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Abstract In this paper, we develop constrained and shape preserving classical splines in one and two variables
and fractal splines in two variables. First, we obtain a classical rational spline lying above or below the prescribed
piecewise line or contained in a prescribed rectangle. Using a blending technique, we construct a classical
bivariate rational spline and study its constrained and shape preserving aspects. The proposed constrained and
shape preserving splines are exploited for solving constraint differential equations. We construct a bivariate
fractal spline [which is the fixed point of the Read-Bajraktarević (RB) operator] as a perturbation of our classical
bivariate rational spline proposed in this paper. Further, we investigate suitable conditions on the shape parameters
and scaling factors so that the proposed fractal surface lies above or below the given plane, or within a prescribed
cuboid. Also, we study the positivity and monotonicity preserving aspects of the proposed bivariate fractal spline.
It is observed that our bivariate fractal spline converges to the original function as the mesh norm goes to zero.
The proposed theoretical results are verified through numerical examples.

Keywords Constraint differential equations · Constrained rational splines · Bivariate fractal splines · Shape
preserving interpolation · Iterated function system · Read-Bajraktarević operator
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1 Introduction

The process of construction of a continuous function using a finite number of data points is called interpolation
and it is a rather old problem dating back to ancient Babylon and Greece. Because of its increasing applications
in science and engineering (computer graphics, computer-aided design, information sciences, and data visualiza-
tion), different interpolation schemes are being developed by a huge number of researchers. In computer-aided
geometric design [1,2], VLSI, CAM, robotics, data visualization, chemical and physical sciences, and reverse
engineering, one needs a representation of a data set having a fundamental shape by a function that interpolates the
given data and additionally preserves its fundamental shape. This kind of interpolation is called shape preserving
interpolation. Monotonicity, positivity, and convexity (concavity) are the fundamental shapes that are found in
data obtained from different environments. In the operation of nuclear and fossil-fired power plants, it is often
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desirable to have the values of thermodynamic properties such as enthalpy and specific volume of steam and
water. Furthermore, enthalpy and specific volume can be best considered as positive surfaces constructed over
a domain in the temperature-pressure plane. Thus, we require shape preserving interpolants for scientific data
to produce physically reasonable curves and surfaces. On the other hand, there are practical problems wherein
one requires (i) interpolating curves (surfaces) that lie completely above or below a prefixed curve (plane),
(ii) interpolating curves (surfaces) that lie within a given rectangle (cuboid), and this kind of interpolation is
called constrained interpolation. Considering the importance of constrained interpolants, we develop sufficient
conditions on the shape parameters so that the rational spline given in [3] is a constrained interpolant. Next, we
construct a constrained bivariate rational spline by using the blending technique [4].

There exist many differential equations whose solutions (i) have a shape, or (ii) lie above or below a prescribed
piecewise line (plane), or lie between the prescribed piecewise lines (planes), or lie in a prescribed rectangle
(cuboid), and we refer such differential equations as constraint differential equations, for instance, the governing
equation of the LR-circuit is given by

L
di

dt
+ i R = V, i(0) = 0,

where i is current, L is inductance, R is resistance, and V is voltage. The analytic solution of the above equation
is given by

i(t) = V

R

(
1 − e

−R
L t

)
.

From the aforementioned expression, one can easily verify that the current i is positive (non-negative) and
monotonically increasing, and hence the above differential equation is a constraint differential equation. The
existing numerical methods may not provide an approximate solution for a constraint differential equation
whose analytic solution exists, but is difficult to get. In this manuscript, we develop a methodology to acquire
the approximate solution for a constraint differential equation.

However, in times where all efforts are directed towards the construction of smooth interpolants, the fact
that many experimental and natural signals are “rough” having a dense set of nondifferentiable points or even
nowhere differentiable was overlooked. Barnsley [5] evolved a fractal interpolation technique targeting data/
samples that need continuous and nowhere differentiable representation. Some interesting results in the theory of
fractal interpolation are studied in [6–10]. The construction of fractal splines with different boundary conditions
is reported in [11,12]. Very recently, using the theory of univariate fractal splines, different types of shape
preserving and constrained univariate fractal splines [13–16] are developed. Further, these shape preserving and
constrained univariate fractal splines are the fractal analogue of some standard classical existing shape preserving
univariate splines.

Considering the theory of shape preserving and constrained univariate fractal splines, one may seek shape
preserving and constrained bivariate fractal splines. To the best of our knowledge, there is no research reported
in the direction of shape preserving and constrained bivariate fractal splines which are fixed points of the Read-
Bajraktarević (RB) operator defined on a suitable function space. Of course, shape preserving and constrained
bivariate fractal splines [17–21] are developed in the literature, but they are not fixed points of RB-operator,
and hence they need not be self-referential. In the current paper, we study the shape preserving and constrained
bivariate fractal splines and their convergence properties. In the literature, there exist many approaches [22–27]
for the construction of bivariate fractal interpolation functions and each approach has its specific advantages
and disadvantages. Very recently, a general construction of fractal interpolation surfaces which are fixed points
of the RB-operator was developed in [28]. Taking this methodology on one hand and rational functions on
the other, we develop positive, monotonic, and constrained bivariate fractal splines which are the fixed points
of the RB-operator. As a result, the proposed constrained and shape preserving bivariate fractal splines are
self-referential.

By modifying estimated first order partial derivatives suitably, Brodlie et al. [30] developed a positive surface
scheme using a bicubic interpolant. However, classical shape preserving interpolants have derivatives of all orders
except perhaps at a finite number of points in the rectangular domain. Consequently, these interpolants may not
be suitable for preserving the shape of given Hermite data wherein the variables representing the derivatives are
modelled using functions of varying irregularity/fractality (smooth to nowhere differentiable). Such data arise
naturally and abundantly in nonlinear control systems (e.g., a pendulum-cart system) and in some fluid dynamics
problems (e.g., the motion of a falling sphere in a non-Newtonian fluid). The proposed constrained and shape
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preserving bivariate fractal spline is C1-smooth, but its first order partial derivatives are functions of varying
irregularity/fractality.

2 Rational spline and its constrained aspects

In this section, first, we recall the rational spline given in [3] and then discuss its constrained aspects.
Let �s be the set of all first s natural numbers and M be a natural number bigger than one. Let the given

data be {(xi , zi , di ) : i ∈ �M }, where x1 < x2 · · · < xM−1 < xM , di is the derivative value at xi . Denote
Ii = [xi , xi+1], and hi = xi+1 − xi , i ∈ �M−1. The C1- rational spline S constructed in [3] is given by

S(x) = Pi (x)

Qi (x)
, x ∈ Ii , i ∈ �M−1, (1)

where

Pi (x) = zi (1 − θ)3 + (
ri zi + hi di

)
θ(1 − θ)2 + (

ri zi+1 − hi di+1
)
θ2(1 − θ)+ zi+1θ

3, (2)

Qi (x) = 1 + (ri − 3)θ(1 − θ), θ = x − xi

xi+1 − xi
, (3)

the free parameter ri is selected to be strictly bigger than −1 to ensure that Qi (x) > 0 for all x ∈ I , which in
turn avoids a singularity of the rational expression occurring in (1). The parameter ri can be varied to alter the
shape of the interpolant S and hence is called the shape parameter.

The following proposition provides the convergence analysis of the rational spline S.

Proposition 1 [3] Let the interpolation data {(xi , zi , di ) : i ∈ �M )} be obtained from f ∈ C4[x1, xM ]. Then
for x ∈ [xi , xi+1],

| f (x)− S(x)| ≤ hi

4νi
max{| f (1)(xi )− di |, | f (1)(xi+1)− di+1|}

+ h2
i

384νi

{
h2

i ‖ f (4)‖∞
(
1 + |ri − 3|/4) + 4|ri − 3|(hi‖ f (3)‖∞)+ 3‖ f (2)‖∞

)}
,

(4)

where νi =
{
(1 + ri )/4, if − 1 < ri < 3,
1, if ri ≥ 3,

and ‖.‖∞ denotes the supremum norm on [xi , xi+1].

It is plain to verify that νi → 0 as ri → −1. Subsequently,
1

νi
→ ∞ as ri → −1. As a result, the error

bound in (4) goes to infinity as ri → −1. To make
1

νi
bounded, we modify νi as follows.

νi =
{
(1 + ri )/4, if − 1 < κ < ri < 3,
1, if ri ≥ 3,

where κ is a fixed number.

Proposition 2 [3] Let {(xi , zi , di ) : i ∈ �M } be a monotonic data set. Then the sufficient conditions for the

rational spline S to be monotonic is that ri ≥ di + di+1

�i
.

2.1 Constrained aspect of univariate rational spline

In this section, we discuss constrained aspects of classical rational spline S. The following theorem provides
sufficient conditions on the shape parameters ri , i ∈ �M−1 for the rational spline lying above the given piecewise
line whenever the given interpolating data lies above the given piecewise line.
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Theorem 1 Let {(xi , zi , di ) : i ∈ �M } be a given data set which lies above the piecewise line l(x) = mi x +
ti ,mi , ti ∈ R, x ∈ Ii , i ∈ �M−1. Then the rational spline S lies above the piecewise line l if the shape parameters
ri , i ∈ �M−1 are chosen as

ri > max

{
− 1,

−hi (di − mi )

zi − li
,

hi (di+1 − mi )

zi+1 − li+1

}
, li = l(xi ).

Proof Since the data set {(xi , zi , di ) : i ∈ �M } lies above the piecewise line l(x) = mi x + ti , it follows that
zi ≥ l(xi ), i ∈ �M .

Since ri > −1, we can verify that Qi (x) > 0 for all x ∈ Ii , i ∈ �M−1.

Therefore, S(x) = Pi (x)
Qi (x)

≥ l(x) for all x ∈ Ii , i ∈ �M−1 is identical to

Pi (x)− Qi (x)l(x) ≥ 0 ∀x ∈ Ii , i ∈ �M−1. (5)

Since li = l(xi ), i ∈ �M−1, we get

li = l(xi ) = mi xi + ti and li+1 = l(xi+1) = mi xi+1 + ti , i ∈ �M−1.

Solving the above equations, we get

mi = li+1 − li
xi+1 − xi

, ti = xi+1li − xi li+1

xi+1 − xi
.

