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Abstract This investigation shows the couple stress fluid filled the space between the two non-concentric spheres
under the effect of slippage. Therefore, this work is innovative due to the application of the velocity slip conditions
to the surfaces of the spheres. In addition, the two spheres are translating axially at various linear speeds. The
solution is obtained semi-analytically at low Reynolds numbers utilizing the superposition with the numerical
collocation approach. This paper discusses the hydrodynamic drag force exerted by the fluid on the internal
particle. Consequently, it is found that all the results agreed with the corresponding numerical analysis in the
traditional viscous liquids and the traveling of two eccentric rigid spheres with no slippage.
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1 Introduction

Due to the limitations of traditional nonpolar fluids in accurately describing the behavior of fluid flow containing
suspended particles, there has been a significant focus on the theory of polar fluids in recent years. The analysis
of these fluids is important in a variety of industrial processes, including but not limited to crude oil extraction
from petroleum products, fluid heating, electrostatic precipitation, liquid crystal solidification, cooling processes
of metal plates in a bath, the use of exotic lubricants, and the study of colloidal and suspension solutions. Stokes’
[1,2] couple stress fluid, which includes polar effects, is one example of a fluid with distinct properties. The
introduction of a length-dependent effect, which is not typically observed in nonpolar fluids, is the primary factor
contributing to couple stresses. The Poiseuille, Couette, and generalized Couette flows of an incompressible
couple stress fluid through parallel plates with slip boundary conditions have all been solved analytically by
Devakar et al. [3]. Gajjela et al. [4] has performed an analysis of the numerical solutions for the generation of
entropy in a porous-lined annulus between two rotating cylinders subject to a radial magnetic field. Podila et
al. [5] investigated the oscillating motion of an incompressible Couple Stress fluid through a permeable sphere.
Rabia Naz et al. [6] studied the analytical solutions of the incompressible and unsteady movement of a couple
stress liquid flow modeled with a power law fractional differential operator that fills the partial space y > 0 over
a smooth (solid) plate covering the xz-plane.
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Effect of slippage on a translational motion of two interacting… 1363

Overall, when fluid flows past rigid boundaries, the no-slip boundary condition is employed. However, many
applications have observed and investigated liquid slips on a solid surface, it has recently been recognized that
some fluids, including additive fluids and polymerics, can stick to and slide along rigid boundaries. “Navier
introduced a more general boundary condition—that the fluid velocity component tangential to the solid surface,
relative to the solid surface, is proportional to the shear stress on the fluid–solid interface” to describe the slip
characteristics of fluid on the solid surface. Results from molecular dynamics simulations of Newtonian liquids
under shear were presented by Thompson and Troia [7], and they show that there is a general nonlinear relationship
between the magnitude of slip and the local shear rate at the surface of solid material. Ashmawy [8] studied
the dynamics of a rigid slip sphere immersed in a couple stress fluids with a linear slip boundary condition
on the surface. He found that the normalized drag force decreases as the couple stress viscosity parameter
increases. Through an inclined peristaltic asymmetric channel, Akram et al. [9] mathematically explained the
significance of partial slip-on double-diffusive convection on magneto-Carreau nanofluid. El-Sapa and Almoneef
[10] investigated the effect of slip and spin slip on the surface of a porous couple stress fluid-immersed solid
sphere. They observed that the normalized drag force increases due to the slip and spin slip effects.

Furthermore, many different numerical algorithms have been used to solve ordinary differential equations
or partial differential equations with high-order accuracy. Among these methods is the collocation method,
which has been widely used to solve problems in a variety of fields, including computational fluid dynamics,
magnetohydrodynamics, and optics. The collection method’s basic idea is that the velocity field is defined by an
ordered sequence of basic solutions appropriate to the constant orthogonal surface that will be presented. and
the solution series is truncated, and the boundary conditions are not applied exactly to the entire body, but only
at a few carefully selected points known as collocation points. Gluckman [11] was the first to develop a new
method for dealing with slow viscous motion past finite assemblages of random-shaped particles. Chang and
Keh [12] used the boundary collocation method to study the slow motion of a spherical fluid or solid particle with
a slip-flow surface in a viscous fluid perpendicular to two parallel planes. Sherief et al. [13] used the collocation
technique to investigate the slow motion of an oscillating spherical particle in a viscous fluid located within a
semi-infinite viscous fluid bounded by an impermeable plane. The spectral collocation method was applied by
Sun et al. [14] for studying coupled radiative and thermal conductivity in concentric cylinders.

The objective of this study is to give semi-analytical solutions for the axisymmetric movements of a solid
sphere that translates into a non-concentric hollow filled with stress fluids under the influence of slippage surfaces.
Due to this, the boundary collocation procedure is utilized in the equation system. Additionally, given various
values of the relevant parameters such as the slippage, the separation, the size ratio, the couple stress, and the
angular velocity ratios, then the normalized torque acting on the interior solid sphere can be calculated. Across
all parameters, the results showed good convergence and are displayed visually and calculated tabularly.

