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Abstract In this paper, we study the Riemann problem with the initial data containing the Dirac delta function in
both components for a nonstrictly hyperbolic system of two conservation laws from zero-pressure gas dynamics
by introducing the new state variabe. In solutions, we find another kind of delta shocks on which both state
variables simultaneously contain the Dirac delta functions. It is quite different from the previous ones on which
only one state variable contains the Dirac delta function. This phenomenon is also captured numerically and
experimentally by Kreji¢, Kruni¢ and Nedeljkov [N. Kreji¢, T. Kruni¢, M. Nedeljkov, Numerical verification
of delta shock waves for pressureless gas dynamics, J. Math. Anal. Appl. 345 (2008) 243-257]. Moreover, a
new kind of nonclassical wave, namely a delta contact discontinuity, is discovered here, which is a Dirac delta
function supported on a contact discontinuity.

Keywords Pressureless gas dynamic model - Riemann problem - Generalized Rankine-Hugoniot relation -
Delta shock wave - Vacuum state - Generalized solution
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1 Introduction

To get a deeper understanding of the celebrated pressureless gas dynamics system, Nedeljkov et al. [20] proposed
the following pressureless gas dynamic model:

(1.1)

pr+ vy =0,
2
Ut +(%)x =0.

The system (1.1) can be obtained directly from the following celebrated zero-pressure gas dynamics system
consisting of conservation laws of mass and momentum

(pu); + (pu®),; =0,

by introducing the new state variabe v = pu. Here p and u denote the gas density and velocity, respectively.
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The system (1.2) is also called the transport equations, or the zero-pressure gas dynamics. It can be used
to describe the motion process of free particles sticking under collision in the low temperature [3] and the
information of large-scale structures in the universe [28]. The solutions to the zero-pressure gas dynamics were
investigated and analyzed extensively by many scholars [1,2,6,9,10,12-15,20,21,25,26,29,33-35,37]. Brenier
and Grenier [3] and E, Rykov and Sinai [9] first obtained the global entropy solutions of the pressureless gas
independently for the Cauchy problem, see also Wang, Huang and Ding [34] with a different class of initial data.
The uniqueness was proved firstly by Wang and Ding [35] when the initial condition is bounded on the domain.
Bouchut [2] obtained same result with a different technique. Huang and Wang [15] finally proved the uniqueness
when the initial data is Radon measure, under an energy condition and Oleinik entropy conditions. For general
pressureless type system, see Huang [12]. In particular, Sheng and Zhang [31] discovered that the delta shocks
and vacuum states do occur in the Riemann solutions to the system (1.2) by the vanishing viscosity method.

It is well known that the delta shocks and vacuum states do occur in the Riemann solutions of (1.1) or (1.2),
which can be obtained by the vanishing viscosity approach [31,40]. A distinctive feature for (1.1) is just that the
delta shock wave with Dirac delta functions in both p and v appears in the Riemann solutions simultaneously.
This fact was also captured numerically and experimentally by Nedeljkov et al. [20]. It is quite different from the
previous ones on which only one state variable contains the Dirac delta function. For related researches of delta
shock waves, we refer the readers to [5-8,10,11,14,16-22,24-27,29-33,36-63] and the references cited therein
for more details. For the theory of the delta shock wave with Dirac delta function in multiple state variables,
interested readers may refer to [6,25-27,39,40] for further details.

Because the delta shock wave has been captured numerically and experimentally by Kreji¢, Kruni¢ and
Nedeljkov [20] in the Riemann solutions of (1.1), in which the extreme concentrations appear in both state
variables p and v simultaneously, it is natural to consider (1.1) with the initial data which contains Dirac delta
functions. We can constructively find a new type of solution in case of additional Dirac delta measures sitting
exactly at the points of discontinuity of the piecewies constant components of the initial data. This kind of Riemann
problem is also called the Riemann problem with delta initial data. However, if the extreme concentration does
not appear in Riemann solutions, then it is not possible to consider the Riemann problem with delta initial data.
Thus, in this paper we mainly investigate the Riemann problem for (1.1) with initial data

p—, x<0
p(x,0) = + mod(x),
o+, x>0
(1.3)
v_, 0
v(x,0) = + vod (x),
vy, x>0

where §(x) is the standard Dirac delta function, and my > 0, p+ > 0, vg and v+ are arbitrary constants. It is quite
different from the previous works [10,21,33,37] on zero-pressure gas dynamics with the initial data containing
the Dirac delta function in only one state variable p.

It is difficult to solve the Riemann problem (1.1) and (1.3), because it will give rise to a severe problem on
how to overcome a problem with the vacuum state on the left- or right-hand side. To overcome this problem, we
adopt the idea proposed by Liu and Smoller [23] when they considered the vacuum problem for isentropic gas
dynamic equations, and then approximate them by a set of small non-admissible shocks like as the front tracking
algorithm [4]. The same method has been used in [10,29]. Thus, when a vacuum state is on the right-hand side,
we first consider the initial value problem (1.1) with the following initial data:

I x <0
v, x<0 '
v(x,0) = evg. x> O} + vpd(x),

where ¢ > 0 is sufficiently small, and my > 0, p— > 0, vg and v_ are arbitrary constants. We constructively
obtain the solutions, global structure and large time-asymptotic behaviors of soltuions for problem (1.1)—(1.4).
Letting ¢ — 0, under the stability theory of weak solutions, we obtain solutions of the Riemann problem (1.1)
and (1.3) when a vacuum state is on the right-hand side. This method of constructing global generalized solutions
for the Riemann problem with delta initial data on the basis of the stability theory of generalized solutions has
been firstly used in Wang and Zhang [36] to study the Riemann problem with delta initial data for the 1-D
Chaplygin gas equations.
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1320 Z. Shao

With the help of the generalized Rankine-Hugoniot conditions and the entropy condition, we constructively
obtain the global generalized solutions for the problem (1.1) and (1.3) containing a new kind of nonclassical
wave, namely, a delta contact discontinuity, which is a Dirac delta function supported on a contact discontinuity
and was also discovered in the study of other systems, see [24,30], etc.

The paper is organized as follows. In Sect. 2, for readers’ convenience we review the Riemann solutions of
(1.1) with constant initial data and the solution concept in the sense of distributions to the Riemann problem for
system (1.1) with delta measure initial data. In Sect. 3, we construct the generalized solutions of (1.1) with delta
initial data (1.3) case by case.

2 Preliminaries

In this section, we briefly review the Riemann problem of (1.1) with initial data

(0, 0)(x,0) = (px,v1),  £x >0, 2.1)

where p+ > 0, which was studied in [40]. As in [40], for convenience, we set r = 2.
It is easy to see that system (1.1) is non-strictly hyperbolic, because it has a double eigenvalue

A=r
and only one right eigenvector
7 =01,n".
By a direct calculation,

VA-7 =0.

