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Abstract In this paper, we present some new regularity criteria for suitable weak solutions to the 3D simplified
Ericksen-Leslie system in critical spaces. Namely, it is shown that suitable weak solutions to this system are
regular if the velocity field belongs to L∞(−1, 0; B M O−1(R3)) or the velocity field and direct field are in
L∞(−1, 0; Ḃ−1∞,∞(R3)). Our results improve previous corresponding criteria due to Liu, Min and Zhang [J.
Differential Equations 267, 2643–2670 (2019)] and Men, Wang and Wu [Math. Methods Appl. Sci. 41, 3672–
3683 (2018)].
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1 Introduction

The flow of nematic liquid crystals can be treated as slow moving particles where the fluid velocity and the
alignment of the particles influence each other. The hydrodynamic theory of liquid crystals was established by
Ericksen [4,5] and Leslie [10,11] in the 1960’s. As the general Ericksen-Leslie system is very complicated (see
e.g., [23]), motivated by working on the harmonic heat flow, Lin and Liu [13] simplify the original equations. In
this paper, we investigate the following simplified version for nematic liquid crystal flow in three-dimensions:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂t u − ν�u + (u · ∇)u + ∇ P = −λdiv(∇d � ∇d),
divu = 0,
∂t d + (u · ∇d) = μ(�d − f (d)),
(u(x, 0),d(x, 0)) = (u0(x),d0(x)) with divu0 = 0.

(1.1)

Here, u : R
3 × (−1, 0) → R

3 represents the field velocity, P : R
3 × (−1, 0) → R is the field pressure, and d :

R
3 × (−1.0) → R

3 is the director field denotes the alignment of the molecules. f (d) = ∇F(d) is the Ginzburg-
Landau approximation function, where F(d) is a scale function of d and is given by F(d) = 1

ε2 (|d|2−1)2, ε > 0.
As ε goes to zero, we see that d becomes an unit vector field. ν, λ, μ are positive constants that stand for the
viscosity, the competition between kinetic energy and potential energy, and microscope elastic relaxation time
for the molecular orientation field. Throughout the paper, due to the concrete values of the viscosity constants
do not play a special role in our discussion, we assume that they are all equal to one for simplicity. The symbol
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∇d � ∇d, which exhibits the property of the anisotropy of the material, represent the 3 × 3 matric and

(∇d � ∇d)i j =
3∑

k=1

∂xi dk∂x j dk for i, j = 1, 2, 3.

System (1.1) is a simplified version of the original Ericksen-Leslie model of variable length for the flow of
liquid crystals. Lin and Liu [13] proved the existence of global weak solution to the system (1.1), moreover,
they discuss some stability properties and time asymptotic of the system. Later, in [15], the authors studied the
partial regularity theory for the system, and proved the following partial regularity result: there exists some ε0
and r < 1 such that if (u,d, P) is a suitable weak solution and satisfies

1

r2

∫

Qr (z0)

(|u|3 + |∇d|3 + |P| 3
2 )dxdt < ε0, (1.2)

then z0 = (x0, t0) is a regular point, where Qr (z0) = (t0 − r2, t0) × Br (x0) and Br (x0) is a ball of radius r
centered at x0. In particular, using this result implies that the one-dimensional parabolic Hausdorff measure of
potential singular set of the suitable weak solutions is zero, which generalized the well-known result in [1] for
Navier-Stokes system.

It is noted that the simplified Ericksen-Leslie system (1.1) reduces to the well-known Navier-Stokes equations
when the director field d = (0, 0, 1). The mathematical theory of the Navier-Stokes equations extends at least
as far back as Leray in 1930s. Pioneering works of Leray [12] and Hopf [8] proved the global existence of
weak solution for Navier-Stokes equations in two or three dimensional spaces and the weak solution of two-
dimensional Navier-Stokes equations is regular. In three dimensions, however, the question of regularity and
uniqueness of weak solutions is an outstanding open problem in mathematical fluid mechanics. The sufficient
regularity conditions for the three-dimensional Navier-Stokes equations originated in Serrin’s [21], and it is
established that if the weak solution u satisfies

u ∈ L p(0, T ; Lq(R3)) with
2

p
+ 3

q
< 1, q > 3, (1.3)

then u is a regular solution. The limit case (p, q) = (∞, 3) has been investigated later by Escauriaza, Seregin
and V. S̆verák [6]. i.e., if a weak solution u ∈ L∞(0, T ; L3(R3)) additionally, then u is a regular solution. This
result was improved by Tao [22]. The authors proved that as the solution u approaches a finite blowup time T ,
the critical norm ‖u(t)‖L3(R3) must blow up at a rate (logloglog 1