Substituting mi and ti in l(x) = mi x + ti , x ∈ Ii , i ∈ �M , we obtain

l(x) = (1 − θ)li + θli+1, θ = x − xi

xi+1 − xi
, x ∈ Ii , i ∈ �M−1. (6)

One can see that

Qi (x)l(x) =Qi (x)[(1 − θ)li + θli+1],
=[1 + (ri − 3)θ(1 − θ)][(1 − θ)li + θli+1],
=(1 − θ)li + θli+1 + (ri − 3)θ(1 − θ)2li + (ri − 3)θ2(1 − θ)li+1,

=(1 − θ)3li + {(ri − 1)li + li+1}θ(1 − θ)2 + {(ri − 1)li+1 + li }θ2(1 − θ)+ θ3li+1. (7)

Using (2) and (7), we can get

Pi (x)− Qi (x)l(x) = (zi − li )(1 − θ)3 + Aiθ(1 − θ)2 + Biθ
2(1 − θ)+ (zi+1 − li+1)θ

3, (8)

where Ai = ri (zi − li )− mi hi + hi di , Bi = ri (zi+1 − li+1)+ mi hi − hi di+1.

From (8), it is clear that Pi (x)− Qi (x)l(x) ≥ 0 for all x ∈ Ii , i ∈ �M−1 if Ai ≥ 0 and Bi ≥ 0.
Next, the inequalities Ai ≥ 0 and Bi ≥ 0 yield the required condition on the shape parameters. 	


Remark 1 By taking l(x) = 0 in Theorem 1, one can see that the rational spline S is positive whenever the given

data is positive, provided ri > max
{

− 1,
−hi di

zi
,

hi di+1

zi+1

}
, i ∈ �M−1.

The following theorem provides sufficient conditions on the shape parameters ri , i ∈ �M−1 for the rational
spline S, lies below the given piecewise line whenever the given data lies below the given piecewise line.

Theorem 2 Let {(xi , zi , di ) : i ∈ �M } be a given data set which lies below the piecewise line l∗(x) = m∗
i x +

t∗i ,m∗
i , t∗i ∈ R, x ∈ Ii , i ∈ �M−1. Then the rational spline S lies below the piecewise line l∗ if the corresponding

shape parameters ri , i ∈ �M−1 are chosen as

ri > max

{
− 1,

hi (di − m∗
i )

l∗i − zi
,
−hi (di+1 − m∗

i )

l∗i+1 − zi+1

}
, l∗i = l∗i (xi ).

The proof is very similar to that of the previous theorem and hence it is omitted.
The following theorem discusses the sufficient condition for the rational spline S lying between two straight

lines.
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Theorem 3 Let {(xi , zi , di ) : i ∈ �M } be a given data set which lies between the piecewise lines l(x) =
mi x + ti , i ∈ �M−1 and l∗(x) = m∗

i x + t∗i , x ∈ Ii , i ∈ �M−1. Then the rational spline S lies between piecewise
lines l and l∗ if the corresponding shape parameters ri , i ∈ �M−1 are chosen as

ri > max

{
− 1,

−hi (di − mi )

zi − li
,

hi (di+1 − mi )

zi+1 − li+1
,

hi (di − m∗
i )

l∗i − zi
,
−hi (di+1 − m∗

i )

l∗i+1 − zi+1

}
, li = li (xi ), l

∗
i = l∗i (xi ).

Proof From the Theorem 1, it follows that the sufficient condition for the rational spline S lying above the
piecewise line l is that the shape parameters ri , i ∈ �M−1 satisfy the inequality

ri > max

{
− 1,

−hi (di − mi )

zi − li
,

hi (di+1 − mi )

zi+1 − li+1

}
. (9)

Next, from the Theorem 2, it can be seen that the sufficient condition for the rational spline S lying below the
piecewise line l∗ is that the shape parameters ri , i ∈ �M−1 satisfy the inequality

ri > max

{
− 1,

hi (di − m∗
i )

l∗i − zi
,
−hi (di+1 − m∗

i )

l∗i+1 − zi+1

}
. (10)

Combining (9) and (10), we complete the proof. 	


2.2 Containment of rational spline in a rectangle

The following theorem provides sufficient condition on shape parameter ri , i ∈ �M−1 for the rational spline lies
within the rectangle whenever the given interpolating data lies within the rectangle.

Theorem 4 Let {(xi , zi , di ) : i ∈ �M } be a given data set. Then the classical rational spline S lies within
the rectangle [x1, xM ] × [�1,�2] if the corresponding shape parameters ri , i ∈ �M−1 satisfy the following
conditions:

ri > max

{
− 1,

−hi di

zi −�1
,

hi di+1

zi+1 −�1
,

hi di

�2 − zi
,

−hi di+1

�2 − zi+1

}
, (11)

where �1 < min{zi : i ∈ �M } and �2 > max{zi : i ∈ �M }.
Proof We can see that the rational spline S lies within the rectangle [x1, xM ] × [�1,�2] if �1 < S(x) < �2
for all x ∈ [x1, xM ]. It is equivalent to

Ui (x) = Pi (x)−�1 Qi (x) ≥ 0 ∀ x ∈ Ii , i ∈ �M−1 and

Vi (x) = �2 Qi (x)− Pi (x) ≥ 0 ∀ x ∈ Ii , i ∈ �M−1.

Since ri > −1, one can see that Qi (x) > 0 for all x ∈ Ii , i ∈ �M−1.
By using a degree of elevation, one can rewrite Qi as follows:

Qi (x) = (1 − θ)3 + riθ(1 − θ)2 + riθ
2(1 − θ)+ θ3 ∀x ∈ Ii , i ∈ �M−1. (12)

Using (2) and (12), we can notice that the sufficient conditions for Ui (x) ≥ 0 for all x ∈ Ii , i ∈ �M−1, are

ri (zi −�1)+ hi di ≥ 0, and ri (zi+1 −�1)− hi di+1 ≥ 0,

which lead to ri > max

{ −hi di

zi −�1
,

hi di+1

zi+1 −�1

}
.

Similarly, sufficient conditions for Vi (x) ≥ 0 for all x ∈ Ii , i ∈ �M−1, are

ri (�2 − zi )− hi di ≥ 0, and ri (�2 − zi+1)+ hi di+1 ≥ 0.

The aforementioned inequalities lead to ri > max

{
hi di

�2 − zi
,

hi di+1

�2 − zi+1

}
.

Combining all the restriction on shape parameters ri , we get the desired condition on the shape parameters
ri , i ∈ �M−1. 	
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3 Solving constraint ordinary differential equations by rational spline

Consider the boundary value problem (BVP)

F(x, z, z′, z′′) = 0, x ∈ [β1, β2], 	1z(β1)+	2z′(β1) = τ1, 	3z(β2)+	4z′(β2) = τ2, (13)

or the initial value problem (IVP)

F(x, z, z′, z′′) = 0, x ∈ [β1, β2], z(β1) = τ ∗
1 , z′(β1) = τ ∗

2 , (14)

subject to the constraint(s): z(x) > l(x) for all x ∈ [β1, β2], z(x) < l∗(x) for all x ∈ [β1, β2], l(x) < z(x) <
l∗(x) for all x ∈ [β1, β2], or �1 < z(x) < �2 for all x ∈ [β1, β2], where l and l∗ are piecewise lines, and
	1,	2,	3,	4, τ1, τ2, τ

∗
1 , τ

∗
2 ,�1,�2 ∈ R.

Now, our main aim is obtaining the solution for the given BVP (13) or IVP (14) which obeys the given
constraint(s). For this purpose, we proceed as follows. Let β1 = x1 < x2 < . . . < xM−1 < xM = β2 be a
partition of [β1, β2]. First, we solve the given BVP or IVP numerically, to get z(xi ), i ∈ �M approximately.
Next, using the numerical methods such as arithmetic mean and geometric mean [31,32], we calculate derivative
values z′(xi ), i ∈ �M approximately. Thus, we obtain the data set {(x1, z1, d1), (x2, z2, d2), . . . (xM , zM , dM )},
where zi = z(xi ) and di = z′(xi ). One should eliminate the points from the above data set which do not satisfy
the given constraint. We construct the rational spline S with respect to the data set {(xi , zi , di ), i ∈ �M } and the
shape parameters chosen according to Theorem 1 if the constraint is z(x) > l(x) for all x ∈ [β1, β2], or Theorem
2 if the constraint is z(x) < l∗(x) for all x ∈ [β1, β2], or Theorem 3 if the constraint is l(x) < z(x) < l∗(x) for
all x ∈ [β1, β2], or Theorem 4 if the constraint is�1 < z(x) < �2 for all x ∈ [β1, β2]. Then the rational spline
S will be an approximate solution for the given BVP or IVP with prescribed constraint(s).

From the Proposition 1, it follows that the rational spline S converges to the exact solution of the constraint
IVP (13) [constraint BVP (14)] as M → ∞, where M is the number of data points pertaining to IVP (13)
[constraint BVP (14)].

3.1 Numerical examples

Let us consider the IVP: 8z′′ + 2z′ + z = x3 − x + 4, x ∈ [0, 10], z(0) = 150 and z′(0) = −25, subject to any
one of the constraints: z(x) > l(x) for all x ∈ [0, 10], or z(x) < l∗(x) for all x ∈ [0, 10], or l(x) < z(x) < l∗(x)
for all x ∈ [0, 10], or 10 < z(x) < 300 for all x ∈ [0, 10], where

l(x) =

⎧⎪⎨
⎪⎩

−11x + 46, if 0 ≤ x ≤ 4,
4x − 14, if 4 ≤ x ≤ 8,
65x − 502, if 8 ≤ x ≤ 10,

and l∗(x) =

⎧⎪⎨
⎪⎩

−34x + 164, if 0 ≤ x ≤ 4,
6x + 4, if 4 ≤ x ≤ 8,
124x − 940, if 8 ≤ x ≤ 10.

By solving the given IVP using the Runge-Kutta method, we get the data set {(0, 150,−25), (2,
83.963,−37.055), (4, 13.173,−32.093), (8, 36.99, 61.01), (10, 254.491, 160.583)}.

Let us consider the given IVP with the constraint z(x) > l(x) for all x ∈ [0, 10]. The rational spline S1 is
constructed in Figure 1(a) by using the arbitrarily chosen shape parameters r1 = 1, r2 = 2, r3 = 2, and r4 = 1.
We can easily notice that the rational spline S1 is not satisfying the constraint S1(x) > l(x) for all x ∈ [0, 10].
Therefore, by using the shape parameters chosen according to Theorem 1, we have generated the rational spline
S2 in Figure 1(b), and one can easily verify that S2(x) > l(x) for all x ∈ [0, 10]. Thus, the rational spline S2 is
an approximate solution for the given IVP with the constraint z(x) > l(x) for all x ∈ [0, 10].

Using the shape parameters chosen according to Theorem 2, we have generated the rational spline S3 in
Figure 1(c), and one can easily verify that S3(x) < l∗(x) for all x ∈ [0, 10]. Thus, the rational spline S3 is an
approximate solution for the given IVP with the constraint z(x) < l∗(x) for all x ∈ [0, 10].

