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Abstract Let K(r) be the complete elliptic integral of the first kind defined on (0, 1). This paper deals with
the power series of x +— (1 — x)?F(a,b;a + b; x) on (0, 1), where F(a,b;a + b; x) denotes the zero-
balanced hypergeometric function. This result extends the recently obtained absolutely monotonic property of
(1 —x)? K(y/x). As a consequence, a rational approximation of zero-balanced hypergeometric function will be
established, which is an arbitrary precise approximation near x = 0.
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1 Introduction

Throughout this paper, N (R ) stands for the set of positive integers (real numbers, resp.) and Ng = N U {0}.
For real numbers a, b, ¢ € R and ¢ # Ny, the Gaussian hypergeometric function is defined by [4,7]

o
b n
Flabiein) =i bieix) = 30 8PSy <1
~ (On n!

where (a), denotes the Pochhammer symbol defined by (a), = a(a+ )@+ 2)---(a+n—1) = T'(a +
n)/I'(a) for n € N and in particular (a)g = 1. Here I'(x) = fooo *~le='dt (Re(x) > 0) is the Euler gamma
function [12,24,30]. In the case ¢ = a + b, the resulting function F'(a, b; c; x) is said to be zero-balanced. The
hypergeometric function F (a, b; c; x) has a simple derivative formula

d ab
—F(a,b,c;x)=—Fa+1,b+1;c+1;x). (L.1)
dx c

In the zero-balanced case, there is a singularity near at x = 1 and has a Ramanujan’s approximation [7, 1.48, p.
18] of F'(a, b; a + b; x), as x tends to 1,

B(a, b)F(a, b; ¢; x) +log(1 — x) = R(a, b) + O((1 — x) log(1 — x)), (1.2)
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1552 J. Wu, T. Zhao

where B(a, b) = I'(a)I"(b)/ ' (a + b) is the beta function,
R(a,b) = =2y —y(a) =¥ (b), ¥(x)=T"(x)/T(x),

and y = lim,— (ZZ:] % — log n) = 0.57721 - - - is the Euler—Mascheroni constant.
One of the most important special cases of F(a, b; c; x) is the complete elliptic integral of the first kind /C(r)
[9,14,17,18,25,26] with the modulus » € (0, 1), which given by

/2 11
IC(r):/ (1 —r2sin0)"12d0 = ZF(=, 2. 1. 2). (1.3)
0 2 \2'2

In particular, by (1.3), the asymptotic formula (1.2) reduces to

4
K(r)~log—, r—>17,
r

where and in what follows we denote ' = +/1 — r2. For more information on these and related functions, we
refer the reader to [2,7,8] and, for recently obtained related results, to [3,10,13,16,22,27,31,33,34] and the
references contained therein.

It is well-known that a real function g is said to be absolutely monotonic on the interval 7 if the kth derivative
of ¢, p® (x), is exists and is non-negative for each k > 0 and x € I. In other words, if ¢ can be expressed as a
power series on I, then all coefficients are non-negative. Recently, a class of special power series has attracted
extensive research [11,21,25,32], a Negative—Positive type series, of which the name was first proposed formally
in [29]. Specifically, a power series S(x) given by

m o0
Sx)=— Zakxk + Z akxk
k=0

k=m+1

is called a “Negative—Positive type power series”, or “NP type power series” for short, if its coefficients a; for
k > 0 satisfy

(i) ar = O0forallk > 0;
(ii) there exist at least two integers 0 < k; < m and kp > m + 1 such that ay,, ax, > 0.

Correspondingly, S(x) is called a “Positive—Negative type” (or “NP type” for short) power series if —S(x) is a
Negative—Positive type power series.

The initial thread of this paper can be traced back to a monotonic property obtained by Anderson et al. [5,
Theorem 2.2] in 1990, that is, the function 7 > (1 —r2)!/2 KC(r) is strictly decreasing from (0, 1) onto (0, 7/2).
This was generalized to zero-balanced hypergeometric function in [1, Theorem 1.7] and also an extension of this
was given in [6, Theorem 1.2], explicitly, for each ¢ € [1/2, 2], the function r > (r')¢ K(r) is strictly decreasing
and concave from (0, 1) onto (0, 7 /2). Further, it was pointed out by Yang [19, Proposition 1] but without the
proof that the function r + 1 — (+")¢ K(r) is absolutely monotonic on (0, 1) for ¢ € [1/2, 1]. Recently, this has
been confirmed and improved by Yang and Tian [28], which is stated that the function x +— — [(1 - )P K(J/x )]/
is absolutely monotonic on (0, 1) ifand only 1/4 < p < 1.

Inspired by these results, it is natural to ask the following question.

e Can this be generalized to the case of zero-balanced hypergeometric function?
e What is a suitable region of (a, b) and the range of p such that the derivative of the function we consider is
absolutely monotonic or a Negative—Positive type power series?

The main purpose of this paper is to answer this question. Our main result is stated as follows.

