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Abstract This research paper focuses on the study of a Riemann-Liouville fractional functional differential
equation and a linear continuous operator acting from the space of continuous functions to the space of essentially
bounded functions with a boundary condition involving integral terms. We investigates the solvability and
uniqueness of the equation under certain conditions on the coefficients. The paper utilizes techniques of Vallée-
Poussin theorem, and Green’s function sign constancy to establish the main results. Choosing a corresponding
function within the context of the Vallée-Poussin theorem results in explicit criteria presented as algebraic
inequalities. These inequalities, as we illustrate through examples, cannot be further improved.

Keywords Fractional differential equations · Riemann-Liouville derivative · Boundary value problems · Sign
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1 Introduction

In this paper, we consider the following fractional functional differential equation

(Dα
a+x)(t)+ (T x)(t) = f (t), t ∈ [a, b], 1 < α ≤ 2, (1)

with boundary condition

x(a) = 0, x(b)− λ

∫ b

a
x(s)ds = 0, λ ≥ 0. (2)

In (1), Dα
a+ is Riemann-Liouville fractional derivative of order 1 < α ≤ 2, the operator T : C → L∞ are linear

continuous operators acting from the space of the continuous functions C to the space of essentially bounded
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Vallée-Poussin theorem for fractional functional differential equations... 1403

functions L∞ and f ∈ L∞. The operator T can be of the forms (T x)(t) = q(t)x(t − τ(t)), x(ξ) = 0, if ξ �=
[a, b], (T x)(t) = ∫ b

a Q(t, s)x(θ(s))ds, or (T x)(t) = ∫ b
a x(s)ds Q(t, s). The conditions describing assumptions

about all their coefficients are explained in [6], which allows acting of these operators T : C → L∞.
In boundary condition (2), if λ = 0, then for a = 0 and b = 1, it reduces to

x(0) = 0, x(1) = 0,

which is similar to one of the problems investigated in [17]. Thus, in some respect problem (1)–(2) in this work
generalizes the problem studied in [17].

We consider equation (1)–(2) in the space D of functions x : [a, b] → R such that x (n−1) is absolutely
continuous on every interval [ε, b], where ε > 0 and summable on [0, 1] and x (n) such that t x (n) is summable.

The norm in the space D define as ‖x‖D =
n−2∑
i=0

max
a≤t≤b

∣∣x (i)(t)∣∣+ b∫
a

∣∣∣x (n−1)
(t)

∣∣∣ dt +
b∫

a
t
∣∣∣x (n) (t)

∣∣∣ dt . Considering this

space D looks naturally when fractional equations with the Riemann–Liouville derivatives (1) and the boundary
conditions (2) are taken into account. We say that x ∈ D is a solution of (1)–(2) if it satisfies this equation for
almost every t ∈ [a, b].

References to well-known monographs, [23,29], can be consulted for the utilization of fractional differen-
tial equations in different scientific and engineering domains. The application of problems featuring integral
boundary conditions is elucidated in [35] concerning phase field models. Additionally, [33] provides insight into
the significance of integral boundary conditions for heat equations with nonlinear gradient source terms that
exhibit temporal variability. Furthermore, [28] offers examples of applications in biomedical computational fluid
dynamics. Recently, in [34] authors, used fractional differential equation with an integral boundary condition to
describe the world population growth.

In the last few decades, analysis of positive solutions and investigation of various inequalities for fractional
differential equations has been an active area of research. Qualitative theory for fractional differential equations
such as oscillation theory, zeros of solutions, disconjugacy and comparison theory for fractional differential
equations can be studied and many results were obtained based on various inequalities, for example, Lyapunov-
type inequalities, De La Vallée-Poussin inequalities and Hartman-Wintner-type inequalities (see, for example
[3,5,18,22,25,27,31,36]). There are various methods such as topological methods, coincidence degree theory,
upper and lower solution method and different numerical methods which are used to study fractional differential
equations with different fractional derivatives.

Let us note some of the recent work that motivated us to study problem (1)–(2). In [19], Ferreira obtained
Lyapunov inequality for fractional boundary value problem

{
(Dα

a+x)(t)+ q(t)x(t) = 0, a < t < b,

x(a) = 0, x(b) = λ
∫ b

a x(s)ds, λ ≥ 0.