Therefore, A is linearly degenerate for p > 0.
Since system (1.1) and the Riemann data (2.1) are invariant under stretching of coordinates: (x,?) —
(ax, at) (a is constant), we seek the self-similar solution
X
(p,v)(x, 1) = (p,v)(E), §= 7
Then Riemann problem (1.1) and (2.1) is reduced to the following boundary value problem of ordinary differential
equations:

{ —&pg +ve =0,
2 2.2)

v —
—Svg-i- 7 E—O,

with (p, v)(£00) = (p+, v+).
For any smooth solution, system (2.2) can be written as

—& 1 Pe\ _
(—r22r—§>(vg>_0' (23)

It provides either the general solution (constant state)
(0, v)(§) = constant  (p > 0),

or the singular solution

§=r,
pre =0, 2.4)
vrg =0,
which, by integrating, yields
E=r=r_
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Fig. 1 Riemann solution of case r— < r
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Fig. 2 Characteristic analysis of delta shock wave

The singular solution (2.4) contains a violated point (p, v) = (0, 0) which satisfies the system (1.1). In terms of
the vacuum state in fluid dynamics, it is called a vacuum state, denoted by Vac (see [31]).
For a bounded discontinuity at £ = o, the Rankine-Hugoniot condition holds:

—o[pl+[v] =0,
(2.6)
—alvl+[2] =0,
)
where [¢] = g+ — g— denotes the jump of g across the discontinuity. By solving (2.6), we obtain
JiE=0=r_(=x)=ry(=xry), 2.7)
which is a contact discontinuity. It is a slip line and just the characteristic of solutions on both its sides in (¢, x)-
plane. Two states (p—, v—) and (o4, v4) can be connected by a contact discontinuity if and only if r— = r4,
namely, == = £
p— T Py

We now can construct the Riemann solutions of (1.1) and (2.1) by contact discontinuities, vacuum or §-shock
wave connecting two constant states (o, v+).

For the case r— < r4, there is no characteristic passing through the region r_t < x < ryt, therefore the
vacuum should appear in this region. In the (p, v)-phase plane, we can draw lines % = Z—: and % = ;—i from
(p—, v—) and (p4, v4), respectively. The two lines intersect only at (0, 0), an isolated point. Thus we obtain a
Riemann solution which consists of two contact discontinuities and a vacuum besides two constant states (see
Fig. 1). The solution can be expressed as

(1077 v*)v _OO<§ <r—,
(p,v)(§) = Vac, r- <§=<ry, (2.8)
(p+,v4), ry <§ < +oo.
For the case r— = r4, it is easy to see that the constant states (o+, v+) can be connected by a contact
discontinuity.
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1322 Z. Shao

For the case r_ > r, the characteristics from initial data will overlap in a domain €2 as shown in Fig. 2. So, the
singularity of solutions must develop in 2. We assert that there exist no solutions in bounded variation space, that
is, the solution cannot be constructed by classical waves. In fact, at this moment, the delta shock wave with Dirac
delta functions in both p and v will appear in solutions. Recently, Nedeljkov et al. [20] presented the numerical
results, obtained by specially designed procedure that is based on wave propagation method implemented in
CLAWPACK (see [20]), to confirm this type of delta shock wave.

By the above analysis, for the case r— > r, the delta shock wave with Dirac delta functions in both p and v
will be considered. Thus we define the §-measure solution, which was given by Nilsson [25,26] and Wang [32]
where the framework was introduced by Danilov and Shelkovich [7,8] and improved by Kalisch and Mitrovic
[16,17].

In order to define the measure solution, we define the following.

Definition 2.1 The two-dimensional weighted delta measure w(s)dr supported on a smooth curve I' =
{(x(s),1(s)) : a < s < b} can be defined by

b
(w(s)dr, p(x(s),1(5))) =/ w(s)@(x(s), 1(s))ds, (2.9)

for all test functions ¢ € C{°(R x [0, +00)).

Suppose that I' = {y; : i € I} is a graph in the closed upper half-plane {(x,?) : x € R, t € [0, +00)} € R?
containing smooth arcs y;, i € I, and [ is a finite set. Let Iy be a subset of I such that an arc y; for i € I starts
from the points of the x —axis; I'g = {x,? i € Iy} is the set of initial points of arcs y;, i € Iy. In what follows,
we define the solutions in the sense of distributions to the Cauchy problem for system (1.1) with delta measure
initial data.

Definition 2.2 Let (p(x, ), v(x,t)) be a pair of distributions and I" be a graph, where (p(x, ), v(x,t)) is
represented in form of the sum

o(x, 1) = p(x, 1) + wlx, H8(T) and v(x, ) = D(x, 1) + e(x, 1)8(),

P,V € LR x Ry) and w(x, )8(T) = Y w;(x, )8, e(x, (T) = D ei(x, )8(yi), wi(x, 1), ¢ (x,1) €
iel iel
C(T") fori € I. Consider §-shock wave type initial data (,oo(x), v9(x)), where

p°(x) = po(x) + w8 (Tp), v(x) = vo(x) + e"8(Iy),

00,0 € L®(R), w8 (Tp) = Y w28(x — x,?) and ¢%8(I'p) = Y e,?S(x — x,?), w,? and e,? are constants for
kely kel
k € Iy. The above pair of distributions (p, v) is called a generalized §-shock wave type solution of system (1.1)

with the §-shock wave type initial data (po(x), v0(x)) if the integral identities

e e <ﬁ¢, +ﬁ¢x>dxdt + % S, wi G, 1) 4280 )
+ [T 0o (x, 0)dx + Y wle(x?,0) =0,

2 e (2.10)
0+0° fj—;o </v\¢r + %(bx)dxdt + f]/i ei(x, t)d‘pé’l‘”)dl
iel
2S00 + 3 6o (xp, 0) =0,
€lo

hold for all test functions ¢ (x, t) € D(R x [0, +00)), where a%# is the tangential derivative on the graph y;,
f)’i dl is a line integral over the arc y;.

Remark 1 Definition 2.2 is a natural generalization of the classical definition of a weak solution.
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The Riemann problem with delta initial data with Dirac delta function 1323

With Definitions 2.1-2.2, a §-measure solution with the discontinuity x = ot of (1.1) and (2.1) in the case
r— > r4 can be expressed as

{p(x, 1) = p(x, 1) + w(t)dr,
v(x, 1) =v(x,t) +rsw)dr,

where I' = {(ot,1) : 0 <t < 400},
px,1) = p_ +[plH(x —ot), V(x,1) =v_ + [vV]H(x — o1),

D+ (,’j—j - }j—j) VPP

o=rs= ,

[p]
V- Uy .
w(t) = (— - —) p+p—t, if py # p—,
- P+
and
0o =rs= ﬂ, w(t) = (v —vp)t, if pp =p_,

2p4

in which H (x) is the Heaviside function that equals O for x < 0 and 1 for x > 0, dr is the standard Dirac delta
function supported on the curve I' = {(o¢,¢) : 0 <t < +00}.
Moreover, from (1.1), one can find that the function r(x, ¢) satisfies the simplest quasilinear equation

1,
re+( =r —0. (2.11)
2 X
Then we consider Eq. (2.11) with initial data
r—, x<020,
r(x,0) = {r+, P (2.12)

For the case r— > r4, according to the left initial condition r = 0 : » = r_(x < 0), by using the method of
characteristics, on the domain

QY. 00 <1t < 400, x <r_i},

one can construct the global solution of (2.11) as follows.
r(x,t) =r_, V(x,t) € Q2_.