Theorem 1.1 Let (a,b) € Rﬁ_ and p € R, and define the function x — ¢, on (0, 1) by
¢p(x) = (1 —x)"F(a,b;a+b; x).
Then we have the following conclusions:

(i) In the case of (a,b) € Ry, if max{ab/(a + b),ab — 1} < p <1, then _4’;7 (x) is absolutely monotonic on
0, D)y
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Fig. 1 The visualized region R; for j = 1,2, 3

(i1) In the case of (a, b) € Ra,
ifmax{ab — 1,0} < p <ab/(a + b), then ¢;, (x) is a Positive—Negative type power series on (0, 1);
(iii) In the case of (a,b) € Rz, if max{ab — 1,1} < p < 1+ ab/(a + b) and p # 1, then qb;,(x) is a
Negative—Positive type power series on (0, 1),
where
k(a,b) =2(a +b)* + (4 —5ab)(a + b)> + ab(a + b)* — 4a*b*(a + b) — a°b° (1.4)

and

Ry = {(a,b) eR%|ab <2, k(@.b)>00r(1—a)b—1) > 0},

5 ab
RQ:{(a,b)eR+|(l—a)(b—1)zO, ab—1< a+b}’

2 ab
R3:{(a,b)eR+|a+b+224ab, ab—1§1+a+b},

which are illustrated in Fig. 1.

Remark 1.1 1t is worth mentioning that the absolutely monotonic property of ¢,(x) on (0, 1) has been proved
in [15, Lemma 2.3], where our method is completely different. However, our range of p includes p = 1 which
is not included in [15, Lemma 2.3], although our region of (a, b) is a bit smaller than that of [15, Lemma 2.3].

The rest of this paper is organized as follows. In this section, we give an introduction and highlight the
relevant previous results together with the statements of main result in the form of theorem. Section 2 consists
of preliminary knowledge, tools and lemmas, which will be used in the following sections. Section 3 gives the
proof of the main results from Sect. 1. As an application, we provide a rational approximation of hypergeometric
function in Sect. 4. In order to avoid too long proofs of some lemmas, we close the paper by putting some tedious
computations in the last section.

2 Preliminaries

In this section, we collect several tools and lemmas which are used to prove the main theorem.

2.1 Tools

The first tool is to give a recurrence relation of MacLaurin’s coefficients for the product of power function
and hypergeometric function. In [20], it has been proved by Yang that the coefficients of the function x >
(1 — 6x)P F(a, b; c; x) satisfy a 3-order recurrence relation for 6 € [—1, 1], and in particular they satisfy a
2-order recurrence relation for 6 = 1.

As a special case of [20, Corollary 2], we state it in the following proposition.
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Proposition 2.1 Let (a,b) € R%, p € R and @p(x) be defined as in Theorem 1.1. Suppose that ¢, (x) has the
MacLaurin’s series Z;io u,x", then the coefficients u,, = u, (p) satisfy ug = 1, u1 = ab/(a + b) — p and the
recurrence relation

Upi1 = Oplty — Bplty—1 2.1

forn > 1, where

. 2n2+n(2a+2b—2p—1)+ab—(a+b)p
" (n+ D(n+a+b)
_a+n—p-DHb+n-—p-1)

B n+Dm+a+b) ’

: 2.2)

Bn (2.3)

In particular, u, > 0 for n > 0 in the case of p < 0.

Proof By the Cauchy product of series, it follows that u,, can be written as

" — Z =Pk @i (D)nik
= K e =Bla+ bk
for n > 0, which gives u,, > 0 in the case of p < 0. O

As mentioned in the introduction, for a “NP type power series” S(x),ifa = 0forl > n+ 1 > ky + 1, then
S(x) degenerates to a polynomial, which is called a “Negative—Positive type polynomial” of degree n, or “NP
type polynomial” for short. Likewise, a “PN type power series” can degenerate to a PN type polynomial (see
[29]). The second tool offers a simple and efficient criterion to determine the sign of a PN type (or NP type)
polynomial, which has been proved in [21,23,24].

Proposition 2.2 (See [21, Lemma 7]) Let P,(x) be a Negative—Positive type polynomial of degree n. Then there

exists xo € (0, 00) such that P,(x) < 0 forx € (0, xo) and P,(x) > 0 for x € (xg, 00). Consequently, for given
x>0, if Py(x) <0, then P,(x) <0 forall x € (0, x) and if P,(x) > 0, then P,(x) > 0 forall x € (x, 00).

2.2 Lemmas
In this section, we will present several lemmas which are used to prove Theorem 1.1. To facilitate the readability,

we sometimes only give the conclusions and omit their proofs. The tedious proof of calculations will be placed
in the last section.

Lemma 2.1 Let (a,b) € R} and
R =1 b)‘ﬂ>ab—1 k(. b) > 0
11_ ’ a+b £ £ - E) £
Ri2 = (a,b))£<ab—l, (I-a)yb—-1)=0;,
a+b— -
7€1=i(a,b)‘/c(a,b)zOor(l—a)(b—l)zO].

Then ﬁl = R11 U Rz In particular, R1 = 7’2\1 N {(a, b) € R%_l ab < 2}.

Proof Clearly, R11 UR12 C ﬁ], it suffices to prove that 7%1 \Ri2 CRi1.
Simplifying leads to

ab

ﬁl\Rlzanu{(a,b)’ ;> ab—1, (1—a)(b—1)20}

a—+

U {(a,b)( K@, b) =0, 1—a)yb—1) < 0].
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By Lemma 5.1, we conclude that

PRT {@n)] 2 >a -1, a—aG-1 20} c R,
1 12 11

{(a,b) K@, b) =0, (1—a)yb—1) < o} C Ril.
@b)| 2 >ab—1, 1 —a)b—1) >0, k(a,b) <0} =0,
—
(a, b) % <ab—1, 1 —a)(b—1) <0, «(a,b) >0y =0.
This gives the desired result. 0

Lemma 2.2 Let (a,b) € RZ | a, Bn be defined by (2.2) and (2.3). Then o, > 0 and B, > 0 forn > 2 if
p<1l+4ab/(a+Db).

