 1. Since max{||oo, |Bloo + ¥|so} < IIL|I™!, using the boundedness and linearity of J’-Z‘fi’y, one can
verify that fNZ % ¥ is linear and bounded. Let ( 1, 8) € Co(D). Let {(fu, gn)} be a sequence in Lip, (D) such
that (f,,, gn) = (f, g) asn — oo. Then,

IFLEY (f, ) = (s @lloo = Tim IFEY (fur ) = (far &) oo,
, n— 00 )
< max{la|oo, [Bloo + |V|oo}nlggol|3 A’f;}:y(fn» gn) — L(fn, gn)lloo,
= max{|c|oo, [Bloo + [V |0} lim ||3~A’€:’V(fn, &n) — I:(fna &n)lloo>
n—oo s

= max{[aloc, [Bloo + ¥l IF R (£, 8) = L(f, ) lloos

< max{lrloo, |Bloo + 17 loc}-

(IF (.90 = (oo + (. 8) = LA £ ) l1c ).
Therefore,

max({|e|oo, [Bloc + [V ]oo} 3
s — L(f, co-
— max{[@loos |Bloo + 17 loo} I(f, &) — L(f, o)l

7a.p,
ISR (fo8) = (£ )l < 5

The previous inequality leads to

max{|a|so, [Bloo + [V ]oo}

1, — L,
— max{|ct|oo, [Bloo + [V oo}

_ Fapy
la = FE oo <

where 1; — L is the norm preserving extension of I; — L to C2(D). Now, the hypothesis max{|«|oo, |Bloo +
1¥loo} < (14 |[Id — L||)~" dictates via the previous inequality that || 7; — fZ'%VHOO < 1. Now using the

Lemma 3.1, it follows that the operator I; — (Ig — .7:'2 ”’%V) = ]:'Z ’%y has bounded inverse.

2. Using the arguments similar to those used for showing fg’i’y is bounded below, one can show that fz ’;y
is bounded below if max{|o|sc, |Bloo + |V ]sol} < IILJI~!. Since JEZ”’%’Y is bounded below, it follows that
(.732 ’; 7=l ]Ez ‘:: Y(C2(D)) — Co(D) is continuous. Without loss of generality assume that }N'Z ?V is com-
pact. Using the Lemma 3.2, we can see that the identity operator I; = ]}Z /iy (]}Z f: =1 f:z ’%V (C2(D)) >
C>2(D) is compact. This implies that dimension of C,(D) is finite and it is a contraction. Hence, the result

follows.
3. Using the arguments similar to those used for showing Rg (]:X”i’ 7Y is closed (see item 3 of Theorem 3), one

can verify that Rg (fz ’%y) is a closed subspace of C»(D). In the previous item, it is notice that ]Ez ’%V is
invertible. Using the Lemma 3.3, it follows that the adjoint operator fzai:ﬂ 7 of fz f: ¥ is invertible. According

the definition 3 and the above discussion, it follows that ]}Z ’%V is Fredholm, and

: F By g 7B YN g 7o, By
1ndex(f:]: )_d1m<Ker(fZi )) d1m(Ker(]—"A’]: )).
Hence, index(]:'Z ‘; Y is zero.
’ O
Definition 4 Let p;, p, € C(D) be bivariate polynomials. Then, Z%57 (py, po) = (3*P7, 57 . ). The
ey AL LAL P2.A0

hidden variable fractal function N and fractal function p’ are respectively referred to as bivariate

2,A, Ly
fractal polynomials of p; and p».
Let Pyn.n (D) be the set of all bivariate polynomials of totall degree at most m + n defined on D. Let

Pomaun(D) = {(p.q) : p,q € Ppun(D)} and fZ’%V(Pz,m,n(D)) = P;'E’ZA L(D)' For simplicity, we denote
PEBY (D) by PSRT (D).

2,m,n,A, m,n
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Theorem 6 If max{|«|oco, |Bloo + |Y]co} < 1, then the space P;’,’Z:Z(D) is finite dimensional. Further, if
’ﬁ’Z (D) is equal to the dimension of Py, n (D).

m,

max{|aleo, [Bloo + 1V} < LI ™!, then dimension of Py

Proof Let the dimension of P2, ,(D) be A. Let {p1, p2, ..., pa} be a basis for Py » (D). Since fz’%y is

: : ..y . 7B,y 7B,y L. By R
a linear operator, it follows that Pz’m’n (D) is spanned by {.7-'212 P, ‘7:1,]: (p2), ,.7-":12 (p»)}, and it
implies that dimension of PZ ’5::(@) is finite. Further, the condition max{||eo, |Bloo + |¥]oo} < IL||~! makes

By s : 7. By 7. By 7. By : : o.B.y
theoperatorfzi injective. Itdlctatesthat{}'zi (pl)’}-:f, (P2), - ’}—Z,i (p)h)}lsabasmfor’Pz’ (D)

m,n

if max{||oo, |Bloo + |¥]oo} < IIL||~!. This completes the proof. O

4 Sensitivity and optimal choice

In this section, we discuss sensitivity of the hidden variable fractal function fg’i’y with respect to a perturbation

in the scaling factors and the existence of a optimal hidden variable fractal function fg’i’y.