Analogously, according to the right initial condition t = 0 : r = r4 (x > 0), by using the method of characteris-
tics, on the domain

Q. C i, 010 <1 < 400, x > ryt},
one can construct the global solution of (2.11) as follows.
r(x,t) =ry, V(x,t) € Q.
Noting the fact that 7— > r, one has

%Y N ={(x, 00 <t <400, it <x<rt},

see Fig. 3.

We wish to show that there exists a smooth curve x = x;(¢) (xs(0) = 0) in the (x, ¢) plane such that (1) the
curve x = x;(t) divides Q¢ into two parts; (2) on x = x,(¢), the following Rankine-Hugoniot condition for Eq.
(2.11):

dxs(t) Frtxs(), 1) — fr(xs(), 1))
dt g0, ) —r(x (1), 1)
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t 4
o & 0.
x
(0]
Fig. 3 Overlapping domain Q24 of characteristics
t
shock wave
T— T+
> X
(0]

Fig. 4 The shock wave solution to (2.11) and (2.12) when r_ > ry

holds, where f(r) = %rz and r (x (1), 1) déf r(xs(t) £0, ). We see that, in our case, r* (x,(), ) = r4, Thus,
the following Rankine-Hugoniot condition for Eq. (2.11) can be reduced to

de@ 1o
= —(reo+r_).
dt 2t

rytr—

Noting the fact that r < >— < I, We know that the Lax entropy condition: rt <s<r7,ie.,

fle™ <s < f1o7)

holds, where £(r) = 1r2, r¥ = r¥(x,(1), 1) & r(x,(1) £ 0, 1) and s = 259 is the speed of the discontinuity
x = x5(t). So, the Riemann problem (2.11) and (2.12) admits a unique self-similar solution composed of two

constant states r_, ry separated by a shock wave x = %t in the class of elementary waves as follows:

r_’ X < ﬂt’

e f) = { 2.13)

R T

see Fig 4. Thus, from (2.13), it can be observed that r = % has a bounded variation. Thus we arrange r on the
discontinuous line x = o't as

Iy=ot =15 = 0.

Then we can multiply a delta function by a discontinuous function in a similar way to that in [39,40], etc.
According to [40], the §-measure solution (p, v) constructed above should satisfy

(0, @) + <v2, @x) =0,
<v7 ¢T> + (%7 (Px> = O»
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for all test functions ¢(x, t) € C8°(R X [0, +00)), where
+0o  p+4o00
(0, @) =/0 / p(x, Nedxdt + (wis, @),
—0oQ

U2 +00 —+00 52
o) = (r, o) = / / (:) (x. D)pdxdi + (orswds. ¢).
P 0 —o0 P

and v has the similar integral identities as above. Here, S = {(ot,1) : 0 <t < +o0},
px, 1) =p-+[plH(x —ot), V(x,1) =v_ + [v]H(x —0o1),
r|s = o = rs, o is the tangential derivative of the curve S.

Theorem 2.3 For the case r— > ry, the Riemann problem (1.1) and (2.1) has a 8-shock wave type solution in
the form

_Jp-, x<ot _
plx,t) = or. x> ot } +w(@)d(x —ot),
v X <ot 2.14)
v(x,t) = by, x>0t } +rsw(t)d(x —ot),

which satisfies the integral identities (2.10) in the sense of Definition 2.2, where I' = {(x,t) : x = x(t) =
ot, t >0}, p(x, 1) = p— +[plH(x —01), V(x,1) = v- + [WIH(x —0t), rlr =0 =73,

dp(x, 1) [T do(x(1), 1)
/I;w(x,t) 5l dl_/o w(x(t),t)Tdt,

and H (x) is the Heaviside function

0, for x <O,
H(x):{L for x > 0.

In addition

v— Uy
s 'LU(l) = (_ - ,0_) v P+P— I, aspy 7& P—,
+

oo
and

V4 +v_
2p4

o=rs= , w(t) = (v= —vgp)t, aspy = p_.

Proof We need to check that the constructed §-measure solution satisfies the Definition 2.2 in the sense of
distributions, that is

400 oo +00 too
/ / <ﬁ¢t +3¢x>dxdt -l-/ w(l)%dl —i—/ po(x)p(x,0)dx =0, (2.15)
0 —00 0 —

o0

400 p+o00 . ’52 +00 d¢(0t, ) +00
/ / <v¢, + fsz)dxdr + fo r(sw(t)Tdt + / vo(X)P(x, 0)dx =0, (2.16)
0 —00 —o0

for all test functions ¢ (x, ) € D(R x [0, +00)), where pg(x) = p— + [p]H (x) and vo(x) = v— + [v]H (x).
Denoting by A the left-hand side of (2.15), we have

+o00  pot +0o  p+oo
A= / / <,0—¢t + v—¢x)dxdt +f / <,0+¢t + U+¢x)dxdt
0 —00 0 ot

+o00 0 +o00
+/0 w(:)%dﬁ/ p_¢(x,0)dx+/0 o (x, 0)dx. 2.17)

—00
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Without loss of generality, we assume o > 0, then the first term on the right-hand side of (2.17) equals

+o00 +o0 +o0
/ / o— (;S,dxdt—i—/ / o— ¢,dxdt+/ / v_¢dxdt

—+00 —+00 +00
= —/ p_p(x, O)dx—i—/ dx/ o_ d),dt—l—/ v_¢(ot, t)dt

0 +00 +o00
= —/ p—¢p(x,0)dx — / p—p(x, —)dx —+—/ v_¢p(ot, t)dt
—00 0 o 0
0 +o00
= —/ p_p(x,0)dx —i—/ (—p—o +v_)p(ot, t)dt. (2.18)
—00 0

Similarly, the second term on the right-hand side of (2.17) equals

+00 = +00
/ dx/ O+Prdt — / vi@p(ot, t)dt
0 0 0

+00 +oo
= —/ o+ (x, 0)dx +f (pyo —vy)e(ot, t)dt. (2.19)
0 0

The third term on the right-hand side of (2.17) equals

+00 +00
(olp] — ])tp(ot, )|  — fo (olp] — W)@ (ot, t)dt
0

+00
=— fo (olpl — wl)¢(at, 1)dt. (2.20)
From (2.17)—(2.20), we obtain
A=0.
Similarly, we can obtain (2.16). So, we complete the proof. O

Now, let we consider a solution of (1.1) and (2.1) in the following form

Pl 1) = { JO } T w3 — x(0)),
2.21)
v 1) = { s } + (WS — x(1)).

where x(¢), w(r) € C'[0, +00), rlx=x(r) = r5(t) = o, o is the tangential derivative of the curve x = x(¢) and
8(+) is the standard Dirac measure supported on the curve x = x(¢). Then, using Definition 2.2 and repeating the
proof of Theorem 2.3 almost word-for-word, one can derive the following result.