Proof Asin (2.2) and (2.3), we denote the numerators of «,,, 8, respectively by

af =2n° +nQa+2b—2p —1)+ab — (a+b)p,
Br=@+n—p—10b+n—p-—1).

If p <14 ab/(a+ D), then it follows that

b
a:+1—a:=1+2a+2b+4n—2pz1+2a+2b+8—2(1+aib>

_Ta+2a*+7b + 2ab 4 2b*

09
a+b ~

and so « is strictly increasing for n > 2. This gives

oy >as=6+4a+4b+ab— @4 +a+b)p

b 2a + 3a* + 2b + 2ab + 3b*
>6+4a+4b+ab— (4 +a+b) |1+ - _fatsar b ab > 0.
a+b a+b
On the other hand,
ab ab a’b?
> 2—1-— —1)(b+2—-1-— —1)=—5>0.
ﬂ"—QH‘ a+h )(*’ a+h ) @tb?
This completes the proof. o

Lemma 2.3 Let iy = upy1 —[(n+1)/(n+ p + 2)]u,, where u,, = u,(p) is given in Proposition 2.1. Then
the following identity

ﬁn—i—] Zgnﬁn + Npltn—1 (24)
holds for n > 1, where
£, = n(P) _ (P + Dgn(p)
" Uamatbrnpr2+n) T Atn@tb+np+ltn(p+2+n)
and
_ 3 2 [2p*—(a+b=5)p ab(p +2)
Julp) =n"+(@+b+Dn _[—2(a+b)—ab+3}n+[—(a+b)(p+1)2] (&)
en(p)=U0—ab+pn—(p+2)(1 —a+p)(1—b+ p). (2.6)

In particular, &, > 0 forn > 3 and n, > 0 for n > 6 in the range of (a, b, p) considered in Theorem 1.1.
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Proof By simplifying, the Relation (2.1) can be rewritten as

n+1 n+1 n
u _— Uy =\ — ——m Uy — —Uy—
n+1 n+p+2n n n+p+2 n n—I—p—l—l n—1

+|:( n+1 ) n ﬂ:|
oy, — — Up—1,
n n+p+2 n+p+1 n n—1

which gives (2.4) provided that we denote

£ n+1 d ( n+1 ) n 5
=q, — —— an = o, — — B.
n 1 ntp+2 Nn n ntpt2)ntp+1 n

Moreover, f, and g, are respectively the numerator of the expression of &, and 7,, explicitly, which are given
by (2.5) and (2.6). Note that the sign of &, and 7, are the same as f; and g,. It has been proved in Lemmas 5.3
and 5.4 that f,, > 0 forn > 3 and g, > O for n > 6 in the range of (a, b, p) considered in Theorem 1.1. O

Lemma 2.4 Let (a, b) € Rﬁ_ and oy, By be defined as in (2.2) and (2.3). Then we have
azay — fB3 >0
ifab—1<p<1+4ab/(a+Db).
Proof By (2.2) and (2.3), we simplify as
h(p) =12(a+b+2)(a + b+ 3)(azar — B3)
- [(a F5)? +7(a+b) + 18] o [7(a +b)% + (2ab + 51)(a + b) + 10ab + 72] p
+18(a + b)?> + (Tab + 72)(a + b) + 15ab + (ab)? + 66, (2.7)

which is regarded as a quadratic function of p with the upward opening.
Note that the symmetric axis of /4 (p) can be written by

_7(a+b)* + (2ab + 51)(a + b) + 10ab + 72
N 2(7a + a? + 7b + 2ab + b2 + 18)

Ps

and

> 0.

5 ab _ 23a® 4 3a® + 10ab + 5a*b 4 23b* + 5ab* + 3b°
Ps at+b) " 2a+b)(Ta+a®+7b+ 2ab+ b2+ 18)

This shows that p — h(p) is strictly decreasing for p <2 +ab/(a + b).
Ifab—1<p<1+ab/(a+b),thenab—1<1+ab/(a+ D), that s,

2a +2b +ab — a*b — ab* > 0.

Combining this with the monotonicity of 4 (p), it follows that

ab { 4(3a* +7a® + 3a* + 3b* + 7b° + 3b%)
h(p) = h (1 + b) = 3| tab(4+42a+ 1642 + 42b + 23ab + 16b%) | > 0.
a+ (a+Db) +3ab(2a + 2b + ab — ab — ab?)
This together with (2.7) gives the desired result. O

Lemma 2.5 Let (a, b) € Ri and u, (p) be defined as in Proposition 2.1. Then it holds that

() ui(p) <0forp>ab/(a+D);
(i) ua(p) <0anduz(p) <O0forab/(a+b) <p <1+ab/(a+b);
(iii) uq(p) <O forab/(a+b) <p <1.
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Proof (i) By Proposition 2.1, it is easy to see that u1(p) = ab/(a + b) — p <0 for p > ab/(a + D).
(i7) Simplifying with (2.1) gives

