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Abstract This paper is to establish new results on the zeros of F®) —x/(z), where F (z) is a differential polynomial
or difference polynomial of f and «(z) is a small function with respect to f in the sense of Nevanlinna theory.
We also obtain that at least one of F® — (z) and G® — «(z) has infinitely many zeros, where F(z) and G(z)
are crossed differential polynomials or difference polynomials of f and g.
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1 Introduction

We assume that the reader is familiar with the elementary notations of Nevanlinna theory, see, e.g.,[16,26]. Denote
M for the class of transcendental meromorphic functions and M’ for the class of transcendental meromorphic
functions of hyper-order less than one. Denote & for the class of transcendental entire functions and &’ for the
class of transcendental entire functions of hyper-order less than one.

A finite value a is called the generalized Picard exceptional value means that f(z) — a has at most finitely
many zeros. The well-known Picard theorem shows that a transcendental meromorphic function f(z) has at most
two generalized Picard exceptional values and a transcendental entire function f(z) has at most one generalized
Picard exceptional value. Furthermore, Hayman obtained many important results in [15] to consider the zeros of
complex differential polynomials, one of the results therein is stated as follows.

Theorem A [15, Theorem 10] Ler f(z) € £ and n > 2 be a positive integer. Then f(2)" f'(z) — a has infinitely
many zeros, where a is a non-zero constant.

Theorem A shows that the possible generalized Picard exceptional value of f(z)" f/(z) is only zero. Theorem
A is also true for transcendental meromorphic functions in M, where the case of n > 3 is given by Hayman [15,
Corollary of Theorem 9], the case of n = 2 is given by Mues [22] and n = 1 is given by Bergweiler and Eremenko
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[3, Theorem 2], Chen and Fang [5] and Zalcman [28], respectively. By the above results, for any meromorphic

" ’
function f(z), then (f(z)"*!) — a must have infinitely many zeros by observing that (%) = f"f’, where

a is a non-zero constant. Wang and Fang [24, Corollary 1] generalized Theorem A by proving the following
theorem.

Theorem B Let f € M and n, k be two positive integers withn > k + 1. Then (f™)® — a has infinitely many
zeros, where a is a non-zero constant.

We recall the recent progress on Theorem B, An and Phuong [1] presented that Theorem B is true for any
integer n > 2, it is an important progress for the reason that there is no any restriction between n and k. Huang
and Wang [17, Corollary 2] presented that Theorem B is also valid when the non-zero constant a is replaced by
a non-zero polynomial, which is an important application by Lemma 2.3 below given by Fang and Wang [11].
However, as far as we know, it remains an open problem that Theorem B is true or not for the case that a is a
non-zero rational function or a small function with respect to f(z) in the sense of Nevanlinna theory. Difference
analogue of Theorem A is firstly given by Laine and Yang [19], some further results can be found in [21, Chapter
2]. We state the following result, see [21, Theorem 2.1.8].

Theorem C Let f(z) € M’ and n > 4 be a positive integer. Then f(2)" f(z + ¢) — a(z) has infinitely many
zeros, where a(z) is a non-zero small function with respect to f(z).

We also need to know that the condition n > 4 is sharp, there are counterexamples to show that Theorem C
is not true for n < 3, see [21, Remarks 2.1.4, 2.1.9]. To introduce the main results in the paper, two polynomials
will be given firstly. Let

P(z)=bz—a)™ - (z—a)™
and

Q@) =d(z—p)" - (z— B,

where my + ---+m; = p,ny +---+ns = ¢q, o1, -- - , o are distinct constants and Sy, - - - , By are distinct
constants. Thus, P(z) is a polynomial of degree p with ¢ different zeros and Q(z) is a polynomial of degree
q with s different zeros. Secondly, denote A, f = f(z 4+ ¢) — f(2), where c is a non-zero constant. Without
loss of generality, we also assume that ¢ > p in our results. The following result can be seen as the difference
counterparts to Theorem B given by Gao and Liu [13, Theorems 1.1 and 1.2] and proved by an important result
given by Yamanoi [25].

Theorem D Let k be a positive integer and a be a non-zero constant.

(1) Let f(z) e M. Ifq > p+s+1t+1, then [Q(f(2)P(f(z + eN® — g has infinitely many zeros; if
q=2p+s+2t+1and A.f #0, then [Q(f(2))P(Acf)I® — a has infinitely many zeros.

(i) Let f(z) e E. Ifq+p >s+1t+ 1, then [Q(f)P(f(z + NI® — a has infinitely many zeros; if
g=p+s+t+land A.f £0, then [Q(f(2)P(Acf)]I® — a has infinitely many zeros.

We will improve Theorem D below by a result given by Fang and Wang [11].

Theorem 1.1 Let k be a positive integer and p(z) be a non-zero polynomial.

() Let f(z) e M. Ifqg > p+s+1t+1, then [Q(f () P(f(z 4+ cNI® — p(z) has infinitely many zeros; if
q>2p+s+2t+1land Acf £ 0, then [Q(f(z))P(Acf)](k) — p(2) has infinitely many zeros.

(i) Let f(z) € . Ifq+p > s+t + 1, then [Q(f2)P(f(z+ )P — p(z) has infinitely many zeros; if
g=p+s+t+land Acf #0, then [Q(f(2)P(Ac)]I® — p(z2) has infinitely many zeros.

