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Abstract In this article, we study the boundedness of generalized one-sided maximal function, /\/lz,r on one-
sided weighted like Morrey space, Mpfa for a pair of weights (u, v). We also discuss the Fefferman-Stein’s type
weighted inequalities for generalized one-sided maximal function on the same space. Finally, as a corollary, we
obtain the Fefferman-Stein’s type inequalities for generalized one-sided maximal function on one-sided weighted

like Morrey space for a pair of weights.
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1 Introduction

Let B, = B(0, r) be the ball in R" centered at the origin and radius r. For f € L }OC (R™), the classical Hardy-
Littlewood maximal function is defined as

1
M f(x) = sup —/ lf()ldy, x € R"
xeQ |Q| (0]
where the supremum is taken over all cubes Q having x inside and sides are parallel to the co-ordinate axes.
In R, the classical Hardy-Littlewood maximal function is defined as

x+h

1
M f(x) = sup — lf(M)ldy, x € R.
h>0 2h x—h

Considering the forward interval [x, x + &), we can define the one-sided forward Hardy-Littlewood maximal
function as

N 1 x+h
M f(x):ZHPOZ/ [f(Mldy, x € R.
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Two weighted norm inequalities for generalized one-sided... 1715

Similarly, by considering the backward interval [x — /, x) in the above definition we can define the one-sided
backward Hardy-Littlewood maximal function as

1 X
MTfx) = SUPZ/ , lfWldy, x € R.

h>0

Let g be a positive locally integrable function on R. For f € L}Oc,g(R) where L}(}c’g(R) = {f R — R / I flg
K

dx < 00,YK compact set in R} and xo € R, the generalized one-sided maximal function is defined as

x+h
(/ O] g(y)dy) .

Similarly, replacing the forward interval with the backward interval [x — &, x) in the above definition we get the
generalized one-sided backward maximal function, defined as

X —1 X
M; (F)(x) = sup ( / g(y)dy) ( | s g(y)dy) .
h>0 x—h x—h

One-sided maximal function plays an important role in ergodic theory. The weighted theory for one-sided maximal
function was first studied by E. Sawyer [11]. Following Sawyer’s work there were significant developments in
the field of one-sided function [5,6,15]. In case of one-sided maximal function the problem is yet to be solved
for R", n > 3. The aim of this article is to study the boundedness of generalized one-sided maximal function on
one-sided weighted like Morrey space.

The idea of Morrey space was first introduced by C.B.Morrey [7] in 1938 to investigate the local behaviour
of solutions to the second order elliptic Partial Differential Equations. A function ¢ is said to be in Morrey space
MP* for 1 < p < ooift is measurable and 7 satisfies

-1

x+h
ME(f)(x) = sup (f g(y)dy>

h>0

1/p

Il prpe = (Sup r‘k"[ ltIP dy) < 00,
xeR" B(x,r)

where 0 < o < n. For o = n, Morrey space coincides with the Lebesgue space. For a weight function w on R”,

the weighted Morrey space M} is defined as the set of all measurable functions ¢ such that

1 ) 1/p
[t 1,7 = su < /|t(x)| w(x)dx) < 00,
it = P \wB)

where 0 < o < land 1 < p < oo. Shi and Fu [13] introduced one-sided weighted like Morrey spaces and
Camponato spaces in order to study the boundedness of one-sided Hardy-Littlewood maximal function on one-
sided weighted like Morrey space. For 1 < p < oo, the one-sided weighted like Morrey space is defined as the
set of all locally integrable functions ¢ such that

1 1 xo+h 1/p
t =supsup — [ ———— t(y)|P d < 0.
| ”M;{a XOph>I()) h* <w(x0 — h, xp) /xo ol y)

Wang [14] studied the vector-valued inequalities for the maximal function as well as the weighted maximal
function on weighted Morrey spaces. Recently, Duoandikoetxea and Rosenthal [2] proved that the Muckenhoupt
type condition is necessary and sufficient for the boundedness of the maximal function on weighted local Morrey
space.