2 Mathematical formulation

By the notion of a low Reynolds number, without the presence of body forces and body couples, the field
constraints controlling the steady motion of an incompressible couple stress liquid are dictated by [2]:

ui,i = 0, (1)

μ ui, j j − η ui, j jkk − p,i = 0 . (2)

Here, the constant μ is the fluid viscosity, η is the viscosity of 1st couple stress, ui is the velocity of the fluid,
and is the fluid pressure. If the relation (2) tends to the classical equation of Navier–Stokes. The tensor forms of
ti j and mi j are [2]

τi j = −p δi j + 2μ di j − 1
2 ei jk msk,s , (3)

mi j = mδi j + 4(ηω j,i + η′ ωi, j ) , (4)

where η′ is 2nd couple stress, m is a tensor trace of couple stress, the two tenors are Kronecker delta, ei jk is
alternating tensor, di j is deformation rate tensor, and �ω is vorticity vector, the two last concepts are formed as:

di j = 1

2
(ui, j + u j,i ) , ωi = 1

2
ei jk uk, j . (5)
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1364 S. El-Sapa, N. S. Alsedais

The enforced boundary constraints may be used to derive the scalar quantity that was mentioned in relation (4).
Additionally, one may explicitly define it as [1] by using the second relation of (4) and the concept of (5):

m = 1

3
mii . (6)

The physical constants in the fundamental equations (3) and (4), as well as the equation for movement (2), are
presumed to adhere to the following constraints in [2]:

μ ≥ 0, η ≥ 0, η ≥ η′ . (7)

Furthermore, suppose that the surface of the sphere is subject to the following circumstances., r = a:

(a) Slippage restriction

β (u − U sin θ) = trθ , (8)

Where β is the slippage parameter changing its values from zero to infinity. This coefficient is only related
to the type of fluid and the material’s surface. Furthermore, the perfect slip situation becomes possible when
the slip coefficient disappears, and the traditional no-slip case may be inferred as a specific instance in this
study when the slip parameter approaches infinity. The slippage condition of the boundary has recently been
used to solve several viscous fluids [9–12] and micropolar fluids [26,27] issues.

(b) The prevailing condition is the absence of couple stresses [2]

mi j ni = 0 on r = a, (9)

where ni is the unit normal to the surface of the solid sphere. Stokes [1] has suggested the boundary con-
ditioning equation (9). Only in this situation can mechanical interactions at the borders produce a force
distribution, according to physical theory.

3 Axisymmetric solution to the problem

In an incompressible couple stress liquid, allow us to assume that the translational motion of a sphere with
radius a travels symmetry about its axis. The spherical systemic process is set up at the sphere’s center; the field
functions are independent of φ . In addition, the vorticity and velocity vectors are shown by:

�u = (ur (r, θ), uθ(r, θ), 0) , (10)

�ω = (
0, 0, ωφ(r, θ)

)
(11)

In view of the equation of continuity (2.1), one can write the velocity components in terms of the stream function
ψ as

ur = −1
r2 sin θ

∂ψ
∂ θ
,

uθ = 1
r sin θ

∂ψ
∂ r

}

. (12)

Substitute Eq. (10) into the momentum equation (2) by eliminating the pressure, the subsequent p.d.e is obtained
as:

E4
[

E2 − κ2
]
ψ = 0, (13)

where the material constant 1/κ = √
η/a2μ, is taken into consideration as a polarity indicator for the couple

stress fluids approach, and the Stokesian indicator of axial motion is:

E2 = ∂2

∂r2 + 1 − ζ 2

r2

∂2

∂ζ 2 , ζ = cos θ . (14)

Furthermore, the tangential stress is calculated by El-Sapa and Almoneef [7] as:

τrθ = 2μ erθ − 1

2

[
∂mrφ

∂r
+ (2mrφ + mφr )

r
+ cot θ

r
(mθφ + mφθ)+ 1

r

∂mθφ

∂θ

]
. (15)
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We obtain the following regular axisymmetric stress and couple stresses by using the tensor relation (4):

Erθ = 1

2

[
1

r

∂ur

∂θ
− uθ

r
+ ∂uθ

∂r

]
(16a)

mrφ = 4η
∂ωφ

∂r
− 4η′ 1

r
ωφ (16b)

mφr = −4η
1

r
ωφ + 4η′ ∂ωφ

∂r
(16c)

mθφ = 4
1

r

[
η
∂ωφ

∂θ
− η′ cot θωφ

]
(16d)

mφθ = 4
1

r

[
−η cot θωφ + η′ ∂ωφ

∂θ

]
(16e)

The tangential stress can be modified by using Eq. (15) into (14) as:

τrθ = μ

[
1

r

∂ur

∂θ
− uθ

r
+ ∂uθ

∂r

]
− 2η

[
∂2ωφ

∂r2 + 2

r

∂ωφ

∂r
+ 1

r2

(
∂2

∂θ2 + cot θ
∂

∂θ
− csc2 θ

)
ωφ

]
. (17)

The differential equation (12) has the following generalized solution:

ψ =
∞∑

n=2

[
Anr−n+1 + Bnr−n+3 + Cn

√
r K

n− 1
2
(κr)

+Dnrn + Enrn+2 + Fn
√

r I
n− 1

2
(κr)

]
�n(ζ ),

(18)

where the two functions Kn(.) and In(.)the first and second types of modified Bessel functions of order n,
respectively. Also, Gn(.) denotes the Gegenbauer polynomial of the first kind of order n and degree −1/2 .