Using the shape parameters chosen according to Theorem 3, we have generated the rational spline S4 in
Figure 1(d), and one can easily verify that l(x) < S4(x) < l∗(x) for all x ∈ [0, 10]. Thus, the rational spline S4
is an approximate solution for the given IVP with the constraint l(x) < z(x) < l∗(x) for all x ∈ [0, 10].

Let us consider the given IVP with the constraint 10 < z(x) < 300 for all x ∈ [0, 10]. The rational spline
S5 is constructed in Figure 1(e) by using the arbitrarily chosen shape parameters r1 = 1, r2 = 1, r3 = 5, and
r4 = 1. It is clear that S5 does not fulfil the constraint 10 < S5(x) < 300 for all x ∈ [0, 10]. Therefore, by using
the shape parameters chosen according to Theorem 4, we have generated the rational spline S6 in Figure 1(f),
and we can verify that 10 < S6(x) < 300 for all x ∈ [0, 10]. Thus, the rational spline S6 is an approximate
solution for the given IVP with the constraint 10 < z(x) < 300 for all x ∈ [0, 10].
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Fig. 1 Solutions for IVP with different constraints
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4 Rational surface and its constrained aspects

In this section, we construct a bivariate rational spline and discuss its convergence analysis, constrained and
shape preserving aspects.

4.1 Construction of bivariate rational spline

Let M and N be natural numbers bigger than one. Let �∗ = {x1, x2 . . . , xM−1, xM , y1, y2 . . . , yN−1, yN },
where x1 < x2 · · · < xM−1 < xM ; y1 < y2 · · · < yN−1 < yN . Let the given surface interpolation data be
� = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M × �N }, where zx,i, j and zy,i, j are partial derivative values with
respect to x and y respectively at point (xi , y j ). Let �M = {1, 2, . . . ,M}, �N = {1, 2, . . . , N }, �M−1 =
{1, 2, . . . ,M − 1}, and �N−1 = {1, 2, . . . , N − 1}. Denote I = [x1, xM ], J = [y1, yN ],D = I × J, Ii =
[xi , xi+1], J j = [y j , y j+1],Di, j = Ii × J j , hi = xi+1 − xi , and h∗

j = y j+1 − y j . Suppose that�∗ is a partition

of D.Using the rational spline (1), we define univariate C1-rational spline S(x, y j ), j ∈ �N that interpolates the
univariate data {(xi , zi, j , zx,i, j ); i ∈ �M } as follows:

S(x, y j ) = Pi, j (x)

Qi, j (x)
, x ∈ Ii , i ∈ �M−1, (15)

where

Pi, j (x) = zi, j (1 − θ)3 + (
ri, j zi, j + hi zx,i, j

)
θ(1 − θ)2 + (

ri, j zi+1, j − hi zx,i+1, j
)
θ2(1 − θ)+ zi+1, jθ

3,

Qi, j (x) = 1 + (ri, j − 3)θ(1 − θ), θ = x − xi

xi+1 − xi
, and the free parameter ri, j is selected to be strictly bigger

than −1 to ensure that Qi, j (x) > 0 for all x ∈ I , which in turn avoids a singularity of the rational expression
occurring in (15). The parameter ri, j can be varied to alter the shape of the interpolant S(., y j ) and hence is
called the shape parameter.

Again, using the rational spline (1), we define univariate C1-rational spline S∗(xi , y), i ∈ �M that interpolates
the univariate data {(y j , zi, j , zy,i, j ); j ∈ �N } as follows:

S∗(xi , y) = P∗
i, j (y)

Q∗
i, j (y)

, y ∈ J j , j ∈ �N−1, (16)

where

P∗
i, j (y) = zi, j (1 − φ)3 + (

r∗
i, j zi, j + h∗

j zy,i, j
)
φ(1 − φ)2 + (

r∗
i, j zi, j+1 − h∗

j zy,i, j+1
)
φ2(1 − φ)+ zi, j+1φ

3,

Q∗
i, j (y) = 1 + (r∗

i, j − 3)φ(1 − φ), φ = y − y j

y j+1 − y j
, and the free parameter r∗

i, j is selected to be strictly bigger

than −1 to ensure that Q∗
i, j (y) > 0 for all y ∈ J , which in turn avoids a singularity of the rational expression

occurring in (16). The parameter r∗
i, j can be varied to alter the shape of the interpolant S∗(xi , .) and hence is

called the shape parameter.
One can easily notice that (i) for j ∈ �N , rational spline S(x, y j ), is defined along the grid line y = y j

(ii) for i ∈ �M , rational spline S∗(xi , y), is defined along the grid line x = xi . In what follows, we shall
blend these univariate rational splines using well-known partially blending technique [4] to obtain the desired
surface. Exploiting the network of univariate rational splines S(x, y j ), j ∈ �N , S∗(xi , y), i ∈ �M , and blending
technique [4], the bivariate rational spline � is defined over Di, j , (i, j) ∈ �M−1 ×�N−1 as follows

�(x, y) =by,0(φ)S(x, y j )+ by,1(φ)S(x, y j+1)+ ax,0(θ)S
∗(xi , y)

+ ax,1(θ)S
∗(xi+1, y)− ax,0(θ)by,0(φ)zi, j − ax,0(θ)by,1(φ)zi, j+1

− ax,1(θ)by,0(φ)zi+1, j − ax,1(θ)by,1(φ)zi+1, j+1,

(17)

where ax,0(θ) = (1−θ)2(1+2θ), ax,1(θ) = θ2(3−2θ), by,0(φ) = (1−φ)2(1+2φ), and by,1(φ) = φ2(3−2φ),
are called the blending functions as they blend four separate boundary curves S(x, y j ), S(x, y j+1), S∗(xi , y),
and S∗(xi+1, y) to give a single well-defined surface.
Further, one can verify that
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(i) the function � is C1-continuous over D.
(ii) � interpolates �.

4.2 Convergence analysis of bivariate rational spline

The following theorem provides the convergence analysis of the bivariate rational spline.

Theorem 5 Let �∗ be a partition of D. Let the interpolation data � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈
�M ×�N )} be obtained from f ∈ C4(D). Then

‖ f −�‖∞ ≤‖�∗‖
(∥∥∥∂ f

∂x

∥∥∥∞ +
∥∥∥∂�
∂x

∥∥∥∞

)
+ ‖�∗‖ν∗

4
Z∗

+ ‖�∗‖2ν∗

384

{
‖�∗‖2

∥∥∥∂
4 f

∂y4

∥∥∥∞ max
(i, j)∈�M−1×�N−1

(
1 + |r∗

i, j − 3|/4
)

+ max
(i, j)∈�M−1×�N−1

4|r∗
i, j − 3|

(
‖�∗‖

∥∥∥∂
3 f

∂y3

∥∥∥∞ + 3
∥∥∥∂

2 f

∂y2

∥∥∥∞

)}
,

(18)

where ‖�∗‖ = max
(i, j)∈�M−1×�N−1

{|xi+1 − xi |, |y j+1 − y j |}, ν∗ = max
(i, j)∈�M−1×�N−1

1

νi, j
,

νi, j =
{
(1 + r∗

i, j )/4, if − 1 < κ < r∗
i, j < 3,

1, if r∗
i, j ≥ 3,

Z∗ = max
(i, j)∈�M−1×�N−1

{∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j

∣∣∣,
∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j+1

∣∣∣
}
.

Proof We find an upper bound for ‖ f −�‖∞. Expanding f (x, y), (x, y) ∈ Di, j at the point (xi , y) ∈ Di, j by
using Taylor theorem, we get

f (x, y) = f (xi , y)+ (x − xi )
∂ f (ξ, y)

∂x
, (ξ, y) ∈ Di, j .

This implies

| f (x, y)− f (xi , y)| ≤ ‖�∗‖
∥∥∥∂ f

∂x

∥∥∥∞. (19)

Similarly, by applying above procedure to the classical interpolant �, we obtain

|�(x, y)−�(xi , y)| ≤ ‖�∗‖
∥∥∥∂�
∂x

∥∥∥∞. (20)

Now using (19)-(20), it is easy to see that

| f (x, y)−�(x, y)| ≤| f (x, y)− f (xi , y)| + | f (xi , y)−�(xi , y)|
+ |�(xi , y)−�(x, y)|,

≤‖�∗‖
(∥∥∥∂ f

∂x

∥∥∥∞ +
∥∥∥∂�
∂x

∥∥∥∞

)
+ | f (xi , y)−�(xi , y)|.

⎫⎪⎪⎬
⎪⎪⎭

(21)

From Proposition 1, it is known that

| f (xi , y)−�(xi , y)| ≤‖�∗‖
4νi, j

max
{∣∣∣∂ f

∂y
|(xi ,y j ) − zy,i, j

∣∣∣,
∣∣∣∂ f

∂y
|(xi ,y j ) − zy,i, j+1

∣∣∣
}

+ ‖�∗‖2

384νi, j

{
h∗

j
2
∥∥∥∂

4 f

∂y4

∥∥∥∞

(
1 + |r∗

i, j − 3|/4
)

+ 4|r∗
i, j − 3|

(
h∗

j

∥∥∥∂
3 f

∂y3

∥∥∥∞ + 3
∥∥∥∂

2 f

∂y2

∥∥∥∞

)}
.

(22)
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Substituting (22) in (21), we have

| f (x, y)−�(x, y)| ≤‖�∗‖
(∥∥∥∂ f

∂x

∥∥∥∞ +
∥∥∥∂�
∂x

∥∥∥∞

)
+ ‖�∗‖

4νi, j
max

{∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j

∣∣∣,
∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j+1

∣∣∣
}

+ ‖�∗‖2

384νi, j

{
h∗

j
2
∥∥∥∂

4 f

∂y4

∥∥∥∞

(
1 + |r∗

i, j − 3|/4
)

+ 4|r∗
i, j − 3|

(
h∗

j

∥∥∥∂
3 f

∂y3

∥∥∥∞ + 3
∥∥∥∂

2 f

∂y2

∥∥∥∞

)}
.

(23)

Since (23) is true for every (x, y) ∈ Di, j , (i, j) ∈ �M−1 ×�N−1, we obtain the desired result. 	

Convergence results: Theorem 5 reveals that the bivariate rational spline� converges uniformly to the original
function f ∈ C4(D) as ‖�∗‖ → 0.

4.3 Constrained aspect of bivariate rational spline

Proposition 3 [4] A surface which is composition of blended surface patches preserves all properties of the
network of the boundary curves.

The following theorem provides the sufficient conditions on the shape parameters ri, j and r∗
i, j for the bivariate

rational spline lies above the given piecewise plane whenever the given surface data lying above the given
piecewise plane.