Suppose that Q(f(z))P(f(z + ¢)) reduces into f(z)" f(z+c¢) or f(z2)"A.f,thatisg =n,s =1, p =1
and ¢t = 1, we have the following corollary.

Corollary 1.1 Let k be a positive integer and p(z) be a non-zero polynomial.

() Let f(z) € M. Ifn > 4, then [f(2)" f(z + )% — p(z) has infinitely many zeros; if n > 6, then
[f ()" A f1% — p(2) has infinitely many zeros.

(i) Let f(z) € E.Ifn > 2, then [f)" f(z + c)]% — p(z) has infinitely many zeros; if n > 4, then

[f)" Acf](k) — p(2) has infinitely many zeros.
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Remark 1.1 (1) It remains an open problem that whether Theorem 1.1 is true for the case that p(z) is any
non-zero small function with respect to f(z) in the sense of Nevanlinna theory.

(2) The condition of finite order can not be removed generally in Corollary 1.1. Since the non-linear difference
equations f(z)" f(z4c¢) = s(z) and f(z)"A.f = s(z) can admit transcendental entire solutions with infinite
order, where s(z) is a non-zero polynomial.

Gaoand Liu [12, Theorem 1.1] also considered the zero distribution on the crossed complex delay-differential
polynomials of different types, namely the zero distribution of f(z)"L(g) — a(z) and g(z)"L(f) — a(z), where
L(h) takes the derivatives 1% (z)(k > 1) or the shift & (z + ¢) or the difference h(z 4+ ¢) — h(z)( 0) or the
delay-differential h® (z 4 ¢)(k = 1), where ¢ is a non-zero constant and a(z) is a non-zero small function with
respect to f(z) and g(z) in the sense of Nevanlinna theory.

Theorem E [f one of the following conditions is satisfied:

i) L) =h® @), n>k+4andhe Morn=>3andh € &;
(i) L(h)y =h(z+c),n>4andh e M orn>3andh € &;
(iii) L(h) =h(z+c¢) —h(z),n >5andh € M' orn >3 andh € &';
(iv) L =h®Gz+ce)yn>k+4andh e M orn>3andh € &;

then at least one of f(z)"L(g) —a(z) and g(z)" L(f) — a(z) has infinitely many zeros, where a(z) is a non-zero
small function with respect to f(z) and g(z).

In this paper, we obtain the following theorem.

Theorem 1.2 Let f, g € M, k be a positive integer, p1(z) and p2(z) be two non-zero polynomials. If ¢ >
p+s—+t+1, thenatleast one of [Q(f) P(g(z+¢)) 1P —p1(z) and [Q(g) P (f (z+c)1® — pa(2) has infinitely many
zeros; if g = 2p+s+2t+1, then at least one of [Q(f (2)) P(Acg)]® — p1(2) and [Q(g(2)) P(Ac )] = pa(2)
has infinitely many zeros.

Corollary 1.2 Let f, g € M/, k be a positive integer, p1(z) and p>(z) be two non-zero polynomials. If n > 4,
then at least one of | f (2)"g(z+¢)1® — p1(z) and [g(2)" f (z+c)1® — pr(2) has infinitely many zeros; if n > 6,
then at least one of [ f(2)" Acgl® — p1(2) and [g(z)" A¢ f1%) — p2(2) has infinitely many zeros.

Remark 1.2 We have not obtained the corresponding result within Theorem 1.1 for f, g € £ by the method in
the proofs below. The reason is that, related to [Q(f) P(g(z + NP and [Q(f(2) P(Ac2)1®, we can not get
the corresponding calculation as (2.8) and (2.10).

We proceed to consider the uniqueness problem when [ f(z)"]* and [g(z)"]% share a common value. Fang
[9, Theorem 1] obtained the following result, the original consideration is devoted to Yang and Hua [27] to
consider the uniqueness problem on f(z)" f'(z) — a and g(z)"g’(z) — a having the same zeros with the same
multiplicities, that is f(z)" f/(z) and g(z)" g’ (z) share one non-zero constant a CM, CM is the abbreviation of
counting multiplicities.

Theorem F Let f, g € £ and n, k be two positive integers withn > 2k +4. If [ (z)" 1% and [g(2)"1® share the
value 1 CM, then either f = c1e% and g = cre™ %, where c, ¢i and c3 are constants and (— 1)K (c1¢2)" (nc)?k =
a’or f =tg, where t" = 1.

There are many improvements of Theorem F which can be found in [4,6,8,10,20,29]. The case of k = 1 that
is £~ f” and g" !¢’ share the value % CM from Theorem F. The cross-sharing problem, considered by Wang

and Liu [23], implies to consider "~ and g’ share common values together with g"~! and f’ share common
values.