By using (16) and (18), we reach

ur = −
∞∑

n=2

(
An r−n−1 + Bnr−n+1 + Cn r−3/2 K

n− 1
2
(κr)

)
Pn−1(ζ )

−
∞∑

n=2

(
Dnrn−2 + Enrn + Fn r−3/2 I

n− 1
2
(κr)

)
Pn−1(ζ ) , (19)

where Pn(.) is denoting Legendre polynomial of order n.

uθ =
∞∑

n=2

[
(1 − n)Anr−n−1 + (3 − n)Bn r−n+1 + Cn r−3/2

(
n K

n− 1
2
(κ r)− κr K

n+ 1
2
(κr)

)]
�n(ζ )√

1−ζ 2

+
∞∑

n=2

[
n Dnrn−2 + (n + 2)Enrn + Fn r−3/2

(
κ r I

n+ 1
2
(κ r)+ n I

n− 1
2
(κr)

)]
�n(ζ )√

1−ζ 2

.(20)

Equation (18) is applied to Eqs. (14) and (15), and the resulting vorticity components are as follows:

ωφ = 1
2

∞∑
n=2

[
2(3 − 2n)Bnr−n + Cn κ2 r−1/2 K

n− 1
2
(κ r)

]
�n(ζ )√

1−ζ 2

+ 1
2

∞∑
n=2

[
2(2n + 1)En rn−1 + Fn κ2 r−1/2 I

n− 1
2
(κ r)

]
�n(ζ )√

1−ζ 2

, (21)

Applying Eqs. (19) and (20) to Eq. (17) yields the stresses and couple stresses:

erθ =
∞∑

n=2

[
(n2 − 1)An r−n−1 + n(n − 2)Bnr−n

+ 1

2
Cn r−5/2 ((κ2r2 + 2n2 − 4n)K

n− 1
2
(κr)+ 2κr K

n+ 1
2
(κr))

] �n(ζ )√
1 − ζ 2
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+
∞∑

n=2

[
n(n − 2)Dnrn−3 + (n2 − 1)Enrn−1

+ 1

2
Fn r−5/2 ((κ2r2 + 2n2 − 4n)I

n− 1
2
(κr)− 2κr I

n+ 1
2
(κr)

] �n(ζ )√
1 − ζ 2

(22)

mrφ =
∞∑

n=2

[
4n(2n − 3)(η + η′)Bnr−n−1

+2Cn κ2 r−3/2
(
(η(n − 1)− η′)K

n− 1
2
(κ r)− κ rηK

n+ 1
2
(κ r)

)] �n(ζ )√
1 − ζ 2

+
∞∑

n=2

[
4(2n + 1)(η(n − 1)− η′)En rn−2

+2Fn κ2 r−3/2
(
(η(n − 1)− η′)I

n− 1
2
(κ r)+ κ rηI

n+ 1
2
(κ r)

)] �n(ζ )√
1 − ζ 2

(23)

mφr =
∞∑

n=2

[
4n(2n − 3)(η + η′)Bnr−n−1

+2Cn κ2 r−3/2
(
(η′(n − 1)− η)K

n− 1
2
(κ r)− κ rη′K

n+ 1
2
(κ r)

)] �n(ζ )√
1 − ζ 2

+
∞∑

n=2

[
4(2n + 1)(η(n − 1)− η′)En rn−2

+2Fn κ2 r−3/2
(
(η′(n − 1)− η)I

n− 1
2
(κ r)+ κ rη′ I

n+ 1
2
(κ r)

)] �n(ζ )√
1 − ζ 2

(24)

mθφ = 2
∞∑

n=2

[
2(3 − 2n)Bnr−n−1 + Cn κ2 r−3/2 K

n− 1
2
(κ r)

] (
η(n − 1)− η′)�n(ζ )− (n − 2)η�n−1(ζ )

)

√
1 − ζ 2

+2
∞∑

n=2

[
2(2n + 1)En rn−2 + Fn κ2 r−3/2 I

n− 1
2
(κ r)

] (
η(n − 1)− η′)�n(ζ )− (n − 2)η�n−1(ζ )

)

√
1 − ζ 2

(25)

mφθ = 2
∞∑

n=2

[
2(3 − 2n)Bnr−n−1 + Cn κ2 r−3/2 K

n− 1
2
(κ r)

] (
η′(n − 1)− η)�n(ζ )− (n − 2)η′�n−1(ζ )

)

√
1 − ζ 2

+2
∞∑

n=2

[
2(2n + 1)En rn−2 + Fn κ2 r−3/2 I

n− 1
2
(κ r)

] (
η′(n − 1)− η)�n(ζ )− (n − 2)η′�n−1(ζ )

)

√
1 − ζ 2

(26)

