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Abstract In this paper, we consider the semi-commutants of Toeplitz operators on the Fock-Sobolev space of
the complex plane. This work generalizes several partial results in a novel manner.
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1 Introduction

Let C denote the complex plane and d A be the area measure. For any fixed non-negative integer m, L2, is the

dA(2)). Itis

me*\2|2

2
space of Lebesgue measurable functions f on C such that the function f(z) is in L?(C, lZ‘T

well known that L,zn is a Hilbert space with the inner product

1 T 12m,—lz? 2
(8) = o [ S@E@EP" A, foge L]
Tm: Jc

The Fock-Sobolev space F2" consists of all entire functions f in L%l. Obviously, the Fock-Sobolev space
F>™ is a closed subspace of the Hilbert space L,%r There is an orthogonal projection P from Lfn onto F>™,
which is given by Pf(z) = (f(w), Kin(w, 2)), where

o0

N = an (@)
Kin(z, w) —kXZ:O (k+m)'(zw) =m! (zw)"

is the reproducing kernel of Fock-Sobolev space F>™. Here, gy = 0 and g,, is the Taylor polynomial of e*¥ of
order m — 1 for all m > 1, see [10].

Let D be the set of all finite linear combinations of kernel functions of F2". Suppose ¢ is a Lebesgue
measurable function on C that satisfies

/ (W) K (2 w) | [w[*™e 1P d A(w) < co. (1)
C
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1620 J. Qin

Since D is dense in F>™, so we can densely define the Toeplitz operator with the symbol ¢ on F2™ as follows:

_ ! 2m P g 4
Tpf(2) = — | o) f(W)Kn(z, w)|w[™e (w).
am! Jc
Let k;, (z, w) be the normalization of the reproducing kernel K, (z, w), i.e., ky (z, w) = % Suppose
that ¢ is a Lebesgue measurable function on C satisfying condition (1), the Berezin transform of 7, is

Tp(2) = (Typkm (w, 2), ki (w, 2)).

If m = 0, the space is the Fock space F2. For the Fock space F2, there is a Weyl operator U, on F? such
that U f (w) = f(w — 2)k.(w), where k. (w) is normalization of the reproducing kernel of F2. If f satisfies
condition (1), then

f@) = /@ fEwe " dAmw)

by the property of U,.

Up to our knowledge, the boundedness of a single Toeplitz operator on F2 is still an open problem, see [1,4,5].
So, it is difficult to characterize the commuting Toeplitz operators on the Fock space. In fact, the commutativity
of Toeplitz operators with general symbols on the Fock space is still an open problem, see [2].

Let €(C) be the set of entire functions g on C such that |g(z)|e ¥l is essentially bounded on C for some
c > 0.If TfT; = Tyz with f, g € €(C) on Fock space, then, by the elementary of ordinary equations with
constant coefficients, the € (C) can be replaced by the following set

N
A = ijKaj:NeNandpjeP,aje(Cforj=1,...,N ,
j=1

where P is the space of all holomorphic polynomials on C, see [2]. Based on these facts, the authors obtained
the following result.

Theorem 1 /2] Suppose f, g € €(C), then the following statements are equivalent on Fock space:
@ TyTg =Tz

) fg=rs
(c) Either (1) or (2) holds;

(1) f or gis constant.

(2) There are finite collections {aj}?’:1 and {b; }1Ai1 of distinct complex numbers such that
f € Span{K,, -, Kuy}, and g <€ Span{Kp,, -, Kp,}

with ajb_l = 2nri for each j and l. Here, n is any integer and K, is the kernel of F>.

The Weyl operator U, is a key to consider the Operator Theory in F2, the results of [1,2,4,5,9,12] are based
on the property of U.. However, the translations do not have such good property on the Fock-Sobolev space F>".
So the Berezin transform of the function can almost never be computed explicitly. In fact, we don’t even know

the specific form of [K,,(z, @) K;,(z, b)] on the Fock-Sobolev space. The commutativity of Toeplitz operators
with general symbols is left open on the Fock-Sobolev space.

So far, there are few results of semi-commuting Toeplitz operators with non-radial symbols on the Fock-
Sobolev space. Recall that D is the set of all finite linear combinations of kernel functions of F>™. We have
obtained the following result.

Theorem 2 [15] Suppose m is positive integer, the following conditions are equivalent for any two functions f
and g in D:

(a) TyTg = Tyg on F>™.