T −t )
c with some absolute constant c > 0. It is

worth pointing out that the space L3(R3) is invariant under the nature scaling of the Navier-Stokes equations.
The inclusion relations of scaling invariant spaces as follows:

Ḣ
1
2 (R3) ↪→ L3(R3) ↪→ L3,q(R3) ↪→ Ḃ

−1+ 3
p

p,q (R3) ↪→ B M O−1(R3) ↪→ Ḃ−1∞,∞(R3) (3 < p, q < ∞). (1.4)

There are many studies of well-posedness and the regularity of weak solutions in scaling invariant spaces to the
Navier-Stokes equations (see [2,3,7,20,24,25] for example and references therein).

We observe that the simplified Ericksen-Leslie system (1.1) has the following scaling property. If
u(x, t),d(x, t) and P(x, t) solve (1.1), then for each λ > 0,

uλ = λu(λx, λ2t),dλ = d(λx, λ2t), Pλ = λ2 P(λx, λ2t) (1.5)

also solve (1.1) with f (d) being replaced by fλ(dλ) = λ2 f (dλ). For system (1.1), non-endpoint regularity
criteria see [9,14,16,17,26]. [18,19] give the endpoint regularity criteria. In [19], the authors proved that if a
weak solution (u,d) for system (1.1) satisfy the following assumption:

u ∈ L∞((−1, 0), L3(R3)),

then the solution (u,d) is smooth on R
3 × (−1, 0).

The main goal of this paper is to derive the regularity criteria of suitable weak solutions to the simplified
Ericksen-Leslie system in scaling invariant space B M O−1 and Ḃ−1∞,∞. For convenience, we now introduce the
definition of the suitable weak solution of the system (1.1) as follows.
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Definition 1.1 (Weak solution) A pair (u,d) is a weak solution of (1.1), if u ∈ L∞(−1, 0; L2(R3)) ∩
L2(−1, 0; H1(R3)) and d ∈ L∞(−1, 0; H1(R3)) ∩ L2(−1, 0; H2(R3)), and for any test functions φ ∈
C∞

0 (	 × (0, T ],R3) and ψ ∈ C∞
0 (	 × (0, T ],R3), with divψ = 0 in 	T := R

3 × (−1, 0], it holds that

∫

	T

−d · ∂tφ −�d · φ − d · u ⊗ ∇φdxdt =
∫

	T

− f (d) · φdxdt +
∫

R3
d0(x) · φ(x, 0)dx, (1.6)

and
∫

	T

−u · ∂tψ + ∇u · ∇ψ − u ⊗ u : ∇ψdxdt =
∫

	T

∇d � ∇d : ∇φdxdt +
∫

R3
u0(x) · ψ(x, 0)dx . (1.7)

Definition 1.2 ( Suitable weak solution) A weak solution of system (1.1) is a suitable weak solution, if, in
addition, for any 0 ≤ η ∈ C∞

0 (R
3 × [−1, 0)), weak solution (u,d, P) satisfies the following local energy

inequality:
∫

R3
(|u|2 + |∇d|2)ηdx + 2

∫

	T

(|∇u|2 + |∇2d|2)ηdxdt

≤
∫

	T

(|u|2 + |∇d|2)(∂tη +�η)dxdt +
∫

	T

(|u|2 + |∇d|2 + 2P
)
u · ∇φdxdt

+
∫

	T

((u · ∇)d � ∇d) · ∇ηdxdt −
∫

	T

∇ f (d)∇dηdxdt.

(1.8)

According to the scaling property of system (1.1), we introduce the following dimensionless quantities:

Definition 1.3 (Scaled functionals). For 1 ≤ p ≤ ∞, let z0 = (x0, t0) ∈ 	T and f equal to u or ∇d, define

A( f ; r) = 1

r
sup

t0−r2≤t≤t0

∫

Br (x0)

| f |2dx, B( f ; r) = 1

r

∫

Qr (z0)

|∇ f |2dxdt,

C p( f ; r) = 1

r5−p

∫

Qr (z0)

| f |pdxdt, D(P; r) = 1

r2

∫

Qr (z0)

|P| 3
2 dxdt,

D∗(∇ P; r) = 1

r

∫ t0

t0−r2

(∫

Br (x0)

|∇ P| 3
2 dx

) 2
3

dt.