Employing the obtained Eqs. (19), (20) and (22)–(26) into (17), we get:

τrθ =
∞∑

n=2

[
2μ(n2 − 1)An r−n−2 + 2μn(n − 2)Bnr−n

+ Cn r−5/2
((

μ(κ2r2 + 2n2 − 4n)− ηκ4r2
)

K
n− 1

2
(κr)+ 2μκr K

n+ 1
2
(κr)

)] �n(ζ )√
1 − ζ 2

+
∞∑

n=2

[
2μn(n − 2)Dnrn−3 + 2μ(n2 − 1)Enrn−1

+ Fn r−5/2
((

μ(κ2r2 + 2n2 − 4n)− ηκ4r2
)

I
n− 1

2
(κr)− 2μκr I

n+ 1
2
(κr)

)] �n(ζ )√
1 − ζ 2

(27)
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The resultant drag force acting on the axisymmetric particle is found to be acting along the axis of symmetry
and has a magnitude of [8]:

Fz = 4πμB2. (28)

Ramkissoon [20] has studied the steady flow of an incompressible couple stress fluid past a rigid sphere of radius.
He concluded that the spherical particle is subject to the following drag force:

F∞ = −6μUa3
{

1 + α

κa

}
, α = 2 + η′/η

κa + 2 + η′/η
, (29)

3.1 Hydrodynamic interaction of translating two eccentric spheres filled with a couple stress fluid.

For this simulation, it is assumed the annulus between the two non-concentric spheres of radii a j , j = 1, 2 s
filled with a constant density of couple stress liquid. Therefore, the sphere and the spherical cavity are translating
along the connecting line of its centers with distinct speeds U1 ad U2, respectively and at a distance h from their
centers, as shown in Fig. 1. Consider that u(1)r , u(1)θ ,ω

(1)
φ are the components of vorticity and velocity as a result

of the presence of the solid particle a1 without the second sphere a2 and u(2)r , u(2)θ ,ω
(2)
φ are the components of

velocity and vorticity of the sphere a2 without the first sphere a1 as shown in Fig. 1. Additionally, the subsequent
relations link the coordinate systems (r1, θ1) and (r2, θ2) together as:

r2
1 = r2

2 + h2 − 2r2h cos θ2 ,

r2
2 = r2

1 + h2 + 2r1h cos θ1 .

}
(30)

Fig. 1 The geometrical shape of couple stress fluid squeezed two eccentric spheres
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As a result, the boundary conditions are linear, allowing for the use of the superposition principle. The
following is a representation of the field functions:

⎡

⎢
⎣

ur (r1, θ1; r2, θ2)

uθ(r1, θ1; r2, θ2)

τrθ(r1, θ1; r2, θ2)

mrφ(r1, θ1; r2, θ2)

⎤

⎥
⎦ =

⎡

⎢⎢⎢
⎣

u(1)r (r1, θ1)

u(1)θ (r1, θ1)

τ
(1)
rθ (r1, θ1)

m(1)
rφ (r1, θ1)

⎤

⎥⎥⎥
⎦

+

⎡

⎢⎢⎢
⎣

u(2)r (r1, θ1)

u(2)θ (r1, θ1)

τ
(2)
rθ (r1, θ1)

m(2)
rφ (r1, θ1)

⎤

⎥⎥⎥
⎦
, (31)

The kinematical and dynamical boundary conditions are taken the following forms:

ur
∣∣
r j =a j

= U j cos θ j , mrφ

∣∣
r j =a j

= 0, j = 1, 2 , (32)

uθ

∣∣
r j =a j

= 1

β j
τrφ − U j sin θ j , mrφ

∣∣
r j =a j

= 0, j = 1, 2 . (33)

where β j , j = 1, 2 are the velocity slippage that has the following properties:

(a) The slip coefficients depend on the nature of the solid and fluid surface.
(b) In the limiting case of β1 → 0 , there is a perfect slip and the solid sphere acts like a spherical gas bubble if

β1 → ∞ , we get the standard no-slip condition.
(c) Also, for β2 → 0 we have the couple stress zero at the boundary which means that the mechanical interactions

at the surface are equipollent to a force distribution only. On the other hand, when β2 → ∞ this is equivalent
to preventing relative rotation of the fluid element at the surface of the aerosol.

From (32) and use (18), (22), (28) the field functions ur , uθ, τrθ, mrφ are:

ur = −
∞∑

n=2

[
An r−n−1

1 + Bn r−n+1
1 + Cn r−3/2

1 K
n− 1

2
(κr1)

]
Pn−1(ζ1)

−
∞∑

n=2

[
Dn rn−2

2 + En rn
2 + Fn r−3/2

2 I
n− 1

2
(κr2)

]
Pn−1(ζ2).