In [15], Cabada and Hamdi, studied the problem
{
(Dαx)(t)+ μg(t) f (x(t)) = 0, 0 ≤ t ≤ 1,

x(0) = x ′(0) = 0, x(1) = λ
∫ 1

0 x(s)ds, 0 < λ < α

where μ is a real positive parameter. Recently, Caballero et al. [16], studied existence and uniqueness of positive
solutions for problem

{
(Dα

0+x)(t)+ f (t, x(t), (H x)(t)) = 0, 0 < t < 1,

x(0) = x ′(0) = . . . = xn−2(0) = 0, x(1) = λ
∫ 1

0 x(s)ds,

where n ≥ 3, n − 1 < α ≤ n, λ ∈ (0, α), H is an operator applying C[0, 1] into itself and f : (0, 1] ×
[0,∞) × [0,∞) → [0,∞). One can find other work for fractional boundary value problems with various
integral boundary conditions in [1,2,13,14,20,21,32].

Another motivation presents a corresponding new step. In the studying system: using representation of
solution for one of the components of the solution vectors of the system to a scalar functional differential
equation for another component of the solution-vector. For functional differential equation with the standard
derivatives this idea was formulated in [4]. It should be stressed that even in the case of ordinary differential
system, an equation for a corresponding component is an integro-differential (i.e., can be considered as the
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1404 A. Domoshnitsky et al.

functional differential) equations. This motivates us to study problem (1)–(2). In this article, the Vallée-Poussin
theorem on differential inequality is applied to investigate problem (1)–(2). The study yields explicit criteria
for determining the negativity of Green’s function in the form of algebraic inequalities. Regarding functional
differential equations of order n, similar to the Vallée-Poussin theorem, the literature [7–10] provides results on
the analog of this theorem and the sign-constancy of Green’s functions based on it. Recent research on fractional
functional differential equations, involving an operator T of a general form, employs the Vallée-Poussin theorem,
and this can be found in [11,12,17,30].

2 Preliminaries

Monographs [23,29] provide a comprehensive overview of fractional calculus. For basic definitions and lemmas
which are used in this work, they can be found for example in the recent publication [17]. Here, we discuss
Green’s function and its sign constancy to understand our main results better.

Lemma 1 (see [19]) Given h ∈ C([a, b],R), 1 < α ≤ 2 and λ ∈ R such that α − λ(b − a) �= 0, the unique
solution of the fractional differential equation

{
(Dα

a+x)(t) = h(t), a < t < b,

x(a) = 0, x(b) = λ
∫ b

a x(s)ds,

is

x(t) =
∫ b

a
G0(t, s)h(s)ds

where

G0(t, s) = 1

�(α)

⎧⎨
⎩

− (t−a)α−1(b−s)α−1

(b−a)α−1

(
1 + λ(s−a)

α−λ(b−a)

)
+ (t − s)α−1, a ≤ s ≤ t ≤ b,

− (t−a)α−1(b−s)α−1

(b−a)α−1

(
1 + λ(s−a)

α−λ(b−a)

)
, a ≤ t < s ≤ b.

(3)

Lemma 2 Let a, b, α, λ ∈ R with a < b, 1 < α ≤ 2 and λ ≥ 0 such that α − λ(b − a) > 0. Then G0(t, s) < 0
for all t, s ∈ (a, b).

3 Main results

Let us define the operator K : L∞ → L∞ by the equality

(K z)(t) = −T

[ ∫ b

a
G0(t, s)z(s)ds

]
(t). (4)

We use here and below the notation T [γ (t)] meaning that the operator T acts on the continuous function γ , i.e.,
T [γ (t)] = (T γ )(t). We assume in this paper the positivity of operators in the standard sense, i.e., the operator
K is positive if (K z)(t) ≥ 0 for t ∈ [a, b] for every nonnegative z ∈ L∞.

The following assertion can be considered as an analog of the Vallée-Poussin theorem on differential inequality
[9].

Theorem 1 Let T : C → L∞, be positive operator, 1 < α ≤ 2. Then the following assertions are equivalent:

1) there exist a positive number ε and a function v ∈ D such that v(t) − λ
∫ b

a v(s)ds > 0 for t ∈ (a, b),
v(a) = 0 and

(Dα
a+v)(t)+ T v(t) ≡ ψ(t) ≤ −ε < 0 for t ∈ (a, b); (5)