Let A(u,∇d; r) = A(u; r)+ A(∇d; r), B(u,∇d; r) and C p(u,∇d; r) denote similar notations.

Our main results are as follow.

Theorem 1.1 Let (u,d, P) be a suitable weak solution of (1.1) in Qr (z0). There exists ε > 0 such that if
u ∈ L∞(−1, 0; B M O−1(R3)) and

‖u‖L∞(−1,0;B M O−1(R3)) < ε, (1.9)

then (u,∇d) is regular in Q r
2
(z0).

Theorem 1.2 Let (u,d, P) be a suitable weak solution of (1.1) in Qr (z0). For any M > 0, there exists ε0(M)
such that if ∇d ∈ L∞(−1, 0; Ḃ−1∞,∞(R3)), u ∈ L∞(−1, 0; Ḃ−1∞,∞(R3)) and satisfies

‖u‖L∞(−1,0;Ḃ−1∞,∞(R3))
< ε0(M), ‖∇d‖L∞(−1,0;Ḃ−1∞,∞(R3))

< M, (1.10)

then (u,∇d) is regular in Q r
2
(z0).

The paper is organized as follows. In section 2, we first introduce some notations and facts of the Lorentz
spaces. In addition, we give some lemmas, which play an important role in the proof of Theorem 1.1 and
Theorem 1.2. Section 3 is devoted to the proof of Theorem 1.1, and Section 4 is devoted to the proof of
Theorem 1.2.
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2 Preliminaries

Firstly, we recall that a local integrable function f ∈ B M O(R3) if it satisfies

sup
x0∈R3,R>0

1

|BR(x0)|
∫

BR(x0)

| f (x)− fBR(x0)|dx < ∞.

We say that a local integrable function V ∈ B M O−1, provided that there exists ( f1, · · · , fn) ∈ B M O such that
V = ∑n

i=1
∂ f
∂xi

. Next, we give the definition of Besov spaces. Letting et� denotes the heat semigroup on R
3. For

α < 0, a tempered distribution f on R
3 is in the Besov space Ḃα∞,∞(R3) if and only if

‖ f ‖Ḃα∞,∞(R3) = sup
t>0

t−
α
2 ‖et� f ‖L∞(R3) < ∞.

The following trilinear estimate lemmas play an important role in the proof of Theorem 1.1.

Lemma 2.1 ( [3]) For 1 < p1, p2 < ∞, f ∈ B M O−1(R3), g ∈ L p1(R3), ∇g ∈ L p2(R3), ∇h ∈ L
q1

q1−1 (R3),

h ∈ L
p2

p2−1 (R3), there is an absolutely constant C > 0 such that
∫

R3
f ghdx ≤ C‖ f ‖B M O−1(R3)

(

‖g‖L p1 (R3)‖∇h‖
L

p1
p1−1 (R3)

+ ‖∇g‖L p2 (R3)‖h‖
L

p2
p2−1 (R3)

)

. (2.1)

Lemma 2.2 For any 0 < r ≤ ρ
2 , there exists an absolutely constant C > 0 such that

D∗(∇ P; r) ≤ C(
ρ

r
)B(u,∇d; ρ)+ C(

r

ρ
)2 D∗(∇ P; ρ), (2.2)

D(P; r) ≤ C(
ρ

r
)2 A

3
4 (u,∇d; ρ)B 3

4 (u,∇d; ρ)+ C(
r

ρ
)2 D(P; ρ), (2.3)

D(P; r) ≤ C(
ρ

r
)2C3(u,∇d; ρ)+ C(

r

ρ
)2 D(P; ρ), (2.4)

Proof Taking the smooth cut-off function φ ∈ C∞
0 (Bρ(x0)) with φ ≡ 1 on B 3

4
(x0) and satisfy properties

|∇φ| ≤ Cρ−1,|∇2φ| ≤ Cρ−2. Using divergence-free condition, we can write

∂i∂i (∂k Pφ) = −φ∂i∂ j [∂k(Ui, j + Di, j )] + 2∂i∂i∂k P + ∂k P∂i∂iφ,

where Ui, j = (ui − uiBρ (x0)
)(u j − u jBρ (x0)