Theorem 2.4 Forthe caser— > r, if the solution of the form (2.21) satisfies the following generalized Rankine-
Hugoniot relation:

dx() _ o
dt — 7
W) — 5[p] - [v], (2.22)
dosOwe) _ 1y [ﬁ]
p ’

and

Fly=x@) = rs(t) = o,
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The Riemann problem with delta initial data with Dirac delta function 1327

where [p] = p+ — p—, etc. Then it is a 5-shock wave type solution of (1.1) and (2.1) which satisfies the
integral identities (2.10) in the sense of Definition 2.2, where T = {(x,1) : x = x(t),t > 0}, p(x,1) =
p—+[p1H (x — x(1)), V(x, 1) = v— + [vV]H (x — x(1)),

dp(x,1) ~ [F® de(x(1),1)
/liw(x,t) ol dl—/(; w(x(t),t)Tdt,

and H (x) is the Heaviside function

0, for x <O,
H(x):{l’ for x > 0.

Remark 2 Eqs. (2.22)—(2.23) are called the generalized Rankine-Hugoniot relation. It reflects the exact rela-
tionship among the limit states on both sides of the discontinuity, location, propagation speed, weights and
reassignment of % on the discontinuity.

To guarantee uniqueness, we should propose the entropy condition
re <o <r, (2.24)

which means that all characteristics on both sides of the discontinuity are in-coming.

Definition 2.5 A discontinuity satisfying (2.22)—(2.24) is called a delta shock wave of the system (1.1), denoted
by §.

Next, we employ the generalized Rankine-Hugoniot relation to solve Riemann problem (1.1) and (2.1) for
the case r— > r4. At this moment, the Riemann problem is reduced to solve the initial value problem for (2.22)
and (2.23) with initial data

t=0:x0)=0, w()=0. (2.25)

In view of our knowledge about delta shock waves, we know that for the solution of the Riemann problem with
constant initial data for all governing systems, if the delta shock wave appears in Riemann solution, then o is a
constant and w(t) is a linear function of #. So we can find a delta shock wave solution to the Riemann problem
(1.1) and (2.1) of the form

p(x,t) = p—, X <ot + wotd(x — ot),
P4, X >0t (2.26)
v, x <ot '
v(x, 1) = { Ve, X >0t } + rswotd(x — ot),
where o, wo and rg are constants uniquely determined by the algebraic equations
2
rswo = ofv] — [”7] ,
wo = olpl - [v], (2.27)
o =rs.
Under the entropy condition (2.24), it is easy to see from (2.27) that when p4 = p_,
o=r5= ﬂ, w(t) = wot = (V= — V4)1; (2.28)
2p4
when py # p—,
[v] + (U; - U—+> N P+P—
o=rs= s , w(t) = (v_ — v_+> Jorp_t. (2.29)
[p] p— P+
We also can justify that the delta-shock satisfies the entropy condition
ry <o <r_. (2.30)

Thus, we have obtained the global solutions of the Riemann problem (1.1) and (2.1).
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1328 Z. Shao

3 Riemann problem with delta initial data

In this section, we construct Riemann solutions of (1.1) and (1.3). For simplicity, we hereinafter denote a particular
particle by its Lagrangian coordinate xp. According to the relations among r_, ry and 74, where rop = ;’l—%, we
discuss the Riemann problem case by case.

Case3.1.7— <rg <r4.
To construct the solution of (1.1) and (1.3), here we first consider the initial value problem (1.1) with the following
initial data:

(p—,v-), x < —s,
(p7v)('x70): (r;_sos 3_2)3 —& <X <E, (3'1)
(p+,v4), x> &,

where ¢ > 0 is sufficiently small. On the basis of the stability theory of weak solutions, if we obtain a solution
of (1.1) and (3.1), then by letting ¢ — 0, we can get a solution of (1.1) and (1.3).

Without loss of generality, we may assume that r_ < ro < r4. In this case, when ¢ is small, the solution of
the initial value problem (1.1) and (3.1) can be expressed as follows (see Fig. 5):

_ — mo Vo + +
(o, v_)+J +VM+J1+(%uE>+J1+Wm+J + (04, v4),

where “+” means “followed by”, J* and JllL denote two contact discontinuities. The propagation speed of J;~
is rp, and that of J1+ is also rq. This implies that the contact discontinuity J,~ will never overtake the contact
discontinuity J 1+ in a finite time. So, we have completely constructed a solution of (1.1) and (3.1).

Next, letting ¢ — 0T, we have

mo

lim = lim — = o0, 3.2

e—01 po e—0+ 2¢& ( )
rot+e¢

lim podx = my. 3.3)

=0 Jrgr—e

The equalities (3.2) and (3.3) show that pg possesses a singularity as a weighted Dirac delta function with weight
w(t) = mo when ¢ — 0. Similarly, we have

. vo
lim — = o0, (3.4)
e—0t 28
rot+e v
lim Ddx = v, 3.5)
e=>0" Jygr—e 2¢e

The equalities (3.4) and (3.5) show that % possesses a singularity as a weighted Dirac delta function when
e — 0F. Through the above analysis, it is clear that as ¢ — 0%, J;~ and J;" coincide to form a new type
of nonlinear hyperbolic wave §J, namely, a delta contact discontinuity on which both state variables p and v
simultaneously contain the Dirac delta functions. This type of delta contact discontinuity is quite different from
the previous ones on which only one state variable contains the Dirac delta function. Thus, letting ¢ — 07, we
obtain a solution of (1.1) and (1.3) as follows (see Fig. 6):

(p—,v—)+J~ 4+ Vac+ 8J + Vac + Jt+ (o4, v4),

where the propagation speed of the 6J is rp. Note that the obtained wave §J is not overcompressive. It is
usually called “delta contact discontinuity” (see [24,30]), which is a Dirac delta function supported on a contact
discontinuity. So we now introduce the delta contact discontinuity, as in [24,30], as follows.

Definition 3.1 Consider a region 2 and a curve I' in Q of slope A = r. A pair of distributions (p, v) €
D'(R2) x D'(R) is called a delta contact discontinuity, if both p and v are sums of a locally integrable function
on 2 and a delta function on I' which solve (1.1) in the sense of distributions.