Theorem G [12, Corollary 1.6] Let f, g € Eandn > 8. If f(2)"g'(z) and g(2)" f'(z) share a non-zero constant
a CM, then f(z) = tg(z) and "~V = 1 or f(2) = c1e and g(z) = cre % where c, ¢\ and c» are constants

and (c1¢c2)"t1e? = a2,

We will improve Theorem G by giving the following theorem. Before that, we first to consider the multiplicity
of zeros of (f — )" ---(f — Bs)™. Let u; satisfy the condition that the multiplicity of any zeros of (f —
Buy+1)" M+ o (f — By)"s are great than or equal to 2 + k and at least one of multiplicity of zeros of (f —
BD™M, -+, (f —Bu,)™ isless than 2+ k. For the zeros of (g —a1)™! - - - (§' — )™, let vy satisfy the condition
that the multiplicity of any zeros of (g' — oy, +1)""1*!, -+, (g’ — &)™ are great than or equal to 2 + k and at
least one of multiplicity of zeros of (g" — 1), -+, (g’ — ay,)™ is less than 2 + k. Similarly as the above, for
(g—B)™ - (g—Bs)"™ and (f' —a)™ -+ (f' — as)™, we can define u; and vy, where 0 < uy, up < s and
0<wv,vm <t
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Theorem 1.3 Let f, g € M, k be a positive integer, uy, u», vy, vy be defined as the above and

qg>2p+ [Zk +2(k +2) max((s 4+ 2t — uj — 2v2), (s + 2¢ — us — 2v1))

uj u V] v2
+2max<2ni,2ni>+4max mj,ij ~|—8i|+1.
j=1 j=1

i=1 i=1
If[Q(f)P(g’)](k) and [Q(g)P(f’)](k) share a non-zero small function a(z) CM, then we have either

[oHPEHN® =10@pryn®

or

[0HPEN™ 10 P(rNY =

For [Q(f)P(g/)](k) = [Q(g)P(f/)](k), if f=gh and h is a constant, then we have either h% = h” when
0(z) = a4z9 and P(z) = bpz? or h* = 1, where 1 is the greatest common divisor of integers from 1 to q
satisfying the corresponding coefficients aj(1 < j < gq) and b;(1 < i < p) of Q(z) and P(z) are non-zero
constants.

Corollary 1.3 Let f, g€ Eandn > 2k + 8. If [ f(2)"g'(z)]1® and [g(z)" ' ()] share a non-zero constant a
CM, then either
[f "' @1 = [g@" f' @1

or

[F@)"g @D1® 1" f(1® = a.

For [f(2)"g' (1% = [g()" f'(2)1®, if f=tg andt is a constant, then t"~" = 1. Furthermore, [ f(z)"g'(z)]® -
[g(@)" f'(2)1® = a? implies f(z) = 1% and g(z) = c2e~ %, where (—D)F 1 (c1c2)™ T [(n — D)C1PFC? = 2.

The difference analogue of Theorem G is given in [12, Corollary 1.8].

Theorem H Let f, g € £ andn > 8. If f(2)"g(z + ¢) and g(2)" f (z + ¢) share a non-zero constant a CM,
then f(z) = c1g(z) where c'ffl =1or f(2)g(z) = c; where cg+ = a2

We will establish an improvement of Theorem H below. Furthermore, we consider the multiplicity of zeros
of (g(z+¢) —ay)™(g(z +¢) — a;)™, let v3 satisfy the condition that the multiplicity of any zeros of (g(z +

€) — Qyyg1) "3 o (g(z 4+ ¢) — o)™ are great than or equal to 2 + k and at least one of multiplicity of
zeros of (g(z +c¢) —a)™, -+, (g(z+¢) — oy;)™3 is less than 2 + k. Similarly as the above, for (f(z +¢) —
o)™ - (f(z 4 ¢) — ag)™, we can define vgq, where 0 < v3, vq4 < t.

Theorem 1.4 Let f, g € M’, k be a positive integer, u1, ua, v3, v4 be defined as the above and

q2p+[2k+2(k+2)maX((s+t—u1—v4),(S+t—uz—v3))

up us v3 V4
+2 max (Zni,zm>+2max ij,ij +8 | +1.
i=1 i=1 j=1 j=1

IFIO(N)P(g(z +cNI® and [Q(g) P(f (z + ¢)1® share a non-zero small function a(z) CM, then either
[Q(N)P(gz+ NP =10 P(f(z+ ™

or

[Q(f)P(gz+ NP - [Q(@)P(f(z+ NP =a’.

For [Q(f)P(g(z + cNI® = [0(@)P(f(z+ NP, if f=gh and h is a constant, then either h = hP when
0(z) = a4z9 and P(z) = bpz? or h* = 1, where 1 is the greatest common divisor of integers from 1 to q
satisfying the corresponding coefficients aj(1 < j < gq) and b;(1 < i < p) of Q(z) and P(z) are non-zero
constants.
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Corollary 1.4 Let f, g € M’ and n, k be two positive integers with n > 4k + 16. If [ f(z)"g(z + ¢)]® and
[g(2)" f(z + )] share the value 1 CM, then either

[f@)"gz+ NP =[g@)" fz+ )P
or
[F@) g+ % [g@" fz+ 1% =1.

For [f(2)"g(z + )P = [g)"fz + )P, if f=tg and t is a constant, then t"~' = 1. Furthermore,
[f()'g(z+ C)](k) lg@" f(z + C)](k) = 1 implies f(z) = c1e€? and g(z) = cre=C% when £l g€ & where
(=D 1) = DCP* = 1.

Remark 1.3 Recall the following two equations in Theorems 1.3 and 1.4,
2PN 1@ P(NY =,
and
[Q(N)Pez+ NP - 1Q@P(f(+ NP =a’.

It remains an open question to describe the relations between f and g provided that f, g € M or M.

2 Lemmas

In this section, we present some basic facts and results which will be used in the next section.

Lemma 2.1 [26, Theorem 1.7’] Let f € M. If the order of f is finite, then
S(r, f) =o(T(r, ), (r — 00).
If the order of f is infinite, then
S, f) =o(T(r, f)),(r > oo,r ¢ E),
where E is a set with finite linear or logarithmic measure.