) and Di, j = (∂i d − (∂i d)Bρ(x0))(∂ j d − (∂ j d)Bρ(x0)). This yields that
for each x ∈ B 3

4ρ
(x0)

∂k P(x) = K ∗ {−φ∂i∂ j [∂k(Ui, j + Di, j )] + 2∂i∂i∂k P + ∂k P∂i∂iφ}
= −∂i∂ jK ∗ (φ[∂k(Ui, j + Di, j )])+ 2∂iK ∗ (∂ jφ[∂k(Ui, j + Di, j )])

+ K ∗ (∂i∂ jφ[∂k(Ui, j + Di, j )])+ 2∂iK ∗ (∂iφ∂k P)− K ∗ (∂i∂iφ∂k P)

=: P1(x)+ P2(x),

(2.5)

where K stands for the normalized fundamental solution of Laplace’s equation and

P1(x) = −∂i∂ jK ∗ (φ[∂k(Ui, j + Di, j )]),

P2(x) = 2∂iK ∗ (∂ jφ[∂k(Ui, j + Di, j )])+ K ∗ (∂i∂ jφ[∂k(Ui, j + Di, j )])
+ 2∂iK ∗ (∂iφ∂k P)− K ∗ (∂i∂iφ∂k P).

(2.6)

Since φ(x) = 1 when x ∈ B 3
4ρ
(x0), we obtain that

�P2(x) = 0.
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1390 Z. Zuo

Hence, the property of the harmonic function yields
∫

Br (x0)

|P2(x)| 3
2 dx ≤ C

(
r

ρ

)3 ∫

B ρ
2
(x0)

|P2(x)| 3
2 dx

≤ C

(
r

ρ

)3 ∫

B ρ
2
(x0)

|∂k P(x)| 3
2 dx + C

∫

B ρ
2
(x0)

|P1(x)| 3
2 dx .

(2.7)

On the other hand, applying the Calderon-Zygmund theorem, we have that
∫

B ρ
4
(x0)

|P1(x)| 3
2 dx ≤ C

∫

Bρ(x0)

|∂ku(u − uBρ(x0))|
3
2 + |∂k∇d(∇d − (∇d)Bρ(x0))|

3
2 dx

≤ C

(∫

Bρ(x0)

|∇u|2dx

) 3
4
(∫

Bρ(x0)

|u − uBρ(x0)|6dx

) 1
4

+ C

(∫

Bρ(x0)

|∇2d|2dx

) 3
4
(∫

Bρ(x0)

|∇d − (∇d)Bρ(x0)|6dx

) 1
4

≤ C

(∫

Bρ(x0)

|∇u|2dx

) 3
2

+ C

(∫

Bρ(x0)

|∇2d|2dx

) 3
2

.

(2.8)

Collecting (2.6)-(2.8) we get that
∫

Br (x0)

|∇ P| 3
2 dx ≤ C

∫

Br (x0)

|P1| 3
2 + |P2| 3

2 dx

≤ C

(∫

Bρ(x0)

|∇u|2 + |∇2d|2dx

) 3
2

+ C

(
r

ρ

)3 ∫

Bρ(x0)

|∇ P| 3
2 dx .

(2.9)

Integrating above inequality in time on (t0 − r2, t0) we obtain that

∫ t0

t0−r2

(∫

Br (x0)

|∇ P| 3
2 dx

) 2
3

dt

≤ C
∫

Qρ(z0)

|∇u|2 + |∇2d|2dxdt + C

(
r

ρ

)3 ∫ t0

t0−ρ2

(∫

Bρ(x0)

|∇ P| 3
2 dx

) 2
3

dt,

(2.10)

which yields the desired estimate (2.2). Noting that

∂i∂i (Pφ) = −φ∂i∂ j [Ui, j + Di, j ] + 2∂iφ∂i P + P∂i∂iφ (2.11)
∫

Bρ(x0)

|f − fBρ(x0)|3dx ≤
∫

Bρ(x0)

|f |3dx, (2.12)

and
∫

Bρ(x0)

|f − fBρ(x0)|3dx ≤ C

(∫

Bρ(x0)

|f − fBρ(x0)|2dx

) 3
4
(∫

Bρ(x0)

|∇f |2dx

) 3
4

, (2.13)

where we take f = u or ∇d. Using (2.11) and (2.13), similar with the process of the derivation of (2.2), we get
(2.3). Repeating the deduction process of (2.2) and applying inequality (2.12) and (2.13), we can arrive at (2.4).
Hence, we complete the proof of this lemma. 
�
Lemma 2.3 ( [20]) For any 0 < r < ∞, there exists a positive constant C such that

C3(u; r) ≤ C‖u‖
3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u; 2r)+ B

3
4 (u; 2r)). (2.14)
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We conclude this section by recalling the following partial regularity criterion.