Remark 3 A distinctive feature for this delta contact discontinuity is that weighted Dirac delta functions develop
in both state variables p and v simultaneously.
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x
Fig. 5 The solution of the initial value problem (1.1) and (3.1) in Case r— < rop < ry
t
oJ
J+
J- Vac Vac
(p—sv-) (p+,v+)
x
@]
Fig. 6 The solution of Riemann problem (1.1) and (1.3) in Case r— < ro < r4
t
6057 35St
(p-v) | (22, 2) ) (py,04)
x
- O €

Fig. 7 The solution of the initial value problem (1.1) and (3.1) in Case ry <rop < r—

(-, v-) 65/ (94,4
x
O

Fig. 8 The solution of Riemann problem (1.1) and (1.3) in Case r4 < rg < r—

t
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Case32.ry <rgp<r_.
This is a typical case. A delta shock wave emits from the origin (see [21,37,38]). Now, we seek the solution
of (1.1) and (1.3) in the following form

e x<x(®) B
plx,1) = {p% x> x(1) } +w(@)d(x — x(1)), 56
v, x<x(@) ’
v(x, 1) = { v o) } + rs (WO (x = x(1)),
where x(¢), w(t) and rs(t) satisfy the following generalized Rankine-Hugoniot relation:
dx() _
Sa- =olpl =[],
2
GIGTIGTEYH) [%
and
rlx:x(t) =rs(t) =0,
ie.,
G =),
LD = rs(nlp] = v, 37
2
dsOuO) _ gy () [v] — [%] ,
where [p] = p+ — p—, etc. with initial data
(x, w, r5)(0) = (0, mo, ro). (3.8)

Similar to analysis in Case r— < rg < ry, we consider the initial value problem (1.1) with initial data (3.1).
Because ro < r—, r+ < rg, when ¢ is small, the solution of the initial value problem (1.1) and (3.1) can be
expressd briefly as follows (see Fig. 7):

mo Vo

v ) 485 (
(o v-) + + 2¢  2¢

)+ 85T+ (pr v,

where “+” means “followed by”, 8S* denote two delta shock waves. The weight and propagation speed of 55~
are

mo
wy(t) = (r— —ro) 20 P
(52 —v) + (r— —ro),/ 52 p—
o] = 5
% P

and the weight and propagation speed of of §S™ are

mo
wa(t) = (ro —ry) zp%

vy — 32+ (ro — 1),/ 52 o4

o) =

m
Pt — 3¢
A simple calculation yields
lim o7 = lim o = ro,
e—0F e—0t
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which implies that as & — 07, §S~ and §S™ coincide to form a new type of nonlinear hyperbolic wave 85,
namely, a delta shock wave on which both state variables p and v simultaneously contain the Dirac delta functions.
This type of delta shock wave is quite different from the previous ones on which only one state variable contains
the Dirac delta function. Thus, letting ¢ — 0", we obtain a solution of (1.1) and (1.3) as follows (see Fig. 8):

(p—,v=) + 38 + (04, v4).

This solution is called a fusion solution which is actually produced by two delta shock waves of the form
(2.26) overtaking each other at a finite time (see [37,38]), as shown in Fig. 8.
Integrating (3.7) from O to ¢ with initial data (3.8), we have

w —mo = [plx — [v]z, 30
wrs — morg = [v]x — [”73] t, (3.9
which yields
U2
mors — moro + [plxrs — [v]trs — [v]x + [F] t=0
or
L — (ol —mor + L[ 2] 2 =0 (3.10)
—1 =[plx” — ([v]t —mo)x + = | — —morot ¢ = 0. .
7127 0 21 )
Integrating (3.10) from O to ¢, we obtain
1., 10?7 ,
—[plx® — ([v]lt —mo)x + = | — [ t= — morot = 0. 3.11)
2 21 p
When [p] # 0, (3.11) is just a quadratic equation with respect to x () and the discriminant is
2 11v*7 5
A = ([v]t —me)” = 2[pl\ 5| — |7 — morot
20 p
= ([rplt — mo)* — [pllpr*1i* + 2[plmorot
= pyp_(r— —r)*t +2mot (o4 (ro — r4) + p—(r— — rg)) + mg > 0.
By virtue of (3.11), one can find two solutions
— t t
x(p) = ol £ w®) (3.12)
(o]
and
— t— t
x(p) = ot w), (3.13)
[p]
where

W(t) = /o (r— = r )12 4 2mot (p (ro — 1) + p—(r— — 1)) + m3,

From (3.9),, one has

moro + [v1x (1) — [“,72] t

o(t) =rs(1) = o

Next, with the help of the entropy condition r < . lirll o(t) < r—, we will choose the admissible solution to
— 400
the equation (3.11) from (3.12) and (3.13).
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For the solution (3.12), one has

_l)lrfooa(t) _ [v] + «/,0+[/;](r - +)’ (o] 0.

By a brief calculation, when [p] # 0, one has
] —rilpl + /orp-(r— —ry)  p-(ry —r) +/prp—(r— —ry)

lim o(t) —ry =

t—+00 (o] [o]
_ =)
N

and

] = r-[pl + VBap=(r— = 14) _ pylry = 1)+ JDap(r— = 14)

lim o(t) —r_— =

t——+00 [o] [p]
_ el — 1) <0
NSV e

which imply that the entropy condition 4 < . lirJP o (t) < r— is valid. For the solution (3.13), when [p] # O,
—+00

one has

(WD? = [W/prp=(r— —rs) — [ }[ ]
Iim o(t) =

t—>-+00 [pl/Prpo—(r— —r4)
_ (prD? — oly/prp—(r— — ry) — [or?1lp]
[p1/Pp—(r— —ry)
i ) R/ R Gt
[p]

we can not rigorously confirm that the entropy condition r4 < lirJP o (t) < r_isvalid. So, when [p] # 0, one
1——+00

has constructively obtained a solution of the equation (3.11) as follows:

(1) = —mg + [[1;]]t + w(t)’ [p] £0.

When [p] = 0, (3.11) is just a linear equation of x(¢), and then, one has

2
morot — % [%] l‘2

mo — [v]t

x(1) = . lel=0.

Then, one has
morot—%[%}tz
x(0) = ol ()
—mo+|v]rt+w(t
bl - py 20,

where

W) =[Py = )2+ 2mot (P (g — 74) + o — o)) + i

From (3.9),, it is easy to see that

Jim () =

vp+U_ _
o [p] =0,
WHVPR==—rs) 1 2.

[o] ’

So,wehavery < lim o(t) <r_.
t—>—+400
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In fact, if [p] = O, then from r_ > ry, it follows that

ry < lim o(t) <r_, as [p] =0.
——+00

If [p] # O, then, we have
] —rylpl+ oyp—(r— —ry)  p_(ry —r )+ /prp—(r— —ry)

lim o(t) —ry = =

1=>+00 (o] (o]
_ VPl o)
NN/

and

(vl —r_[pl+ /orp—(r— —ry) _ p+(ry —r-) + /prp—(r— —ry)

Iim o(t) —r_ =

1—+00 (o] (o]
VA Gtk DR
N/ SN/

Remark 4 1t is not proved in this work that the solutions derived constructively in Cases 3.1-3.4 from the
differential equation plus Rankine-Hugoniot conditions are uniqueness. In fact, it is interesting to study the
question of uniqueness of solutions. We leave this problem for our future work.

Case3.3.r9g <r— <ry.(If r— < ry < rg, then the structure of the solution is similar).