_p_(ab ] ab(a + (b + 1)
u2(p) = 7% <a+b E) 2a+b)ya+b+1)

3

o ab 1 ab aba+ 1B+ 1) 1
1P = +[2< Tp 2 }” [2(a+b)+2<a+b)<a+b+1>+ }

ab(a + DG+ Da+2)(b+2)
6(a+b)a+b+@+b+1)

Moreover, as a quadratic function of p, uz(p) is strictly convex for p € R and also u3(p) is strictly convex for
p <1+ab/(a+b)duetous(p)=1+ab/(a+b)—p=>0.
Hence, uz(p) < 0 and u3(p) < Oforab/(a +b) < p <1+ ab/(a + b) follows from

ab ab 41 ab? 0
u =u =— <0,
\a¥bp Na+b 2@+b)2a+b+1)

ab a’b*(3a + 2a* + 3b + 2ab + 2b?)
u = —
N\a+b 3a+b)la+b+ )a+b+2)

- ab a*b*(a — b)? 0
u = — <
3 a+b 6+ b3 +atbh)2tatb)

)

(iii) By (2.1), we write the explicit expression of u4 as

pt ab 1 ab ab(a+ 1)(b + 1) 1nj ,
ua(p) = o4 = [6(a+b)+ j|p+|:2(a+b) Ha+b)a+b+1) _}
ab ab(a+1D(b+1)  abla+ Db+ 1)a@+2)b+2) 1
_[3<a+b> da+b)a+b+1)  6a+b(a+b+1)(a+b+2) '}

ab(a+1)(b + 1)(a +2)(b+2)(a + 3)(b +3)
24(a+b)a+b+D@+b+2)(a+b+3)

and thereby, by differentiation,

3 1 1 11
uﬁt(p)z%—[ ab +3i|p+[ab ab(a+ 1)(b+1) _:|

2(a+b) 2(a+b)a+b+1)

ab(a+ 1)(b+1) aba+ 1B+ D@+2)b+2) 1

[3(a+b) 4da+b)a+b+1) 6(@a+ba+b+1(a+b+2) _]
ab 3 ab ab(a+ 1)(b+1) 11
< 5" )p+ Yath@+b+l) 12

’44(17) 7 -

As a quadratic function of p, u(p) is strictly convex for p € R. Combining this with u}(0) > 0 and

|4k ab \ _ (a+b)3+(a+b)2+6a2b2
a+b 12(a +b)2(1 +a +b)

it follows that there exists anumber 0 < pg < 1+ab/(a+b) such thatu(p) is strictly increasing for0 < p < po
and strictly decreasing for po < p < 1 +ab/(a + b). This together with u(0) < 0 and the fact that

>0

(14 ab (a+b)5+3(a+b)4+2(a+b)3+a2b2(6a+6b+5a + 2ab + 5b%)
a+b 12(a +b)3(1 +a +b)(2 +a + b)

shows that there exists anumber 0 < p; < 1+ab/(a + b) such that us(p) is strictly decreasing for0 < p < p;
and strictly increasing for py < p < 1 +ab/(a + b).
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Therefore, u4(p) < 0 for ab/(a + b) < p < 1 follows from the piecewise monotonicity of p > u4(p)
together with the facts that

b 22 8a’ + 8b° + 6a* + 6b* + 11a3b + 11ab’
a _ a 252 2 3
4< b)—— T3 : +16a%b? + 22(a + b)* + 16(a + b) <0,
a+ 8(a+b) [Tj—ola +b+j) +ab(a + b)(a + b — ab)
wa(l) = _ab(a+1)(a+2)(b+1)(b+2)(a+b—ab+3) <0
M T T T G+ @t b+ Datb+2)@tb+3) ‘
This completes the proof. O

We now give a key lemma to determine the sign of u,, after a certain term.

Lemma 2.6 Let (a,b) € Ri_ and u, = u,(p) be defined as in Proposition 2.1. Then the following conclusions
hold for the range of (a, b, p) satisfying the conditions in Lemma 5.4:

(1) If there exists m > 5 such that u,,—1 < 0 and u,, > 0, then u, > 0 for alln > m;
(i1) Conversely, if there exists m > 5 such that u,,—1 > 0 and u,, < 0, then u, < 0 for alln > m.

Proof We only need to prove part (i), and part (ii) can be obtained by changing the sign of all inequalities in
the proof of part (i).

First, it follows from Lemma 5.4 that p < 1 4+ ab/(a + b) andso o, > 0, B, > O and &, > O forn > 3 by
Lemmas 2.2 and 2.3.

Suppose that there exists m > 5 such that u,,,—; < 0 and u,, > 0, then by (2.1), one has

Um+1 = Uty + B X (—Um—1) > Aty > 0,

- m+1 ny ( ) m+ 1
u =Uu — Uy, = U X (—Um— e /
m+1 m+1 m+p+2m mim m m—1 m+p+2m
=&nttm + B X (—um—1) > 0, (2.8)

where the last equality follows from the definition of &,,.

Now we may assume that u; > 0 for m + 1 < k < n, combining this with u,, > 0, then u;_; > 0 for
m+1<k<n.

