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Abstract In this present paper, we consider the generalized Weinstein operator A%}a’", we introduce and study

some types of wavelet packets and the corresponding wavelet transforms. We prove for these transforms the
Plancherel formulas, the reconstruction formulas and their scale discrete scaling functions.
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1 Introduction

In this paper, we consider the generalized Weinstein operator A%“}d’” defined on
R =R? x (0, +00), by:

A% = 2 2t dn(a+n) A% 4n (o +n) 1.1
v _ZW Xat1 0xay1  x2 =%w T T2 (1.1
i=1 X; d+1 d+1 Xit+1 X7

wheren € N, o > —% and A‘;,‘[}d the classical Weinstein operator given by:

d+1

2 2a+1 3
PN = Ay + Ly. (1.2)
W ; 8xi2 Xd+1 0X441 “

Here L, is the Bessel operator for the last variable defined on (0, 400) by:

32 20+1 9 1 d ail D
Lo = 9x2 + X4 ax = Tlatl 9 Xd+1 9 :
d+1 +1 d+1 Xy, 9Xd+1 Xd+1

(See [1-3,9,10]).
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1728 H. Ben Mohamed

The generalized Weinstein kernel A 4, is the function given by:

Va, ye CH Aguan (. ) = x301 e O) joon (tag1yas). (1.3)
where x = (x, x411), x' = (x1, x2, ..., xq) and j is the normalized Bessel function of index o defined by:
(=n" £ .o
Vée C, =I(a+1 _ " 1.4
£ C, jou(§) =T(« )Z TTota D2 (1.4)
Using the Weinstein kernel Ay 4 ,, we define the Weinstein transform ﬁa‘;d’” by:
Vi e R{TL FRNHG) = f o PO Radn (o, M) (),
R+
where xﬁil fe L! (]RdJrl s Ma,d(x)) and py 4 1s the measure on ]R‘”l given by:
dpaa(x) = x721 dx. (1.5)

Very recently, many authors have investigated some type of wavelet packets associated with generalized Fourier
transforms for instance see [2,8,11-13].

The main objective of this paper is to introduce and studt three types of wavelet packets associated with
generalized Weinstein operator Ad *" The contents of the paper are as follows:

In the Sect. 2, we recapltulate some results related to the harmonic analysis associated with the generalized
Weinstein operator A%‘}d’" given by the relation (1.1).

The Sect. 3, is devoted to introduce the first type of wavelet packets associated with generalized Weinstein

operator. We give some harmonic analysis properties for it. We prove for the P-wavelet packet transform Cbi’ v

associated with Ad %" the Plancherel formula, the reconstruction formula.

In the Sect. 4, we introduce the scale discrete scaling function and we give some properties for it.

In the Sect. 5, we study the second type of wavelet packets. We prove for this transform the Plancherel
formula and the reconstruction formula.

In the Sect. 6, we introduce the S-wavelet packet, the corresponding dual S-wavelet packet and the S-wavelet
pack transforms.

2 Preliminaires

In this section, we shall collect some results and definitions from the theory of the harmonic analysis associated
with the generalized Weinstein operator A%‘}d’" defined on R’i"'l by the relation (1.1).
Notations. In what follows, we need the following notations:
o &, (]R”IJrl ), the space of % °°-functions on RIt! even with respect to the last variable.
o .7 (R¥*1) | the Schwartz space of rapidly decreasing functions on R?*!, even with respect to the last variable.
e 7,(R?*1), the space of €">-functions on R¢*+! which are of compact support, even with respect to the last
variable.
o J4,(C4t1), the space of entire functions on C?*!, even with respect to the last variable, rapidly decreasing
and of exponential type.
o .#,, the map defined by:

Ve e R{M, 4, () (0) = X710 f (), @.1)
where x = (x', xg+1) and x” = (x1, x2, ..., Xq)
° Lf;’ n (Ri‘”), 1 < p < 400, the space of measurable functions on Ri"’l such that