It is easy to see that the particles at xo < 0 collide with the particle at xo = 0 at the start. Let x(¢), w(¢) and
o (1) be the trajectory, mass and velocity of the fused particles, respectively. Since r— < ry andrg < o () < r_,
we find that o (¢) is always less than r, showing that the particles xo < 0 never collide with those xo > 0. Thus,
the solution of the initial value problem (1.1) and (1.3) can be expressed as

o—, x <x(t)
p(x,t) =4 Vac, x() <x <rgt ¢ +w@®)d(x —x(1)),

P+, X >ryt
(3.14)

v_, x <x(t)
v(x,t) =3 Vac, x(t) <x <ryt ¢ +rs(Ow@)s(x — x(1)),
Uy, X > r+t

We denote the delta shock wave with 4§ in this region, when one constructs solutions, how to overcome a
problem with the vacuum state on the left- or right-hand side? What to do when r = g? Indeed, we believe
that a resolution of this difficulty will be a major step in solving the Riemann problem (1.1) and (1.3). In order
to overcome a problem with the vacuum state on the left- or right-hand side, we adopt the idea proposed by
Liu and Smoller [23] when they considered the vacuum problem for isentropic gas dynamic equations, and then
approximate them by a set of small non-admissible shocks like as the front tracking algorithm [4]. Thus, we
consider the initial value problem (1.1) with initial data as follows:

2 x <0
plx,0) = {Smo, N 0} + mod (x), s
v, x<0 ’
TR o O} + w08 (x),

where ¢ > 0 is arbitrarily small.
In view of r— > rg, a new delta shock wave will generate and we denote it with S : x = x®(¢), which can
be expressed as

P, 1) = {f,;;o R } +wf (080~ x* (1),
: ' (3.16)
v, 1) = {Z;O’ MR } Ot (08— x* (1)),

@ Springer



1334 Z. Shao

where x° (1), w®(t) and r§ (¢) satisfy the following generalized Rankine-Hugoniot relation:
a’xs(t ) _ &
dat  — ’

ot =01l — [vl.

d(rg(z;;,,s(t)) = o¢[v] — [%]

and
Flymxey = 15 (1) = 0,

ie.,

d(fg’(r)w;rgﬁs (t_)[’i] v o2 G17

WG =l - [ 2],
where [p] = emg — p—, etc, with initial data

(x%, w®, r§)(0) = (0, mo, o). (3.18)

The trajectory, velocity and weight (x®(z), 5 (t), w®(t)) of 65 can be uniquely obtained by solving the initial
value problem (3.17) and (3.18). Then letting (x(t), rs(t), w(t)) = 1in})(x8 (1), r§ (1), w®(1)), we immediately
£—

get the trajectory, velocity and weight (x(¢), rs(¢), w(t)) of §S under the stability theory of weak solutions.
Integrating (3.17) from O to ¢ with initial data (3.18), we have

w® —mo = (emo — p-)x* — (gvp — V)1,

2 2
wer§ —moro = (gvg — v_)x* — ‘%’ - Z—:) t. (3.19)
Taking the limit ¢ — 0 in (3.19), we have
w—my=—p_X + v_t,
v (3.20)
wrs — morg = —vV_X + Et'
It follows that
2
mors — p—xrs + v_trs + v_x —morg — —t =0
or
L L R oot 4+ 2=2] o 3.21)
—{—p_x"—v_tx — T — =0. .
T 2,0 X v_tx — mox + moro o
Integrating (3.21) from O to #, we obtain
1 2 v2 )
—p_X" —v_tx —mox + morot + —1t~ = 0. (3.22)
2 2p_

Solving (3.22) gives
_t— t
x(p) = Mot vt mw), (3.23)
P

where

w(t) = \/mg + 2tmop—(r— — ro).
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t
05
(p—v-)
Vac Jt
(p4,v+)
x
@]
Fig. 9 The solution of Riemann problem (1.1) and (1.3) in Case rg < r— < ry4
Substituting (3.23) into (3.20),, we have
mo(r— —ri
o (1) = ry(t) = r_ — MU= —10) (3.25)

w(t)

From (3.25), it is clear that o (f) < r— < r4. This implies that the delta shock §S will never overtake the
contact discontinuity J¥ : x = r, ¢ and finally has x(t) = r_t as its asymptote. So far, we have completely
constructed a solution of (1.1) and (1.3) as follows (see Fig. 9):

(p—,v_) + 85+ Vac+ J + (py, vy).

Case3.4.rg <ry <r—.(If ry <r_ < rp, then the structure of the solution is similar.)

Similar to the analysis in Case 3.3, we know that, in this case, when ¢ is small enough, the solution is the
same as that in Case 3.3. More precisely, when 0 < ¢ < ¢*, the solution is the same as that in Case 3.3, which
can be expressed as

o—, x <x(t)
p(x,t) =4 Vac, x() <x <rgt ¢ +w@®)dx —x(1)),

P+, X >ryt
(3.26)

v_, x <x(1)
v(x,t) = Vac, x(t) <x <ryqt ¢ +rs(Ow@)s(x —x(1)),
Uy, X >4t

for 0 <t < t*, where r* is the time that the delta shock begins to meet the particles from the right xo > 0, and
t* is determined by

x(t*) = ryt*,

mo+v_t*—, /m(2)+2t*m0p, (r——ro)
x(t*) =

p—

’

which means that

. 2mo(r4 — ro)

= . (3.27)
p—(r— —ry)?
At the time ¢ = ¥, the particles xo < O start to collide with those xp > 0. At that moment, we have
t=t* 0t =x(@) = x",
_ -2
w1 (%) = w(r*) = \/mg +2rmop_(r— —rg) = MU= 20 (3.28)
r— —r4
vy — mor— 2r_ry —ror— —rory
[* = [* = [* = _ = = *, 329
o1(t") =rs1(t™) = o (t7) w () +r Ppr— o (3.29)
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(p—,v-)

o

Fig. 10 The solution of Riemann problem (1.1) and (1.3) in Case ro < ry < r—

and after that time, the solution of (1.1) and (1.3) can be expressed as

_Jo- x<x1(®)
,O(X, t) - o x> .X](t) } + w1(t)8(.x — X1 (t))a (3 30)
v = {1 §j§§3}+mmwmam@—wmm

for t* <t < 400, where x1(t), wi(¢) and rs; (¢) satisfy the following generalized Rankine-Hugoniot relation:

dx (1) _
dr

D — o1(p] - [v], (3.31)

|

01,

A Qi) g [y] — [

>[5

and
Flx=x (1) = rs1(t) = o1, (3.32)

i.e.,

d
L0 — pyy (1),

O — g1 (0)[p] - [v], (3.33)

2
O _ (1)) — [%] ,
where [p] = p+ — p—, etc. with initial data
(e, wi, rs) (%) = (X%, w*, o). (3.34)

Similar to the Case 3.2, solving the initial value problem (3.33) and (3.34), we obtain

