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Abstract In this paper, we will give an upper bound on n satisfying the Diophantine equation
FrtFp=3)"

in nonnegative integers s > 0,y > 2,b > 2,n > m > 0 and (y,3) = 1. Then, we determine all solutions
(n,m, s, y) of this equation forb =2 and 2 <y < 10%.

Keywords Fibonacci and Lucas numbers - Exponential Diophantine equations - Linear forms in logarithms -
Baker’s method

Mathematics Subject Classification 11B39 - 11D61 - 11J86

1 Introduction

The Fibonacci sequence (F,) is defined by Fp = 0, F; = 1, and F,, = F,,_1 + F,_ for n > 2. The Lucas
sequence (L), which is similar to the Fibonacci sequence, is defined by the same recursive pattern with initial
conditions Ly = 2, L = 1. The terms of the Fibonacci and Lucas sequences are called Fibonacci and Lucas
numbers, respectively. The Fibonacci and Lucas numbers for negative indices are defined by F_,, = (—1)"T!F,
and L_, = (—1)"L,, forn > 1. Binet formulas for these numbers are

a — ,3"
Fn = T and Ln =a" +,3n,
5 1—4/5
where o = + V5 and g = f, which are the roots of the characteristic equation x2—x—1=0.Itcan
beseenthat | <o <2, —1 < 8 < 0and o = —1. For Fibonacci and Lucas numbers, the identities

L, F, if n is odd,
L, F,, if n is even,

Fm—Hz + Fpn = { (1)
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and
| LnF, if nis even,
Fnn = Fn—n = { L,F, if nis odd, (2)

are well known (also see [14]). These identities can be proved by using Binet formulas. Moreover, if n > 1, then
the relation between F,, and « is given by

"2 < F, <a" L. (3)

Inequality (3) can be proved by induction. Also, we observe that the inequality

Fy < %
F, — 3
holds for all n > 3. This implies that
F, 3
2>z @)
Fn =2

for m < n and n > 3. For a brief history of Fibonacci and Lucas sequences one can consult [10]. The Fibonacci
and Lucas sequences have many interesting properties and have been studied in the literature by many researchers.
They specially have interested in square terms, perfect powers in these sequences and the exponential Diophantine
equations including these sequences. Firstly, square terms and later perfect powers in the Fibonacci and Lucas
sequences have attracted the attention of the researchers. As related these subjects, the authors gave the following
four theorems, which can be deduced from [6—8] and are useful to us.

Theorem 1 The only perfect powers in the Fibonacci sequence are Fy = 0, F1 = 1,F, = 1, Fg = 8 and
F1p = 144.

Theorem 2 The only perfect powers in the Lucas sequence are L1 = 1 and L3 = 4.
Theorem 3 If
Fp, =25 y°
for some integersn > 1,y > 1,b>2ands > 0thenn € {1, 2,3, 6, 12}. The solutions of the similar equation
with F, replaced by L, have n € {1, 3, 6}.
Theorem 4 If
F,=3-yb
for some integersn > 1,y > 1,b>2ands > 0thenn € {1,2,4, 6, 12}. The solutions of the similar equation
with F,, replaced by L, have n € {1, 2, 3}.

Recently, many mathematicians have dealt with exponential Diophantine equations concerning Fibonacci
and Lucas numbers. For example, the Diophantine equation L, + L,, = 2 has been tackled in [3] by Bravo
and Luca. Two years later, the same authors solved Diophantine equation F,, + F,,, = 2¢ in [4]. Besides, in [8],
Bugeaud et al. showed that if

Fotl=)" )
for some nonnegative integers (n, y, a) witha > 2, thenn € {0, 1,2, 3,4, 5, 6} . In [2], the authors proved that
if

Fy£2=y" (6)
for some nonnegative integers (n, y,a) with a > 2, then n € {1,2,3,4,9}. Later, in [15], Luca and Patel
handled the equation

FniFmZypa p =2, (7)
whichis general form of equations (5) and (6). They found that the solutions of equation (7) inintegers (n, m, y, p)
satisfying n = m(mod2) are given as either max {|n|, |m|} < 36 or y = 0 and |n| = |m|. This problem remain

open for the case n # m (mod2) . But, in [13], the authors solved this equation by fixing y in the interval
[2, 1000] . Lastly, in [12], the authors of this paper have dealt with the equations

Fy+ F, =2F, =3 -y’
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and
Fy£1=3.y° )

in nonnegative integers s > 0,y > 1,b > 2,n > 1 and (y,3) = 1. They have proved the following two
theorems.