The boundedness of generalized one-sided maximal function for a pair of weights is not yet studied on
one-sided weighted like Morrey space which motivate us to study boundedness of this type of function. At the
end of this article, we prove Fefferman-Stein’s type weighted inequalities for generalized one-sided maximal
function on one-sided weighted like Morrey space for a pair of weights.

Throughout this article, for a positive and locally integrable function u, u(F) represents the integral

u(x)dx, where F is any measurable set, C denotes an independent positive constant not necessarily same at
F
each occurance. For i, A > 0and xg € R, we denote I —, I, I, A1 as (xo — h, xo), (xo, X0 +h), (xo —h, xo+h)

and (xq, xo + Ah) respectively.
We organize the article as follows. In Section 2, we discuss some existing definitions, lemmas and theorems.
In Section 3, we state and prove our main results.
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1716 J. Barman, R. Haloi

2 Preliminaries

In this section we recall some basic definitions and results which are used in subsequent sections.

In 1970, Muckenhoupt [8] introduced A, weight class to characterize the weight u for which the classical
Hardy-Littlewood maximal function is bounded on weighted Lebesgue space. As an extension, Sawyer [11]
introduced A7 weight class to show the boundedness of one-sided Hardy-Littlewood maximal function on
weighted Lebesgue space.

Definition 2.1 Let u be a non-negative locally integrable function on R". Then

(i) u is said to be in A}, weight class if there exists a constant C > 0 such that

(Lf u(x)dx) (L/ u(x)_l/"’_ldx)p_1 <C;l<p<o0
101 Jo 101 Jo -

for all cubes Q with sides parallel to the co-ordinate axes.
And u is said to satisfy A condition if

Mu(x) < Cu(x) ae.

(i1) u is said to be in A;r weight class if for all xp € R and & > O there exists a constant C > 0 such that

1 X0 1 xo+h p—1
(—/ u(x)dx) (—/ u(x)_l/p_ldx> <C;1<p<oo,VxgeR.
h xo—h h X0

And the weight u is said to satisfy AT condition if
M u(x) < Cu(x) ae.

(iii) u is said to be in A; weight class if for all xg € R and /2 > 0 there exists a constant C > 0 such that

1 [Xo+h 1 [¥o p—1
(—/ u(x)dx) (—/ u(x)l/pldx> <C;1<p<oo.
h X0 h xo—h

And the weight u is said to satisfy A|" condition if
MTu(x) < Cu(x) ae.
Muckenhoupt [8] proved the following inequalities for the classical Hardy-Littlewood maximal function.

Theorem 2.1 [8, Theorem 2] Let f € S(R") and 1 < p < oo. Then
(1) the weighted strong (p, p) inequality holds

1/p 1/p
(/ ./\/lf(x)pu(x)dx> <C (/ f(x)pu(x)dx>
R7 R7

ifand only if u(x) € Ap.
(ii) for p =1, the weighted weak (1, 1) inequality holds

C
u(x : MfF) >a)) < o (VAP

if and only if u(x) € Aj.
Here S(R™) denotes the space of Schwartz class functions on R".
Sawyer [11] proved the following boundedness result for the one-sided maximal function.

Theorem 2.2 [11, Theorem 1] Let 1 < p < o0. Then the following weighted inequality holds

1/p 1/p
( [ ) (x)f’u(x)dx) <c ( / If(x)l”u(x)dx)
R R

if and only if u(x) € AT, where C is a non-zero positive constant.
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Definition 2.2 Let « and v be two positive locally integrable functions on R”. Then

(i) the pair (u, v) is said to satisfy A, condition if there exists a constant C > 0 such that

(1/ ()d)(lf (x)~/P=1g )pl<c1 0
—_— ux X —_— V(X X 5 < < .
101 /o 101 Jo = P

for all cubes Q in R”".
And (u, v) is said to satisfy A condition if there exists a constant C > 0 such that

Mu(x) < Cv(x) a.e.