(34)

uθ =
∞∑

n=2

[
(1 − n)Anr−n−1

1 + (3 − n)Bn r−n+1
1 + Cn r−3/2

1

(
n K

n− 1
2
(κ r1)− κr1 K

n+ 1
2
(κr1)

)] �n(ζ1)√
1 − ζ 2

1

+
∞∑

n=2

[
n Dn rn−2

2 + (n + 2)En rn
2 + Fn r−3/2

2

(
n I

n− 1
2
(κr2)+ κ r2 I

n+ 1
2
(κr2)

)] �n(ζ2)√
1 − ζ 2

2

. (35)

ωφ = 1

2

∞∑

n=2

[
2(3 − 2n)Bnr−n

1 + Cn κ2 r−1/2
1 K

n− 1
2
(κ r1)

] �n(ζ1)√
1 − ζ 2

1

+1

2

∞∑

n=2

[
2(2n + 1)En rn−1

2 + Fn κ2 r−1/2
2 I

n− 1
2
(κ r2)

] �n(ζ2)√
1 − ζ 2

2

. (36)

mrφ = 2
∞∑

n=2

[
2n(2n − 3)(η + η′)Bnr−n−1

1

+Cn κ2 r−3/2
1

(
(η(n − 1)− η′)K

n− 1
2
(κ r1)− κ r1ηK

n+ 1
2
(κ r1)

)] �n(ζ1)√
1 − ζ 2

1

+2
∞∑

n=2

[
2(2n + 1)(η(n − 1)− η′)En rn−2

2

+Fn κ2 r−3/2
2

(
(η(n − 1)− η′)I

n− 1
2
(κ r2)+ κ r2ηI

n+ 1
2
(κ r2)

)] �n(ζ2)√
1 − ζ 2

2

. (37)
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τrθ =
∞∑

n=2

[
2μ(n2 − 1)An r−n−2

1 + 2μn(n − 2)Bn r−n
1

+ Cn r−5/2
1

((
μ(κ2r2

1 + 2n2 − 4n)− ηκ4r2
1

)
K

n− 1
2
(κr1)+ 2μκr1 K

n+ 1
2
(κr1)

)] �n(ζ1)√
1 − ζ 2

1

+
∞∑

n=2

[
2μn(n − 2)Dn rn−3

2 + 2μ(n2 − 1)En rn−1
2

+ Fn r−5/2
2

((
μ(κ2r2

2 + 2n2 − 4n)− ηκ4r2
2

)
I
n− 1

2
(κr2)− 2μκr2 I

n+ 1
2
(κr2)

)] �n(ζ2)√
1 − ζ 2

2

(38)

The following system is obtained by using Eqs. (34)–(38) and the boundary conditions (32) and (33):

∞∑

n=2

(

An a−n−1
1 + Bna−n+1

1 + Cn a
−3
2

1 K
n− 1

2
(�a1)

)

Pn−1 (ζ1)

+
∞∑

n=2

(

Dnrn−2
2 + Enrn

2 + Fn r
−3
2

2 I
n− 1

2
(�r2)

)
∣
∣
r1=a1

Pn−1 (ζ2) = −U1ζ1, (39)

∞∑

n=2

(

An r−n−1
1 + Bnr−n+1

1 + Cn r
−3
2

1 K
n− 1

2
(�r1)

)
∣
∣
r2=a2

Pn−1 (ζ1)

+
∞∑

n=2

(

Dnan−2
2 + Enan

2 + Fn a
−3
2

2 I
n− 1

2
(�a2)

)

Pn−1 (ζ2) = −U2ζ2, (40)

∞∑

n=2

Gn(ζ1)√
1 − ζ 2

1

[(
(1 − n)− 2β−1

1 a−1
1 μ(n2 − 1)

)
Ana−n−1

1 +
(
(3 − n)− 2β−1

1 a−1
1 μn(n − 2)

)
Bn a−n+1

1

+Cn a
−3
2

1

((
n − β−1

1 a−1
1

(
μ(κ2a2

1 + 2n2 − 4n)− ηκ4a2
1

))
K

n− 1
2
(κ a1)− κa1

(
1 + 2μβ−1

1 a−1
1

)
K

n+ 1
2
(κ a1)

)]

+
∞∑

n=2

Gn(ζ2)√
1 − ζ 2

2

[(
n − 2β−1

1 r−1
2 μn(n − 2)

)
Dnrn−2

2 +
(
(n + 2)− 2β−1

1 r−1
2 μ(n2 − 1)

)
Enrn

2

+Fn r
−3
2

2

((
n − β−1

1 r−1
2

(
μ(κ2r2

2 + 2n2 − 4n)− ηκ4r2
2

) )
I
n− 1

2
(κ r2)+ κ r2

(
1 + 2β−1

1 r−1
2 μ

)
I
n+ 1

2
(κ r2)

)] ∣
∣
r1=a1

= −U1

√
1 − ζ 2

1 , (41)
∞∑

n=2

Gn(ζ1)√
1 − ζ 2

1

[(
(1 − n)+ 2β−1

2 r−1
1 μ(n2 − 1)

)
Anr−n−1

1 +
(
(3 − n)+ 2β−1

2 r−1
1 μn(n − 2)

)
Bn r−n+1

1

+Cn r
−3
2

1

((
n + β−1

2 r−1
1

(
μ(κ2r2

1 + 2n2 − 4n)− ηκ4r2
1

))
K

n− 1
2
(κ r1)− κr1

(
1 − 2μβ−1

2 r−1
1

)
K

n+ 1
2
(κ r1)