Theorem 5 The only solutions of Diophantine equation (8) in nonnegative integerss > 0,y > 1,b>2,n > 1
and (y, 3) = 1,are given by

(n,s,y,b) €{(3,0,2,2),(6,0,2,4),(6,0,4,2),(12,2,2,5)}.
Theorem 6 Lets >0,y >1,b>2,n>2and (y,3) = 1. Then all solutions of the equation
F,£1=23%"
are

Fa+1=4=3.22 Fg+1=9=3%.1", +1=3=3".1°,
Fs—1=4=3.22, F;s—1=1=3%.1", m—1=12=3".22

In this paper, we will handle the Diophantine equation
Fy & Fy =3 yb, (10)

which is the more general case of (8) and (9), in nonnegative integers s > 0,y > 2,b > 2,n > m > 0
and (y,3) = 1. We will give an upper bound on rn satisfying this equation. Then, we determine all solutions
(n,m, s, y) of this equation forb =2 and2 < y < 104,

2 Preliminaries

Recently, mathematicians have started to use Baker’s theory of lower bounds for a nonzero linear form in
logarithms of algebraic numbers. Since such bounds are of crucial importance in effectively solving Diophantine
equation (10), we start with recalling some basic notions from algebraic number theory.

Let 1 be an algebraic number of degree d with minimal polynomial

d
aoxd + al)cd_1 +---4ag=ag l_[ (x — n(i)) e Z|x],

i=1

where the a;’s are relatively prime integers with ag > 0 and the n®’s are conjugates of 7. Then

h(y) = é (logao—i-Xd:log (max{|n(i)|, 1})) (11)

i=1

is called the logarithmic height of ». Particularly, if n = a/b is a rational number with gcd(a,b) = land b > 1,
then h(n) = log (max {|a|, b}) .
The following properties of logarithmic height are found in many works stated in the references:

h(inxty) <h(m) +h(y)+log2, (12)
h(ny™") < h(n) + h(y). (13)
h(n™) = |m|h(n). (14)

The following theorem is deduced from Corollary 2.3 of Matveev [16] and provides a large upper bound for
the unknowns n, m, s, and b in equation (10) (also see Theorem 9.4 in [6]).
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Theorem 7 Assume that v, ya, ..., y; are positive real algebraic numbers in a real algebraic number field K of
degree D, by, by, ..., b; are rational integers, and

A :=y1b1~-~y,b’ -1
is not zero. Then
IA] > exp (—1.4 2303 .45 D2(1 + log D)(1 + log B)A{ A, - - - A,),
where
B > max {|b1], ..., |bt]},

and A; > max {Dh(y;), |logy;il, 0.16} foralli =1, ..., t.

In [11], Dujella and Petho gave a result, which is a version of the reduction method based on the Baker-
Davenport Lemma [1]. Then, in [5], the authors proved the following lemma, which is an immediate variation
of the result due to Dujella and Petho from [11], and will be used to reduce the upper bound for the subscript n
in equation (10).

Lemma 8 Let M be a positive integer, let p/q be a convergent of the continued fraction of the irrational number
y such that q > 6M, and let A, B, i be some real numbers with A > OQand B > 1. Let € := ||uq|| — M|lyqll,
where || - || denotes the distance from x to the nearest integer. If € > 0, then there exists no solution to the
inequality

0<|uy —v+pul<AB™",
in positive integers u, v, and w with
log(Ag/€)

u<Mandw >
log B

The following lemma is useful in the proof of the main theorem.

Lemma9 [9, Lemma2.2] Leta,u € Rand0 < a < 1. If lu| < a, then

llog(1 +u)| < w - ul
and
lul < T— = et —1].
Finally, we give the following lemma.
Lemma 10 [17, Lemma 7] Ifm > 1, T > (4m*)"™ and (log+)m < T, thenx <2™T(logT)™.

