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Abstract For a finite field of odd order q, and a divisor n of q − 1, we construct families of permutation
polynomials of n terms with one fixed-point (namely zero) and remaining elements being permuted as disjoint
cycles of same length. Our polynomials will all be of same format: that is the degree, the terms are identical.
For our polynomials their compositional inverses are also polynomials in the same format and are easy to write
down. The special cases of n = 2, 3 give very simple families of permutation binomials and trinomials. For
example, in the field of 121 elements our methods provide 4080 permutation trinomials all decomposing into
three disjoint cycles of length 40 along with a unique fixed point.
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1 Introduction

Polynomials defined over finite fields which are bijective functions on that field have been an object of study
by Hermite[8] and Dickson [5] in late nineteenth century. Called permutation polynomials they have found
applications in cryptography, algebraic coding theory and in combinatorics [1,19,25,27].

Any automorphism of the multiplicative group extended to the whole field by sending 0 to 0, is given by
monomials f (x) = xk , with k coprime to the order of the multiplicative group.

These monomials along with the linear polynomials ax + b, a �= 0 are readily the easiest permutation
polynomials one can think of.

More and more families of permutation polynomials have been found by various mathematicians. Chapter 8
of the monograph by Mullen and Panerio [22] and Chapter 7 of Lidl and Niedereiter [20] and the survey article
[9] by Hou provide a wealth of information on varieties of permutation polynomials. Due to ease of applying to
electronic hardware, permutation polynomials for fields of characteristic 2 have received lot of attention. (See,
for example, [24,28,29].)

Permutation binomials with terms involving just X (q+1)/2 and X over a finite field Fq have been completely
determined. (See page 352, Theorem 7.11 in [20], for a list of normalised binomials). A result of Carlitz and
Wells [3] assures existence of permutation binomials of the form xd+1 + ax for all d|q − 1. More results on
binomial permutations are in Lappano [16], Hou and Lappano [13], Hou and Lavorante [15] and [23]. Another
survey article by Hou [12] is exclusively devoted to permutation binomials and trinomials.
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Newer construction of permutation trinomials can be found in the works of Bartoli and Timponella [2], Gupta
and Sharma [6] (in characteristic 2), Hou, [10,11], Lavorante [14], and Li, Qu and Chen [18].

However, the determination of the cycle type as a permutation for known permutation polynomials is a difficult
task. Knowing the cycle type for a permutation polynomial f (x) does not make it easy to determine the same for
c f (x) for a constant c. (Because the cycle type of composition of two permutations is tricky even when we know
it for them individually). There does not seem to be any easily discernible relationship between polynomials on
the one hand, and the cycle types of the permutations they provide on the other. Even the problem of giving a
family of polynomials all giving rise to permutations of some specific cycle type is stated to be difficult (see [4])
as recently as in the year 2022. Recent work [21] discusses a weaker notion of cycle structure, their main aim
being construction of complete permutation polynomials. Their result, for example, will not distinguish between
two permutations of 7 elements having cycle type 3+1+1+1+1 and 3+3+1 respectively. Otherwise literature
on this question is very limited. In this paper we report our findings on constructing families of permutation
polynomials which are simultaneously simple as polynomials (binomial, trinomial etc) and have uncomplicated
cycle type.

For all the polynomials that we constructed the inverse polynomials also turn out to be in the same format,
i.e., having the same degree, same terms and natural choice of coefficients.

At the outset we would like to mention that all the permutation polynomials constructed in this paper fall under
the category of cyclotomic mappings. (See [26]). However, our proofs make no use of results from cyclotomic
mappings.

The following elementary fact which is easy to prove will be repeatedly used:

Lemma 1.1 Let R be a commutative ring with unity. Assume the group of units of R has a finite subgroup U,
say, of order M. Let u ∈ U, be an element of order m, and let d = M/m. Then, (i) the function f : U → U
defined as f (x) = ux is a permutation of U, (ii) f (x) takes each coset of the cyclic subgroup generated by u in
U to itself and (iii) the cycle type of the permutation given by f (x) on U is

m + m + · · · + m
︸ ︷︷ ︸

d terms

Note: In future we will use the simpler notation md , to indicate the occurrence of d disjoint cycles of length
m.

Before giving a description of our work we need to set up our notations.

Notations and Conventions:

q: Power of an odd prime
Fq : Finite field of order q
g: A generator of F∗

q
m, d: Pair of integers factorizing q − 1 as q − 1 = md
ϕ: Euler totient function
H0: The subgroup of F∗

q of order m (and hence index d)
Hi : Coset of H0 by gi , i = 0, 1, . . . , d − 1

By the order of a (non-zero) element, we always mean the order as an element of the multiplicative group of
the field.