(i1) the pair (u, v) is said to satisfy A;; condition if there exists a constant C > 0 such that

1 X0 1 xo+h p—1
<—/ u(x)dx> (—/ v(x)_l/p_ldx) <C;1<p<oo.
h xo—h h X0

And (u, v) is said to satisfy Af condition if there exists a constant C > 0 such that
M u(x) < Cv(x) ae.

(iii) the pair (u, v) is said to satisfy A, condition if there exists a constant C > 0 such that

1 xo+h 1 X0 p—1
<—/ u(x)dx) (—/ v(x)l/pldx) <C;1l<p<oo.
h X0 h xo—h

And (u, v) is said to satisfy A| condition if there exists a constant C > 0 such that
MTu(x) < Co(x) ae.

Muckenhoupt [9] proved the following boundedness result for the classical Hardy-Littlewood maximal
function in case of pair weights.

Theorem 2.3 [9, Theorem 1] Given a pair of weights (u, v) and for 1 < p < oo, A > 0 the following statements
are equivalent

(i) the strong (p, p) inequality

1/p 1/p
< /R IMf(x)Ié’u(x)dx) <c ( fR If(x)lé’v(x)dx)
holds if (u,v) € Ap.

(i1) the weak (p, p) inequality

u ({x eR" . Mf(x) > A}) < £f | f ()P v(x)dx
w0 S

holds if and only if (u,v) € Ap.

Martin-Reyes et al. [5] introduced two new weight classes A?,‘ (g)and S;‘ (g) in order to study the boundedness
of generalized one-sided maximal function MZ,L on weighted Lebesgue space.

Definition 2.3 Let u be a non-negative locally integrable function on R” . Then

(1) u satisfies A;,L(g) condition if there exists a constant C>0 such that </ Lt()g)d)g)(/+ gf (u™? /p
- I

p—1 p
(x)dx) <C <f g(x)dx) i p > 1, p/ is the conjugate of p.
1

And u satisfies AT (g) condition if the following inequality holds

M <§> (x)<C <§> (x) a.e.
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1718 J. Barman, R. Haloi

(ii) u satisfies A} (g) condition if there exists a constant C > 0 such that (/ u(x)dx)(/ g? (u~r/r
I+ I-

p—1 p
(x)dx) <C <f g(x)dx) i p > 1, p/ is the conjugate of p.
1

And u satisfies A| (g) condition if the following inequality holds

M <5> W =C <5> () ace.
g g

Definition 2.4 Let (u, v) be a pair of weightson R, 1 < p < o0, p/ is the conjugate of p. Then

(1) (u, v) is said to satisfy A;(g) condition if there exists a constant C > 0 such that

’ ’ p—1 p
(f u(x)dx) </ g (x)v7? /p(x)dx) §C</ g(x)dx) .
- I+ 1

And the pair (u, v) is said to satisfy Af(g) condition if

M; <§) (x)<C (g) (x) ae.

(i1) (u, v) is said to satisfy AL (8) condition if there exists a constant C > 0 such that

/ ’ [)—l p
(/ u(x)dx) (f g? (7P /”(x)dx) < C(/ g(x)dx) .
It - 1

And the pair (u, v) is said to satisfy A (g) condition if

M <5> W <C (3> () ae.
g g

Martin-Reyes et.al [5] proved the boundedness of generalized one-sided maximal function in case of a pair
of weights. They proved that A;,r (g) condition is necessary and sufficient for weak (p, p) estimate of generalized
one-sided maximal function for a pair of weights but the condition is not sufficient for strong (p, p) estimate
of generalized one-sided maximal function with different weights. For this reason they introduced a new weight
class S;‘ (g) in order to study strong (p, p) estimate of generalized one-sided maximal function for a pair of

weights and proved that S;‘ (g) condition is necessary and sufficient for strong (p, p) estimate of generalized
one-sided maximal function.

Definition 2.5 A pair of weight (u, v) is said to satisfy S;’ (g) condition if there exists a constant C > 0 such

/ ’ p ’ / ,
that/ (/\/t; (X,gp /P (x)yv~P /p(x)) (x)> u(x)dx < cf g (X)v~ P /P(x)dx < oo, p' is the conjugate of
1 1

Theorem 2.4 [5, Theorem 1] M; is of weak type (p, p), | < p < oo with respect to the measures vdx and
udx if and only if the pair (u, v) satisfies A;;(g) condition.