2
w*o*(tfz*)f%[”7](%:*)2
Wl =) % Pl =0,

(3.35)

x1 () =

[vl(t—t )[_'OT]U +wi (@) +x*, [p] ;ﬁ O,

wi(0) = /@) 4+ 20 (—[v] + [plo*)(t — %) + pyp— (s — r)2(t — 1%

= \/(w*)2 + 2mo(t — 1) (p+4 (r = 1ro) + p—(r— = 10)) + p+p—(ry —r-)2(t —1%)%,
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and

wo* — [olx* + vl (1) — [ —1%)

o1(t) =rs1(t) = e (3.37)
When [p] = 0, it follows from (3.35)1, (3.36) and (3.37) that
w*a*(t—t*)—%[%](r—t*)z . 2 .
[U] wF—[v](t—1*) + x - I:F:I (t —1 )
lim (t) = lim
= ! =00 \/(w*)2 +2w*(—[v] + [plo*)(t — t*) + prp_(ry —r_)2(t — t*)?
[v]_%[%] - [ﬁ] )

_ —[v] Pl _ —5r<pl _ 1(r+ V)= M, ()] =0. (3.38)

o= —r4)  Jpip—(r— —ry) 2 20+

Similarly, when [p] # 0, it follows from (3.35),, (3.36) and (3.37) that

[v]<[v](tt*)[p']0*+wl(l) +x*> _ [%2] (t — 1%

lim o(t) = lim
f=too =400 ()2 4 2wk (=[] + [plo*) (1 — 1) + pyp— (i — r-)2(t — 1%)?
i} + B vprm- —ro - [ 4]

Vo+p—(r— —ry)
_ (rpD)? + [rply/op—(r— —ry) — [?pllp]
- [p)/Pyp=(r— = ry)
 Nprp—(r——r ) tropyp —r—p— v+ /oo (r— —ry)

[p]#0.  (3.39)

(o] (o] ’
From (3.38) and (3.39), we obtain
Vit [ — 0
. T pl=0,
tilgloo o1(t) = { [U]it/%(r,fmr)’ [p] 0. (3.40)

So we have

ry < lim op(t) <r_.
t—400

So far, we have completely constructed a solution of (1.1) and (1.3), see Fig. 10. Thus, we have finished the
discussion for all the cases and constructively obtained the global existence of generalized solutions of (1.1) and
(1.3) that explicitly exhibit four kinds of different structures involving delta shock waves.

Acknowledgements The author is very grateful to the anonymous referee and Editor for their valuable comments and suggestions
which have improved the original manuscript greatly.

Data Availability No data was used for the research described in the article.
Declarations

Conflict of Interest The authors have no conflicts to disclose.

@ Springer



1338 Z. Shao

References

L.

10.

12.
13.

14.

15.
16.

17.
18.

19.

20.

25.
26.

217.
28.

29.
30.
31.
32.

33.

35.
36.

37.

@ Springer

F. Bouchut, On zero-pressure gas dynamics, in: Advances in Kinetic Theory and Computing, in: Ser. Adv. Math. Appl. Sci.,
vol. 22, World Scientific Publishing, River Edge, NJ, 1994, pp. 171-190.

F. Bouchut, F. James, Duality solutions for pressureless gases, monotone scalar conservation laws, and uniqueness, Commun.
Partial Differ. Equ. 24 (1999) 2173-2189.

Y. Brenier, E. Grenier, Sticky particles and scalar conservation laws, SIAM J. Numer. Anal. 35 (1998) 2317-2328.

A. Bressan, Hyperbolic Systems of Conservation Laws: The One-Dimensional Cauchy Problem, Oxford lecture Ser. Math.
Appl., vol. 20, Oxford Univ. Press, Oxford, 2000.

G.Q. Chen, H. Liu, Formation of §-shocks and vacuum states in the vanishing pressure limit of solutions to the Euler equations
for isentropic fluids, SIAM J. Math. Anal. 34 (2003) 925-938.

H. Cheng, Riemann problem for one-dimensional system of conservation laws of mass, momentum and energy in zero-pressure
gas dynamics, Differ. Equ. Appl. 4 (2012) 653-664.

V.G. Danilov, V.M. Shelkovich, Dynamics of propagation and interaction of §-shock waves in conservation law systems, J.
Differ. Equ. 211 (2005) 333-381.

V.G. Danilov, V.M. Shelkovich, Delta-shock wave type solution of hyperbolic systems of conservation laws, Q. Appl. Math. 63
(2005) 401-427.

E. Weinan, Yu.G. Rykov, Ya.G. Sinai, Generalized variational principles, global weak solutions and behavior with random
initial data for systems of conservation laws arising in Ashesion particle dynamics, Comm. Math. Phys. 177 (1996) 349-380.
L. Guo, G. Yin, The Riemann problem with delta initial data for the one-dimensional transport equations, Bull. Malays. Math.
Sci. Soc. 38 (2015) 219-230.

. B.T. Hayes, P.G. LeFloch, Measure solutions to a strictly hyperbolic system of conservation laws, Nonlinearity 9 (1996)

1547-1563.

F.M. Huang, Weak solution to pressureless type system, Commun. Partial Differ. Equ. 30 (2005) 283-304.

F.M. Huang, Existence and uniqueness of discontinuous solutions for a hyperbolic system, Proc. Roy. Soc. Edinb. Sect. A 127
(1997) 1193-1205.

F.M. Huang, C.Z. Li, Z. Wang, Solutions containing delta-waves of cauchy problems for a nonstrictly hyperbolic system, Acta
Math. Appl. Sin. Engl. Ser. 11 (1995) 429-446.

F.M. Huang, Z. Wang, Well posedness for pressureless flow, Comm. Math. Phys. 222 (2001) 117-146.

H. Kalisch, D. Mitrovic, Singular solutions of a fully nonlinear 2x2 system of conservation laws, Proc. Edinb. Math. Soc. 55
(2012) 711-729.

H. Kalisch, D. Mitrovic, Singular solutions for the shallow-water equations, IMA J. Appl. Math. 77 (2012) 340-350.

B.L. Keyfitz, H.C. Kranzer, Spaces of weighted measures for conservation laws with singular shock solutions, J. Differ. Equ.
118 (1995) 420-451.

D.J. Korchinski, Solution of a Riemann problem for a 2x2 system of conservation laws possessing no classical weak solution,
thesis, Adelphi University, 1977.

N. Kreji¢, T. Kruni¢, M. Nedeljkov, Numerical verification of delta shock waves for pressureless gas dynamics, J. Math. Anal.
Appl. 345 (2008) 243-257.

. J. Li, W. Li, Riemann problem for the zero-pressure flow in gas dynamics, Progr. Natur. Sci. 11 (2001) 331-344.

J.Li, T. Zhang, S.L. Yang, The Two-Dimensional Riemann Problem in Gas Dynamics, Longman Scientific and Technical, 1998.

. T. Liu, J. Smoller, On the vacuum state for isentropic gas dynamic equations, Adv. Appl. Math. 1 (1980) 345-359.

M. Nedeljkov, M. Oberguggenberger, Interactions of delta shock waves in a strictly hyperbolic system of conservation laws, J.
Math. Anal. Appl. 344 (2008) 1143-1157.

B. Nilsson, V.M. Shelkovich, Mass, momentum and energy conservation laws in zero-pressure gas dynamics and delta-shocks,
Appl. Anal. 90 (2011) 1677-1689.