Proposition 2.1 ( [15]) Let (u,d, P) be a suitable weak solution of (1.1) in Qr (z0). There exists ε1 > 0 such
that for some r > 0,

1

r2

∫

Qr (z0)

|u|3 + |∇d|3 + |P| 3
2 dxdt ≤ ε1, (2.15)

then z0 = (x0, t0) is a regular point.

3 The proof of theorem 1.1

Taking the cutoff function φ, with smooth, supported in Qρ(z0), φ ≡ 1 in Q ρ
2
(z0) and satisfying

|∂tφ| + |∇2φ| + |∇φ|2 � C

ρ2 in Qρ(z0).

We let � denote backward heat function, which given by �(x, t) = 1

4π(r2−t)
3
2

e
− |x |2

4(r2−t) , satisfies �t +�� = 0.

By a direct computation, it is clear that for any (x, t) ∈ Qρ(z0),

|�(x, t)| ≥ Cr−3, |�(x, t)φ(x, t)| ≤ Cr−3, |∇φ(x, t)�(x, t)| ≤ Cr−4,

|φ(x, t)∇�(x, t)| ≤ Cr−4, |φ(x, t)∇2�(x, t)| ≤ Cr−5.

And for any (x, t) ∈ Qρ(z0)\Q ρ
2
(z0), we can deduce that

�(x, t) ≤ Cρ−3, ∇�(x, t) ≤ Cρ−4,

which leads to
|�(x, t)∂tφ(x, t)| + |�(x, t)�φ(x, t)| + |∇φ(x, t)∇�(x, t)| ≤ Cρ−5.

Substituting ψ(x, t) = φ2(x, t)�(x, t) into the local energy inequality (1.8) and using the maximum principle
of d (see [15]) we obtain that

sup
t0−ρ2≤t≤t0

∫

Bρ(x0)

(|u|2 + |∇d|2)ψdx + 2
∫

Qρ(z0)

(|∇u|2 + |∇2d|2)ψdxdt

≤
∫

Qρ(z0)

(|u|2 + |∇d|2)(ψt +�ψ)dxdt +
∫

Qρ(z0)

(|u|2 + |∇d|2 + 2P)u · ∇ψdxdt

+
∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇ψdxdt.

(3.1)

We turn our attention back to controlling the nonlinear terms. A direct calculation gives that
∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇(φ2�)dxdt

=
∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇(φ�)φdxdt +
∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇φφ�dxdt.
(3.2)

Applying Lemma 2.1, the properties of test function φ, � and the Hölder inequality we get that
∫

Bρ(x0)

(
(u · ∇)d � ∇d

) · ∇(φ�)φdx

≤ C‖u‖B M O−1(R3)[‖∇d · ∇(φ�)‖L2(Bρ(x0))
‖∇(∇dφ)‖L2(Bρ(x0))

+ ‖∇(∇d · ∇(φ�))‖L2(Bρ(x0))
‖∇dφ‖L2(Bρ(x0))

]
≤ C‖u‖B M O−1(R3)[r−4‖∇d‖L2(Bρ(x0))

(‖∇2d‖L2(Bρ(x0))
+ r−1‖∇d‖L2(Bρ(x0))

)

+ (r−4‖∇2d‖L2(Bρ(x0))
+ r−5‖∇d‖L2(Bρ(x0))

)‖∇d‖L2(Bρ(x0))
]

≤ C‖u‖B M O−1(R3)[r−4‖∇2d‖L2(Bρ(x0))
‖∇d‖L2(Bρ(x0))

+ r−5‖∇d‖2
L2(Bρ(x0))

].

(3.3)
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1392 Z. Zuo

Integrating in time and using Young’s inequality yields
∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇(φ�)φdxdt

≤ C‖u‖L∞(−1,0;B M O−1(R3))

[
r−4ρ2 A

1
2 (u,∇d; ρ)B 1

2 (u,∇d; ρ)+ r−5ρ3 A(u,∇d; ρ)
]

≤ C‖u‖L∞(−1,0;B M O−1(R3))r
−5ρ3[A(u,∇d; ρ)+ B(u,∇d; ρ)].