)]

+
∞∑

n=2

Gn(ζ2)√
1 − ζ 2

2

[(
n + 2β−1

2 a−1
2 μn(n − 2)

)
Dnan−2

2 +
(
(n + 2)+ 2β−1

2 a−1
2 μ(n2 − 1)

)
Enan

2

+Fn a
−3
2

2

((
n + β−1

2 a−1
2

(
μ(κ2a2

2 + 2n2 − 4n)− ηκ4a2
2

) )
I
n− 1

2
(κ a2)+ κ a2

(
1 − 2β−1

2 a−1
2 μ

)
I
n+ 1

2
(κ a2)

)] ∣∣
r2=a2

= −U2

√
1 − ζ 2

2 , (42)

∞∑

n=2

[
4n(2n − 3)(η + η′)Bna−n−1

1

+2Cn κ2 a
−3
2

1

(
(η(n − 1)− η′)K

n− 1
2
(κ a1)− κ a1ηK

n+ 1
2
(κ a1)

)]
Gn(ζ1)√
1 − ζ 2

1
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+
∞∑

n=2

[
4(2n + 1)(η(n − 1)− η′)En rn−2

2

+2Fn κ2 r
−3
2

2

(
(η(n − 1)− η′)I

n− 1
2
(κ r2)+ κr2ηI

n+ 1
2
(κr2)

)] ∣∣
r1=a1

Gn(ζ2)√
1 − ζ 2

2

= 0 , (43)

∞∑

n=2

[
4n(2n − 3)(η + η′)Bnr−n−1

1

+2Cn κ2 r
−3
2

1

(
(η(n − 1)− η′)K

n− 1
2
(κ r1)− κ r1ηK

n+ 1
2
(κ r1)

)] ∣
∣
r2=a2

Gn(ζ1)√
1 − ζ 2

1

+
∞∑

n=2

[
4(2n + 1)(η(n − 1)− η′)En an−2

2

+2Fn κ2a
−3
2

2

(
(η(n − 1)− η′)I

n− 1
2
(κ a2)+ κ a2ηI

n+ 1
2
(κ a2)

)]
Gn(ζ2)√
1 − ζ 2

2

= 0 . (44)

The values of the unknown parameters, An, Bn,Cn, Dn, En and Fn are obtained by solving the resultant system.
Numerical checks are made to see if the approximation is converging. As a result, there would be an endless
system of unsolvable linear algebraic equations with an unlimited number of unknown coefficients. Using a
multiple collocation approach [15–19] helps to prevent this problem. To make the number of unknown coefficients
limited, it is necessary to first truncate the infinite series after a finite number of terms. Then, enough locations on
the spherical particle’s surface have been chosen as collocation sites, where the boundary constraints are strictly
enforced to produce the same number of linear equations as coefficients. The drag force can then be calculated
by solving these equations. When the particle is close to the cavity, more boundary collocation points are often
needed to achieve a given precision.

4 Numerical results

In the results presented in this section, all collocation-based solutions converge to at least five deci-
mal places. We want to quantitatively represent the normalized drag force, Fz

/
F∞ acting on the inner

solid sphere, a1 for a range of parameter values found in the equations governing the problem, includ-

ing slippages β̂1 = β1
/
μa2

1 , β̂2 = β2
/
μa2

1

(
0 ≤ β̂1, β̂2 < ∞

)
, couple stress of the first and second kinds

η̂= η̂
/
μa2

1 , η̂
′= η̂′/μa2

1 ,
(
0 ≤ η̂, η̂′ < ∞)

the size ratio of the particles c = a1
/

a2 (0.1 ≤ c ≤ 0.99), the veloc-
ity ratio U2

/
U1 and the separation parameter δ = h

/
(a2 − a1) (0.1 ≤ δ ≤ 0.99). Figures 2, 3, 4, 5, 6, 7, 8

and Tables 1, 2 provide numerical and graphical representations of the effects of the relevant variables on the
problem, and Table 3 shows a comparison case with no-slippage as Reference [19].

It is found from Tables 1, 2, and Fig. 2 represent the normalized drag force for slippage cases perfect, partial,
and no-slip at certain values of related parameters δ = .2, η̂′ = 0. Physically, the slip grows as the interatomic
force between solids and liquids rises. The friction coefficient is a more logical method; however, the slip length is
the inverse of the slip and may evaluate the capability of the surface to reduce drag. In addition, the dimensionless
of the drag force improves with the rise of the size ratio, as a1

/
a2 → .99 the curves more near together. For

no-slippage, the drag force tends to unity as the classical literature. Moreover, the normalized drag force increases
with the increase of the first couple stress parameters.