In the range of (a, b, p) satisfying the conditions in Lemma 5.4, i.e. (a, b, p) satisfies the range considered
in Theorem 1.1, then it follows from Lemma 2.3 that & > 0 and n; > 0 for kK > 6 and so

U1 = Exilg + neug—1 > Elig

form + 1 < k < n. Then by (2.8),

ﬁn—H > &gty > EpEptin—1 = - = &6t Sttt > 0,

which yields
~ n—+1 0 n+1
i =u — U, >0&=u > —u,.
n+1 n+1 n+p+2n n+1 n+p+2n
Combining this with the assumption that u; > 0 form + 1 < k < n, we conclude that «,,+; > 0. This completes
the proof by mathematical induction. O

3 Proof of the main theorem

We are now in a position to give the proof of Theorem 1.1 by the recurrence method.

Proof of Theorem 1.1 Differentiating ¢, gives
, _1| ab
¢p(x)=(1—x)p ——F(a,b;a+b+1;x)—pF(a,b;a+b;x)|. 3.1
a+b

We divide into three cases to complete the proof.
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Case 3.1: (a,b) € Ry. In this case, if max {ab/(a + b),ab — 1} < p < 1, then it follows from Lemma 2.5
that uy < Oand u; < O for2 < j < 4. Suppose that there exists a positive term of the sequence
{un}n>s, and let ng (np > 5) denote the item number of the first positive term, that is to say, ux < 0
for 1 <k <ng—1andu,, > 0. According to this with Lemma 2.6(i), it can be easily seen that
u, > 0 for n > ng. This implies

00 no—1 00 no—1
¢, (x) = Znunx"_l = Z nu, X"+ Z nupx" " > Z nuyx" ! (3.2)
n=1 n=1 n=ng n=1
for x € (0, 1). On the other hand, for 0 < p < 1, it follows from (1.2) and (3.1) that
lim ¢),(x) = —oo,
x—>1-

which is a contradiction with (3.2). Hence, we conclude that u,, < 0 forn > 1, that s to say, —qb}, (x)
is absolutely monotonic on (0, 1).

Case 3.2: (a,b) € R,. Inthis case, if max{ab — 1,0} < p < ab/(a+D),thenu; > 0 by Proposition 2.1 and it
follows from Lemma 5.2(i) that 0 < p < ab/(a+b) < 2/3 and so lim,_, |- ¢>;, (x) = —oo by (3.1).
This demonstrates that there must be a negative term in the sequence {u,},>2. Now we may assume
that u; (I > 2) is the first negative term, in other words, u, > Ofor2 <n <[/ — 1 and 4; < O.

In the following we discuss in two cases of /.

e [ =2.Thenu; > 0and uy < 0. In this case, it follows from Lemma 2.2 and 0 < p < 1 that p > 0 and
B> > 0. This together with (2.1) gives

uz = opuy — Pouy < 0.
Moreover, by (2.1) and Lemma 2.4, it follows that
ug = azuz — Bauz = az(ous — four) — Bsuz = (a3 — B3)uz — azPouy < 0. (3.3)

e /| =3.Thenu; > 0, up > 0 and u3 < 0. This gives us = azuz — B3uz < 0 by (2.1) and Lemma 2.2.

In summary, the number / is at least 4, [ > 4. We declare that u,, < O for all n > [ 4+ 1. Otherwise, there
exists a positive term in the sequence {u,},>;+1 and we denote by u,, the first positive term, that is, u,,—1 <0
and u,, > 0. Sincem > [+ 1 > 5, by Lemma 2.6(i), it follows that u,, > O for all n > m. So the inequality
holds as in (3.2), which is a contradiction with lim,_, ;- ¢;7 (x) = —o0.

Therefore, it has been shown that u; > 0, u,, > 0for2 <n </—1landu; <0, u, <0forn >1+ 1. That
is to say, ¢;, (x) is a Positive-Negative type power series on (0, 1).

Case 3.3: (a, b) € Ra.
We first prove, in this case, that 2ab < a+b. Otherwise, 2ab > a+b > 2@, thatis,ab > 1.0Onthe
otherhand,a+b+2 > 4ab > 2(a+b), equivalently, a+b < 2 and thereby ab < (a+b+2)/4 < 1,
which deduces a contradiction.
Ifmax{ab—1,1} < p < 1+ab/(a,b)and p # 1,then p > 1 > ab/(a+b), and thereby u; < O by
Proposition 2.1 and 1 < p < 1+4ab/(a + b) < 2. According to this with (1.2), twice differentiation
of ¢, (x) yields

lim &7 (x) = lim {(1_x)p2|:P(P_

x—1- x—1-

DF(a.b;a+b;x) —2p 2L F(a,bia+b+1; x)“

ab(a+1)(b+1) . .
Farbarern b (@ bia+b+25x)

R(a,b)—log(1—x) 2p—17] _
' B(a, b) ~ B, b)“ - e

= lim {(1—x)f’—2 |:p(p—1) (3.4)

x—1-

This shows that there must be a positive term of the sequence {u,},>2. Let uy be the first positive term, then
u, <0for2 <n <k-—1landuy > 0.Sinceab/(a+b) < p < 1+ab/(a+ b), it follows from Lemma 2.5(ii)
that u2(p) < 0 and u3(p) < 0. This deduces k > 4.
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We will prove u;,, > 0 for n > k + 1 by the method of contradiction. As a matter of fact, if there exists a
negative term in the sequence {u, },>k+1, then let u,, be the first negative term, that is, u,,,_; > 0 and u,,y <0
with m’ > k + 1 > 5. This together with Lemma 2.6(ii) implies that u,, < O for n > m’. This shows

m'—1 ) m'—1
D (x) = Z n(n — Duyx" "2 + Z nn — Dupx" "2 < Z n(n — Duyx"~
n=2 n=m’

for x € (0, 1), which is a contradiction with (3.4).
To this end, we conclude that u,, < Oforl <n <k — 1 and u, > O for u > k. In particular, u; < 0 and
uy > 0. That is to say, qﬁ;, (x) is a Negative—Positive type power series on (0, 1). O