3 Main theorems
Theorem 11 Lets >0,y >2,b>2,0<m < nand (y,3) = 1. If the Diophantine equation
Fy F Fp = 3%yP (15)

is a solution (n,m, s, b, y), then the inequalities

1 1
s+b<n<(s+b)m+5 (16)
log o
and
n<1.14-10% - (logy)* a7
hold.
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Proof Assume that (15) has a solution (n, m, s, b, y). It can be seen that the case n = 1 or 2 is not possible.
Therefore, n > 3. Now, let us prove inequality (16). Using (3), we get

25tb <2900 <350 — F £ F, < Fy+ Fp <2F, <o’ =" <27

and thus
s+b<n, (18)

where we used the fact that o T! < 2" forn > 3. Also, using y > 2,0 <m < n,n > 3 and (4), we obtain the
inequality

‘ F n—2
G+ D=3+ 1) >3y =FFFy > F—Fy=F, (1 -~ 7’”) > “3 > o7,
n
which implies that
1 +1
n<(s+b)%+5. (19)

Hence, combining (18) and (19), we have inequality ( 16).
From now on, to prove inequality (17), we use Theorem 7. For this, let arrange Eq. (15) as follows
an s b IBVL
—= -3y F Fon.
V5 VA
Taking absolute value of both sides and using (3), we get

a Bt L

:‘ﬁ_"ﬂ
5 /5 V5 /5

Dividing the last inequality by f}—"g and making necessary calculations, we obtain

< Fn+

1o + Sy (20)

an - an—m an—m - an—m

‘1—04—"3‘ b[‘ i lf 1 a5 1 2.4

Put Aj =1 — y"192y3P3 9,54, where

yii=a, =3, y3:=y, V4= «/g, by:=—-n, by:=s, by:=b, by:=1.
If Ay = 0, then we get % = 3%yP, or equivalently, «®* = 5 - 3%y?b_ But, this is impossible since a*" is
irrational for all positive integer n. Therefore A; # 0. Thus, we can apply Theorem 7 to inequality (20). Note
that the numbers yy, y», 3 and y4 are positive real numbers and elements of the field of K = Q (ﬁ) . The

degree of this field is 2. So D = 2. Moreover, since

loga
h(y) =hl@)=——, h(y)=h(@3)=log3

h(y) =h () =logy, h(ys)=h(~5)=logV5

by (11), we can take A := loga, Ay :=log9, A3z :=2logy, A4 :=log5 in Theorem 7. Also, using (18), we
see that

max {|b1], b2l [b3], |bal} = max {|—n]|, |s|, |b], 1]} = n.

So, we can take B = n. Thus, by Theorem 7, we obtain

24

an—m

> |A1] > exp (—=Cy - (1 +1logn) -loge -log9 -2logy -log5),

where C; = 1.4-307.4%3.22. (1 4+ log2) . Taking logarithms in the above inequality and using the fact that
1 4 logn < 2logn forn > 3, we get

(n —m)loga < 7.23 - 10" - logn - logy 21
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or
(n—m) < 1.51-10" - logn - logy. (22)

Now, rearranging equation (15) as
A

= F =3 ¥ (23)
V55 NEIVE]
and taking absolute values in here, we obtain
o o b g __ BT _ 1"+ 18I 2
— F — — s =|—F=F —=| =< < s
V55 NCIRVE] V5 V5-am
where we used the fact that o8 = —1 and m < n. Dividing both sides of the above inequality by :"—;5 F "%, we
get
-1
: I Faom™" 2
1 —a 3%y @ < ) (24)
\/g qm+n (1 ¥ am—n)
Also, since
1 1 1
0< < < < 2.62
lFamn 1—am " ]—qg!
for n —m > 1, inequality (24) implies that
-1
—nqs..b (1 + amfn) 5.24
Put Ay = 1 — y1P1 P2 y3P3 P4, where
3 G b by = b, byi=—1
Y=o, Y2i1=3, V3=Y, V4= =, 1= —n, 2 =, 3 =0, 4 = —1L.
V5
If A, =0, then
n m
o e
NEIRVE]