Lemma 2.2 [11, Theorem 20] Let f € M, k > 1 be an integer and ¢ > 0. Then

— 1 1
(1—S)T(r,f)SN(F,?)ﬁ‘N(F,m)—’-S(I’,f) (21)
Lemma 2.3 [11, Proposition 3] Let f € M, k > 1 be an integer, ¢ > 0 and p(z) # 0 be a polynomial. Then
— — 1 1

Remark 2.1 Hayman inequality [15], namely,

T, f) < <2+ %)N(r, %) + (Z—i— %) N (r, ﬁ) + S, ), (2.3)

where f(z) € M and k > 1 is a positive integer. Lemma 2.3 is an improvement of Hayman inequality on the
coefficients and plays an important role in the paper.

Lemma 2.4 [14, Lemma 8.3 ] Let f € M’. Then

T, f(z4+c) =T, f)+ S, f), (2.4)
N(r, f(z+¢)=N(r, f)+ S, f) (2.5)
and
N (r, ;> =N (r, l) + S, ). (2.6)
fz+o) b
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Lemma 2.5 [13, Lemma 2.4] Let f € M. Then
(q—p)T )+ 50, ) T QU @IPFE+)) < (p+ T £)+ S0, f). 2.7)
Let f € &'. Then
T, Q(f@IP(fz+0) = (p+ )T )+ SC. ). (2.8)
Lemma 2.6 [13, Lemma 2.5] Let f € M’ and A, f # 0. Then
(@ =2p)T(, )+ S0, f) <TG, QU)IP(AS) < (q +2p)T (. f) + S f). (2.9)
Let f € & and Ao f # 0. Then
(@ = DP)T( )+ 50 f) ST Q(IP(AS)) < (g + )T )+ SC, f). (2.10)
Lemma 2.7 [26, Theorem 1.22] Let f € M and k be a positive integer. Then
T(r, fO) < T(r, ) + kNG, £) + S, f). (2.11)

Let p be a positive integer and a be a constant. Denote the counting function of the zeros of f — a where an
m-fold zero is counted m times if m < p and p times if m > p by N,(r, ﬁ). The following lemma can be
obtained immediately from the proof of [18, Lemma 2.3] which includes the special case p = 2 and mentioned

in [30, Lemma 2.1].

Lemma 2.8 Let f € M and k be a positive integer. Then

1 1

N, (r, W) <T@ fO) =T, )+ Npsx (r, ?) + S, ), (2.12)
1 — 1

N, (r, W) <kN(r, f)+ Npik <r, 7) + 8@, f). (2.13)

Lemma 2.9 [2, Lemma 2] Let F, G € M and «(z) be a non-zero small function with respect to F (z) and G (z).
If F(z) and G(z) share a(z) CM, then one of the following three cases holds:

(i)
T(r,F) <N (r, %) + No(r, F) + N2 <r, %) + No(r, G) + S(r, F) + S(r, G)
and
T(r,G) < N> (r, %) + No(r, F) + N> <r, é) + No(r, G) + S(r, F) + S(r, G);
(i) F =G;
(iii) F-G = o>

Lemma 2.10 Let f, g € M. If

[Q(/)P(END =10(e) PP (2.14)

andq > 2p +2(s +2t + 1) + 1, then Q(f)P(g') = Q(g)P(f’). Furthermore, if f=gh and h is a constant,
then either h% = h? when Q(z) = ayz9 and P(z) = bpz? or h** = 1, where i is the greatest common divisor
of integers from 1 to q satisfying the corresponding coefficients a;j(1 < j < q) and b;(1 <i < p) of Q(z) and
P (2) are non-zero constants.
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1572 Y. H. Guo, K. Liu

Proof Integrating (2.14), we obtain

Q(NHP(E) = QP(f)+ H(2),
where H (z) is a polynomial of deg(H (z)) < k — 1. If H(z) # 0, then

QNP _ QWP

o~ Ho b

From the second main theorem of Nevanlinna theory for three small functions [16, Theorem 2.5], we have

qT(r, f(2)) = 2pT(r,8(2)) < qT(r, f(2)) — pT(r, §'(@) + S(r, )+ S(r, )

O(fHP(g)
< T(h W) +S8Sr )+ S, 9)

- N(r, Q(f)P(g/)) +N<r, H(z) > +N<r, H(2) )
H(z) 0(fHP(g) QP(f")
+ 8@, f)+ S(r, 8)
<N@, f)+ N, g) +sN <r, l) +tN <r, l/)
f 8
.y <r, é) N (r, fi) 80 )+ S g)
S +20+ DT f)+Tg)+ S0 )+ S, ¢).
Similarly, we can conclude that
qT(r,g(2)) =2pT(r, f(2)) = (s + 2t + (T (r, ) + T (r, ) + S(r, f) + S, g)-
Thus, we get
(q=2p)(T(r, f)+T(r,g) <2s+2t+ )(T(r, /)+T(r,8)+ S )+ S(r. ),

which s a contradiction withg > 2p+2(s+2¢+1)+ 1. Hence, we get H(z) = Owheng > 2p+2(s+2t+1)+1.
It implies that

Q(HP(EH = Q@P(. (2.15)

Seth = %. If 4 is a constant, substituting f = gh into (2.15), we have

Q(gh) _ P(g'h)
0@  P@)