Figure 3 displays the non-dimensional drag force for various values of slippage parameters and velocity
ratio. At the value of the second couple stress parameter from zero to 0.01 the drag force decreases with the
increase of slippages, also the drag force decreases with the increase of velocity ratio. On the other hand,
Fig. 4 exposes various values of slippages with the corresponding difference in separation parameters that
do improvements in the non-dimensional drag force. Figure 5 detects the normalized drag force versus the
slippage on the inside sphere for different values of size ratio. The normalized drag force rises quickly for high
slippage and improves with the increase of the size ratio. Further, at certain values of the relevant parameters,
U2
/

U1 = 0.1, η̂′ = 0.01, c = 0.2, β̂2 = 1, the normalized drag force improves in both situations of the increase
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Fig. 2 Non-dimensional drag force on the inside sphere vs the size ratio for fixed outside sphere at δ = .2, η̂′ = 0

Fig. 3 Non-dimensional drag force on the inside sphere vs the size ratio for at δ = 0.01, η̂′ = 0.01, η̂ = 0.01

of the first couple stress parameter, the separation distance in Fig. 6 and decreases with the increase of the velocity
ratio in Fig. 7. Finally, the streamlines for various parameters are sketched when the two spheres move in the
same direction with equal speeds.

5 Conclusion

In this work, we investigate the impact of the consistent incompressible axisymmetric coupling stress fluids
between the two eccentric spheres on the interfacial slippage on the surfaces of the spheres. The normalized
drag force acting on the inner solid sphere is therefore numerically analyzed using the graphs. As a result, a
predicted rise in the drag force follows an increase in the couple stress coefficient. Furthermore, it has been
demonstrated that an increase in the size ratio and the separation parameter results in a considerable rise in
the couple stress fluid flow, which has a major impact on the normalized drag force. In the end, it is found
that the slip parameter significantly affects the rise of the normalized drag value. The potential applications in
numerous engineering and applied scientific fields, as well as a thorough understanding of hydrodynamics, which
provides the theoretical foundation for the design and construction of nanofluidic devices, serve as the driving
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Fig. 4 Non-dimensional drag force on the inside sphere vs the size ratio for at U2
/

U1 = −1.0, η̂′ = 0.1, η̂ = 0.02

Fig. 5 Non-dimensional drag force on the inside sphere vs the slip for at U2
/

U1 = −1.0, η̂′ = 0.1, η̂ = 0.02

forces behind the study of flow slip boundary conditions. Furthermore, understanding the behavior of slip flow
in fluid mechanics is crucial for the formation of shale reservoirs. These slip correction factor expressions are
not directly applicable to particles of other shapes, as they were all developed based on experimental studies,
involving spherical particles only such as [21–26].
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Fig. 6 Non-dimensional drag force on the inside sphere vs the slip for at U2
/

U1 = 0.1, η̂′ = 0.01, c = 0.2, β̂2 = 1

Fig. 7 Non-dimensional drag force on the inside sphere vs the slip at δ = 0.01, η̂ = η̂′ = 0.1, c = 0.2, β̂2 = 1, a1
/

a2 = 0.5
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Fig. 8 The streamlines for various parameters at translation of two spheres with the same velocity in the same direction with second
couple parameter 0.1.
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Table 1 The non-dimensional drag force acting on the inside sphere with fixed outside sphere at η̂′ = 0

Fz
/

F∞
β̂1, β̂2 a1

/
a2 η̂ = 0.001

δ = 0.01 δ = 0.1 δ = 0.3 δ = 0.5

0.0 0.1 0.754220 0.850745 0.923402 1.015945
0.2 0.848063 0.980069 1.237440 1.519690
0.3 0.968535 1.121742 1.514956 2.046925
0.4 1.129120 1.302713 1.792638 2.532166
0.5 1.353922 1.552003 2.131733 3.044978
0.6 1.691104 1.923254 2.610270 3.705575
0.7 2.252998 2.539872 3.386060 4.731963
0.8 3.376408 3.771167 4.920629 6.728266
0.9 6.743629 7.461513 9.519063 12.689327
0.99 67.330231 73.837387 91.981392 119.134773

1.0 0.1 0.908186 1.039140 1.069098 1.101668
0.2 1.082258 1.271032 1.510151 1.625039
0.3 1.313012 1.539753 1.988076 2.320164
0.4 1.638710 1.907552 2.541137 3.195199
0.5 2.134019 2.461544 3.304821 4.341534
0.6 2.967874 3.390721 4.532855 6.084219
0.7 4.606352 5.213037 6.892822 9.316928
0.8 8.827001 9.901094 12.908878 17.436619
0.9 29.041849 32.319004 41.581177 55.996674
0.99 2311.570801 2555.071777 3239.885742 4321.527344

10.0 0.1 1.179203 1.273172 1.227720 1.229702
0.2 1.547653 1.721513 1.769643 1.718155
0.3 2.136672 2.387121 2.589816 2.513918
0.4 3.132854 3.501420 3.863806 3.828356
0.5 4.948851 5.540458 6.148038 6.130208
0.6 8.630004 9.707602 10.798646 10.746655
0.7 17.414539 19.745882 21.973087 21.687044
0.8 45.310505 51.922829 57.620285 56.357807
0.9 213.139862 246.960709 274.570374 269.995300
0.99 22827.648438 26424.392578 30003.117188 30354.939453