Note that our definition of m, d allows us to express any element of F∗
q uniquely as gi+d j for i = 0, 1, . . . , d−1

and j = 0, 1, . . . , m − 1.

2 Main results

With all the notations set up we are now ready to state our results. The first result constructs permutation
polynomials of n terms, for n|(q − 1).

Theorem 2.1 Let n > 1 be a positive integer. Consider any finite field Fq with q ≡ 1 (mod n) and let ζ =
g(q−1)/n, an element of order n. We assume d to be a multiple of n and ϕ(m) ≥ n. For any n elements
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u0, u1, . . . , un−1 from F∗
q all of the same order m, we define a new set of n elements at ∈ Fq , t = 0, 1, 2, . . . , n−1,

by the follwoing Vandermonde linear transformation:

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

an−1
an−2
an−3

...

a1
a0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 1

n

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 ζ ζ 2 · · · ζ n−2 ζ n−1

1 ζ 2 ζ 4 · · · ζ 2(n−2) ζ 2(n−1)

1 ζ 3 ζ 6 · · · ζ 3(n−2) ζ 3(n−1)

...
...

... · · · ...
...

1 ζ n−1 ζ 2(n−1) · · · ζ (n−1)(n−2) ζ (n−1)(n−1)

1 1 1 · · · 1 1

⎞

⎟
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⎟

⎟

⎟
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⎟

⎠

⎛
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⎜

⎜

⎜

⎜

⎝

u0
u1
u2

...

un−2
un−1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(1)

Then the polynomial,

f (x) = x
n−1
∑

t=0

at x
t (q−1)/n

(i) is a permutation polynomial on Fq .
(ii) the permutation has cycle type 1 + md.

(iii) the permutation inverse to this is also given by a polynomial of again n terms involving the same powers
of x as f (x). Its coefficients are determined by another Vandermonde transformation (1) obtained from the
above by replacing ui , 0 ≤ i ≤ n − 1 with its inverse in F∗

q .

Proof Before going to the proof we first note, for future use, that the at ’s are defined in terms of ut ’s with
Vandermonde matrix. The inverse for this matrix is well-known, allowing us to express u’s in terms of a’s as
below:

ur =
n−1
∑

t=0

atζ
r t (2)

Now we get on to the proof. As f (x) maps zero to zero we only need to analyze what it does to nonzero
elements. The nonzero elements are given as gi+d j with i = 0, 1, . . . , d−1, j = 0, 1, . . . , m−1. Our hypothesis
has n as a divisor of d. To evaluate f (x) at gi+d j we express i as i = nk + r, 0 ≤ r < n, for some k.

f (gnk+r+d j ) = gnk+r+d j
n−1
∑

t=0

at
(

gnk+r+d j )t (q−1)/n

= gnk+r+d j
n−1
∑

t=0

at
(

ζ (nk+r+d j)t)

= gnk+r+d j
n−1
∑

t=0

atζ
r t

= ur gnk+r+d j by using Eq. (2)

So the polynomial f (x) represents the function admitting the description below:

f (gi+d j ) = ur gi+d j .

(Note that as per our notation the subscript r above is the least non-negative integer obtained from i by going
modulo n.) Now it is clear that f (x) is a permutation polynomials and its cycle type can be deduced from
Lemma 1.1 to be 1 + md . 	


Now we state a variation, with the same notation, of the above theorem with u’s of different multiplicative
orders.

Theorem 2.2 For any n elements u0, u1, . . . un−1 from F∗
q , not all the same, with ui of order mi dividing m,

write ni = m
mi

, 0 ≤ i ≤ n − 1. The polynomial f (x) given in Theorem (2.1)

(i) is a permutation polynomial on Fq .

123



1688 Anitha G., P. Vanchinathan

(ii) the permutation has cycle type

1 + mdn0/n
0 + mdn1/n

1 + mdn2/n
2 + · · ·

(iii) its inverse permutation is also a polynomial of n terms involving the same powers of x as f (x). Its coefficients
are determined from the system (1) modified by replacing ui ’s with their inverses.

The proof for Theorem 2.1 given above works for this case too without any change, except for the statement
about cycle type. The mildly more complicated cycle type is a consequence of ui ’s being of different orders now
and not difficult to see, and so the details of the proof are omitted.

Now we want to state two important special cases of Theorem 2.2 where we get permutation binomials and
trinomials respectively. There the structure of polynomial is very simple and more transparent.

Theorem 2.3 (Special case n = 2) Under the notation of the Introduction, with the restriction of d being even,
choose two distinct elements u, v from the subgroup H0. Let their orders be m0 and m1 respectively, write
ni = m/mi , i = 0, 1. The binomial

f (x) = ax (q+1)/2 + bx

where a = (v − u)/2 and b = (u + v)/2

(i) is a permution binomial on Fq .