1
1 lanp = [futor 147 @) Pdparana()]” < +oo, i 1 < p < +oo,
I Fllanoo == ess sup |41 f ()] < +o00

xeRY d+1

where (1o 4 1S the measure given by the relation (1.5).
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Wavelet Packet analysis associated with the generalized Weinstein operator 1729

o LR :=LL (R{™). 1 < p < +o00, and || fllap = I fllev0.p-
e & +(RITYH, 2, L(R¥*1) and .7, (RIHT) repespectively stand for the subspace of & (R?*1), 2, (RY*!) and
570 (R‘“‘l) consisting of functions f such that

*f /
Vke{l,....2n—-1}, —/—x,0)= f(x,0)=0.
0xg41
Let us begin by the following result.
Lemma 2.1 (See [4]-[7])

i) The map 4y, is an isomorphism from & (RI*Y) (resp. S (R*Y)) onto &, (RIT) (resp. p (RITD)).
ii) Forall f € &(R), we have

Lon o My (f) = AMyoLaron(f), (2.2)
where 92 20+1 0 4n (o + n)
Loy = . YL T 2.3)
+1 d+1
iii) Forall f € &R, we have
A" ol () = My 0 N (f). 24)

Definition 2.1 i) The generalized Weinstein intertwining operator is the operator %ﬁ}d’" defined on &, (R?*1)
by:

1 a+2n—1
Vi e RETL 0 £ (0 = oy /O (1 - tz) L@ txagndt, 2.5)
where a,, is the constant given by the relation:
2r 1
o= —2FD_ 2.6)
ﬁl‘ (Ol + 5)
ii) The dual of the Weinstein intertwining operator is defined on Z,(R4*1) by:
+oo a+2n—1
vy e RETL AN (HG) = daran / (2 =3i) T rO s s, @7
Yd+1
Definition 2.2 The generalized Weinstein kernel Ay 4 , is the function given by:
Vi, € C Agan (v, ) = 27017 ) o0 Granyas), 238)
where x = (x', x4+1), x' = (x1, x2, ..., xq) and j, is given by the relation (1.4).
Remark 2.1 The function Ay 4., can be written in the form:
Va,ye CML A (0, y) = iy Rarana () (), 2.9)
where o
Vi, ye C Mg (6, 3) = e 0 G yasn)- (2.10)

Using the properties of the the classical Weinstein kernel Ay g4 : (A, y) = Ag.q (x, y), it is easy to see that
the generalized Weinstein kernel A, 4., has a unique extention to C?*! x C?*! and satisifies the following
properties.

Proposition 2.1 i) We have
Vax,y € R [ Agan(x, )| < x21,. @2.11)

ii) The function x +— Ag.q4.n(x,y) satisfies the differentiel equation

A% (Agan (o 9)) (0) = = V117 Agan(x, ). (2.12)
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iii) Forallx, y € CI*t1 we have

—i{x,y'}y 2n ! 2 a+2n7%
Aaton (5, 3) = aaane™ 60 [ (1= 2)77 7 cosexarryasndr, 2.13)
0

where ay is the constant given by the relation (2.6).

Definition 2.3 The generalized Weinstein transform %, %,’d’" is given for f € ]L;’ n(RiH) by:
Vi e REHL () = f oy SO B (6, W) a3, (2.14)
RJr

where /14,4 15 the measure on R‘j_‘H given by the relation (1.5).

Example 2.1 Let Y5, s > 0, n € N, be the function defined by:

2n
X x1
Vax € R s (0) = Cavond (2s Qa+4n+d+1) — ||x||2> N N (2.15)
’ ’ (25)0+2n+5+1
where C, 4 is the constant given by:
1
Cod = —— . (2.16)
Q)8 29T (@ + 1)
Then the Weinstein transform .%, S;d’" of ., is given by:
2

Vi e RYFL ZR0" (W) () = (A7 e 1M, 2.17)

Remark 2.2 Using the relations (2.9) and (2.14), the generalized Weinstein transform .7 %,’d’” can be written in
the form:
ng&(/,d,n — j‘t}t/+2n,d ° %n—1’ (218)

where .7, “,Xv’d is the classical Weinstein transform given by:
Vi e R FNH0) = / o SO Rad(x, W (x). 2.19)
R+

Some basic properties of the transform 9‘3‘,‘61’” are summarized in the following results. For the proofs, we refer
to [4-7].