4.1 Sensitivity of hidden variable fractal function

For a given (f, g) € Lip,(D), the fractal function fZ’i’y depends on the scaling matrices «, B, and y. This

naturally raise the question that whether fractal function fz’i’y is stable with respect to a perturbation in the

elements of the scaling matrices «, 8, and y. In the following, we address this question. Suppose that the scaling
factors are perturbed as &, j = «; j + 81, Bi,j = Bi,j + 2.i.j, and ¥; j = ¥, j + 83,i,j, such that

|&i,j| < 1 and |/§i,j| + |)7i‘j| < 1 for all (l,]) (S ZN X EM.

Hence, we get the perturbed hidden variable IFS as {K, Wi,j 2 (i, j) € ¥n X Xy}, where W,-,j(x, y,2, 1) =
(ui(x), vj (), Fij(x, y,2,1)),

Fiojroy, 20 = (G2 + Bt + f @), 0;00) = @y (L), ) = By (Lag)(x, y),

gt + g (), v (1) = 71 (Lag) (. ).

We shall denote the fractal function corresponding to (f, g) € Lip,(D), generated through the above per-
turbed hidden variable IFS by ( Zﬁ’y, gA.1,)- Itis easy to verify that the fractal functions ( fZ’,’i’y, gh.p,) and

( fg’ﬁ’?, gZ 1,) interpolate (f, g) at the partition points in A. In the following theorem, we obtain an upper
bound for perturbation error.

Theorem 7 Let (f, g) € Lip,(D) be the given function for which (fzzf’y, gZ’LZ) and (fg:fi’);, gZ’LZ) are the
fractal functions corresponding to two different sets of scaling factors as mentioned above. Then,

a

o — @looll £557 = Li flloo + 18 — Blosligh 1, — Laglloo

1 — el (20)

LR = ot oo <
1Blooly — PloollLaglloo
A —lale)(I =y = 7o)’

+

where o — Gloo = max{ls,j —&i,j| : (i, /) € By X Ty}, 1B — Bloo = max{|Bij — Bij| : (i, J) € B x Zua),
and [y = yleo = max{lyij = vijl : (i, j) € En X By}
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Proof In view of the functional equation (10) of fz ,]5:;/, one can write the functional equation of f ‘E , as

follows:

PRl oy = LT @ o v o) + ik g, e @) T om) + £ y)
— & (L1 @07 00 = B (Lag) ey ), 07 00, () € Dij, G ) € Ty x Dy
@1

Using (10) and (21), one can write:

FEBY ey = 207 (1, y) = (g — @i DU = Lif 1w @) ()
+ (B — Biplek 1, — Lagluy ' (). v7' ()
@ = FER 1w vy )
+Bijlgh 1, — 8 1,10 ). v ). (6. y) € Dij. (L j) € En X Ty,

Therefore, we get

IaE” = Fan” oo < lo = &leol S = L1 flloo + 18 = Blocligh 1, — L8l
Y

+lalool AL = FAL7 lloo + 1Blocligk 1, — 8k 1, lIoc-

This implies that

@~ ool S5} — L1 flloo + 18 ~ Blooligh 1, — Laglloo + IBlooligh 1, — &k 1, lloo

1 —afoo

IR = 1A f 7 oo <
(22)
Using (11), we can write the functional equation of gZ.LZ as follows: for (x, y) € D; j, (i, j) € Ty x Xy,

gh 1,00 9) = viggh 1, @), v ) + g y) = 7 (Lag) (g (). 07 (). (23)

Exploiting (11) and (23), we get

ly —7I
I8%,2 = 8K,1alloo = 1= = > IL2gllee (24)
Using (24) in (22), we get the desired result and it completes the proof. O

Since ||f‘”'S Y L1 flleo < 00, ||gZ’L2 — Lygllec < 00, and ||Lagllee < 00, from (20), it follows that

||faﬂ v fg A y”oo —Oas|la—al — 0, |8— Bl — 0, and |y —y| — 0. Hence, we conclude that any small
perturbation in the scaling factors leads to a small error in the approximation.
4.2 Existence of optimal hidden variable fractal function

Let (f, g) € Lip,(D). In the following, we show that there exist the scaling matrices o*, f*, y* such that

ICf.0) = (Fai” 7 gk 1) lloo < ICF.8) = (FXE7 8% 1) loo Y et By

That is, we show that there exists an optimal fractal function ( fZ’fi’y, gZ L) which approximates (f, g) €