Theorem 6 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M × �N } be a surface interpolation data set that

lies above the piecewise plane g(x, y) = σi, j

[
1 − x

γi, j
− y

δi, j

]
, (x, y) ∈ Di, j , (i, j) ∈ �M−1 × �N−1, σi, j ∈

R, γi, j , δi, j ∈ R − {0}, that is zi, j > gi, j = g(xi , y j ) for all (i, j) ∈ �M × �N . Then the classical bivariate
rational spline �(x, y) > g(x, y) for all (x, y) ∈ D if the corresponding shape parameters are chosen as

ri, j > max

{
− 1,

−hi zx,i, j − σ i, j
γi, j

hi

zi, j − gi, j
,

hi zx,i+1, j + σ i, j
γi, j

hi

zi, j − gi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j − σ i, j

δi, j
h∗

j

zi, j − gi, j
,

h∗
j zy,i, j+1 + σ i, j

δi, j
h∗

j

zi, j − gi, j+1

}
, (i, j) ∈ �M ×�N−1.

Proof Using Proposition 3, we get that the surface �(x, y) > g(x, y) for all (x, y) ∈ D if S(x, y j ) > g(x, y j )

for all x ∈ I, j ∈ �N , and S∗(xi , y) > g(xi , y) for all y ∈ J, i ∈ �M . From Theorem 1, it follows that the
univariate rational spline S(x, y j ), j ∈ �N lies above the piecewise line g(x, y j ), j ∈ �N , if

ri, j > max

{
− 1,

−hi zx,i, j − σ i, j
γi, j

hi

zi, j − gi, j
,

hi zx,i+1, j + σ i, j
γi, j

hi

zi, j − gi+1, j

}
, i ∈ �M−1. (24)

Again, from the Theorem 1, it follows that the univariate rational spline S∗(xi , y) lies above the piecewise line
g(xi , y), i ∈ �M−1, if

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j − σ i, j

δi, j
h∗

j

zi, j − gi, j
,

h∗
j zy,i, j+1 + σ i, j

δi, j
h∗

j

zi, j − gi, j+1

}
, j ∈ �N−1. (25)

Combining (24) and (25), we complete the proof. 	

Remark 2 From the above theorem, one can observe that when � is a positive data set, then bivariate rational
spline � preserves the positivity if scaling factors are chosen as

ri, j > max

{
− 1,

−hi zx,i, j

zi, j
,

hi zx,i+1, j

zi, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j

zi, j
,

h∗
j zy,i, j+1

zi, j

}
, (i, j) ∈ �M ×�N−1.
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The following theorem provides the sufficient conditions on the shape parameters ri, j and r∗
i, j for the bivariate

rational spline lies below the given piecewise plane whenever the given surface data lying below the given
piecewise plane.

Theorem 7 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M × �N } be a surface interpolation data set that

lies below the piecewise plane g∗(x, y) = σ ∗
i, j

[
1 − x

γ ∗
i, j

− y

δ∗i, j

]
, (x, y) ∈ Di, j , (i, j) ∈ �M−1 ×�N−1, σ

∗
i, j ∈

R, γ ∗
i, j , δ

∗
i, j ∈ R − {0}, that is zi, j < g∗

i, j = g∗(xi , y j ) for all (i, j) ∈ �M × �N . Then the classical rational
interpolating surface �(x, y) < g∗(x, y) for all (x, y) ∈ D if the corresponding shape parameters are chosen
as

ri, j > max

{
− 1,

hi zx,i, j + σ ∗i, j
γ ∗

i, j
hi

g∗
i, j − zi, j

,

−hi zx,i+1, j − σ ∗i, j
γ ∗

i, j
hi

g∗
i+1, j − zi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

h∗
j zy,i, j + σ ∗i, j

δ∗i, j
h∗

j

g∗
i, j − zi, j

,

−h∗
j zy,i, j+1 − σ ∗i, j

δ∗i, j
h∗

j

g∗
i, j+1 − zi, j+1

}
, (i, j) ∈ �M ×�N−1.

Proof The proof is very similar to that previous theorem and hence it is omitted. 	

The following theorem provides sufficient conditions on the shape parameters ri, j and r∗

i, j for the bivariate
rational spline that lies within a cuboid whenever the given surface data lies within a cuboid.

Theorem 8 Let� = {(xi , yi , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M ×�N } be a surface interpolation data which lies
in the cuboid D = [x1, xM ] × [y1, yN ] × [�11,�22]. Then the classical rational interpolating surface � lies
inside the cuboid D if the associated shape parameters are chosen as

ri, j > max

{
− 1,

−hi zx,i, j

zi, j −�11
,

hi zx,i+1, j

zi+1, j −�11
,

hi zx,i, j

�22 − zi, j
,

−hi zx,i+1, j

�22 − zi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

and

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j

zi, j −�11
,

h∗
j zy,i, j+1

zi, j+1 −�11
,

h∗
j zy,i, j

�22 − zi, j
,

−h∗
j zy,i, j+1

�22 − zi, j+1

}
, (i, j) ∈ �M ×�N−1,

where �11 < min{zi, j : (i, j) ∈ �M ×�N } and �22 > max{zi, j : (i, j) ∈ �M ×�N }.
Proof Using Proposition 3, we get that the surface�(x, y) lies within the cuboid [x1, xM ]×[y1, yN ]×[�11,�22]
i.e; �11 < �(x, y) < �22 for all (x, y) ∈ D if �11 < S(x, y j ) < �22 for all x ∈ I, j ∈ �N and �11 <

S(xi , y) < �22 for all y ∈ J, i ∈ �M .

From Theorem 4, the univariate rational spline S(x, y j ), j ∈ �N lies within the rectangle [x1, xM ] ×
[�11,�22] if

ri, j > max

{
− 1,

−hi zx,i, j

zi, j −�11
,

hi zx,i+1, j

zi+1, j −�11
,

hi zx,i, j

�22 − zi, j
,

−hi zx,i+1, j

�22 − zi+1, j

}
, i ∈ �M−1. (26)

Again, from Theorem 4, the univariate rational spline S∗(xi , y), i ∈ �M lies within the rectangle [y1, yN ] ×
[�11,�22] if

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j

zi, j −�11
,

h∗
j zy,i, j+1

zi, j+1 −�11
,

h∗
j zy,i, j

�22 − zi, j
,

−h∗
j zy,i, j+1

�22 − zi, j+1

}
, j ∈ �N−1. (27)

Combining (26) and (27), we complete the proof. 	
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4.4 Monotonicity preserving rational surface

Definition 1 A surface data set {(xi , y j , zi, j ); i ∈ �M−1, j ∈ �N−1} is said to monotonically increasing if
zi+1, j ≥ zi, j , i ∈ �M−1, for each fixed j ∈ �N ; and zi, j+1 ≥ zi, j , j ∈ �N−1, for each fixed i ∈ �M .

Definition 2 A surface data set {(xi , y j , zi, j ); i ∈ �M−1, j ∈ �N−1} is said to monotonically decreasing if
zi+1, j ≤ zi, j , i ∈ �M−1, for each fixed j ∈ �N ; and zi, j+1 ≤ zi, j , j ∈ �N−1, for each fixed i ∈ �M .

Definition 3 A surface data set {(xi , y j , zi, j ); i ∈ �M−1, j ∈ �N−1} is said to be monotonic if it is either
monotonically increasing or decreasing.

The following theorem provides the sufficient conditions on the shape parameters ri, j and r∗
i, j for the mono-

tonicity preserving rational surface whenever the given surface data is monotonic.

Theorem 9 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M × �N } be a monotonic surface data set. Then
the classical rational interpolating surface preserves the monotonicity if the corresponding shape parameters
are chosen as

ri, j > max
{

− 1,
zx,i, j + zx,i+1, j

zi+1, j − zi, j

}
, (i, j) ∈ �M−1 ×�N ,

and r∗
i, j > max

{
− 1,

zy,i, j + zy,i, j+1

zi, j+1 − zi, j

}
, (i, j) ∈ �M ×�N−1.

(28)

Proof Using Proposition 3, we get that the surface� is monotonic if S(x, y j ) is monotonic for all x ∈ I, j ∈ �N ,

and S∗(xi , y) for all y ∈ J, i ∈ �M . By using Proposition 2, it follows that the univariate rational spline
S(x, y j ), j ∈ �N is monotonic if

ri, j > max
{

− 1,
zx,i, j + zx,i+1, j

zi+1, j − zi, j

}
, (i, j) ∈ �M−1 ×�N . (29)

Again, by using Proposition 2, it follows that the univariate rational spline S∗(xi , y) is monotonic if

r∗
i, j > max

{
− 1,

zy,i, j + zy,i, j+1

zi, j+1 − zi, j

}
, (i, j) ∈ �M ×�N−1. (30)

We complete the proof by combining (29) and (30). 	


5 Solving constraint partial differential equations by bivariate rational spline

Let us consider the second-order partial differential equation (PDE):

F(x, y, z, zx , zy, zxx , zyy, zxy) = 0, (x, y) ∈ [β1, β2] × [λ1, λ2] (31)

subject to the given initial and boundary conditions, and constraints z(x) > g(x) for all x ∈ [β1, β2] × [λ1, λ2]
or z(x) < g∗(x) for all x ∈ [β1, β2] × [λ1, λ2], or �11 < z(x) < �22 for all x ∈ [β1, β2] × [λ1, λ2], where g
and g∗ are piecewise planes and�11,�22 ∈ R.We seek an approximate solution for the PDE (31) which obeys
the given constraint. To achieve this, we proceed as follows.

Let β1 = x1 < x2 < . . . < xM−1 < xM = β2, λ1 = y1 < y2 . . . < yN = λ2 be a partition of [β1, β2] ×
[λ1, λ2]. By exploiting a suitable numerical method [33,34], we solve the PDE (31) to get z(xi , y j ), (i, j) ∈
�M × �N approximately. Next, using the numerical methods such as arithmetic mean and geometric mean
[31,32], we obtain the partial derivative values zx (xi , y j ), zy(xi , y j ) ∈ �M × �N approximately. One should
eliminate the points from the above data set which do not satisfy the given constraint. Then we obtain data
set {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M × �N }, where zi, j = z(xi , y j ), zx,i, j = zx (xi , y j ), and zy,i, j =
zy(xi , y j ). We construct the bivariate rational spline � with respect to the above surface data and the shape
parameters ri, j and r∗

i, j chosen according to Theorem 6 if the constraint is z(x) > g(x) for all x ∈ [β1, β2] ×
[λ1, λ2] or Theorem 7 if the constraint is z(x) < g∗(x) for all x ∈ [β1, β2] × [λ1λ2], or Theorem 8 if the
constraint is �11 < z(x) < �22 for all x ∈ [β1, β2] × [λ1, λ2].