From (23), we get ﬁ_’; F ’3—’7; = 0, which implies that 8"~ = =1. But this is impossible since n > m.
Therefore A, # 0. Besides, it is clear that y1, y2, y3 and y4 are positive real numbers and elements of the field of
K=Q (ﬁ) . The degree of the field K = Q (\/5) is 2. Ay # 0. Also, a similar argument to the above shows
that we can take B :=n, Aj :=loga , Ay :=1log9 and A3 := 2logy. Also, since

h(ys) =h (%) <h(l1Fa" ") +h <~/§)

<h)+h (a"“") +log2 +h (\/3)

ol
< W +log2 + log /3
—m)l
(n—m)loga ”;) 8% | 1og5

by (11)—(14), we can take A4 := (n — m) - log(25«). Thus, applying Theorem 7 to inequality (25), we get
5.24

O[m+n

> |A2| > exp (—C> - (1 +1logn) -loga -1og9 -2 -logy - (n —m) - log(25x))

@ Springer



On the solutions of the Diophantine equation 1487

where Cy = 1.4-307 - 4*3 .22 . (1 4 log2) . Taking logarithms in the above inequality and using the fact that
1 4+ logn < 2logn for n > 3, we obtain

(n+m)loga < 1.662 - 10" . (n—m) -logn -logy. (26)
If we add (n — m) log « to both sides of (26), then we get
2nloga < (n —m)loga + 1.662 - 105 (n—m) - logn -logy,

which implies that
n<173-10 . (n—m)-logn-logy. (27)

Considering inequality (27) together with (22), it can be seen that

n <2.62-10% . (logn)? - (log y)*. (28)

Put 7 = 2.62-10% . (log y)2 in Lemma 10. In this case, we obtain from (28) that
by Lemma 10 that

)2 < T, which implies

2
n<22.2.62-10° . (log y)? - [log (2.62 -10% . (log y)2>]

31 2 2\1?
< 1.05-10%" - (log y)? - [71 +log ((log y) )]
<1.05-10°" - (log y)* - [103 - log y + log y]*
< 1.05-10%" - 104% - (log y)*
< 1.14-10% - (log y)*,
where we used the fact that 71 < 103 - log y and log ((log y)z) < logy for y > 2. This completes the proof. O
Now, in the following theorem, we will give an application of Theorem 11.

Theorem 12 Lets >0,0<m <n,2 <y < 10* and (v, 3) = 1. All solutions (n, m, s, y) of the Diophantine
equation
Fy F Fp =3y (29)

are given by

12,0,2,4),(4,1,0,2),(5,1,0,2),(7,1,1,2), (4, 2,0,2),
(5,2,0,2),(7,2,1,2),(11,10,2,4), (14, 13,2, 4), (13, 11,2, 4) ,
(7,4,0,4),9.3,2,2),(12,4,1,7), (14,10, 3,4,) , (17, 4,0, 40) ,

(

b 5’ 07 4) b (13’ 67 2’ 5) 9 (157 9’ 27 8)

Proof Assumethat (n, m, s, y) is asolution of equation (29). Itis obvious thatn # 0, 1, 2. Besides, if m = 0, then
we have F,, = 3° ~y2. This equation has solution only forn = 12 by Theorem 4. Thus, (1, m, s, y) = (12,0, 2, 4).
If m = 1 orm = 2, then we get F,, F 1 = 3°y?. In this case, we can see by Theorem 6 that

(n,m,s,y) €{4,1,0,2),(5,1,0,2),(7,1,1,2),(4,2,0,2),(5,2,0,2), (7,2, 1,2)} .

When n — m = 1, we obtain F,; = 3°y*> or F,_» = 3°y%. These equations show by Theorem 4 that
(n,m,s,y) = (11,10,2,4) and (n,m,s,y) = (14,13,2,4), respectively. When n — m = 2, we obtain
L,_1 = 3°y? or F,_1 = 3*y?, which implies by Theorem 4 that (n, m, s, y) = (4,2,0,2) and (n,m, s, y) =
(13,11, 2, 4), respectively. From now on, assume thatn > m > 3 andn —m > 3.