From (2.16) and Valiron-Mohon’ko Theorem [26, Theorem 1.13], we have

(2.16)

qT(r,8) = pT(r,g") + S(r,g) <2pT(r,g) + S(r, 8),

thus ¢ < 2p, which is a contradiction with g > 2p+2(s +2¢+1) + 1. Thus, both QQ<(gg’§> ‘}jé,"}

Assume that Q(z) = a4z? —}—aq_lz‘f_l +---+4apand P(z) = bpz? —I—bp_lzl’_1 + -+ bo, where a; # 0 and
b, # 0. From (2.16), we have

and are constants.

lag(gh)? +ag—1(gh)?™ " +---+aol  [by(g'M)? + b, 1(g'M)P~" 4 -+ bo]

lagg? +ag—1897 +---+aol  [bp(g)? +bp-1(g)P 4+ +bo]
From the above equation, then either h¢ = h” when all ag, - - - , a4—1, bo, - - - , bp—1 are vanishing or h* =1,
is the greatest common divisor of index 1 to ¢ such thatay, --- , a1, b1, --- , bp_1 are not zeros. O
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Lemma 2.11 Let f, g€ M. If

[Q(f)P(g(z+ NP =[0() P(f(z+ NP (2.17)

andg > p+2(s+t+1)+1, then Q(f)P(g(z+¢)) = Q(g)P(f(z+ ¢)). Furthermore, if f=gh and h is a
constant, then either h1 = h? when Q(z) = a4z and P(z) = byz? or h* = 1 where  is the greatest common
divisor of integers from 1 to q satisfying the corresponding coefficients aj(1 < j < gq) and b;j(1 < i < p) of
Q(z) and P (z) are non-zero constants.

Proof Integrating (2.17), we get
Q(f)P(gz+0) = Q@P(f(z+0)+ H(2),
where H(z) is a polynomial of deg(H (z)) < k — 1. If H(z) # 0, then

Q)P ta)  QW@P(f(z+0)

1.
HG) Ho

From the second main theorem of Nevanlinna theory for three small functions [16, Theorem 2.5], we have

P
gT(r. D) — pT(rg() < T (r, o) H(fz()z + C”) + S0 )+ S(r g)

- N(r, Q(f)P(g(z+c))> +N<r, H(z) >
H(z) Q(f)P(g(z+0)

+N<r ) )—i—S(r £ +580.8)
0P (FG+o) ’ 8

_ _ — 1 — 1
<N, f)+ N(r,g(z+c)) +sN (r, 7>+1N(r, g(z+c)>

_ 1 — 1
+ sN (r, §> +tN (r, m) + S0, )+ S, g)
SEHt+DTE H+TE, )+ S0 )+ S, 9).

Similarly, we have

qT(r,g(@) — pT(r, f(2) < s+t + DT, )+ T(r,8)+ S, f)+ S, g).
Thus, we get

G=—p)Tr H+Trg) <25+t +1)(T(r, f)+Tr g)+ S f)+ S 9,

which is a contradiction with g > p 4+ 2(s + ¢t 4+ 1) 4+ 1. Hence, we get H(z) = 0, which implies that

Q(NHP(+0)=0@P(f(z+0). (2.18)

If 4 is a constant, substituting f = gh into (2.18), we have

Q(gh) _ P(g(z+oh)
0()  Pglz+o)

From (2.19) and Valiron-Mohon’ko Theorem [26, Theorem 1.13], we have

(2.19)

qT (r,g) = pT(r,g(z+¢)) + S(r,g) = pT(r, g) + S(r, g).

Sinceg > p+2(s +1t+ 1) + 1, we have QQ(fgh)) and i)(f;g:g)? are constants. The conclusion can be proved by

the similar discussions as the proof of Lemma 2.10. O
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3 Proofs of Theorems

Proof of Theorem 1.1 (i) Let F = Q(f(z))P(f(z+¢)) and f(z) € M’'. From Lemma 2.3, we have

(1 —&)T@r F)+ (k— 1N, F) 5ﬁ<r, %) +N <r + S(r, F).

1
"F® —P(z))

From (2.7), we have

_ 1 — 1
1— — )T (r, <N|r, Nlry———
(1=e)g=-PT0 f) = (’ Q(f(z)))+ (’ P(f(z+c))>

1
+N <r, O p(z)) +8(r, f)

1
< (s—i—t)T(r,f)—l-N(r, m)‘f‘s(”af)-

Thus,ifg > p+s+t+ 1, then [Q(f(2)P(f(z+ eNI® — p(z) has infinitely many zeros. If f(z) € £, by
(2.8), then [Q(f (2))P(f(z + ¢))]® — p(z) has infinitely many zeros when g + p > s 41 + 1.
(i) Let G = Q(f(2))P(A.f) and f(z) € M’'. From Lemma 2.3, we have

(1—-e)Tr G)+k—-1)NFE, G) <N (r, é) +N (r ) + S, G).

1
"GH —p()

From (2.9), we have

_ 1 = 1
1 — — 2T, <N|(r,—— N,
(1 —e)g —2p)T(r, f) < (r Q(f(Z))) + (r P(Acf))

1
+ N <r, FeI p@) + 80, f)

< (s +20T( )+ N (r’ G@%

p(z)) +56. ).