From the Theorem 5, it follows that the bivariate rational spline S converges to the exact solution of constraint
PDE (31) as M → ∞ and N → ∞.
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Table 1 Surface data pertaining to the PDE (32)

↓ y/x → 0 0.1 0.2 0.3

0 (0, 3.142, 0) (0.309, 2.988,−3.050) (0.588, 2.542,−5.801) (0.809, 1.847,−7.985)
0.01 (0, 2.846, 0) (0.282, 2.707,−2.763) (0.535, 2.303,−5.256) (0.737, 1.673,−7.234)
0.02 (0, 2.579, 0) (0.256, 2.453,−2.504) (0.488, 2.086,−4.762) (0.671, 1.516,−6.554)
0.03 (0, 2.336, 0) (0.234, 2.222,−2.268) (0.444, 1.890,−4.314) (0.611, 1.373,−5.938)
0.04 (0, 2.117, 0) (0.213, 2.013,−2.055) (0.405, 1.713,−3.909) (0.557, 1.244,−5.380)
0.05 (0, 1.918, 0) (0.194, 1.824,−1.862) (0.368, 1.552,−3.542) (0.507, 1.127,−4.875)
0.06 (0, 1.738, 0) (0.176, 1.653,−1.687) (0.336, 1.406,−3.209) (0.462, 1.021,−4.416)

Table 2 Surface data pertaining to the PDE (32)

↓ y/x → 0.4 0.5 0.6 0.7

0 (0.951, 0.971,−9.387) (1, 0,−9.870) (0.951,−0.971,−9.387) (0.809,−1.847,−7.985)
0.01 (0.866, 0.880,−8.504) (0.911, 0,−8.942) (0.866,−0.880,−8.504) (0.737,−1.673,−7.234)
0.02 (0.789, 0.797,−7.705) (0.830, 0,−8.102) (0.789,−0.797,−7.705) (0.671,−1.516,−6.554)
0.03 (0.719, 0.722,−6.981) (0.756, 0,−7.340) (0.719,−0.722,−6.981) (0.611,−1.373,−5.938)
0.04 (0.655, 0.654,−6.325) (0.688, 0,−6.650) (0.655,−0.654,−6.325) (0.557,−1.244,−5.380)
0.05 (0.596, 0.593,−5.731) (0.627, 0,−6.025) (0.596,−0.593,−5.731) (0.507,−1.127,−4.875)
0.06 (0.543, 0.537,−5.192) (0.571, 0,−5.459) (0.543,−0.537,−5.192) (0.462,−1.021,−4.416)

Table 3 Surface data pertaining to the PDE (32)

↓ y/x → 0.8 0.9 1

0 (0.588,−2.542,−5.801) (0.309,−2.988,−3.05) (0,−3.142, 0)
0.01 (0.535,−2.303,−5.256) (0.282,−2.707,−2.763) (0,−2.846, 0)
0.02 (0.488,−2.086,−4.762) (0.256,−2.453,−2.504) (0,−2.579, 0)
0.03 (0.444,−1.890,−4.314) (0.234,−2.222,−2.268) (0,−2.336, 0)
0.04 (0.405,−1.713,−3.909) (0.213,−2.013,−2.055) (0,−2.117, 0)
0.05 (0.368,−1.552,−3.542) (0.194,−1.824,−1.862) (0,−1.918, 0)
0.06 (0.336,−1.406,−3.209) (0.176,−1.653,−1.687) (0,−1.738, 0)

5.1 Numerical examples

Let us consider the PDE

zy = zxx , 0 ≤ x ≤ 1, t ≥ 0, z(0, y) = z(1, y) = 0 and z(x, 0) = sin(πx) (32)

subject to the constraint 0 ≤ z(x, y) ≤ 1 for all (x, y) ∈ [0, 1] × [0, 0.06]. The exact solution of the given PDE
is plotted in Figure 2(a). The triplets shown in the body of the Table 1-3 indicate the function values and the
partial derivative values, i.e., (zi, j , zx,i, j , zy,i, j ). Solving the PDE (32) by the Lassonen (BTCS) scheme [34],
we acquire zi, j given in Table 1-3. Next, employing the arithmetic mean and geometric mean [31,32], we obtain
the partial derivative values zx,i, j and zy,i, j . Thus, we get the surface data in Table 1-3 pertaining to the PDE
(32).

It can be seen that the above data lies within the cuboid [0, 1] × [0, 0.06] × [0, 1], i.e., 0 ≤ zi, j ≤ 1 for
all (i, j). The bivariate rational spline �1 is constructed in Figure 2(b) by using the surface data given in Table
1-3 and the arbitrarily chosen shape parameters. We can easily notice that the bivariate rational spline �1 is not
satisfying the condition 0 ≤ �1(x, y) ≤ 1 for all (x, y) ∈ [0, 1] × [0, 0.06]. Hence, �1 is not a solution for
the PDE (32). Next, the bivariate rational spline�2 is constructed in Figure 2(c) by using the surface data given
Table 1-3 and the shape parameters chosen according to Theorem 8. Further, it is clear that 0 ≤ �2(x, y) ≤ 1
for all (x, y) ∈ [0, 1] × [0, 0.06], and hence �2 is an approximate solution for the given PDE. The xz view of
Figure 2(c) is given in Figure 2(d).
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Fig. 2 Exact and approximate solutions of PDE (32)

6 Bivariate C1-fractal rational spline

Let �∗ = {x1, x2 . . . , xM−1, xM , y1, y2 . . . , yN−1, yN }, where x1 < x2 · · · < xM−1 < xM ; y1 < y2 · · · <
yN−1 < yN . Let the given surface interpolation data be � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M ×
�N }, where zx,i, j and zy,i, j are derivatives value with respect to x and y respectively at point (xi , y j ). Let
�M = {1, 2, . . . ,M}, �N = {1, 2, . . . , N }, �M−1 = {1, 2, . . . ,M − 1}, �N−1 = {1, 2, . . . , N − 1}. Denote
I = [x1, xM ], J = [y1, yN ],D = I × J, Ii = [xi , xi+1], J j = [y j , y j+1],Di, j = Ii × J j , hi = xi+1 − xi ,

h∗
j = y j+1 − y j . and B(D) denotes the boundary of D. Suppose that �∗ is a partition of D. For any i ∈ �M−1,

let ui : I → Ii be a contractive homeomorphism satisfying
{

ui (x1) = xi , ui (xM ) = xi+1, and
|ui (x∗)− ui (x∗∗)| ≤ ζi |x∗ − x∗∗| ∀ x∗, x∗∗ ∈ I,

(33)

where 0 < ζi < 1 is a given constant. Similarly, for any j ∈ �N−1, let v j : J → J j be a contractive
homeomorphism satisfying

{
v j (y1) = y j , v j (yN ) = y j+1, and
|v j (y∗)− v j (y∗∗)| ≤ � j |y∗ − y∗∗| ∀ y∗, y∗∗ ∈ J,

(34)

where 0 < �i < 1 is a given constant. We take ui (x) = ai x + bi . and v j (y) = c j y + d j , where ai , bi , c j ,and
d j are constants to be determined by (33)-(34).

Let K = I × J × R. For each (i, j) ∈ �M−1 × �N−1, let Fi, j : K → R be a continuous function defined
by

Fi, j (x, y, z) = αi, j z +�(ui (x), v j (y))− αi, j b(x, y),
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where αi, j ∈ R such that |αi, j | < ai c j and � is rational surface defined in (17), b ∈ C1(D), b �= �, such
that

b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

∀(x, y) ∈ B(D).

Now, for each (i, j) ∈ �M−1 ×�N−1, we define Wi, j : K → Ii × J j × R by

Wi, j (x, y, z) = (
ui (x), v j (y), Fi, j (x, y, z)

)
. (35)

Then {K ; Wi, j : (i, j) ∈ �M−1 ×�N−1} is an IFS.
Using [28], we can show that the above IFS has a unique attractor G. In the following theorem, we construct

a bivariate FIF whose graph is G.

Theorem 10 Let �∗ be a partition of D. Let the interpolation data be � = {(xi , y j , zi, j , zx,i, j , zy,i, j );
(i, j) ∈ �M × �N }. Let � be the bivariate function defined in (17) Consider the IFS {K ; (

ui (x), v j (y),
Fi, j (x, y, z)), (i, j) ∈ �M−1 × �N−1}. Suppose that |αi, j | < ai c j , (i, j) ∈ �M−1 × �N−1, b ∈ C1(D) such
that b �= �,

b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

∀(x, y) ∈ B(D).

Then the above IFS determines a bivariate fractal interpolation function �α ∈ C1(D) that interpolates �.

Proof Let C1
�(D) =

{
h ∈ C1(D) : h(x, y) = �(x, y),

∂h

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

,
∂h

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for all

(x, y) ∈ B(D)
}
. Then C1

�(D) is a complete metric space with respect to the metric induced by the C1-norm,

namely,

‖h‖C1 = ‖h‖∞ +
∥∥∥∥
∂h

∂x

∥∥∥∥
∞

+
∥∥∥∥
∂h

∂y

∥∥∥∥
∞
.

Now define Read-Bajraktarević operator T : C1
�(D) → C1

�(D) as

(T h)(x, y) =�(x, y)+ αi, j [(h − b)
(
u−1

i (x), v−1
j (y)

)], (x, y) ∈ Di, j , (i, j) ∈ �M−1 ×�N−1. (36)

Since � ∈ C1(D), b ∈ C1(D) and h ∈ C1(D), it follow that operator T h is continuous over each sub rectangle
Di, j . Now for continuity of T h over D one need to show that T h is continuous along the each grid line
x = xi+1, i ∈ �M−2 and y = y j+1, j ∈ �N−2. To check continuity along the grid line x = xi+1, we can take
y = (1 − μ)y j + μy j+1, 0 ≤ μ ≤ 1,

lim
(x,y)→(xi+1,y)
(x,y)∈Di, j

T h(x, y) = �
(
xi+1, (1 − μ)y j + μy j+1

) + αi, j [(h − b)
(
xM , (1 − μ)y1 + μyN

)],

and lim
(x,y)→(xi+1,y)
(x,y)∈Di+1, j

T h(x, y) = �
(
xi+1, (1 − μ)y j + μy j+1

) + αi+1, j [(h − b)
(
x1, (1 − μ)y1 + μyN

)].

Since b(x, y) = �(x, y) for all (x, y) ∈ B(D), it follows that

lim
(x,y)→(xi+1,y)
(x,y)∈Di, j

T h(x, y) = lim
(x,y)→(xi+1,y)
(x,y)∈Di+1, j

T h(x, y).