2) the spectral radius ρ(K ) of the operator K : L∞ → L∞ is less than 1;
3) problem (1)–(2), is uniquely solvable for any f ∈ L∞ and its Green’s function G(t, s) is negative for
(t, s) ∈ (a, b)× (a, b).
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Proof Let us start with the proof of the implication 1) ⇒ 2). Consider the auxiliary problem
{
(Dα

a+x)(t) = z(t),

x(a) = v(a) = 0, x(b)− λ
∫ b

a x(s)ds = v(b)− λ
∫ b

a v(s)ds = 0,
(6)

where z is a function from L∞. It is clear that

x(t) =
∫ b

a
G0(t, s)z(s)ds + u(t), (7)

where G0(t, s) is defined by (3) and u is a solution of the homogeneous equation (Dα
a+u)(t) = 0 satisfying the

conditions u(a) = v(a), u(b)− λ
∫ b

a u(s)ds = v(b)− λ
∫ b

a v(s)ds. Substituting this representation instead of v
into (5) yields

z(t)+ T

[∫ b

a
G0(t, s)z(s)ds

]
+ (T u)(t) = ψ(t). (8)

z(t)− (K z)(t) = ψ(t)− T u(t), t ∈ (a, b), (9)

Let us prove that u(t) > 0 for t ∈ (a, b). From assertion 1) of Theorem 1 we have v(a) = 0. The function u
satisfies the boundary value problem

{
(Dα

a+u)(t) = 0, t ∈ [a, b],
u(a) = 0, u(b)− λ

∫ b
a u(s)ds = β,

(10)

where β is a corresponding nonnegative number. Assume that u(t) changes its sign at the point a1 such that the
solution changes its sign at the point a1, i.e., for example, u(t) ≤ 0 for t ∈ (0, a1) and there exists a set S with
mesS > 0, where u(t) < 0. In this case, we obtain that u satisfies the boundary value problem

{
(Dα

a+u)(t) = 0, t ∈ [a, a1],
u(a) = 0, u(a1)− λ

∫ a1
a u(s)ds = 0.

(11)

It is clear that u(t) ≡ 0 for t ∈ [a, a1] according to Lemma 1. We come to the contradiction with the assumption
u(t) < 0 for t ∈ S. Now it is clear that u(t) ≥ 0 for t ∈ [a, b]. Thus, 
(t) ≤ −ε < 0. Thus, there exists δ > 0
such that z(t) ≤ −δ for t ∈ (a, b). Put w(t) = −z(t) ≥ δ > 0. Then w(t) > (Kw)(t). Then, according to [24,
Theorem 5.8 on p. 84], we get ρ(K ) < 1. Analogously other cases where u(t) can change its sign can be proven
as impossible. This completes the proof of 1)⇒2).

Let us prove now the implication 2) ⇒ 3). Consider the boundary value problem (1)–(2). Let us substitute

x(t) =
∫ b

a
G0(t, s)z(s)ds, (12)

where G0(t, s) is Green’s function of the problem consisting of the equation

(Dα
a+x)(t) = z(t) (13)

with the boundary conditions x(a) = x(b)− λ
∫ b

a x(s)ds = 0. Substituting representation (12) into (1), we get
(9), where ψ(t) = f (t) and u(t) ≡ 0 for t ∈ [a, b]. If ρ(K ) < 1, then (9) is uniquely solvable and its solution
is

z(t) = (I − K )−1ψ(t) = ((I + K + K 2 + K 3 + . . .)ψ)(t). (14)

We obtain that the solution x defined by (12) exists and is unique, and this proves that the problem (1)–(2) is
uniquely solvable. We see also that (I − K )−1 is a positive operator if K is positive. The assumption about
positivity of the operator T : C → L∞ and Lemma 1 about negativity of G0(t, s) imply that K : L∞ → L∞
is positive. Then from f (t) ≤ 0, it follows that z(t) ≤ 0 for t ∈ [a, b]. Thus, if f (t) ≤ 0, then z(t) ≤ 0 for
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t ∈ [a, b]. If z(t) ≤ 0, then from the fact of nonpositivity of Green’s function G0(t, s) in the formula (12), we
get x(t) ≥ 0 for t ∈ [a, b]. From

x(t) =
∫ b

a
G0(t, s)z(s)ds

=
∫ b

a
G0(t, s)(I − K )−1 f (s)ds

=
∫ b

a
G0(t, s)[I + K + K 2 + K 3 + . . .] f (s)ds

positivity of operator K and the fact that G0(t, s) < 0 according to Lemma 1, it follows that G(t, s) ≤
G0(t, s) < 0 for t, s ∈ (a, b). This completes the proof of the implication 2) ⇒ 3).