(ii) the permutation has cycle type 1 + mdn0/2
0 + mdn1/2

1
(iii) the inverse of this permutation is also a binomial given by

f −1(x) = a′x (q+1)/2 + b′x

where a′ = (v−1 − u−1)/2 and b′ = (u−1 + v−1)/2.

Theorem 2.4 (Special case n = 3) Let q ≡ 1 (mod 3) and ζ be an element of order 3 in the multiplicative
group of the field of q elements. Consider the positive integers m, d such that d ≡ 0 (mod 3), q − 1 = md. For
any three elements u, v, w ∈ F∗

q whose orders are m0,m1 and m2 respectively, write ni = m
mi

, i = 0, 1, 2.
The trinomial

f (x) = ax (2q+1)/3 + bx (q+2)/3 + cx

where a = (u + vζ + wζ 2)/3, b = (u + vζ 2 + wζ)/3 and c = (u + v + w)/3

(i) is a permution trinomial on Fq
(ii) the permutation has cycle type

1 + mdn0/3
0 + mdn1/3 + mdn2/3

2

(iii) its inverse permutation also trinomial given by

f −1(x) = a′x (2q+1)/3 + b′x (q+2)/3 + c′x

where a′ = (u−1 + v−1ζ + w−1ζ 2)/3 , b′ = (u−1 + v−1ζ 2 + w−1ζ )/3 and c′ = (u−1 + v−1 + w−1)/3.

Remark 1 In [23] authors construct binomials where the coefficients are in similar format as (v − u)/2 and (v +
u)/2. There the condition is simply that these u, v be both squares or both non-squares. Here we have additional
constraints that both be of same order. But we reap the benefit of being able to say that these constructions
provide permutations of specific cycle type.

Remark 2 This method shows, for any divisor m of q − 1, that there exist a family of (at least) ϕ(m)(ϕ(m) − 1)

binomials of degree (q + 1)/2 of cycle type 1 + md when d = (q − 1)/m is even. To compute the number of
trinomials for the case of q = 112 = 121, and the factorization q − 1 = 40 × 3: we have ϕ(40) = 16 elements
of order 40 from which we select 3 (at least 2 of them distinct) and permute them. This number is calculated to
be 16!/(16 − 3)! + 16 ∗ 15 ∗ 3 = 4080. These 4080 polynomials not only of the same cycle type they are in the
format: aX81 + bX41 + cX . (More of this kind of data is computed and tabulated at the end of the paper).
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While Theorem 2.1 constructs polynomials of n terms based on a choice of n elements we now present a
new kind based on choice of just 2 elements. For this we take a factorization q − 1 = md, (q, as usual, is the
order of our finite field assumed odd) with d > 2, and construct a polynomial of d + 1 terms where only two
coefficients are distinct. More precisely:

Theorem 2.5 For two distinct elements u, v ∈ F∗
q , both of the same order m define and a = u−v

d . Then the
polynomial

f (x) = a
d−1
∑

i=0

xim+1 + vx

is a permutation polynomial giving a permutation of cycle type 1 + md.

Proof Since given polynomial takes the value zero at zero, enough to show f (x) permutes all non-zero elements
which is shown by considering two cases: Let b ∈ F∗

q .
Case: b ∈ H0

f (b) = a(b + bm+1 + b2m+1 + · · · + b(d−1)m+1) + vb

= ab(1 + bm + · · · + b(d−1)m) + vb

= abd + vb (since bm = 1.)

= ub (substituting value of a.)

Case: b /∈ H0

f (b) = a(b + bm+1 + b2m+1 + · · · + b(d−1)m+1) + vb

= ab(1 + bm + · · · + b(d−1)m) + vb

= vb (since 1 + bm + · · · + b(d−1)m = 0)

this completes the proof for the fact that f (x) is a permutation polynomial; the cycle type is deduced by again
appealing to Lemma 1.1. The statement about the compositonal inverse of this polynomial is also proved by
arguments used earlier. 	

Example We tabulate below, for the finite field of 121 = 112 elements, the count of binomials and trinomials we
were able to construct having specific cycle type. Each row of the table corresponds to a choice of factorization
of 120= m × d leading to a specific conjugacy class of permutations.

Polynomial type m d Cycle type Count

aX61 + bX 3 40 1 + 340 2
4 30 1 + 430 2
5 24 1 + 524 12
6 20 1 + 620 2
10 12 1 + 1012 12
12 10 1 + 1210 12
15 8 1 + 158 56
20 6 1 + 206 56
30 4 1 + 304 56
60 2 1 + 602 240

aX81 + bX41 + cX 5 24 1 + 524 60
10 12 1 + 1012 60
8 15 1 + 815 60
20 6 1 + 206 504
40 3 1 + 403 4080
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