(3.4)

Similarly, ∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇φφ�dxdt

≤ C‖u‖L∞(−1,0;B M O−1(R3))r
−5ρ3[A(u,∇d; ρ)+ B(u,∇d; ρ)].

(3.5)

Hence, ∫

Qρ(z0)

((u · ∇)d � ∇d) · ∇(φ2�)dxdt

≤ C‖u‖L∞(−1,0;B M O−1(R3))r
−5ρ3[A(u,∇d; ρ)+ B(u,∇d; ρ)].

(3.6)

Proceeding analogously, we know that
∫

Qρ(z0)

(|u|2 + |∇d|2)u · ∇ψdxdt

≤ C‖u‖L∞(−1,0;B M O−1(R3))r
−5ρ3[A(u,∇d; ρ)+ B(u,∇d; ρ)].

(3.7)

It remains to control the term involving the pressure. In fact, it is straightforward to check that
∫

Bρ(x0)

Pu · ∇(φ2�)dx =
∫

Bρ(x0)

Pu · ∇(φ�)φdx +
∫

Bρ(x0)

Pu · ∇φφ�dx . (3.8)

Applying Lemma 2.1 and the properties of test function ψ once again, we obtain that
∫

Bρ(x0)

Pu · ∇φφ�dx

≤ C‖u‖B M O−1(R3)

[

‖∇2φ‖L3(Bρ(x0))
‖φ�P‖

L
3
2 (Bρ(x0))

+ ‖∇(φ�P)‖
L

3
2 (Bρ(x0))

‖∇φ‖L3(Bρ(x0))

]

≤ C‖u‖B M O−1(R3)

[

r−4‖P‖
L

3
2 (Bρ(x0))

+
(

r−4‖P‖
L

3
2 (Bρ(x0))

+ r−3‖∇ P‖
L

3
2 (Bρ(x0))

)]

≤ C‖u‖B M O−1(R3)

[

r−4‖P‖
L

3
2 (Bρ(x0))

+ r−3‖∇ P‖
L

3
2 (Bρ(x0))

]

.

(3.9)

Integrating in time on (t0 − ρ2, t0) and applying the Hölder inequality and Young’s inequality we get
∫

Qρ(z0)

Pu · ∇φφ�dxdt

≤ C‖u‖L∞(−1,0;B M O−1(R3))

[

r−4‖P‖
L1(t0−ρ2,t0;L

3
2 (Bρ(x0)))

+ r−3‖∇ P‖
L1(t0−ρ2,t0;L

3
2 (Bρ(x0)))

]

≤ C‖u‖L∞(−1,0;B M O−1(R3))

[

r−4ρ
2
3 ‖P‖

L
3
2 (Qρ(z0))

+ r−3‖∇ P‖
L1(t0−ρ2,t0;L

3
2 (Bρ(x0)))

]

≤ C‖u‖L∞(−1,0;B M O−1(R3))

[
r−4ρ2 D

2
3 (P; ρ)+ r−3ρD∗(∇ P; ρ)

]
.

(3.10)

Likewise, we have
∫

Qρ(z0)

Pu · ∇(φ�)φdxdt ≤ C‖u‖L∞(−1,0;B M O−1(R3))[r−5ρ3 D
2
3 (P; ρ)+ r−4ρ2 D∗(∇ P; ρ)] (3.11)
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Combining (3.8)-(3.10), we have proved that

∫

Qρ(z0)

Pu · ∇(φ2�)dxdt ≤ C‖u‖L∞(−1,0;B M O−1(R3))[r−5ρ3 D
2
3 (P; ρ)+ r−4ρ2 D∗(∇ P; ρ)]. (3.12)

Substituting (3.6), (3.7), (3.12) into (3.1), we know that

A(u,∇d; r)+ B(u,∇d; r)

≤ C(
r

ρ
)2 A(u,∇d; ρ)+ C(

ρ

r
)2‖u‖L∞(−1,0;B M O−1(R3))[A(u,∇d; ρ)+ B(u,∇d; ρ)]

+ C(
ρ

r
)3‖u‖L∞(−1,0;B M O−1(R3))D

2
3 (P; ρ)+ C(

ρ

r
)2‖u‖L∞(−1,0;B M O−1(R3))D∗(∇ P; ρ)