(b) fg=rfg

(c) Atleast one of f and g is a constant.
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There is a natural problem which arise from Theorem 1 and 2.
Problem Suppose that f(z) = K,,,(z,a) and g(z) = eP*. What is the relationship between their symbols when
(Tf, Tg]l = 0 on F2™

Clearly, K,,,(z, w) ¢ Aj. In order to answer the problem, we define

’D=DU{f(z)=ceaz+b:a,b,ce(C}U{f(z)=az+b:a,b€(C}.

The purpose of this work is to study the semi-commuting Toeplitz operators on the Fock-Sobolev space with
®— symbol. Moreover, we give a simple proof of the main result in [2], see the proof of Theorem 1. The main
result of this paper is given by the following theorem.

Main Result Suppose that m is a positive integer and f, g € ©. Then the following statements are equivalent.

(a) Yszg = ng.
(b) fg=rs.
(c) Atleastone of f and g is a constant.

Asis well known, the Fock-sobolev space is the Fock space with the radial weight. So, some operators have the
same properties in both the Fock and Fock-Sobolev space. For instance, Sarason’s problem, the boundedness and
compactness of composition operators, the commuting Toeplitz operators with radial symbols, Ha-plitz product
and so on, see [3,6-9,11,13,16]. The main result of this paper says that there is a huge difference between the
Fock and Fock-Sobolev space.

2 Proof of the Main Result

In this section, we prove the main result. We need the following lemma, which can be founded in [15].

Lemma 3 [15] Let k, j and | be non-negative integers. Then

7 0 ifl <k,
* =) _+m)! ik .
‘ T =k
. 0 ifj <k,
T.Ta7) = i+m)! ik g .
v (J'(ikfr)n)gzj+l k ifj >k
T j 0 ifj+1 <k,
1zk2° = GHAm)! _j+l—k ¢
ez mzj ifj+1>k.

Before we prove the main result, we establish the following special case first.

Proposition 4 Suppose f € D, m is a positive integer and a, b € C.

@) If Trp)z = Tr(z) Iz, then f is a constant function.

(b) IfTeaz T; = Teazz, then a = 0.

© IfTrpTem = Tf(z)eTz’ then f is a constant function or a = 0.
Proof To prove (a). Since Tr;); = Ty;)1z and Ty;)Tz1 = 0. This shows that T3 f(z) = 0. It follow that
deg(f) < 1. Then f is a constant function. similarly, a = 0 if (b) holds.

To prove (c). Let f(z) = Z,N: 1 biK,, (z, A;), where N < oo. Without loss of generality, we assume

a#0, b #0, X4 #0, Ai# M0 #k)

for 1 <i,kx < N.ByLemma 3, we have

oo ki+l —k; —
mia;'am (ki +l+m)!
biT, w7 =) b i
Z Ko (z,h) e z=z! lz; kZ:OUX:O(kl»+m)!77!(k,'-i-l—77-|-m)!Z

and

—ki _
mli;‘a’ A +m)
ZbTK T —Zb ZZ(k,-+m)!n!(1—n+m)!Z '

i=1  k=0n=0
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Since Ty (z) Toazr = = Tr(yems then Ty ;) Tz gl = Tf(z)ﬁzl for every l. Let j = k; +1 — n, we have

N ' ki 41 . .
dobio Y k . v(kl.+ 1+n.1),.%k’ék"+’_/
i=1 ki=max{0,jfl}( i tm)t ki +1=))!
N ] ' ; | / [ .
_ Zbi Z m! (J +WZ).. . I+ m)! )»l'k'c_lkiﬂfj @
= .50} ki +m)! (ki +1— P! (j — ki +m)!

forall j and /.
Now, assume 0 =/ < j, then, by (2), one can see that

m! - N
o A aki /—me'k
J i=1

m .
I
That is,

be’“t—ZbM 3)

for all j > 0. Define

e — e — ] by
E; = : : : o Xi=|
kllvfl(em—l) ...kxfl(em_]) by

Using (3), we have E| X1 = 0, which implies that | E{| = 0. By the property of Vandermonde determinant,

N R
O=IE=]]e* -1 J] 0i-n.

i=1 1<i<i<N

Since {};} is a finite collection of distinct non-zero complex numbers, there is a ¢ so that
™ —1=0.