Theorem 2.5 [5, Theorem 2] M; is of strong type (p, p), p > 1 from LP(v) to L?(u) if and only if (u, v)
satisfies S;," (g) condition.

Theorem 2.6 [5, Theorem 3] Foru = vand p > 1, A;,r(g) and SI',Ir (g) are equivalent conditions.

Theorem 2.7 [5, Theorem 7] If f € L?(u) then M;f is bounded operator from LP (u) to itself i.e.

[Mir] = CUflwi 1 < p <o

LP (u)

if and only if u € Af (g).
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Definition 2.6 Let | < p < ocoand —1/p < o < 1. A locally integrable function f is said to belong to
Camponato space C”*(R) if

||f||cp.a(]R) = sup ||f||c1w(1)
1

1/p
=S |1|“(|1|/'f f"pdx) =%

where f; = <|1|) / f(x)dx, I denotes an interval contained in R and |/| is the Lebesgue measure of 1.

Definition 2.7 Let 1 < p < ocand —1/p < a < 1. A locally integrable function f is said to be in one-sided
weighted Camponato space C ;a(w) if

1 1 xo+h » 1/p
= sup su _ — d < 00,
Il ey = OP >I(>) e <w(xO "o )y, |f ) = foomoth] y)

X0
where w(xg — h, xg9) = / w(x)dx, xg € R.
xo—h
Definition 2.8 Let —1/p <o <0Oand 1 < p < oo. The one-sided weighted Morrey space M;fa (w) is defined
by the norm

A1 : - /XO h|f( ks v
= supsup — d < 0.
Mp.o(w) = x0 h=>0 h* w(xo h, xo) Y Y

It shows that M;"a (w)y < C ;a (w) in the sense that the following is true

1 x0+h

1/p
1
”f”C;a(w) Csuph < |f(y)—a|pdy> ,Va e R, a < 0.

Theorem 2.8 [13, Theorem 7(a)] Let —1/p < a < 0 and w € A;. Then there exists a constant C > 0 such
that the following inequality holds

w(xg — h, x0)

M aty = C Nl

forl <p<1/1+a.

Lemma 2.9 [3, Lemma 2] Let p > 1 and f, u be two non-negative locally integrable functions on R". If
f € LP(Mu) then there exists a constant Cgg > 0 for which the following inequality holds

IMfllLrw < Crs 1 flLepmu -

1/p 1/p
(/ Mf(x)”u(x)dx) SCFS(/ f(x)p/\/lu(x)dx> .
R» R

Lemma 2.10 [3, Lemma 1] Let f and u be two non-negative real valued functions on R" and r > 1. Then there
exists a constant C, > O such that

In other words,

Mf(x) ux)dx < C, / ) Mu(x)dx.
R7 Rr

Lemma 2.9 has a wide application in A, weight theory. It was first studied by Fefferman and Stein known
as Fefferman-Stein’s weighted inequality. Shrivastava [12] proved the Fefferman-Stein’s weighted inequality
for one-sided maximal function on weighted Lebesgue space then extended the result as an analogue in vector
valued set up. Recently, lida and Nakamura [4] introduced the necessary and sufficient condition for existence of
Fefferman-Stein’s type inequality in Morrey space. After Shrivastava the extended version of Fefferman-Stein’s
weighted inequality for generalized one-sided maximal function on weighted Lebesgue space was studied by
Chutia and Haloi [1]. Peréz [10] extended Lemma 2.10. to vector valued setting and pointed out that /,-valued
extension of this lemma is not valid. We also obtain same version of Fefferman-Stein’s type inequalities that
extends the existing results.
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3 Main Result

In this section we prove the main result of the article and begin with following.

Assumption 3.1 If | < p <00, —1/p <a < O0and (u,v) € A;r(g) then there exists a constant C > 0 such
that

xo+h xo+h
/ v(x)dx < C/ u(x)dx
X

0o—h X0

for any positive locally integrable function g.