(3.13)

According to (2.2) and (2.3) in Lemma 2.2, we have

D∗(∇ P; r) ≤ C(
ρ

r
)(A(u,∇d; ρ)+ B(u,∇d; ρ))+ C(

r

ρ
)2 D∗(∇ P; ρ), (3.14)

D
2
3 (P; r) ≤ C(

ρ

r
)

4
3 A

1
2 (u,∇d; ρ)B 1

2 (u,∇d; ρ)+ C(
r

ρ
)

2
3 D

2
3 (P; ρ). (3.15)

Letting F(r) = A(u,∇d; r) + B(u,∇d; r) + ηD
2
3 (P; r) + ηD∗(∇ P; ρ), according to the assumption in

Theorem 1.1 we have

F(r) ≤ C(
r

ρ
)2 F(ρ)+ C(

ρ

r
)2εF(ρ)+ C(

ρ

r
)3εη−1 F(ρ)+ C(

ρ

r
)2εη−1 F(ρ)

+ C(
ρ

r
)

4
3 ηF(ρ)+ C(

r

ρ
)

2
3 F(ρ)+ C(

ρ

r
)ηF(ρ)+ C(

r

ρ
)2 F(ρ).

(3.16)

Taking η = ε
1
2 , we have

F(r) ≤ C(
r

ρ
)

2
3 F(ρ)+ C(

ρ

r
)3ε

1
2 F(ρ)

= Cλ−3ε
1
2 F(ρ)+ Cλ

2
3 F(ρ),

(3.17)

where λ = r
ρ

≤ 1
8 . We choose λ, ε such that

k = 2Cλ
2
3 < 1 and ε <

(
kλ3

2C

)2

,

it follows from (3.17) that

F(λρ) ≤ k F(ρ).

Then a standard iterative argument ensures that there exist r1 > 0 such that for 0 < r < r1,

F(r) ≤ ε. (3.18)

In the rest of this proof, we will show that there exists a r2 > 0 such that

D(P; r)+ C3(u,∇d; r) ≤ ε for 0 < r < r2.

123



1394 Z. Zuo

Indeed, by using interpolation inequality and the Hölder inequality, we get

C3(u,∇d; r)

≤ Cr−2
∫ t0

t0−r2
[(
∫

Br (x0)

|∇u|2dx)
3
4 (

∫

Br (x0)

|u|2dx)
3
4 + r− 3

2 (

∫

Br (x0)

|u|2dx)
3
2 ]dt

+ Cr−2
∫ t0

t0−r2
[(
∫

Br (x0)

|∇2d|2dx)
3
4 (

∫

Br (x0)

|∇d|2dx)
3
4 + r− 3

2 (

∫

Br (x0)

|∇d|2dx)
3
2 ]dt

≤ Cr−2(

∫

Qr (z0)

|∇u|2dxdt)
3
4 (

∫ t0

t0−r2
(

∫

Br (x0)

|u|2dx)3dt)
1
4

+ Cr− 3
2 sup

t0−r2<t<t0

(

∫

Br (x0)

|u|2dx)
3
2

+ Cr−2(

∫

Qr (z0)

|∇2d|2dxdt)
3
4 (

∫ t0

t0−r2
(

∫

Br (x0)

|∇d|2dx)3dt)
1
4

+ Cr− 3
2 sup

t0−r2<t<t0

(

∫

Br (x0)

|∇d|2dx)
3
2 .

(3.19)

It follows from (3.18) that for 0 < r < r1,

C3(u,∇d; r) ≤ C(A
3
4 (u; r)B

3
4 (u; r)+ A

3
2 (u; r)+ A

3
4 (∇d; r)B

3
4 (∇d; r)+ A

3
2 (∇d; r))

≤ C(A
3
2 (u,∇d; r)+ B

3
2 (u,∇d; r))

≤ Cε
3
2 .

(3.20)

This together with (2.4) and a standard iterative process ensures that there exists r2 > 0 such that

C3(u,∇d; r)+ D(P; r) ≤ ε for 0 < r < r2.