Similarly, one can show that T h is continuous along the each grid line y = y j+1 j ∈ �N−1.
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For all (x, y) ∈ Di, j , (i, j) ∈ �M−1×�N−1, partial differentiation of T h with respect to x and y respectively,
leads to

∂(T h)(x, y)

∂x
= 1

ai

{
∂�(x, y)

∂x
+ αi, j

∂(h − b)(u−1
i (x), v−1

j (y))

∂x

}
, (37)

∂(T h)(x, y)

∂y
= 1

c j

{
∂�(x, y)

∂y
+ αi, j

∂(h − b)(u−1
i (x), v−1

j (y))

∂y

}
. (38)

Using the conditions on the function b and the arguments used for establishing continuity of T h over D, we
can show that ∂(T h)

∂x and ∂(T h)
∂y are continuous over D.

It is easy to verify that T h(x, y) = T�(x, y),
∂(T h)

∂x

∣∣∣
(x,y)

= ∂(T�)

∂x

∣∣∣
(x,y)

, and
∂(T h)

∂y

∣∣∣
(x,y)

= ∂(T�)

∂y

∣∣∣
(x,y)

for all (x, y) ∈ B(D).
Therefore, T h ∈ C1

�(D). Next, for h, ψ ∈ C1
�(D), from equation (36)- (38), we obtain

‖Tψ − T h‖∞ ≤ max{|αi, j | : i ∈ �M−1, j ∈ �N−1}‖ψ − h‖∞,∥∥∥∥
∂(Tψ)

∂x
− ∂(T h)

∂x

∥∥∥∥
∞

≤ max{|αi, j |a−1
i : i ∈ �M−1, j ∈ �N−1}

∥∥∥∥
∂ψ

∂x
− ∂h

∂x

∥∥∥∥
∞
,

∥∥∥∥
∂(Tψ)

∂y
− ∂(T h)

∂y

∥∥∥∥
∞

≤ max{|αi, j |c−1
j : i ∈ �M−1, j ∈ �N−1}

∥∥∥∥
∂ψ

∂y
− ∂h

∂y

∥∥∥∥
∞

respectively. By using the above inequalities, we can write

‖Tψ − T h‖C1 = ‖Tψ − T h‖∞ +
∥∥∥∥
∂(Tψ)

∂x
− ∂(T h)

∂x

∥∥∥∥
∞

+
∥∥∥∥
∂(Tψ)

∂y
− ∂(T h)

∂y

∥∥∥∥
∞
,

≤ max{|αi, j |a−1
i c−1

j : i ∈ �M−1, j ∈ �N−1}‖ψ − h‖C1 . (39)

Since |αi, j | < ai c j , it follows that T is a contraction map on C1
�(D), and hence by the Banach fixed point

theorem, T has a unique fixed point, say �α ∈ C1(D). Therefore,

�α
(
ui (x), v j (y)

) = αi, j�(x, y)+�
(
ui (x), v j (y)

) − αi, j b(x, y), (x, y) ∈ D. (40)

Further, we can verify that �α interpolates the data �. Thus, we complete the proof. 	


6.1 Convergence analysis of bivariate fractal rational spline

The objective of this section is to obtain an upper bound for the interpolation error �α − f, where the data
generating function f ∈ C2(D). The implicit and recursive nature of bivariate fractal function �α make it
difficult to apply the traditional approaches for error analysis available in the classical interpolation theory for
obtaining its convergence results. Owing to this reason, we establish the upper bound for �α − f, using the
triangle inequality

‖�α − f ‖∞ ≤ ‖�α −�‖∞ + ‖�− f ‖∞. (41)

Theorem 11 Let �∗ be a partition of D. Let the interpolation data � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈
�M ×�N )} be obtained from f ∈ C2(D). Then

∥∥ f −�α
∥∥∞ ≤ ‖�∗‖

(1 − |α|∞)|I | |J | ‖�− b‖∞

+ ‖�∗‖
(∥∥∥∂ f

∂x

∥∥∥∞ +
∥∥∥∂�
∂x

∥∥∥∞

)
+ ‖�∗‖ν∗

4
Z∗

+ ‖�∗‖2ν∗

384

{
‖�∗‖2

∥∥∥∂
4 f

∂y4

∥∥∥∞ max
(i, j)∈�M−1×�N−1

(
1 + |r∗

i, j − 3|/4
)

+ max
(i, j)∈�M−1×�N−1

4|r∗
i, j − 3|

(
‖�∗‖

∥∥∥∂
3 f

∂y3

∥∥∥∞ + 3
∥∥∥∂

2 f

∂y2

∥∥∥∞

)}
,

(42)
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where ‖�∗‖ = max
(i, j)∈�M−1×�N−1

{|xi+1 − xi |, |y j+1 − y j |}, |I | = xM − x1, |J | = yN − y1,

|α|∞ = max
(i, j)∈�M−1×�N−1

|αi, j |, ν∗ = max
(i, j)∈�M−1×�N−1

1

νi, j
,

νi, j =
{
(1 + r∗

i, j )/4, if − 1 < κ < r∗
i, j < 3,

1, if r∗
i, j ≥ 3,

Z∗ = max
(i, j)∈�M−1×�N−1

{∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j

∣∣∣,
∣∣∣∂ f

∂y

∣∣
(xi ,y j )

− zy,i, j+1

∣∣∣
}
.

Proof The bivariate fractal interpolation function �α satisfy the following self-referential equation: for all
(x, y) ∈ D, (i, j) ∈ �M−1 ×�N−1,

�α
(
ui (x), v j (y)

) = αi, j�
α(x, y)+�

(
ui (x), v j (y)

) − αi, j b(x, y). (43)

Subsequently, from (43), we get

|�α(ui (x), v j (x)
) −�

(
ui (x), v j (x)

)| ≤ |αi, j |
(|�α(x, y)−�(x, y)| + |�(x, y)− b(x, y)|)

≤ |α|∞
(‖�α −�‖∞ + ‖�− b‖∞

)
.

(44)

The above inequality yields

‖�α −�‖∞ ≤ |α|∞
1 − |α|∞ ‖�− b‖∞. (45)

Since the scaling factors of C1-FRIF �α obey the condition |αi, j | < ai c j = ( xi+1−xi
xM −x1

)( y j+1−y j
yN −y1

)
and using (45),

we get that

‖�α −�‖∞ ≤ ‖�∗‖
(1 − |α|∞)|I | |J | ‖�− b‖∞. (46)

From (18), we get an upper bound for ‖ f −�‖∞. Substituting (46) and (18) in (41), we obtain the desired result.
	

Convergence results: Theorem 11 reveals that the C1-fractal rational spline �α converges uniformly to the
original function f ∈ C4(D) as ‖�∗‖ → 0.

7 Constrained aspect of fractal rational surface

In this section, we discuss the constrained aspect of fractal rational surface�α. The following theorem provides
the sufficient condition on the scaling factors αi, j , (i, j) ∈ �M−1 ×�N−1 so that fractal rational surface �α is
lying above the function ϕ whenever the bivariate rational spline � lies above ϕ.

Theorem 12 Let the given surface data be � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M × �N }. Let � be the
bivariate function defined in (17). Let ϕ ∈ C1(D) such that�(x, y) > ϕ(x, y) for all (x, y) ∈ D. Let b ∈ C1(D)

such that b �= �, satisfy the conditions : b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for

all (x, y) ∈ B(D). Then the bivariate fractal function�α corresponding to IFS (35) satisfy�α(x, y) > ϕ(x, y)
for all (x, y) ∈ D if the scaling factors αi, j , (i, j) ∈ �M−1 ×�N−1 are chosen as follows:

0 ≤ αi, j ≤ min

{
ai c j ,

m(�− ϕ,Di, j )

M∗ − m∗(ϕ)

}
,

where M∗ = max{b(x, y) : (x, y) ∈ D}, m(� − ϕ,Di, j ) = min{(� − ϕ)(x, y) : (x, y) ∈ Di, j }, and
m∗(ϕ) = min{ϕ(x, y) : (x, y) ∈ D}.
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Proof Since �(x, y) > ϕ(x, y) for all (x, y) ∈ D and b(x, y) matches with �(x, y) along the boundary of D,
it is easy to verify that M∗ − m∗(ϕ) > 0 and m(�− ϕ,Di, j ) > 0 for all (i, j) ∈ �M−1 ×�N−1. From (40), it
follows that the bivariate fractal function �α satisfy the following functional equation

�α
(
ui (x), v j (y)

) = αi, j�
α(x, y)+�

(
ui (x), v j (y)

) − αi, j b(x, y), (x, y) ∈ D, (i, j) ∈ �M−1 ×�N−1.

At (n + 1)-th iteration,�α is computed at
(
(M − 1)n+2 + 1

)(
(N − 1)n+2 + 1

)
distinct points in D by using the

values of �α at n-th iteration at
(
(M − 1)n+1 + 1

)(
(N − 1)n+1 + 1

)
number of distinct points in D.

We observe that

�α(xi , y j ) = �(xi , y j ) > ϕ(xi , y j ), (i, j) ∈ �M ×�N .

Therefore, to prove that�α(z, t) > ϕ(z, t) for all (z, t) ∈ D, it is sufficient to show that if�α(x, y) > ϕ(x, y)
for all (x, y) ∈ D, then �α

(
ui (x), v j (y)

)
> ϕ

(
ui (x), v j (y)

)
, (x, y) ∈ D for all (i, j) ∈ �M−1 ×�N−1.

Suppose that �α(x, y) > ϕ(x, y), (x, y) ∈ D. We have to establish that

αi, j�
α(x, y)+�

(
ui (x), v j (y)

) − αi, j b(x, y)− ϕ
(
ui (x), v j (y)

)
> 0, (x, y) ∈ D. (47)

As per our assumption �α(x, y) > ϕ(x, y), (x, y) ∈ D and αi, j ≥ 0 for all (i, j) ∈ �M−1 ×�N−1 and by the
definition of M∗,m∗(ϕ) and m(�− ϕ,Di, j ), we get

αi, j�
α(x, y)+�

(
ui (x), v j (y)

) − αi, j b(x, y)− ϕ
(
ui (x), v j (y)

) ≥ αi, jϕ(x, y)+ m(�− ϕ,Di, j )− αi, j M∗.

we can conclude that αi, j ≤ m(�− ϕ,Di, j )

M∗ − m∗(ϕ)
assures (47). Thus, we complete the proof. 	


Similarly, we can prove the following theorem.