Thus, if ¢ > 2p+ s+ 2t + 1 and A.f # 0, then [Q(f(2))P(Ac )1® — p(z) has infinitely many zeros.
If f(z) € & and A.f # 0, by (2.10), then [Q(f(2))P(Acf)1® — p(z) has infinitely many zeros when
g=>p+s+t+1 O

Proof of Theorem 1.2 (i) Let F1 = Q(f)P(g(z+¢)),G1 = Q(g)P(f(z+c¢)) and f, g € M'. By Lemma 2.4,
we have

T'(r,F1) =qT(r, /) + pT(r,g(z+0)) + O(1)
=@+p)Tr f)+Trg)+ S )+ ),

so we have S(r, F1) = o(T(r, f) + T(r, g)). We also have S(r, G1) = o(T(r, f) + T (r, g)) from the same
reason as above. Furthermore,

Fy

qT(r, ) =T Q(fH+01) =T (r’ PGC+0)

) <T(r, F1)+ pT(r,g) + S g),

that is

qT(r,f)—pT(r,g)ST(r,Fl)—i—S(r,g)

We also have

qT(r,g) — pT(r, f) =T (r,G1) + S(r, f).
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From (2.1), we have

(1 < !
=018 < (1 50547 ()

1
+ N (r, (k)—) + S(r, Fy)
Fi™ = pi(2)

<sT@, f)+tT(r,g)+ N (r, (k);) + S(r, Fy)
Fi" = pi(2)

and

(1 ~ !
(1-eT(r,G) <N (r, Q(g)) N (” m)

1
+N (r, 5 ) + 8@, G1)
Gy —p2(2)

<sT(r,g)+tT(r, f)+ N (r ) + S(r, G1).

’ k
G~ pa2)

Using the above two inequalities, we obtain

A=e)g—p)T, )H+Tr,8) = (s+0(Tr f)+T(rg)

1 1
+N(r——— |+ N|r———
( F{“—p](z)) ( Gﬁ’”—m(z))
+ S(r f) + S(r. 9).

Thus, if g > p+s+1+ 1, then at least one of [Q(f) P(g(z+¢))1® — p1(z) and [Q(g) P(f (z+ )P — pa(2)
has infinitely many zeros.

(i) Let F> = Q(f(2))P(Ac8), G2 = Q) P(Acf), Acf #0, Acg #0and f, g € M'. By Lemma
2.4, we have
T(r, F2) <qT(r, )+ p(T(r, Acg) +T(r, 2))
<(@+2p)T, [)+T(r,g)+ S )+ S, 2,

so we have S(r, F») = o(T(r, ) + T (r, g)). We also have S(r, G) = o(T(r, f) + T(r, g)) from the same
reason as above. Furthermore,

F
r,
P(Acg)

qT(r, ) =T 2(fN+00)=T ( ) <T(r, F2)+2pT(r,g) + S(r, 8),
that is

qT(r, f) =2pT(r,g) < T(r, F2) + S(r, g).

We also have

qT(r,8) =2pT(r, f) =T(r,G2) + S, ).

From (2.1) again, we have

— 1 — 1 1
1 —e)T(r, ) <N|r, N\, Nlr,———— S(r, F
(oot = (r Q(f)) i (r P(Acg)> " (r Y - Pl(Z)) e

<sT(r, f)+2tT(r,g) + N <r

7U{)—>+S(er2)
Fy" = pi(2)
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and

_ 1 — 1 1
1—8)T(r,Gy) <N |, +N|r, +N{|\r,——— | +S0, G
ool e = (r Q(g)) (r P(Acf)> (r Gg">—p2<z)) "oy

<sT(r,g) +2T(r, f)+N<r ) + S(r, G2).

7
G; '~ (@)

Combining with the above two inequalities, we obtain

(I —=e)q=2p)(T(r, /)+Tr.8) = (s+20)(T(r, )+ T 8)

1 1
+N(r,—m ) +N |, ———
( Fz"”—pl(z)) ( Gé“—pz@)
+ S(r, f) + S(r, 9).

Thus,if ¢ > 2p + 5 +2t + 1, A f % 0 and A.g % 0, then at least one of [Q(f(2)) P(Ac)]1® — pi(z) and
[0(g(2))P(Ac f)1® — py(z) has infinitely many zeros. O

Proof of Theorem 1.3 Let F3 = [Q(f)P (g%, G3 = [Q(g)P(f)1® and f, g € M. From
T(r, Q()P(E)) <qT(r, f)+ pT(r.g") + S(r, f) + S(r, g)
<qT(r, f)+2pT(r,g)+ S, )+ S(r, )
<(q+2p)T(r, f)+T(r,g)+ S(r, f)+ S g,

we have S(r, Q(f)P(g) = o(T(r, f)+T(r, g)). We also have S(r, Q(g) P(f)) = o(T (r, f) +T(r, g)) from
the same reason as above. From Lemma 2.8, we have

1 1 /
N, (”a FE,) =N (V, W) <T@ F3)—T(r, Q(f)P(g))

1
N R — S(r, S(r. 2).
+ Noyk (l’ Q(f)P(g/)>+ r, /)+ 8, g
Furthermore,
P /
qT(r, )+ S, ) =T, O(f) =T (r, M)
P(g)

<T@ Q)P +T(r, P(g)+ 0()
<T@, Q(f)P(g) +2pT(r,g) + S(r, 8),

SO

qT(r, ) =2pT(r,g) < T(r, O(fIP()) + S(r, /) + S(r, g)