On the other hand, since (n, m, s, y) is a solution of equation (29), inequalities (16) and (17) hold. Taking
b=2and2 <y < 10% in these inequalities, we get

s+2<n (30)

4
n < 1.14-10% - (log y)* < 1.14 - 10% . (10g104) <821-10%, G1)
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Now, let reduce this upper bound on 7. For this, let
z1 = slog3 —nlogo + log (yzx/g)

and Ay = 1 — €*'. Then, from (20), we get

2.4 2.4
|A1|=|ezl—1| <——<—<06
ot—m o3

forn —m > 3. Taking a = 0.6 in Lemma 9, it is seen that

—log (1 —0.6) 3.67
211 = 1 og(A1 + D] < —= 5=+ |A1] < ==
i.e.,
3.67
2
slog3 —nloga + log (y \/5) ‘ < =T
Dividing this inequality by log «¢, we get
lsy —n+pl<A-B™", (32)

where

B @ B log (yz«/§>

= , M= , A=763, B=«a and w=n—m.
log o log o

log3
It can be easily seen that 10g is irrational. If we take M := 8.21 - 1038, which is an upper bound on s since

ogw
s <n<821-10% by (30), we find that

q73 = 25975690340772128129049198394145261511794,

the denominator of the 73 th convergent of y exceeds 6 M. Also, a quick computation with Mathematica gives
the inequality

0.00012626 < &(y) = llug73ll — M llyqzsll .

Hence, Lemma 8 says to us that if inequality (32) has a solution, then

7.63-
log( s(yzn)
w=n—-m< ——= <216.3.
loga

Substituting this bound of n — m into (27), we get
n <3.45-10"% . logn,

which implies that n < 1.61 - 102°. Now, to further reduce this bound on n, we apply Lemma 8. Then, let
-1
72 = slog3 —nloga + log <y2x/§(l Fa"") )

and Ap = 1 — ¢%2. Thus, from (24), it is seen that

5.24
[Az| = }eZI — 1} < W < 0.2

since n + m > 7. Choosing @ = 0.2 in Lemma 9, we obtain

—log (1 —0.2) log () 524 14
—oett —9a) A, < (8) -

|z2] = [log(A2 + D] < 02 T02 atm S

@ Springer



On the solutions of the Diophantine equation 1489

that is,
5 ey —1 1.4
slog3—nloga+log<y V5 (1Fa™™) ) ‘<—n.
o
Dividing this inequality by log «, we get
sy —n+u|<A-B™Y, (33)
where
]
log 3 log (y2«/§ (1Fa™™) )
= e , A=291, B=«a and w=n.
log o log o

Taking M := 1.61 - 10%°, which is an upper bound on s since s < n < 1.61 - 10?° by (30), we find that
qs4 = 345728084197086681553435187,

the denominator of the 54 th convergent of y exceeds 6. Also, a quick computation with Mathematica gives
that the inequality

0<3.99-1077 < e(y,n —m) = [lugssll — M llygsall

holds forall2 < y < 10*and3 <n—m <216 except for the case £(4, 24), which is always negative. Then, let
n —m # 24 and y # 4. As similar to the above case, Lemma 8 says to us that if inequality (33) has a solution,
then

log ( 2.91-g54

wen< —f(y’"_'”)> < 160.
ogua

Thus, we have 3 <m < n < 159 and n — m > 3. A simple computation with Mathematica shows that Eq. (29)
for3 <m < n <159 and n — m > 3 has the solutions

(n,m,s,y)=(7,4,0,4),09,3,2,2),(12,4,1,7), (14,10, 3,4), (17,4, 0, 40), (36, 12, 2, 1288)
and
(n’m’s7 y) = (87 5’ 074)7(13’ 67 2’ 5)’(15’ 9’ 27 8)'

Lastly, if n —m = 24 and y = 4, then from Eq. (29) we get

Fy24 — Fy = Liny12F12 = 16 - 3° (34)
and

Fny24+ Fp = Fuy12L1p =16 - 3° (35)
by (1) and (2). Equation (35) has no solution since 16 { L, = 322. Equation (34) implies that L, 12 = 3572,
But, this equation has no solution by Theorem 2 since m > 3. Thus, the proof is completed. O
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