By (3) again, we can obtain

eth =1 4)

foralll <i < N.
If/=j =1, then

N e’}
m!
gb,-; H(k,- +m+ Dk = Zb (m + DIxa.

So we have

N
3 mib; {ekfﬂx_,»a +m+1) (eA a_

i=1

N
1)} - ;bi(m + Hia.

Using (4),
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Since m # 0 and a # 0, the above equation becomes
N
> bii =0. 5)
i=1
Now assume j > [ = 2, it follows that
% ml kit 24 m)lk g
(ki —in
il 2(k +m)! (ki +2— j)!
i i ml_GAml QEm! ki
S kil (ki +2 = DG — ki +m)! ' ’
Then
N oo . N o
Z?bi(m+1)(m+2))»i]&2+2b,-m!(j+m)(2+m))»,-l a
i=1 i=1
N
=Zbi{ Z m!(k; +Z+12)(ki.+'m+2))t—ik,~éki+2_j
— kimjt1 (ki +2 —j)!
. . —j—1_ m! . . —Jj-2
+m!(j+m)(j+m+ DA a+7(1+m+1)(1+m+2)xia . (6)
In fact,
k+m+Dk+m+2)=Ck+2=-)k+1 =) +2m+j)k+2—-j))+m+j)m+j—-1. (1)

Using (7) and the fact ¢4 =1 forall 1 < i < N, one can see that

N
(ki 1) (ki 2_

Y
i=1  ki>j+1 (ki +2—))!

N N
=3 bimi(@ — D@+ Y 2bmlm + )~ 1~ Rk a
i i=1
N o 2
+ ) biml( 4 m)(+m— DM — 1 = Ta— =
i=1
== 2bim\m + Hi’a =Y bimlm+ j)m+j— DA’ a
i=1 i=1

2 i
]

——me'(m—l—])(m—i—]—l)k

—_

bm'(m+])(]+m+3))»] a’ me‘(m—l—j)(m—i—]—l)kj 1&.
1 i=1

||
ol —
Mz

i

Putting this in (6), we get
N —j al —j—1
Z?bi(m+1)(m+2)Aijftz+2bim!(j+m)(2+m)ki] a
i=1 i=I
1 N . N i
= > bimlm+ )G +m+3)n7ar =Y bimlm+ j)m+j - D’ a
i=1 i=1
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N N
. . —j—1_ 1 . . —j-
+;bim!(] +m)(G+m+ D’ a+ z;m!bi(] +m+ D) +m+2)x’ a>
1= 1=
N ) N -
= bmi’a* + ) 2bimi(j + mk’ T a.
i=1 i=1
So we have

N N
1 )\ —i i
E :b,»m!(l _ w»\,’gﬂ — E mb;m\(j +m)a’ " 'a.

‘ 2 ,
i=1 i=1
It is easy to check that
2—(m+1)(m+2)#0

for all m > 0. This gives

N m(j +m) N — i1
i _ e -j—
E biri" = - ) E mb;(j + m)A; )
i=1 a(l 2 ) o

Setting j = 2 in (8), it follows from (5) that

N 2
Zb,x_,- =0.
i=1

Using iteration method in (8), we can see that

N .
S0 =0
i=1

for all j > 1. Since {A;} is a finite collection of distinct non-zero complex numbers, then

|

So, bi =0forall 1 <i < N. This contradiction shows that f is a constant or a = 0. This proof is complete. O

Moo AN

‘= IT» [I @-»r#0

)L{V e )L% 1<i<N I<k<t<N

The following Lemma has been considered in [15] by a direct calculation. Now, we prove it by the Berezin
transform.

Proposition 5 Let m > 0. Suppose f(z) = ¢*? and g(z) = B with A, B € C. Then Tyg = TyTg on Fxm if
and only if AB = 0.