4 A rational approximation
In this section, we provide a rational approximation for zero-balanced hypergeometric function by applying

Theorem 1.1.
Let us denote

Qpn(x) i=p(x) = Y wmx* = Y upxt
k=0 k=n+1

forn > 0. For (a, b) € Ry, if max{ab/(a + b),ab — 1} < p < 1, then by Theorem 1.1(i) we conclude that the
function Q, »(x) Jx" s strictly decreasing on (0, 1) and

. Opnx) . (x)
lim pn—il =upy+1 and lim pil Zuk
x—0t X x—1- x"
This implies
n n n+1
k 1 k

Zukx — (Z uk> x < dp(x) < Zukx
k=0 k=0 k=0

for x € (0, 1). We obtain therefore the following proposition.

Proposition 4.1 Let u,, = u,(p) for n > 0 be defined in Proposition 2.1. For (a, b) € Ry, the double inequality

o xk _ o xn+l n+1 k
D=0 Uk (Zk_O k) < F(a,bia+b; x) < &=k= =0 UkX¥

(I =x)? (I =x)?P
holds forr € (0, 1) withn > 0 if max{ab/(a + b),ab — 1} < p < 1, where the lower and upper bounds are
sharp. Moreover, for (a,b) € Ry and max{ab — 1,0} < p < ab/(a + b), if un(p) < 0, then the inequality
(4.1) also holds forr € (0, 1) withn > N.

“.1)

Similarly, the following proposition can be derived from Theorem 1.1(ii7).

Proposition 4.2 Let u,, = u,(p) for n > 0 be defined in Proposition 2.1. For (a, b) € R3 and max{ab—1, 1} <
p<1l+ab/(a+Db),ifur(p) >0, then the inequality

+1 k k 1
—Z 0 Uk < F(a,b;a+b;x) < ZZ:O e — (ZZZO uk) i
(1 —x)? (1 —x)?

holds forr € (0, 1) withn > L, where the lower and upper bounds are sharp.
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5 Appendix: Some computational lemmas

Lemma 5.1 Let (a, b) € Ri and k(a, b) be defined by (1.4). Then the following statements hold true:

(1) Ifab/(a+b) >ab—1and (1 —a)(b—1) >0, then k(a,b) > 0.
(i) Ifab/(a+b) <ab—1land (1 —a)(b—1) <0, then k(a,b) < 0.

Proof For (a, b) € R2, we can solve the equation ab = (a + b)(ab — 1) for b > 0, of which a unique positive
solution is give by

1+a—a®+4a® + (1 +a—a?)?
2a '
Simplifying « (a, b) into a polynomial of b, which gives

K(a,b) = 2(a +2)a* + a*qi1(a)b + agx(a)b* + g3(a)b> + 2 — 5a)b*,

where g1 (a) = 12 + 9a — 542, g2(a) = 12 + 14a — 19a? and g3(a) = 4 + 9a — 19a®> — a>. Note that g;(a)
(j = 1,2, 3)is a PN type polynomial, it is easy to find their positive roots, for instance, a; = (9 ++/321)/10 =
26916+ >ay = (T4++/277)/19 = 1.2443 - > a3 = 0.73274 - - - > 2/5 suchthatg;(a;) =0(j =1,2,3).
From this, we clearly see that when g (a) < 0, theng;41(a) < 0and 2 — 5a < 0. That is to say, « (a, b) is also
a PN type polynomial of b.

Let

b(a) =

8 + 8a + 2a> + 2a* + 42a° + 9a'0 + 6a'? + 284°
o1(a) = — 10 2 5 3 3 4 |
+21la(l —a'”) 4+ (55a~ + 69a°)(1 — a”) + 3la’(1 — a”)

74 2la + 2a> + 8a° + 94° + 26a>(1 — a°)
02(a) = — 5 9 5 3 7|
+(10a”> + 6a°)(1 —a) +4a’(1 —a’) + (1 —a’)
1390 + 1288a + 1003a? + 612a> + 330a* + 339a° + 336a°
622 —a) +37(a — (2 — a)
_ _ 6
o3(@) = 1410+ (@ =1 +3a (+2(a — D2 = a7+ 1la+ 5a2))
+3a'1(2 — a)(26 + 9a + Sa(a — 1)?)
106 + 64a + 254>
os(@)=[1+a* +a2—a)(1+2a)] | 126 + (a — 1) | +23a° + 23a* + 23a°
3a6(3(2 —a) + 5a%(a — 1))

Then it is easy to see that p1(a) < 0, 02(a) < 0for0 < a < 1 and p3(a) > 0, ga(a) > Ofor 1 < a < 2.
Differentiating « (a, b(a)) yields

1+ 2a +3a% — 243 + d*

K/(a,b(a))zgl(“)“’zw)“/ trSa T G gca<t,
2a5+/1 + 2a + 3a? — 2a3 + a*

03(a) + 04(a)V/1 + 2a + 342 — 2a3 + a*

a%(1 4+ 2a + 3a? — 2a3 + a*)3/2

«"(a,b(a)) = >0, l<a<?2.
Hence, k (a, b(a)) is strictly decreasing on (0, 1] and « (a, b(a)) is strictly convex on (1, 2).
Without of generality, we may assume that b > a > 0.