Lemma 3.2 Ler (u,v) € A;‘(g) for p > 1. If g((AI))? </ v(x)g(x)_pdx> < u(l) then u((A1)™) <
CAPu(l) for A > 0, where C depends on h. M

Proof Using Holder’s inequality, 1 /p+1/ p, = 1 and then applying A['*,‘(g) condition for a pair of weights (u, v)
we have
<|1| / If(x)ldx> = <|1| / |f @) Pg)vn) ™ Pg ()™ ldx)

! / p/p
I
p—1
B <I%I/ u(x)dx> <|}| /g(x)” ()~ ”/de)

P P
(u(l - [ 1@ vweem- dx)
e g(x)dx) (s [ 17 vwse rax).
I u(l=) Ji
Now, putting A7 in place of I and y; in place of f and applying the given condition we get
! ! : 1 P -p
(m y |X1(x)|dx> <C </“g(x)dx) X (m y Ix1(o)1” v(x)g(x) dx)
1 P b 1 —p
RVIE </u dx) = (/M ¢ Wx) : <u<<u>> L s dx)
P
< u((AM)7)<CAP (/ g(x)dx) X (/ v(x)g(x)_pdx)
by by

— CAP(g(D)” ( / v(x)g(x)f’dx)
Al
< CAPu(l)

Thus we get the desired result. O

Theorem 3.3 Let1 < p <oo, —1/p <a <O0.If(u,v) € A;r(g) then there exists a constant C > 0 such that

M = M s

Proof We shall decompose f into two different functions and then estimate them separately. We decompose f
as

f:fA+fB :fXZI +fx(2[)c-

@ Springer



Two weighted norm inequalities for generalized one-sided... 1721

Now,

x0+h

1/
ol o= G [ oG] ax)

x0+h p 1/p
- ME(fa + F) ) dx)

u(xo — h, xg)

IA

1

i (e

1

- (i

1 x0+h . . ) 1/p
h_<u(x0—h xo)/ Mg fA)(X)-I-(./\/lg fB)(X)) dx)

1

i (e

xo+h N p I/p
u(xo_h o / M ) dx)

IA

xo+h N 1/p
+ he <u(x0 — h, xg) / ‘(M fB)(x)‘ dx>

=I1+11I.

Applying Assumption 3.1,

1 xo+h 1/p
T (u(xo — h, x0) / ‘(MJFfA)(x)‘ dx)
1 xo+h N 1/p
= he <u(xo — I, x0) / ‘(M f)(x)) dx)
C xo+2h 1/p
_ Cy (v(xo — 2h, x0) 1/1’ 1 xo+2h , 1/p
- h_(u(_xo—h X()) ) <U(x()—2h,x0) . |f(~x)| dx)
C 1 xo+2h 1/p
— p
= e <U(xo—2h x0) Jxo /@)l dx)

Using Lemma 3.2 and condition —1/p < o < 0 we have

1 xXo+h 1/p
= he (u(xo — h, xq) / ‘(MJrfB)(x)‘ dx)
1 xXo+h N 1/p
he (u(xo — h, xq) / )(M f)(x)‘ dx)

1 1 l/p o0 1 x0+2’+1h 1/1’
<—|— = | f()IP dx
o (M(XO - h,xo)) ; 2! /xo—Zh

IA

00 1/p xo+h 1/p
1 —h, 1 1 0
< Z <U(X0 x())) x — (_/ |f(x)|17 dx>
= 20(1/p —a — 1) \u(xo — h, xo) h* \v(xo — h, x0) Jy,
<C ”f”M:,r_a(v)
Therefore, combining the estimates of / and /1 we get the desired result. O

Next we proof some Fefferman-Stein’s type inequalities for generalized one-sided maximal function on
one-sided weighted like Morrey space for a pair of weights.
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Theorem 3.4 Forl < p < oo. Letu, vand g be three positive locally integrable functions. If g is a monotonically
decreasing function and u € A‘f (g) then there exists a constant Crg > 0 such that