∞ 0.1 1.303745 1.366120 1.285053 1.278389
0.2 1.779997 1.911866 1.852576 1.755118
0.3 2.610461 2.805905 2.801343 2.590218
0.4 4.179204 4.481384 4.408108 4.026001
0.5 7.479341 8.020477 7.549170 6.606438
0.6 15.581175 16.757128 14.444007 11.804109
0.7 40.987663 43.902576 31.450989 23.906670
0.8 167.482864 164.769760 81.679611 63.195953
0.9 2414.274902 935.428589 378.217377 326.098022
0.99 897333.062500 98940.531250 41394.375000 31052.707031
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Table 2 The non-dimensional drag force acting on the inside sphere in the opposite direction of the inside sphere at η̂′ = 0

Fz
/

F∞
β̂1, β̂2 a1

/
a2 η̂ = 0.02

δ = 0.01 δ = 0.1 δ = 0.3 δ = 0.5

0.0 0.1 3.327716 5.587202 5.068946 4.465793
0.2 3.519153 5.104350 6.622895 6.606525
0.3 3.943960 5.184700 7.439119 8.953981
0.4 4.562967 5.629907 8.045003 10.652815
0.5 5.451842 6.434393 8.911304 12.108415
0.6 6.790851 7.749751 10.312646 13.593296
0.7 9.010950 10.007196 12.746773 16.437937
0.8 13.427116 14.571582 17.743046 21.660469
0.9 26.694756 28.409849 33.228653 40.403534
0.99 266.512299 279.486023 317.382751 376.086792

1.0 0.1 5.456466 8.557850 6.801765 5.144554
0.2 5.842634 8.071379 9.018601 7.293884
0.3 6.704134 8.454079 10.649095 10.273860
0.4 8.059993 9.586240 12.245204 13.481561
0.5 10.197094 11.650284 14.666179 17.099899
0.6 13.808269 15.311152 18.797148 22.661602
0.7 20.771584 22.479731 26.767502 32.486546
0.8 38.128700 40.401932 46.575230 58.196411
0.9 118.562347 123.371819 138.293442 163.063812
0.99 8987.805664 9234.860352 10183.305664 12029.856445

10.0 0.1 7.290051 8.582920 5.532883 3.994349
0.2 9.182245 10.331738 8.216719 5.619449
0.3 12.420985 13.392817 11.761823 8.426845
0.4 17.997562 18.925453 16.812393 12.967580
0.5 28.366117 29.386375 25.827587 20.104612
0.6 49.785572 51.092793 44.055389 34.560493
0.7 100.010750 101.918091 86.669533 68.870087
0.8 241.964783 244.715668 212.188812 174.328842
0.9 943.919556 945.472412 856.456909 752.522827
0.99 91103.140625 90646.179688 85045.367188 80273.632813

∞ 0.1 7.933994 8.364545 4.974867 3.577955
0.2 10.508343 10.877122 7.640950 5.051653
0.3 15.164860 15.183381 11.547580 7.701321
0.4 24.124905 23.550554 17.429865 11.981995
0.5 43.885025 41.715073 28.234423 18.988853
0.6 97.434990 88.324036 49.861652 32.361629
0.7 293.039307 233.013199 96.560875 63.430847
0.8 1326.032471 724.638977 228.708099 161.869232
0.9 8933.410156 3144.214111 1010.574219 781.760254
0.99 1491927.6250 287864.21875 118200.49219 92670.99219
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Table 3 Comparison case with the results of Alsudais et al. [19] at β̂1, β̂2 → ∞ for the non-dimensional drag force acting on the
inside sphere in the opposite direction of the inside sphere at η̂′ = 0

η̂ a1
/

a2 δ = 0.001 δ = 0.1 δ = 0.2 δ = 0.3 δ = 0.5

0.001 0.1 1.335362 1.432209 1.369743 1.328309 1.309569
0.2 1.811470 1.979858 1.991828 1.901544 1.770427
0.3 2.655892 2.895778 2.947507 2.861318 2.611798
0.4 4.261245 4.628690 4.673884 4.489692 4.138749
0.5 7.654738 8.313003 8.213246 7.626278 6.785348
0.6 16.030651 17.451588 16.406523 14.153634 11.132277
0.7 42.475761 45.829765 38.069626 28.758326 19.883070
0.8 175.043228 168.901245 104.024109 68.236893 52.497513
0.9 2488.055664 875.846069 428.102112 320.449860 295.231750

0.1 0.1 1.586138 1.763266 1.601907 1.505005 1.437499
0.2 2.156135 2.397974 2.331649 2.131534 1.896767
0.3 3.227025 3.531230 3.453674 3.191814 2.795023
0.4 5.399053 5.815639 5.547643 4.998013 4.456933
0.5 10.428926 11.026417 9.915304 8.370123 7.101052
0.6 24.734716 25.056583 19.734396 14.798015 11.468554
0.7 81.965614 70.264702 42.072887 27.831087 22.825335
0.8 529.681091 208.381638 98.845871 70.569534 61.778763
0.9 114918.56231 898.538635 245.619751 132.895599 98.619942

Data availability The data that support the findings of this study are available in the article
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