Hence, we complete the proof of Theorem 1.1 due to Proposition 2.1. �

4 The proof of theorem 1.2

Under the assumption u ∈ L∞(−1, 0; Ḃ−1∞,∞(R3)) and ∇d ∈ L∞(−1, 0; Ḃ−1∞,∞(R3)), we claim that the bound-
ness of the following dimensionless quantities:

A(u,∇d; r)+ B(u,∇d; r)+ D(P; r) ≤ C(M,C3(u,∇d; 1), D(P; 1)). (4.1)

Using Lemma 2.3 we get

C3(u; 2r) ≤ C‖u‖
3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u; 4r)+ B

3
4 (u; 4r)). (4.2)

Similarly,

C3(∇d; 2r) ≤ C‖∇d‖
3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (∇d; 4r)+ B

3
4 (∇d; 4r)). (4.3)

Applying the properties of cutoff function and local energy inequality (1.8), we know that

A(u,∇d; r)+ B(u,∇d; r)

≤ CC
2
3
3 (u,∇d; 2r)+ CC3(u,∇d; 2r)+ C D(P; 2r)

≤ C‖(u,∇d)‖L∞(−1,0;Ḃ−1∞,∞(R3))
(A

1
2 (u,∇d; 4r)+ B

1
2 (u,∇d; 4r))

+ C‖(u,∇d)‖
3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u,∇d; 4r)+ B

3
4 (u,∇d; 4r))+ C D(P; 4r).

(4.4)
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It follows from (2.4) in Lemma 2.2 that

D(P; 4r)

≤ C(
ρ

r
)2C3(u,∇d; ρ)+ C(

r

ρ
)D(P; ρ)

≤ C(
ρ

r
)2‖(u,∇d)‖

3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u,∇d; 2ρ)+ B

3
4 (u,∇d; 2ρ))+ C(

r

ρ
)D(P; 2ρ)

≤ C(
ρ

r
)2‖(u,∇d)‖

3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u,∇d; ρ)+ B

3
4 (u,∇d; ρ))+ C(

r

ρ
)D(P; ρ).

(4.5)

We define F1(r) = A(u,∇d; r)+ B(u,∇d; r)+ D(P; r), then combining (4.4), (4.5) and applying the Young’s
inequality yields

F1(r) ≤ C(
ρ

r
)

1
2 (A

1
2 (u,∇d; ρ)+ B

1
2 (u,∇d; ρ))+ C(

ρ

r
)

3
4 (A

3
4 (u,∇d; 4ρ)+ B

3
4 (u,∇d; 4ρ))

+ C(
ρ

r
)2(A

3
4 (u,∇d; ρ)+ B

3
4 (u,∇d; ρ))+ C(

r

ρ
)D(P; ρ)

≤ C(
ρ

r
)2(F

1
2

1 (ρ)+ F
3
4

1 (ρ))+ C(
r

ρ
)F1(ρ)

≤ C(
r

ρ
)F1(ρ)+ C(

ρ

r
)5 + C(

ρ

r
)11

≤ C1λF1(ρ)+ C2(λ),

(4.6)

where λ = r
ρ

≤ 1
8 . Choosing λ sufficient small such that C1λ

1
2 < 1, then

F1(λρ) ≤ λ
1
2 F1(ρ)+ C2(λ).

Iterating above inequality yields

F1(λ
kρ) ≤ λ

k
2 F1(ρ)+ C3(λ),

which means that for all r ∈ (0, 1
2 ],

F1(r) ≤ C(M)(r
1
2 F1(1)+ 1),

this gives the desired estimate (4.1). Hence, Combining (3.1), (4.1) and (2.14) we have

A(u,∇d; r)+ B(u,∇d; r)

≤ C(
r

ρ
)2C2(u,∇d; r)+ C(

ρ

r
)2C3(u; ρ)

+ C(
ρ

r
)2C

1
3
3 (u; ρ)C

2
3
3 (∇d; ρ)+ C(

ρ

r
)2C

1
3
3 (u; ρ)D 2

3 (P; ρ)

≤ C(
r

ρ
)2 A(u,∇d; 2ρ)+ C(

ρ

r
)2‖u‖

3
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u; 2ρ)+ B

3
4 (u; 2ρ))

+ C(
ρ

r
)2‖u‖

1
2

L∞(−1,0;Ḃ−1∞,∞(R3))
(A

3
4 (u; 2ρ)+ B

3
4 (u; 2ρ))

1
3 .

(4.7)

An iteration argument similar with the proof in Theorem 1.1 yields the smallness of C(u,∇d; r) + D(P; r).
This together with Proposition 2.1 completes the proof of Theorem 1.2. �
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