Proof If AB = 0, then Tz = T¢Tg. Conversely, assume AB # 0, we will get a contradiction.
we define

1 —_
0@ = [c AR K w)Pwe P d Aw),
Then

_ 1 T 2
07 = E/Ce/‘w”wmm(z, ) Plwe 1 d A w)

m! B = _ o . w2
= / AT — g, Gw)][e™ — g (W2)le M d A(w)
lz|?" Je
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m!
- 7T|Z|2m

/ eAw+Bw{ezwewz — gm (wz)efw
C
_ 2
— gm@W)e™ + G (W) Gm (wz>}e—'“" dA(w).
Define

1 -
p(3) = fceAw””’qm(Zw)qm(wz>e—‘W'2dA<w),

note that p is polynomial in z and z. In fact, if A = 0, then

1 _ B - o m—1 k 1 (Zw)k Eleilwk e
_/eBwqm(zw)qm(wz)e aaw) =3y — | e T dAw)
7 Jc oo kb DGk — D)
k=0 (=0 Nk =Dt
N | 4~ [1(k — 1)

By a simple computation,

%f(c eAw+§weZw+wze—\w|2dA(w) — (A+D(B+2).
L Je e B, @r)e e 1 d Aw) = P A g, (A + 12); ©
1 e+, GuyeTe P dAw) = 4B+, B + [212).

Since Tyg = T T5, then f? = fg. It follows that

2
= gm(iz?)

o= 06, (10)
By (9) and (10),
[l — g (121 1[4 5] = {e“*”(“z) — PN, A+ 12P) (I
— ABH g, @B + 121 + plz, z>}.
This shows that
77 AZHBZ _ (A+D(B+2)

So we have 48 = 1. It follows from (11) that
—qm(|2?)et P = { — P quzA + 121" — ¢ @B + |217) + p(z, Z)}.

Now, we set AB # 0, then {eA7+B% ¢AZ ¢BZ 1} is linearly independent over the polynomials. This implies
that ¢, (|z|?) = 0, which contradicts the fact that

gn(Iz1) >0

for m > 0. We thus have AB = 0. This complete the proof. O
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Remark 6 Let D be the set of all finite linear combinations of kernel function of the Fock space. In fact, we can
rewrite | K, (z, w)|?|w]?" by

(mh? .

K@ )Pl = o le™ — an( 1

Then we can almost get the form of f?? by the property of the reproducing kernel of the Fock space if f, g € D;.
So the above Proposition also holds if f, g € D;.

Recall that
D=DU{f(x)=ce”+b:abceClU{f(z)=az+b:a,beC}.

Next, we will consider the semi-commuting Toeplitz operator with the ®—symbol on F>.
Theorem 7 Suppose that m is a positive integer and f, g € ©. Then the following statements are equivalent.
(a) Z—ZT§ = ng.
(b) fg=rg
(c) Atleast one of f and g is a constant.
Proof Suppose f and g are functions in ©. It is easy to check that 737 # 7,73. Using Theorem 2, Proposition 4
and 5, we have
ng—Tng:O, f,gedD
if and only if one of f and g is a constant function if and only if f? = fg. O
Let N denote the set of integer. We say that a € 2Nmi means that a = 2ni for any integer n. By the proof of

the main result, we can see that ¢?? = 1, if (Teaz, T 5] = 0 on Fock space. So, we can provide a simpler proof
for the main result in [2]( Theorem 1 in this paper).

Proof of Theorem 1 In fact, we only need to consider the "Step 1"( the proof of the main result in [15]). Now,
we assume f, g € €(C) and (Ty, T3] = 0. Then, by Theorem 3.5 in [2], one can see that

N M
f=2ciKeys 8= diKs,
j=1 1=1

where {a; };V: , and {b;} l"i | are finite collections of distinct complex numbers, K is the kernel of F 2, By the "Step

1" and the proof of (c) in Proposition 4(see (4)), we have e%i = 1 for each j and /. It follows that a jb_l € 2Nrmi
for each j and [. e

Conversely, if f and g satisfy the conditions in (2), then fg = fg by a straightforward calculus argument.
Thus, (a), (b) and (c) are equivalent. O

3 Open problems and Remarks

In this work, we show that (Tk,,(z,»), Tzaz] # 0 if ab # 0. The main result gives the fundamental difference
between the geometries of Fock and Fock-Sobolev space. In fact, the semi-commutativity of Toeplitz operators
with general symbols is still an open problem on the Fock and Fock-Sobolev space, so it is difficult to complete
characterize the bounded semi-commutant on Fock spaces and Fock-Sobolev spaces. Setting m # 0, we define
the symbol space A:

N
A={f@:)Y_ pi@KnG A), pi P
i=1
Since €% = (az)" K (z, a) + gm(@z), one can see that
DCcA ACA AZA.

There is a a natural problem, which arise from the main results of [2,12,15].
Problem Let m # 0, and suppose f, g € A. What is the relationship between their symbols when two Toeplitz
operators Ty and Tz commute on F™?
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