Theorem 13 Let the given surface data be � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M × �N }. Let � be the
bivariate function defined in (17). Let ϕ ∈ C1(D) such that�(x, y) < ϕ(x, y) for all (x, y) ∈ D. Let b ∈ C1(D)

such that b �= �, satisfy the conditions b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for

all (x, y) ∈ B(D). Then the bivariate fractal function�α corresponding to IFS (35) satisfy�α(x, y) < ϕ(x, y)
for all (x, y) ∈ D if the scaling factors αi, j , (i, j) ∈ �M−1 ×�N−1 are chosen as follows:

0 ≤ αi, j ≤ min

{
ai c j ,

m(ϕ −�,Di, j )

M∗(ϕ)− m∗

}
,

where m∗ = min{b(x, y) : (x, y) ∈ D}, m(ϕ −�,Di, j ) = min{(ϕ −�)(x, y) : (x, y) ∈ Di, j }, and M∗(ϕ) =
max{ϕ(x, y) : (x, y) ∈ D}.
Theorem 14 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M ×�N } be a surface data set that lies above the

piecewise plane g(x, y) = σi, j

[
1 − x

γi, j
− y

δi, j

]
, (x, y) ∈ Di, j , (i, j) ∈ �M−1 × �N−1, σi, j ∈ R, γi, j , δi, j ∈

R − {0} that is zi, j > gi, j = g(xi , y j ) for all (i, j) ∈ �M × �N . Then the fractal interpolating surface
�α(x, y) > g(x, y) for all (x, y) ∈ D if the corresponding shape parameters and scaling factors are chosen as

ri, j > max

{
− 1,

−hi zx,i, j − σ i, j
γi, j

hi

zi, j − gi, j
,

hi zx,i+1, j + σ i, j
γi, j

hi

zi, j − gi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j − σ i, j

δi, j
h∗

j

zi, j − gi, j
,

h∗
j zy,i, j+1 + σ i, j

δi, j
h∗

j

zi, j − gi, j+1

}
, (i, j) ∈ �M ×�N−1,

and 0 ≤ αi, j ≤ min

{
ai c j ,

m(�− g,Di, j )

M∗ − m∗(g)

}
, (i, j) ∈ �M−1 ×�N−1,

where M∗ = max{b(x, y) : (x, y) ∈ D}, m(� − g,Di, j ) = min{(� − g)(x, y) : (x, y) ∈ Di, j }, and
m∗(g) = min{g(x, y) : (x, y) ∈ D}.
Proof The proof follows from the proofs of Theorem 6 and Theorem 12. 	
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Remark 3 The following remark is immediate by taking g(x, y) = 0 in the previous theorem (Theorem 14).
Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M × �N } be a positive surface interpolation data. Let � be the

bivariate function defined in (17) and b ∈ C1(D) such that b �= �, b(x, y) = �(x, y),
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

, and

∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

for all (x, y) ∈ B(D). Then the bivariate fractal function �α(x, y) > 0 for all (x, y) ∈ D
if the associated shape parameters and scaling factors are chosen as

ri, j ≥ max

{
− 1,

−hi zx,i, j

zi, j
,

hi zx,i+1, j

zi+1, j

}
, (i, j) ∈ �M ×�N−1,

r∗
i, j ≥ max

{
− 1,

−h∗
j zy,i, j

zi, j
,

h∗
j zy,i+1, j

zi, j+1

}
, (i, j) ∈ �M−1 ×�N ,

and 0 ≤ αi, j ≤ min

{
ai c j ,

m(�,Di, j )

M∗

}
, (i, j) ∈ �M−1 ×�N−1,

where M∗ = max{b(x, y) : (x, y) ∈ D}, m(�,Di, j ) = min{�(x, y) : (x, y) ∈ Di, j }.
Theorem 15 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ) : (i, j) ∈ �M ×�N } be a surface data set that lies below the

piecewise plane g∗(x, y) = σ ∗
i, j

[
1 − x

γ ∗
i, j

− y

δ∗i, j

]
, (x, y) ∈ Di, j , (i, j) ∈ �M−1 ×�N−1, σ

∗
i, j ∈ R, γ ∗

i, j , δ
∗
i, j ∈

R − {0}, that is zi, j < g∗
i, j = g∗(xi , y j ) for all (i, j) ∈ �M × �N . Then the fractal interpolating surface

�α(x, y) < g∗(x, y) for all (x, y) ∈ D if the corresponding shape parameters and scaling factors are chosen
as

ri, j > max

{
− 1,

hi zx,i, j + σ ∗i, j
γ ∗

i, j
hi

g∗
i, j − zi, j

,

−hi zx,i+1, j − σ ∗i, j
γ ∗

i, j
hi

g∗
i+1, j − zi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

h∗
j zy,i, j + σ ∗i, j

δ∗i, j
h∗

j

g∗
i, j − zi, j

,

−h∗
j zy,i, j+1 − σ ∗i, j

δ∗i, j
h∗

j

g∗
i, j+1 − zi, j+1

}
, (i, j) ∈ �M ×�N−1,

and 0 ≤ αi, j ≤ min

{
ai c j ,

m(g∗ −�,Di, j )

M∗(g∗)− m∗

}
, i ∈ �M−1, j ∈ �N−1,

where m∗ = min{b(x, y) : (x, y) ∈ D}, m(g∗ − �,Di, j ) = min{(g∗ − �)(x, y) : (x, y) ∈ Di, j }, and
M∗(g∗) = max{g∗(x, y) : (x, y) ∈ D}.
Proof The proof follows from the proofs of Theorem 7 and Theorem 13. 	

Theorem 16 Let the given surface data be � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); (i, j) ∈ �M × �N }. Suppose that
�11 < min{zi, j : (i, j) ∈ �M × �N } and �22 > max{zi, j : (i, j) ∈ �M × �N }. Let � be the bivariate

function defined in (17) and b ∈ C1(D) such that b �= �, b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and

∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for all (x, y) ∈ B(D). Then the bivariate fractal function �α corresponding to IFS (35)

contained in the cuboid D × [�11,�22] if the associated shape parameters and scaling factor are chosen as

ri, j > max

{
− 1,

−hi zx,i, j

zi, j −�11
,

hi zx,i+1, j

zi+1, j −�11
,

hi zx,i, j

�22 − zi, j
,

−hi zx,i+1, j

�22 − zi+1, j

}
, (i, j) ∈ �M−1 ×�N ,

r∗
i, j > max

{
− 1,

−h∗
j zy,i, j

zi, j −�11
,

h∗
j zy,i, j+1

zi, j+1 −�11
,

h∗
j zy,i, j

�22 − zi, j
,

−h∗
j zy,i, j+1

�22 − zi, j+1

}
, (i, j) ∈ �M ×�N−1,

and for (i, j) ∈ �M−1 ×�N−1,

max

{
− ai c j ,

−(mi, j −�11)

�22 − m∗
,
−(�22 − Mi, j )

M∗ −�11

}
≤ αi, j ≤ min

{
ai c j ,

mi, j −�11

M∗ −�11
,
�22 − Mi, j

�22 − m∗

}
,

where m∗ = min{b(x, y) : (x, y) ∈ D},M∗ = max{b(x, y) : (x, y) ∈ D},mi, j = min{�(x, y) : (x, y) ∈
Di, j },Mi, j = max{�(x, y) : (x, y) ∈ Di, j }.
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Proof The conditions on the shape parameters ri, j and r∗
i, j which are mentioned in the hypothesis and Theorem

8 ensure that �11 ≤ �(x, y) ≤ �22 for all (x, y) ∈ D. As a result, we obtain that mi, j ≥ �11 and �22 ≥ Mi, j .

Since the function b coincide with � along the boundary of D, we get M∗ ≥ �11 and �22 ≥ m∗. Therefore,
mi, j −�11

M∗ −�11
> 0 and

�22 − Mi, j

�22 − m∗
> 0. It is easy to verify that the graph of the bivariate fractal function �α

is the attractor of the IFS I = {
K ; (

ui (x), v j (y), Fi, j (x, y, z)
) : (i, j) ∈ �M−1 × �N−1

}
, where ui (x) =

ai x + bi , v j (y) = c j y + d j , Fi, j (x, y, z) = αi, j z + �(ui (x), v j (y)) − αi, j b(x, y), (i, j) ∈ �M−1 × �N−1.

Also I and J are attractors of the IFSs {I ; ui (x) : i ∈ �M−1} and {J ; v j (y) : j ∈ �N−1} respectively.
Therefore, it is sufficient to settle

�11 ≤ Fi, j (x, y, z) ≤ �22,∀(i, j) ∈ �M−1 ×�N−1, and (x, y, z) ∈ D × [�11,�22] (48)

to guarantee that the graph G(�α) = {(
x, y,�α(x, y)

) : (x, y) ∈ D}
of �α is containing in the cuboid

D × [�11,�22].
Suppose (x, y, z) ∈ D × [�11,�22].
Case I. Let 0 ≤ αi, j < ai c j . Then, �11 ≤ z ≤ �22 implies

αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y) ≤ αi, j z +�
(
ui (x), v j (y)

) − αi, j b(x, y),

≤ αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y).

Hence, the following conditions are sufficient for establishing (48)

αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�11 ≥ 0

and αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�22 ≤ 0.
(49)

But αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�11 ≥ αi, j�11 + mi, j − αi, j M∗ −�11,

αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�22 ≤ αi, j�22 + Mi, j − αi, j m∗ −�22.

It is easy to verify that if αi, j ≤ mi, j −�11

M∗ −�11
and αi, j ≤ �22 − Mi, j

�22 − m∗
, then the inequalities in (49) are valid.

Thus, the sufficient condition for (48) is

αi, j ≤ min

{
mi, j −�11

M∗ −�11
,
�22 − Mi, j

�22 − m∗

}
. (50)

Case II. Let −ai c j < αi, j ≤ 0. Then, �11 ≤ z ≤ �22 implies

αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y) ≤ αi, j z +�
(
ui (x), v j (y)

) − αi, j b(x, y),

≤ αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y).

Hence, the following conditions are sufficient for establishing the (48)

αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�11 ≥ 0

and αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�22 ≤ 0.
(51)

But αi, j�22 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�11 ≥ αi, j�22 + mi, j − αi, j m∗ −�11,

αi, j�11 +�
(
ui (x), v j (y)

) − αi, j b(x, y)−�22 ≤ αi, j�11 + Mi, j − αi, j M∗ −�22.

It is easy to verify that if αi, j ≥ −(mi, j −�11)

�22 − m∗
and αi, j ≥ −(�22 − Mi, j )

M∗ −�11
, then the inequalities in (51)

are valid. Thus, the adequate condition for (48) is

αi, j ≥ max

{−(mi, j −�11)

�22 − m∗
,
−(�22 − Mi, j )

M∗ −�11

}
. (52)

From the inequalities (50) and (52), we conclude the theorem. 	

Remark 4 If we choose scaling factor αi, j = 0 for all (i, j) ∈ �M−1 ×�N−1, then fractal function�α coincides
with bivariate rational spline �.