In order to prove the implication 3) ⇒ 1), we set

v(t) = −
∫ b

a
G(t, s)ds. (15)

Since G(t, s) < 0 for (t, s) ∈ (a, b), we get v(t) > 0 for t ∈ (a, b). It is clear that v(a) = v(b)−λ ∫ b
a v(s)ds = 0,

ψ(t) = −1. This completes the proof of the implication 3)⇒1).
The proof of Theorem 1 is now complete. �


Corollary 2 Assume that 1 < α ≤ 2 and

T

⎡
⎣(t − a)α−1

⎛
⎝

⎛
⎝ (b − a)α − λ

(
(b−a)α+1

α+1

)

(b − a)α−1 − λ
(
(b−a)α
α

)
⎞
⎠ − (t − a)

⎞
⎠

⎤
⎦ < �(α + 1), (16)

then problem (1)–(2) is uniquely solvable for any f ∈ L∞ and its Green’s function G(t, s) is negative for
t, s ∈ (a, b).

Proof Consider the auxiliary equation
{
(Dα

a+v)(t) = −δ,
v(a) = 0, v(b)− λ

∫ b
a v(s)ds = 0, λ ≥ 0,

(17)

with λ ≥ 0 and δ > 0. Using Lemma 1 of [17], the solution v of the first equation in (17) can be given as

v(t) = c1(t − a)α−1 − δ

�(α + 1)
(t − a)α. (18)

In order to ensure the inequality, it is necessary to establish a connection between c1 and δ.

v(t) > 0. (19)

To proceed with the proof, let’s provide a more elaborate explanation of the concept referred to as the “connection."
It is evident that the condition (19) is satisfied when c1 is sufficiently large. However, to attain the inequality (5)
from (18), we require c1 to be sufficiently small. Hence, we have to select the smallest value of c1 that ensures
the fulfillment of inequality (19). Using the boundary condition v(b)− λ

∫ b
a v(s)ds = 0, we obtain

c1

(
(b − a)α−1 − λ

(b − a)α

α

)
+ λ

�(α + 1)

[
(b − a)α − λ

(b − a)α+1

α + 1

]
= 0

which gives

c1 = δ

�(α + 1)

⎛
⎝ (b − a)α − λ

(
(b−a)α+1

α+1

)

(b − a)α−1 − λ
(
(b−a)α
α

)
⎞
⎠
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and putting this c1 back in v(t), we get

v(t) = δ

�(α + 1)

⎡
⎣

⎛
⎝ (b − a)α − λ

(
(b−a)α+1

α+1

)

(b − a)α−1 − λ
(
(b−a)α
α

)
⎞
⎠ (t − a)α−1 − (t − a)α

⎤
⎦ .

Hence, taking into account (Dα
a+v)(t) = −δ and (16), we find that assertion 1) of Theorem 1 holds. As this is

equivalent to assertion 3) of Theorem 1, the proof is complete. �

Let us consider the equation where the operator T in form of deviations

(Dα
a+x)(t)+

m∑
j=1

q j (t)x(h j (t)) = f (t), t ∈ (a, b), (20)

where

x(ξ) = 0, ξ /∈ (a, b), (21)

q j , f ∈ L∞, h is a measurable function. We obtain the following assertion.

Corollary 3 Let q(t) ≥ 0, 1 < α ≤ 2 and assume

m∑
j=1

χ(a < h j (t) < b)q j (t)(h j (t)− a)α−1

×
⎛
⎝

⎛
⎝ (b − a)α − λ

(
(b−a)α+1

α+1

)

(b − a)α−1 − λ
(
(b−a)α
α

)
⎞
⎠ − (h j (t)− a)

⎞
⎠ < �(α + 1),

t ∈ (a, b),

where

χ(a < h j (t) < b) =
{

1, h j (t) ∈ (a, b),

0, h j (t) /∈ (a, b).

Then the problem consisting of equation (20) and the boundary conditions (2) is uniquely solvable for any
f ∈ L∞ and its Green’s function G(t, s) is negative for t, s ∈ (a, b).