Lip, (D). We know that the fractal function (f’ A L ,gn A.L,) 1s the fixed point of the Read-Bajraktarevi¢ operator

@ Springer



Approximation of bivariate Lipschitz... 1315

T defined in (5), and max{||co, |Bloo + |V |0} 1S contractivity factor of 7. To emphasize the dependence of T
on a, B, and y, we write T%hBY
The Collage Theorem [22] states that if (f,g) € Lip,(D) is given, and «*, 8*, and y* such that

1T BV (f, &) — (f, &)lloo < 8, then

3

max{le*|oo, [B*loo + 17 *loo}

1 8) = a7 8k plloo = 1 8) = TP (R gk oo < 1=

Based on the above result, we need to search for (a«*, g*, y*) € I' = {(a, B,y) ta = o jlnxm, B =

(Bi,jlnxms v = Wi jInxms 1ol S < 1, [Bloo + [V]eo = 0 < 1} for which ||(f, &) — T*P7 (£, g)ll is
minimum.

Proposition 1 Let (f, g) € Lipy(D). Then the map ® : I' — Co(D) defined by ®(a, B,y) = TPV (f, g)
is Lipschitz continuous. Consequently, the map F : T' — Rt U {0} defined by F(a, B,y) = |T%PV(f, g) —
(f, &)l is continuous.

Proof Let (a, B, y), (a*, B*, y*) € I'. From (5) and (9), we have

TP (£ 9) (3 = (i 7 ), 07 00 + Bl (0,07 ) + fx, y)

—ai i (L1 ) (0,07 ) = By (Lag) (' (), v (),

78 (), vy 00) + 8, 3) = 71 (L), ). (. 3) € Dijo (i j) € By x Byr. (25)
TP (f9)(x, y) = (aifjf(uf‘(x), v O+ B (), v ) + fx, )

—af (L1 ) ), v7 0)) = B (Lag) (! (), v (),

v e 0, 07 () + glx, y) — yl-f,-(ng)u,y)), (x.y) €Djj, (i,j) € Sy x By (26)
Consequently,

TPV (f, 9)(x, y) = TPV (f, @) (x, )| < max{|a; — o, |Bi — B + lvi — v I(fs &) — L(f, ©)lloo-

Hence, we have

ITPY (f, ) = TPV (f, @)lloo < max{le — a*|oo, |B = B¥loo + |V — ¥*loo I(fs &) = L(f: &) lloo

where |a —o"|oo = max{la;, j—a} ;| : (i, j) € Ty X Ty}, |B—B*oo = max{|Bij — B/ ;| (i, ) € Ty x Ty},
and |y — y*loo = max{lyi; — ¥/ © (I, j) € Ty x Zp}. Thatis, |[@(a, B,y) — @(a*, B*, yH)llc =
max{|o — &*|oo, |B — B*loo + 1V — ¥*loo I (f, &) — L(f, &)llsc- Therefore, @ is a Lipschitz continuous map
with Lipschitz constant ||(f, &) — L(f, &)llco. Thus, if |F(«, 8, y) — F(a*, B*, ¥*)| < €, then we can find
max{|oe — @*|oo, |B — B¥loo + ¥ — ¥ oo} < m to prove the continuity of F. O

Corollary 1 There exists (o, BT, y) € T at which F(a, B, y) = IT*PY (f, ) — (f, &) lloo is minimum.

Proof Since the function F : I' — R U {0} is continuous and set I" is compact, the existence of an optimal
scaling vector (ozT, B",y") € I' such that

F@' gy = min Fp.y)= min [T*PV(f.¢) = (f. 9l
Ly (e, B,y)el’ by (o, B,y)el /8 £ 8)loo

follows from the result: A continuous real function on a compact set attains its maximum and minimum. O

Now the following result provides a tool to find (oﬂL, ﬁT, yT) el.
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Proposition 2 The function F : T — R* U {0} defined by F(a, B, y) = |T%?7 (f, &) — (f, &)l is convex.
Proof Let (a, B, y), (o™, B*, y*) € ' and A € [0, 1]. It follows that
F (<1 — (@ B.y) + Me*, B, y*)) = || 7Pt re A=Ay Y ( f, ) — (f. @)oo

< (1 =MITPY (£, 8) = (f: Olloo + AT P (£, ) = (£, ®)lloo

(27
O
It is straight forward to verify that I" is a convex set. Using the previous proposition, the choice of ', 7, T €

I" such that F/ (oﬁ, ﬁT, yT) = ( IBmI} - F(a, B, y) is a constrained convex optimization problem.

o,p,y)e
Remark I The choice of a', %, " € I' such that F(a', 87, y") = ( fsmr)l - F(a, B, y) gives the optimal
a,p,y)e
T,ﬂT,y“L

hidden variable fractal function fg L corresponding to the given f € Lip(D).
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