123



Some classical and fractal splines for constrained... 1603

Table 4 Surface interpolation data

↓ y/x → 0 π
2 π 3π

2 2π

0 (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0)
π
2 (0, 0, 0) (1.5, 0.5, 1.5) (3, 1, 0) (1.5, 0.5,−1.5) (0, 0, 0)
π (0, 0, 0) (1, 0, 1) (2, 0, 0) (1, 0,−1) (0, 0, 0)
3π
2 (0, 0, 0) (1.5,−0.5, 1.5) (3,−1, 0) (1.5,−0.5,−1.5) (0, 0, 0)

2π (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0)

7.1 Numerical examples

In this section, we shall verify our findings with some numerical experiments. For this purpose, let us take the
data set given in Table 4 wherein the triplets shown in the body of the table indicate the function values and
partial derivative values.

It can be seen that the above data lies above the plane z = −0.5 and is contained in the cuboid
[0, 2π ] × [0, 2π ] × [0, 3.5]. We choose the base function b as Hermite interpolant [29] of �. The bivariate
fractal interpolating function �α1 is constructed in Figure 3(a) by using the arbitrarily chosen shape parameters
and scaling factors. We can easily notice that the bivariate fractal function �α1 is neither lying above the plane
z = −0.5 and nor lying within the cuboid [0, 2π ]×[0, 2π ]×[0, 3.5]. Thus, one can notice that arbitrarily selec-
tion of the shape parameters and scaling factors may not provide the constrained bivariate fractal interpolation
surfaces. Therefore, by using the shape parameters and scaling factors chosen according to Theorem 14, we have
generated the bivariate fractal interpolation surface�α2 in Figure 3(b) which lies above the plane z = −0.5. Sim-
ilarly, by using the shape parameters and scaling factors chosen according to Theorem 16, we have constructed
the bivariate fractal interpolating surface�α3 in Figure 3(c) which lies within cuboid [0, 2π ]× [0, 2π ]× [0, 3.5].
Figure 3(d) represents the partial derivative

∂�α3

∂x
. It is very clear that the partial derivative

∂�α3

∂x
is nowhere

differentiable, and one can’t experience this kind of phenomenon with classical bivariate splines.

Remark 5 One can solve the constraint partial differential equations by using our constraint bivariate fractal
spline as we have done in Section 5.

8 Monotonicity preserving fractal rational surface

In this section, we discuss the sufficient conditions on shape parameters and scaling factor so that�α is monotonic
whenever the given data is monotonic.

Theorem 17 Let � = {(xi , y j , zi, j , zx,i, j , zy,i, j ); i ∈ �M , j ∈ �N } be a monotonically increasing data and
� be the bivariate spline given in (17). Assume Fi, j (x, y, z) = αi, j z + �(ui (x), v j (y)) − αi, j b(x, y), where
|αi, j | < ai c j , i ∈ �M−1, j ∈ �N−1, b ∈ C1(D) satisfying b �= �,

b(x, y) = �(x, y),
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

, and
∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for all (x, y) ∈ B(D). Then�α is monotonically increasing over D if the corresponding shape parameters and
scaling factors are chosen as

ri, j > max
{

− 1,
zx,i, j + zx,i+1, j

zi+1, j − zi, j

}
, (i, j) ∈ �M−1 ×�N ,

and r∗
i, j > max

{
− 1,

zy,i, j + zy,i, j+1

zi, j+1 − zi, j

}
, (i, j) ∈ �M ×�N−1.

(53)

0 ≤ αi, j ≤ min

{
ai c j ,

ai mx (
∂�
∂x ,Di, j )

M∗
x

,
c j my(

∂�
∂y ,Di, j )

M∗
y

}
, (i, j) ∈ �M−1 ×�N−1, (54)
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Fig. 3 Constrained fractal surfaces

where M∗
x = max

{ ∂b

∂x

∣∣∣
(x,y)

: (x, y) ∈ D
}
, mx

(∂�
∂x
,Di, j

)
= min

{∂�
∂x

∣∣∣
(x,y)

: (x, y) ∈ Di, j

}
, M∗

y =
max

{∂b

∂y

∣∣∣
(x,y)

: (x, y) ∈ D
}
,my

(∂�
∂y
,Di, j

)
= min

{∂�
∂y

∣∣∣
(x,y)

: (x, y) ∈ Di, j

}
.

Proof In view of the conditions on the shape parameters ri, j and r∗
i, j which are mentioned in the hypothesis,

Theorem 9 ensures that
∂�

∂x

∣∣∣
(x,y)

> 0, and
∂�

∂y

∣∣∣
(x,y)

> 0 for all (x, y) ∈ D. Since
∂b

∂x

∣∣∣
(x,y)

= ∂�

∂x

∣∣∣
(x,y)

and

∂b

∂y

∣∣∣
(x,y)

= ∂�

∂y

∣∣∣
(x,y)

for all (x, y) ∈ B(D) it is easy to see that M∗
x > 0, M∗

y > 0 and mx

(∂�
∂x
,Di, j

)
> 0,

my

(∂�
∂y
,Di, j

)
> 0 for all (i, j) ∈ �M−1 ×�N−1.Also, our bivariate fractal function�α satisfies the following

functional equation :

�α
(
ui (x), v j (y)

) = αi, j�
α(x, y)+�

(
ui (x), v j (y)

) − αi, j b(x, y), (x, y) ∈ D, (i, j) ∈ �M−1 ×�N−1.
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This implies that

∂�α

∂x

∣∣∣(
ui (x),v j (y)

) = αi, j

ai

∂�α

∂x

∣∣∣
(x,y)

+ ∂�

∂x

∣∣∣(
ui (x),v j (y)

) − αi, j

ai

∂b

∂x

∣∣∣
(x,y)

, (x, y) ∈ D, (i, j) ∈ �M−1 ×�N−1,

and

∂�α

∂y

∣∣∣(
ui (x),v j (y)

) = αi, j

c j

∂�α

∂y

∣∣∣
(x,y)

+ ∂�

∂y

∣∣∣(
ui (x),v j (y)

) − αi, j

c j

∂b

∂y

∣∣∣
(x,y)

, (x, y) ∈ D, (i, j) ∈ �M−1 ×�N−1.

At (n + 1)-th iteration
∂�α

∂x
and

∂�α

∂y
are computed at

(
(M − 1)n+2 + 1

)(
(N − 1)n+2 + 1

)
distinct points in D

by using the values of
∂�α

∂x
and

∂�α

∂y
at n-th iteration at

(
(M − 1)n+1 + 1

)(
(N − 1)n+1 + 1

)
number of distinct

points respectively in D.
We observe that

∂�α

∂x

∣∣∣
(xi ,y j )

= ∂�

∂x

∣∣∣
(xi ,y j )

> 0, (i, j) ∈ �M ×�N ,

∂�α

∂y

∣∣∣
(xi ,y j )

= ∂�

∂y

∣∣∣
(xi ,y j )

> 0, (i, j) ∈ �M ×�N .

Therefore, to prove that
∂�α

∂x

∣∣
(z,t) > 0 and

∂�α

∂y

∣∣
(z,t) > 0 for all (z, t) ∈ D, it is sufficient to show that

if
∂�α

∂x

∣∣
(x,y) > 0 and

∂�α

∂y

∣∣∣
(x,y)

> 0 for (x, y) ∈ D then
∂�α

∂x

∣∣(
ui (x),v j (y)

) > 0 and
∂�α

∂y

∣∣∣(
ui (x),v j (y)

) > 0,

(x, y) ∈ D, for all (i, j) ∈ �M−1 ×�N−1.

Suppose
∂�α

∂x

∣∣∣
(x,y)

> 0 and
∂�α

∂y

∣∣∣
(x,y)

> 0, for (x, y) ∈ D. Then, we have to establish that

αi, j

ai

∂�α

∂x

∣∣∣
(x,y)

+ ∂�

∂x

∣∣∣(
ui (x),v j (y)

) − αi, j

ai

∂b

∂x

∣∣∣
(x,y)

> 0,

and
αi, j

c j

∂�α

∂y

∣∣∣
(x,y)

+ ∂�

∂y

∣∣∣(
ui (x),v j (y)

) − αi, j

c j

∂b

∂y

∣∣∣
(x,y)

> 0.
(55)

Since
∂�α

∂x

∣∣
(x,y) > 0,

∂�α

∂y

∣∣
(x,y) > 0, for (x, y) ∈ D and αi, j ≥ 0 for all (i, j) ∈ �M−1 × �N−1, and by the

definition of M∗
x ,M∗

y , mx

(∂�
∂x
,Di, j

)
, and my

(∂�
∂y
,Di, j

)
, we get

αi, j

ai

∂�α

∂x

∣∣∣
(x,y)

+ ∂�

∂x

∣∣∣(
ui (x),v j (y)

) − αi, j

ai

∂b

∂x

∣∣∣
(x,y)

≥ mx

(
∂�

∂x
,Di, j

)
− αi, j

ai
M∗

x ,

αi, j

c j

∂�α

∂y

∣∣∣
(x,y)

+ ∂�

∂y

∣∣∣(
ui (x),v j (y)

) − αi, j

c j

∂b

∂y

∣∣∣
(x,y)

≥ my

(
∂�

∂y
,Di, j

)
− αi, j

c j
M∗

y .

We can conclude that αi, j ≤ min
{ai mx

(
∂�
∂x ,Di, j

)

M∗
x

,
c j my

(
∂�
∂y ,Di, j

)

M∗
y

}
assures (55). 	


9 Conclusion

In this manuscript, first we have studied constrained aspects of the univariate rational spline [3] and developed
a methodology for solving constrained ordinary differential equations by our constrained univariate rational
spline. Subsequently, we have constructed a blending surface using the network of univariate rational splines and
discussed its constrained aspects. Solving constrained partial differential equations by our constrained blending
surface technique is established. Using [28], we have constructed a self-similar bivariate fractal spline as a
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perturbation of the blending surface proposed in this paper. Suitable conditions on the shape parameters and
scaling factors so that the proposed fractal surface lies above or below the given plane, or within a prescribed
cuboid are developed. Also, we studied the shape preserving aspects and convergence analysis of the proposed
bivariate fractal spline.

It may be noted that the present article confines to a particular shape property of the given surface data set.
It would be interesting to study other shape properties such as the comonotonicity, coconvexity, and copositivity
of the proposed bivariate fractal spline. We have derived a set of sufficient conditions for a constrained or shape
preserving interpolation on the basis of parameters involved in the bivariate fractal spline. The parameters are
restricted to satisfy inequalities that provide suitable lower or upper bounds for them, but left completely free
otherwise. An optimal choice for the parameters within the permissible ranges is a challenging problem which
still remains an open problem.
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