4 Remarks and examples

Consider the particular case of (20) given as
{
(Dα

a+x)(t)+ q(t)x(h(t)) = f (t), t ∈ [a, b],
x(a) = 0, x(b)− λ

∫ b
a x(s)ds = 0,

(22)

where 1 < α ≤ 2, q(t) ≥ 0 for t ∈ [a, b].
Corollary 4 If 1 < α ≤ 2 and

q(t)

⎡
⎣(h(t)− a)α−1

⎛
⎝

⎛
⎝ (b − a)α − λ

(
(b−a)α+1

α+1

)

(b − a)α−1 − λ
(
(b−a)α
α

)
⎞
⎠ − (h(t)− a)

⎞
⎠

⎤
⎦ < �(α + 1), (23)

is fulfilled, then problem (22) is uniquely solvable for any f ∈ L∞ and its Green?s function is negative for
(t, s) ∈ (a, b)× (a, b).
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Table 1 Calculated RHS of Inequality (28) with Varied ε Values

ε
�(α+1)

(H−ε)εα−1

0.09 1.76539
0.009 5.40813
0.005 7.24459
0.001 16.17446
0.0005 22.86974
0.0001 51.13043
0.00001 161.68301

For Simplicity, we now denote H =
⎛
⎝ (b−a)α−λ

(
(b−a)α+1
α+1

)

(b−a)α−1−λ
(
(b−a)α
α

)
⎞
⎠.

We observe that the denominator of H is always nonzero. When we rewrite the expression as (b − a)α−1 −
λ
(b−a)α

α
= (b−a)α−1

α
[α − λ(b − a)] , it is clear that (b − a) > 0 and α > 1. Consequently, from Lemma 2,

α − λ(b − a) > 0, which clarifies why the denominator is never zero.

Remark 1 Taking into account that max
a≤t≤b

(t − a)α−1 (H − (t − a)) = (α−1)α−1

αα
Hα , which is achieved when

t = a + (α−1)
α

H , we get

q(t) <
αα

(α − 1)α−1 Hα
�(α + 1). (24)

Remark 2 Inequality (24) generalizes corresponding results obtained in [17] which follows in the case of a =
0, b = 1, and λ = 0.

Remark 3 Let’s provide an illustration demonstrating inequality (24) cannot be improved. We consider the case
a = 0, b = 1, resulting in H01 = α(α−1−λ)

(α+1)(α−λ) . Assume that h(t) = a + α−1
α

H01 in (22), we examine the equation

(Dα
0+x)(t)+ αα

(α − 1)α−1(H01)α
�(α + 1)x

(
a + α − 1

α
H01

)
= 0, t ∈ [a, b], 1 < α ≤ 2. (25)

The function

x(t) = (tα−1 H01 − tα) (26)

satisfies this equation (25) and boundary conditions

x(0) = 0, x(1)− λ

∫ 1

0
x(s)ds = 0, (27)

and problem (25), (27) has infinite number of solutions of the form (tα−1 H01 − tα) for every real number c.

Corollary 5 If 1 < α ≤ 2, h(t)− a < ε for a ≤ t ≤ b, then the inequality

q(t) <
�(α + 1)

(H − ε)(ε)α−1 (28)

implies the unique solvability for any f ∈ L∞ of the problem (22) and negativity of its Green’s function.

Example 1 If we take ε = 0.09, 0.009, 0.005, 0.001, 0.0005, 0.0001, 0.00001, λ = 1.2, α = 1.5, in
inequality (28) of Corollary 5, then the right-hand sides (RHS) of inequality (28) calculated in Table 1 and
represented in figure 1.

We see that q < 1.76539 for ε = 0.09 and achieves q < 161.68301 for ε = 0.00001.
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Fig. 1 Graphical Analysis of RHS in Inequality (28) with Varying ε

5 Conclusion

This paper considers a fractional functional differential equation with an integral boundary condition. The
equation involves a Riemann-Liouville fractional derivative and a linear continuous operator T . We provide the
necessary and sufficient conditions for negativity of Green’s function in the form of Vallée-Poussin theorem on
differential inequalities. We derive explicit sufficient tests for the negativity of the Green’s function and discuss
the application of their technique to various cases of functional differential equations. The results obtained in
this paper extend previous inequalities available in the literature for fractional boundary value problems [17].

Next steps can be in numerical methods and computational techniques for solving fractional functional
differential equations with integral boundary conditions and investigating the convergence, accuracy, and stability
of these methods are important areas for their practical implementation. It can be stressed that assertion on
positivity/negativity of Green’s functions which are used as a basis of so-called Chaplygin’s integration method
were discovered in the well-known paper by N. Luzin [26]. This direction of future research can contribute to the
advancement of the theory and applications of fractional functional differential equations with integral boundary
conditions, which will further help to understand important mathematical models.

Acknowledgements The authors would like to thank the anonymous referee for many valuable comments and suggestions, leading
to a better presentation of our results.
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