@) Ifab/(a+b) > ab—1and (1 —a)(b — 1) > 0, then it can be reduced as

0<a<1, 1<b<ba).

This together with the monotonicity of a +— «(a, b(a)) on (0, 1) implies that «(a, b(a)) > «(1,b(1)) = 0.
Since « (a, b) is a PN type polynomial of b, it follows from Proposition 2.2 and « (a, b(a)) > O that k(a, b) > 0
forO<a<land1 <b < b(a).

(@i)Ifab/(a +b) <ab —1and (1 —a)(b — 1) < 0, then it can be solved as

l<a<A+V17)/4, b>b@) or a> (1+~17)/4, b>a.

In order to prove k (a, b) < 0, as a PN type polynomial of b, it suffices to verify « (a, b(a)) < Oand x(a,a) < 0
in each case by Proposition 2.2.
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e Forl <a < (1++/17)/4 and b > b(a), the convexity of a — «(a, b(a)) leads to
x(a, b(a)) < max {K(l, b(1)). k ((1 +17) /4, b((1 + Jﬁ)/4))} —0.

e Fora > (1 ++/17)/4 and b > a, it follows that
k(a,a) = 324> + 36a* — 484° — af

is a PN type polynomial of a, then x (a, a) < 0 follows from Proposition 2.2 together with
K ((1 +V17) /4, b((1 + «/17)/4)) — 5739... <0.

This completes the proof. O
Lemma 5.2 Let (a, b) € R3. Then it holds that

(1) ifab/(a +b) > ab — 1, then 2(a 4+ b) > 3ab;
(i) ifab <2and (1 —a)(b — 1) >0, then 2(a + b) > 3ab;
(i) ifa + b+ 2 > 4ab, then t(a, b) > 0, where

t(a,b) = 6a* +2a>(7 — 2a)b + a*(16 — 19a)b”> + a(14 — 19a — a>)b> + 2(3 — 2a)b*.

Proof We may assume that b > a > 0 without of generality.
(i) If 2(a + b) < 3ab, thatis, b > 4/3 and 2b/(3b — 2) < a < b. Then

ab 2 )
ta=@+b)|———@h-1)|=b+1+b—->b")a—ba
a+b
is a PN type polynomial of a, and thereby, ¢ (a) < 0 for 2b/(3b — 2) < a < b by Proposition 2.2 together with

the fact that
2b b? 2 vo(p 4 b 7 0
[ S — — = - = < 0.
¢ 3b—-2 Bb—2)213 3 6

This gives Lemma 5.2(i).
(@i)Ifab <2and (1 —a)(b—1) > 0,thenwehave 0 <a < land 1 <b < 2/a. Hence

2
2(a—|—b)—3ab=2a+(2—3a)b2min{2a—|—(2—3a), 2a~|—(2—3a)-—}20.
a

(iii) If a + b + 2 > 4ab, then combining with b > a > 0, it can be reduced to

1 1 a+2
—, b>a or —<a<l1, a<b< .
4 4 da — 1

We divide the proof into three cases.
e If 0 < a < 1/4, then it is easy to see that 7(a, b) > 0.
e If 1/4 <a <9/10 and b > a, then it is a matter of simple transformation to verify that
a*(56 — 46a — a*) + a3 (112 — 115a — 3a*)(b — a)
(a,b) = | +a*94 —100a — 3a*)(b — a)? >0,
+(a(1 —a)(32+a)+203 — 2a)b)(b —a)?

it follows from
1379 4+ (9 — 10a) (469 + 10a)
= >

56 — 46a — a* 0.
100

112 — 1150 — 32 = X7+ O~ 1(;32)(1177 +300)

04— 100a — 342 = 21O~ 1(1)3)0(1027 +300) o

for 1/4 <a <9/10.
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e 1f9/10 < a < landa < b < (a+2)/(4a—1), thenitisclearthat 1 < b < (a+2)/(4a—1) < 29/26 < 6/5,
which by simplifying shows
t(a,b) > 6a* +2a°(7 — 2a) + a*(16 — 19a) (6/5)* + a(14 — 19a — a?) (6/5)* + 2(3 — 2a)
2[207 + (1 — a)(168 + 1430a + a*(818 — 125a))] 0
= >
125

This completes the proof. O
Lemma 5.3 Let f,,(p) be defined as in (2.5). Then f,,(p) > 0forn >3if0<p <1+4+ab/(a+ D).
Proof We denote by A f,, the difference of f,, which is given explicitly by
Afa(p) = far1(p) = fu(p)
=304+ Qa+2b+5n+ (a+b)3+p)+ab—5p—2p> —1.