1
<T(r, F3) — Np (r, F_@,) + Noyk <r ) + S f)+ S, g). 3.1)

1
TO(NHPE)

Similarly as the above, we obtain

1 1
7.0 =20 ) 2 700,60 N (r g )4 Mot (v i)

+S(r, )+ S, g). (3.2)

From Lemma 2.8, we also have

1 _ , 1
Ny (r, FS) < kN, Q(f)P(g)) + Noyx <V, m) + S, f)+ S g)
_ _ 1 1
<kN(r, f)+kN(r, &) + Noyi (V, Q(_f)> + Notxk (”’ Tg’)) + 80, )+ 89
1 1
SkT(rv f)+kT(r7g)+N2+k (}’, Tf)) +N2+k <r7 P(g/)> +S(r7 f)+S(r,g)
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Now, we estimate

1 1
N- , ——— | = N ,
e ( Q(f)) ik < d(f — Bm -

(f — Bs)™s ) ‘
Then

1 1
N L —— | =N g
e (r Q(f)) e (r d(f — B ~--(f—ﬂs)’“)

1 1
N(r,——— N (r, ——
=m (’f—ﬁ1)+ o (rf—ﬁm)
_ 1 _ 1
k+2)N{\r, — .. k+2)N |,
+( * ) (r f_ﬁu1+l)+ +( * ) (r f_ﬂs)

uj
< [Zni + (s — u1><k+2>} T(r, f).

i=1

On the other hand, we estimate N (r, P(lg,)) = Notk (r, h(g,_a)ml,l__(g,_at)mt ) Then

1
N-
“k( P(g ’)) ( —anml---(g’—at)mt)
o) s )
g — ] 8§ — Uy,

1 _
+(k+2)N< —>+'-'+(k+2)N<V,
g —ay 41

vl

omj+t—v)k+2) | T(rg)
j=1
V]

<2 ij + @ —v)k+2) | T(r,8)+ S, 8).
j=1

Hence, the above three inequalities imply that

1y [ &
N> (r, E) < k+) nit (s —ul)(k+2)} T(r, f)

i=1

- .,
| k+2) mj 420 —v)k+2) | T(r.g)+ S, )+ S 8).
j=1

Similarly, we obtain

-
Ny < G13> < k4D ni+ (s —u)k +2)i| T(r,g)
i=l1

v2
| k+2) mj 420 —v)k+2) | T )+ SC. )+ S g).
j=1

1
—

In the following, we will prove the (i) of Lemma 2.9 can not hold. Otherwise, by adding 7 (r, F3) and T (r, G3),

from (3.1), (3.2) and the following two inequalities

Na(r, F3) <2N(r, Q(N)P(g)) < 2(T(r, )+ T(r,8)) + S(r, [) + S, g),
Na(r, G3) <2N(r, Q@) P(f) < 2(T(r, &) + T (r, /) + S(r, f) + S(r. 8),
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we conclude that

(g=2p)T(r, [)+T(r g) <N (r, F%) + N (r, é) + 2N, (r, F3) +2Na(r, G3)

1 1
N [T —— N s T < o S ) S )
M (r Q(f)P(g’)>+ 2 (r Q(g)P(f/))+ ¢ 1)+50.8)

ul V2
< | 2k+ ke + D0 +2 —uy =20+ ) ni +2) mj | T f)
i=1 j=1
B un V]
2%+ k+2)(+2—up—20)+ Y m+2> my | T(rg)
B i=1 j=1
+8(T(r f)+T(r.8)

u| v2

Do +2) mi+ s+ 2% —u =20k +2) | T(, f)
| i=1 j=I1

uy V]

F Y 2 mi+ (42 —up = 200)(k+2) | T(r. g)
| i=1 j=1

+ 8, )+ 5,8

= [2k+2(k+2)max(s+2t —up —2v2,5 + 2t —uy — 2vq)

up up V1 v2
+ 2 max (Zni,zm)—i—4max ij,ij +8j|
i=1 i=1 j=1 j=1
T H+Tr )+ S )+ ST g,

which is a contradiction with the assumption g > 2p+[2k+2(k+2) max(s +2t —u1 —2v2, s+2t —upy —2v1) +
2max (371, g, 352 ng) + 4max(3L my, 3002 my) + 8]+ 1. Hence, F3 = Gz or F3 - G3 = 2. Finally,
for F3 = G3, from Lemma 2.10, we have if f=gh and & is a constant, then either 29 = h” when Q(z) = a,z4
and P(z) = bpz” or h* = 1 where p is the greatest common divisor of integers from 1 to ¢ satisfying the
corresponding coefficients a;(1 < j < ¢) and b;(1 <i < p) of Q(z) and P(z) are non-zero constants. For the
case of F3 - Gz = a2, it implies that

[Q(HPEND - 10 PP =

Proof of Theorem 1.4 Let Fy = [Q(f)P(g(z + NP, G4 = [Q(@)P(f(z+¢)]® and f, g € M. From

T(r, Q(f)P(g(z+¢) <qT(r, )+ pT(r,g(z+¢) + S, f)+ S, g)
<qT@, f)+plT(r g +Sr f)+ S g
S@+p)T H+TE )+ S f)+ S, ),

we have S(r, Q(f)P(g(z+¢))) = o(T (r, f) + T (r, g)). We also have S(r, Q(g) P(f(z+¢))) = o(T(r, /) +
T (r, g)) from the same reason as the above. From Lemma 2.8, we have