B. Nilsson, O.S. Rozanova, V.M. Shelkovich, Mass, momentum and energy conservation laws in zero-pressure gas dynamics
and §-shocks: I, Appl. Anal. 90 (2011) 831-842.

Y. Pang, Delta shock wave in the compressible Euler equations for a Chaplygin gas, J. Math. Anal. Appl. 448 (2017) 245-261.
S. F. Shandarin, Ya. B. Zeldovich, The large-scale structure of the universe: turbulence, intermittency, structures in a selfgravi-
tating medium, Rev. Mod. Phys. 61 (1989) 185-220.

C. Shen, M. Sun, Interactions of delta shock waves for the transport equations with split delta functions, J. Math. Anal. Appl.
351 (2009) 747-755.

C. Shen, M. Sun, Stability of the Riemann solutions for a nonstrictly hyperbolic system of conservation laws, Nonlinear Anal.
TMA 73 (2010) 3284-3294.

W. Sheng, T. Zhang, The Riemann problem for the transportation equations in gas dynamics, in: Mem. Amer. Math. Soc., 137,
AMS, Providence, 1999.

G. Wang, One-dimensional nonlinear chromatography system and delta-shock waves, Z. Angew. Math. Phys. 64 (2013), 1451-
1469.

L. Wang, The Riemann problem with delta data for zero-pressure gas dynamics, Chin. Ann. Math. Ser. B 37 (2016) 441-450.
Z. Wang, EM. Huang, X.Q. Ding, On the cauchy problem of transportation equations, Acta Math. Appl. Sin. Engl. Ser. 13
(1997) 113-122.

Z. Wang, X.Q. Ding, Uniqueness of generalized solution for the cauchy problem of transportation equations, Acta Math. Sci.
17 (1997) 341-352.

Z. Wang, Q. Zhang, The Riemann problem with delta initial data for the one-dimensional chaplygin gas equations, Acta Math.
Sci. 32 (2012) 825-841.

H. Yang, Generalized plane delta-shock waves for n-dimensional zero-pressure gas dynamics, J. Math. Anal. Appl. 260 (2001)
18-35.




The Riemann problem with delta initial data with Dirac delta function 1339

38.

39.

40.

41.

42.

43.
44,

45.
46.
47.
48.
49.
50.
S1.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.

62.
63.

H. Yang, W. Sun, The Riemann problem with delta initial data for a class of coupled hyperbolic systems of conservation laws,
Nonlinear Anal. TMA 67 (2007) 3041-3049.

H. Yang, Y. Zhang, New developments of delta shock waves and its applications in systems of conservation laws, J. Differ. Equ.
252 (2012) 5951-5993.

H. Yang, Y. Zhang, Delta shock waves with Dirac delta function in both components for systems of conservation laws, J. Differ.
Equ. 257 (2014) 4369-4402.

H. Li, Z. Shao, Delta shocks and vacuum states in vanishing pressure limits of solutions to the relativistic Euler equations for
generalized Chaplygin gas, Commun. Pure Appl. Anal. 15 (2016) 2373-2400.

Y. Zhang, M. Sun, Concentration phenomenon of Riemann Solutions for the relativistic Euler equations with the extended
Chaplygin gas, Acta Appl. Math. 170 (2020) 539-568.

Y. Zhang, J. Wang, The limits of Riemann solutions to the relativistic van der Waals fluid, Appl. Anal. 100 (2021) 2989-3010.
Y. Zhang, Y. Zhang, Delta-shocks and vacuums in the relativistic Euler equations for isothermal fluids with the flux approxi-
mation, J. Math. Phys. 60 (2019) 011508.

Y. Zhang, Y. Zhang, J. Wang, Concentration in the zero-exponent limit of solutions to the isentropic Euler equations for extended
Chaplygin gas, Asymptotic Anal. 122 (2021) 35-67.

Y. Zhang, Y. Zhang, Riemann problem with delta initial data for the two-dimensional steady pressureless isentropic relativistic
Euler equations, Math. Model. Nat. Phenom. 16 (2021) 19.

J. Li, Note on the compressible Euler equations with zero temperature, Appl. Math. Lett. 14 (2001) 519-523.

D.A.E. Daw, M. Nedeljkov, Shadow waves for pressureless gas balance laws, Appl. Math. Lett. 57 (2016) 54-59.

Y. Wang, M. Sun, Interactions of delta shock waves in a pressureless hydrodynamic model, Appl. Anal. 102 (2023) 4909-4927.
W.Jiang, Y. Zhang, T. Li, T. Chen, The cavitation and concentration of Riemann solutions for the isentropic Euler systems with
isothermal dusty gas, Nonlinear Anal. RWA 71 (2023) 103761.

M. Pandey, V. D. Sharma, Interaction of a characteristic shock with a weak discontinuity in a non-ideal gas, Wave Motion 44
(2007) 346-354.

C. Shen, M. Sun, Exact Riemann solutions for the drift-flux equations of two-phase flow under gravity, J. Differ. Equ. 314
(2022) 1-55.

M. Sun, The intrinsic phenomena of cavitation and concentration in Riemann solutions for the isentropic two-phase model with
the logarithmic equation of state, J. Math. Phys. 62 (2021) 101502.

Y. Zhang, Y. Zhang, Delta-shocks and vacuums in the relativistic Euler equations for isothermal fluids with the flux approxi-
mation, J. Math. Phys. 60 (2019) 011508.

Y. Zhang, M. Sun, Concentration phenomenon of Riemann solutions for the relativistic Euler equations with the extended
Chaplygin gas, Acta Appl. Math. 170 (2020) 539-568.

R. Chaturvedi, L. P. Singh, The phenomena of concentration and cavitation in the Riemann solution for the isentropic zero-
pressure dusty gasdynamics, J. Math. Phys. 62 (2021) 033101.

S. Sheng, Z. Shao, The limits of Riemann solutions to Euler equations of compressible fluid flow with a source term, J. Eng.
Math. 125 (2020) 1-22.

R.D. L. Cruz, M. Santos, E. Abreu, Interaction of delta shock waves for a nonsymmetric Keyfitz-Kranzer system of conservation
laws, Monatsh. Math. 194 (2021) 737-766.

J. Liu, J. Liang, H. Yang, Delta shock waves as flux-approximation limit of solutions to the modified Chaplygin gas equations,
Acta Appl. Math. 168 (2020) 75-107.

J. Wang, Delta shocks and vacuum states in the Euler equations for nonisentropic magnetogas-dynamics with the flux pertur-
bation, Z. Angew. Math. Phys. 71 (2020) 60-85.

Y. Zhang, Y. Pang, Concentration and cavitation in the vanishing pressure limit of solutions to a simplified isentropic relativistic
Euler equations, J. Math. Fluid Mech. 23 (2021) 8-27.

Z. Shao, The Riemann problem for a traffic flow model, Phys. Fluids 35 (2023) 036104.

Z. Shao, Delta shocks and vacuum states for the isentropic magnetogasdynamics equations for Chaplygin gas as pressure and
magnetic field vanish, Anal. Math. Phys. 12 (2022) 85.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-08-10T13:28:35+0530
	Preflight Ticket Signature