M1

< _
M;a(u) - CFS ”f”M;rot(Mg v/8)g) "

Proof 1Tt is sufficient to prove the following inequality,

1 1 xo+h 1/p
1 <— (M| dx>

h® \u(xo — h, x0) Jy,

1 1 xo+h v
<Crs— / | )P dx .
B h \ Mg (3)(x0 = h, x0)8 Jxo

‘We have,

1 1 xo-+h N p I/p
he (u(xo — h, xg) /xo ‘(Mg f)(x)‘ dx)

M3 () (xo — h, x0) Xt e
1 ( g )Xo X0)8 /0 ‘(M;f)(x)‘de>

~ 1\ — hx0) Mg (5o — hoxo)g s

(Mg (Do —hoxo)g) " 1 wihy oy AP
_ ﬁ< o ) SV ey / (M| dx

1 Mg (5o —hxo)g\ 7 | xoth 1/p
< = f )17 dx

he u(xo — h, xo) My (3)(xo — h.x0)g Jx

1 1 xo+h S\
< Crs [ — [ ireorar)
he \ Mg (9o — hoxo)g

O

Theorem 3.5 For 1 < p < oco. Let u, v and g be three positive locally integrable functions. If g be a monoton-
ically decreasing function and u € A\ (g) then there exists a constant Crs > 0 such that

[MEr] = Crslf g

M} o (u) ha(ME/)8)

Proof 1t is sufficient to prove the following inequality,

1 1 xo+h N p 1/p
he (u(xo — h, xo) /xo ‘(Mg f)(x)‘ dx>

1 1 xo+h by lp
< Crso / IFolPdx)
P\ MES) o — hxog L
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‘We have,

1 1 xo+h N » 1/p
he (u(xo — h, x0) /xo ‘(Mg f)(x)‘ dx)

. 1 M;(g)(X() — ]’l, xo)g /Xo+h
T e u(xog — h, xo)./\/l;(g)(xo —h,x0)8 Jxo

M) (xo — h, x0) 1/p xo-+h I/p
L B A R — ! /0 ‘(M;f)(x)(pdx
h“ u(xo — h, xo) M (5)(x0 = h, x0)g Jxo

1 MEE o —hxo)g\ 7 | xoth 1/p
= e 3 f | (0)IP dx
he u(xg — h, xo) Mg (D)(xo = h, x0)g Jxy

(M| dx> N

1 1 xo+h ) Ip
=Crso5 / If)Pdx) .
PR \ MG (D0 — i x0)g Jro

O

Theorem 3.6 Forl < p < oo. Letu, vand g be three positive locally integrable functions. If g is a monotonically
decreasing function and (u, v) € Af(g) then there exists a constant Cgg > 0 such that

JF
HMg f ”M;a(v) = Crs g, oM; /09 -

Proof 1t is sufficient to prove the following inequality,

1 1 Xo+h N p I/p
he (v(xo — h, x0) /xO |(Mé’ f)(x)‘ dx)

1 1 xo+h ) I/p
<Crsio | == / lfo)lPdx) .
P \ Mg (Do — i x0)g o

We have,

1 1 xo+h . » 1/p
i (i [, 0o ar)

1 M;(%)(XO —h,x0)g Xo+h N ) 1/p
T h d
h (v(xo—h,xo)Mg(g)(xo_h,xo)g /XO ‘(Mg f)(x)‘ x

1 (Mg (90— hxo)g\ " ] roth N
= — M+ d
h* ( v(xg — h, xo) ) Mg(g)(xo—h,xo)g /};0 ‘( gf)(x)‘ X

1 Mg (o —hxo)g\ 7 | xo+h 1p
= — f | f ()P dx
he v(xg — h, x0) My (g)(xo—h,xo)g 0

1 1 xo+h ) 1/p
=Crsia | o / fo)lPdx ) .
P \ Mg (D0 — i x0)g o

O
Theorem 3.7 Forl < p < oo. Letu, vand g be three positive locally integrable functions. If g is a monotonically

decreasing function and (u, v) € A (g) then there exists a constant Crs > 0 such that