Simplifying leads to
Afi(p)=T+5@+b)+ab+ (a+b—5)p—2p°,

which is a PN type polynomial of p and so Afj(p) > 0for0 < p <1+ ab/(a + b) follows from

ab 6a3 + 9ab + 2a3b + 9ab? + 2a%b? + 6b3 + 2ab>
Afr |1+ = >0

a+b (a+b)?

by Proposition 2.2. This gives Af,(p) > Afi(p) > 0 for n > 1, and thereby the sequence {f,} is strictly
increasing forn > 1.
Note that

f3(p) = 14(a + b) +5ab + 27+ (a + b +ab — 15)p — (a + b + 6) p*

is also a PN type polynomial of p, which is positive for n > 3 by Proposition 2.2 since

943 + 5a3b + 4a%b* + 9b3 + 5ab3 0
>

ab
f3<1+m):6+5(a+b)+ PESE

By the monotonicity of { f,,}, we conclude that f,(p) > f3(p) > 0 forn > 3. ]

Lemma 5.4 Let g, (p) be defined as in (2.6). Then g, (p) > 0 forn > 6if (a, b, p) satisfies one of the following
conditions

@) (a,b) € Ry and max{ab/(a +b),ab—1} < p < 1;
(i) (a,b) € R> and max{ab — 1,0} < p < ab/(a + b);
@iii) (a,b) € Ry and max{ab— 1,1} < p <1+ab/(a + b).

Proof We first prove g,(p) > 0 for n > 1 in all cases when p = ab — 1. For the time being, it reduces to
gn(p) =ab(l —a)(b—1)(ab+ 1) foralln > 1.

e If(a,b) € Ryandmax{ab/(a+b),ab—1} < p < 1,thenitfollows from p = ab—1thatab/(a+b) < ab—1
and so (a, b) € Rz by Lemma 2.1. This gives (1 —a)(b — 1) > 0.

e If (a,b) € Ry and max{ab — 1,0} < p < ab/(a + b), then it is clear that (1 —a)(b — 1) > 0.

e If (a,b) € Rz and max{ab — 1,1} < p < 1+ab/(a+ b),then p = ab — 1 > 1, thatis, ab > 2. This
together with @ + b > 4ab — 2 implies that (1 —a)(b—1) =a+b —ab —1 > 3(ab — 1) > 3.

In the following, we focus on p > ab — 1. In this case, by (2.6), g, is increasing for n > 1. It suffices to prove
that ge(p) > 0 in all cases.
Simplifying gives

g6(p) =2(@+b—4ab+2)+ Ba+3b—ab+1)p+ (a+b—4)p>—p. (5.1)

We divide the proof into three cases.

@ Springer



1564 J. Wu, T. Zhao

Case 5.1: (a,b) € Ry and max{ab/(a + b),ab — 1} < p < 1. Note that ab < 2 for (a, b) € R, then
ab/(a + b) < 1. Otherwise, ab > a + b > 2/ab and thereby ab > 4, which deduces a
contradiction with ab < 2. In other words, it is feasible to take max{ab/(a + b),ab — 1} <
p=1
In this case, it is easy to see that g¢(p) = 14+ 3a +3b —ab+2(a+b —4)p — 3p’isa
PN type polynomial of p. By Proposition 2.2, we conclude that g¢(p) is increasing on [0, 1]
if gé(l) > 0 or there exists po € (0, 1) such that ge¢(p) is strictly increasing on [0, p2] and
strictly decreasing on [py, 1] if gé(l) < 0. In either case, in order to prove g¢(p) > 0, it
suffices to show ge(max{ab/(a + b), ab — 1}) > 0 and g(1) > 0 for (a, b) € R. We divide
into two subcases to complete the proof by Lemma 2.1.

Subcase 5.1-1: (a,b) € R and ab < 2. In this case, x(a,b) > 0 and ab/(a + b) > ab — 1, and so
ab/(a + b) < p < 1. This in conjunction with Lemma 5.2(i) implies

ab k(a,b)
= >0 d H=3[2 b) — 3ab 0.
86<a+b> @ty =0 g6(1) = 3[2(a + b) — 3ab] >
Subcase 5.1-2: (a,b) € Rip and ab < 2.
In this case, (1 —a)(b—1) > 0and ab/(a+b) <ab—1,andsoab—1 < p < 1. According
to this with Lemma 5.2(i7), it follows that

go(ab—1)=ab(l—a)(b—1)(ab+1)>0 and ge(1) =3[2(a +b) —3ab] > 0. 5.2)

Case 5.2: (a,b) € Ry and max{ab — 1,0} < p <ab/(a + b).
In this case, (1 —a)(b — 1) > 0 and ab — 1 < ab/(a + b). Then it follows from Lemma
5.2(i) that 2(a + b) > 3ab andsoab — 1 < p < ab/(a + b) < 1. As in the proof of
Case 5.1, ge(p) > 0 is either strictly increasing on (0, 1) or piecewise monotonic on (0, 1)
(precisely, firstly increasing and then decreasing). This together with (5.2) implies gg(p) > 0
by Proposition 2.2 for

86(p) = min{gs(ab — 1), gs(1)} = 0.

Case 5.3: (a,b) € Rz and max{ab — 1,1} < p <1+ ab/(a + b) with p # 1.
In this case,a + b+ 2 > 4ab and ab — 1 < 1+ ab/(a + b). First, by (5.1), ge(p) is a PN
type polynomial of p. Moreover, according to Lemma 5.2(ii7), it follows that

4 ab t(a, b)
= >
g6 at+b) (@+b)y

This in conjunction with Proposition 2.2 gives ge(p) > O.

This completes the proof. O
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