1 1
A (r’ E) =" (r’ 0HPGG +c>)]<k>> =T F) = T4 Q0P + o))
1
Mok (. St )+ S o).
N (r Q(f)P(g(z+c))>+ 1)+ 5¢.8)
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Furthermore,

- [ O(NHPgE+0)
aT(r, )Y+ S, ) =T, Q(f) =T (r, ey )

=T Q(HPE+c)))+ T P(gz+0))+ O0(1)
=T, Q(NH)P(g(z+ )+ pT(r,8) + S(r, 8),

SO

qT(r, f)—pT(r,g) <T(r, Q(f)P(g(z+ )+ S, f)+ S g
<T@ Fy) — N> <V, L) + Noyi (r
Fy

1
8 S(r, S(r, 3.3
Q(f)P(g(z+c))>+ ¢ /) + 5 £)33)

Similarly as the above, we obtain

| 1
qT(r.g) = pT(r, f) = T(r,G4) — N2 (“ G_4) + Novk <r’ Q(@P(f(z +C))>

+S(r, )+ S(r, g). (3.4)

From Lemma 2.8, we also have

1 — 1
Ny <r, E) <kN(r, Q(f)P(g(z+ ) + Nayx (V, 0 P& c)))
+ S8, )+ S, g)

_ _ 1
kN s kN s N s T
<kN(r, f)+kN(r,g(z+c)) + Notk (r Q(f))

" P(g(z+c¢)

1 1
<kT(r, f) +kT(r,g) + Nosi (’» Q(f)> + Na+k (r’ m>
+S(r, f)+S(r9g)

+ Noyk (r >+S(r, )+ S, g

Similarly as Theorem 1.3, we have
24k \ ¥y —— = 24k \ 1
o A =B (fF = B

uj
< [Zni + (s — ul)(k+2>} T(r, f)-

i=1

On the other hand, we have

1

1
Y )
P(g(z+¢) b(g(z+c)—ap)™ - (g(z+c) —ay)™
1

1
<mN\r,—— |+ +muN|\r, ———
! < g(z+c)—a1) " ( g<z+c)—av3)

+(k+2)ﬁ<r >+~~~+(k+2)ﬁ<r

Noyi <r

roa)
"8zt — oy

"8z 4 ¢) — oy

U3
< {Zm] +(t - v3)(k+2)i| T(r, 8).
j=1
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Hence, the above three inequalities imply that

uj
N> (r, FL4> =< [k+2ni + (s — u])(k+2)] T(r, f)

i=1

v3
+ |kt D om =)k +2) [ T(rg) + 50 )+ 50 9).
j=1

Similarly as the above method, we obtain
1 2
N> (r, G—) < [k + 3 mi (s —up)k + 2)} T(r,g)
4 “
i=1

+ {k+2mj + (- v4)(k+2):| I'(r, f)+ S, f)+ S g).

j=1

In the following, we will prove the (i) of Lemma 2.9 can not hold. Otherwise, by adding 7 (r, F4) and T (r, G4),
from (3.3), (3.4) and the following two inequalities

Na(r, F) <2N(r, Q(f)P(g(z + ) <2(T(r, /) +T(r, ) + S, f) + S(r, &),

Na(r, G) <2N(r, Q@ P(f(z+ ) 2T (r, &) + T(r, ) + S(r, f) + S(r, 2),

we conclude that

(q—p)Tr f)+T(r,8) =N2 <r, %) + N2 (r, é) + 2Na(r, F) + 2N (r, G)

1 1
N s N. ) S ) S )
M (r Q(f)P(g(z+c)))+ 2k (r Q(g)P(f(z+c))>+ ) +5¢.8)
u vy
<|2%k+ K+ +t—uw—v)+ Y ni+Y my| T f)

i=1 =1

B u v3
2k +k+D6+t—ur—v3)+ Y ni+ Yy m;|T(rg)
i=1 j=1

+8(T(r, f)+T(r.8)

u V4
HY Y mi+ s+t - —v)k+2) | T f)
| i=1 j=1

+ Zni +ij ++t—ur—v3)k+2) | T, g)
| i=1 j=1
+ 8@, )+ S(r, 8)

:|:2k—|—2(k+2)max(s+t—u1—v4,s+t—u2—v3)

ui u V3 V4
+ 2 max (Zni, Zn,) + 2 max (ij, ij) +8:|(T(”» H+Tw, )

i=1 i=1 j=1 j=1
+ S, )+ S, 8),
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which is a contradiction with ¢ > p + |:2k 4+ 2k +2)max((s +t —uy — vg),(s +1t —up — v3)) +

2max (3L ni, Y02 ni) + 2max(zl;3:1 mj, 21/’4:1 m;j) + 8} + 1. Hence, Fy = G4 or Fy - G4 = o°. Finally,

for F4 = G4, from Lemma 2.11, we have if f=gh and & is a constant, then either 79 = h” when Q(z) = a,z4
and P(z) = bpz” or h* = 1 where p is the greatest common divisor of integers from 1 to ¢ satisfying the
corresponding coefficients a;(1 < j < ¢) and b;(1 < i < p) of Q(z) and P(z) are non-zero constants. For
Fi-Gs=a?,it implies that

[Q(f)P(gz+ NP - [Q@)P(f(z+ NP =a?.
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