+
”Mg f”M;a(v) = Crs g oM /e -
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Proof It is sufficient to prove the following inequality,

1 1 xo+h N p /p
he (v(xo — h, xp) /xo ‘(Mg f)(x)‘ dx)

1 1 xo-+h v
< Cps— Pd .
= Fsha M;(?)(X‘O_h,xo)g \/xo |f(x)| X

‘We have,

1 1 xo+h N p 1/p
he <v(x0 —h,x0) Jx, ‘(Mg f)(x)‘ dx>

1 ( M;(g)(xo —h, X())g /W-&-h

1/p
- n p
~ h* \v(xo — h. xo)M;(g)(xo —h,x0)g ‘(Mg f)(X)‘ dx)

X0
1Mo —hxo)g\ " I /X‘)*” Dl a v
- X X
h* v(xo — h, x0) M;(g)(xo —h, x0)g Jxo ¢
1 (Mg (o —h,x0)g r 1 Xo+h v
= — / |fCOIP dx
h v(xg — h, x0) M (3)(x0 = h, x0)g Jxo

1 1 xo+h , 1/p
<Crs— / | f ()P dx .
S\ ME B0 o by

O

Theorem 3.8 Forl < p < oo. Letu, vand g be three positive locally integrable functions. If g is a monotonically
decreasing function and u € Ay then there exists a constant Crgs > 0 such that

M H <C .
|Mif i = P 1 gz oo

Proof 1t is sufficient to prove the following inequality,

1 1 xo+h N p 1/p
he (u(xo — h, xg) /XO ‘(Mg f)(x)‘ dx)

1 1 xo+h 1/p
<Crs— | ——F rd .
=Crsig (Mv(x() . fxo [f ()l x)

‘We have,
1 1 xo+h N p 1/p
h_“<u(xo—h,x0) o ’(Mgf)(x)‘ dx)
1 Mu(xo — h, x0) sothy o p NP
_h_“<u(xo—h,XO)Mu(XO—h,XO) X0 ’(Mg f)(X)) dx)
1 ( Mu(xo -, x0)\ /" 1 sothy o p P
[ d
h( u(xo — . x0) ) (Mu(xo—h,xo) " g ) x)
1/ xo+h 1/p
o L (Mutxo—h.x0)\ "7 ! o | £ (0P dx
~ h* \ u(xo — h, xo) Mou(xo — h, x0) Jx,

1 1 xo+h /p
<Cps—|——F"F"— Pd .
= FSha (MU(XO _ h,xo) /XO |f(x)| X)

@ Springer




Two weighted norm inequalities for generalized one-sided... 1725

Theorem 3.9 Forl < p < oo. Letu, vand g be three positive locally integrable functions. If g is a monotonically
decreasing function and (u, v) € A1(g) then there exists a constant Cps > 0 such that

+
M8 7] = €75 W D aisnorin:

Proof 1Tt is sufficient to prove the following inequality,

1 1 xo+h N p 1/p
he (v(xo — h, x0) /;0 ‘(Mg f)(x)) dx)

1 1 %o+h »
< Crs— [ irera
e \ M (D)o — k. x0)g Vs

1/p

‘We have,

1 1 xo+h N P /p
h_“<v(x0—h,x0) /xo ‘(Mgf)(x)‘ dx)

u 1/p

1 M () (xo — h, x0)8 /xo+h )
=7 MTH| dx

h* U(XO—h,xo)/\/lg(g)(xo—h,xo)g o ‘( e NI )‘

4 1/p 1/p

1 ([ Mg()(xo—h, x0)g 1 xo+h ,
Sy et _ / Mg ool dx

h v(xo — h, x0) M () (xo = h, x0)g Jy

1 Mg(H)(xo —h.x0)g e 1 Xo+h 1/p
= e ; f | (0)I7 dx

h U(xO _haxo) Mg(g)(xo—h,xo)g X0

1 1 x0+h I/p

=Crs 5 rd :
- Fsha Mg(g)(xO_h’xO)g /);0 |f(x)| X
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