Proposition 2.2 (See [4]-[7])

i) Forall f € ]Lé’n(RiH), we have

||9}%d’" () Nlanoo < N f leyn,1- (2.20)
i) Let f € L. ,(RLTY), we have
Vi e REFL Z54 (F) (0 = 255" (F) ), (2.21)
and J J
Vi e RIFL 224 (F) ) = Z3h" (f) (=0, (2.22)
where _
vie R F(x)=f(=x). (2.23)
iii) Let f € LY R If Z364" (f) € LL o, (REY), then we have
f@) = Catana /R o T O) Aadn (=3, Ndpasona(y), aex e REL - @2.24)
+

where Cy 4 is the constant given by the relation (2.16).
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Wavelet Packet analysis associated with the generalized Weinstein operator 1731

iv) The Weinstein transform ﬁ%}d,n is a topological isomorphism from y,,,*(Rd'H) onto itself and from
Dy «(RITYY onto H(CHY),

Theorem 2.1 (See [4]-[7])
i) Forall f, g € Yn,*(Rd“'l), we have the following Parseval formula:

/ @80 dpaa(0) = Ciay g f Tt (HOWFHE" (@)W dpasana (M), (2.25)
R++1 Ri+1

where Cy 4 is the constant given by the relation (2.16).
ii) (Plancherel formula).
Forall f € %,,*(]Rd"'l), we have:

2 — 2
A;Hl IO dia,a(x) = Coian g A@d“
T +

iii) (Plancherel Theorem):

The transform f;;d’" extends uniquely to an isomorphism from 1.2 (Ri“) onto ]Li 1on (]R‘j_+1 ).

2
FE )| ditasana (). (2.26)

Definition 2.4 The translation operator Tx“’d’", x € R‘fl, associated with the generalized Weinstein operator
Ao‘g}d’" is defined on gn,*(R’i‘H) by:

Vy e REF T84 £ (y) = x M TE 7 f () (2.27)

where

a T .
T () = /O f (x/ + ¥ VXd Vi T 2%y cose> (sin 0)** a0, (2.28)
x'+y =1+ y1,...,xq + yq) and a is the constant given by (2.6).
The following proposition summarizes some properties of the generalized Weinstein translation operator.
Proposition 2.3 (See [4]-[7])
i) Forall f € co@n!*(RdH) andy € Riﬂ, the function x Tf’df (y) belongs to é"n,*(RdH).
i) Let f € L}, (Riﬂ), l<p<+ocoandx e Ri“. Then T&%" f belongs to ]Lg,,,(RiH) and we have
N5 Fllanp < X3l fllanp- (2.29)
iii) The function Ay q.pn (., L), A € C4H1 | satisfies on Ri“ the following product formula:
Va,y € RO Agan (6, 2) Aayan (0, 1) = T [Ag.an ()] () . (2.30)

iv) Let f € S (R and x € Ri"’l, we have

vy e REFL N (T80 ) (0) = Mg (=5, 0) T () ). 2.31)

Definition 2.5 The generalized Weinstein convolution product of
f.g €LY, (RL) is given by :

f *an g (X) = / Ton £ (Zy) g () ditaa(y), x € BRI, 232)

Ri+l
Proposition 2.4 (See [4]-[7])

i) Let p,q,r € [1, +00] such that % + é — % = 1. Then for all f € ]Lg)n(R‘f'l) and g € Lg)n(Riﬂ), the
Sfunction f x4, 8 € IL(’X’"(R:{_'H) and we have

If *en &llanr < N flan.pllgllan.g- (2.33)
ii) Forall f, g € L, ,(RS™), f#qngeLl,(RL) and we have

Pt (f van §) = T (DT 9). (239
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3 P-wavelet packets associated with generalized Weinstein operator

In this section, we introduce the first type of wavelet packets associated with generalized Weinstein operator.

We give some harmonic analysis properties for it. More precisely, we prove for the P-wavelet packet transform

(o} II;’W associated with A‘é}a’" the Plancherel formula, Parseval formula and the reconstruction formula.

Definition 3.1 A generalized Weinstein wavelet on Ri“ is a function ¥ € ]Li (R4+1) satisfying for almost all
X € Rf’l, the condition:

0 Coz,n _ oo gra,d,n 2dt 31
<C, = A | F " () (x)] " < +00. 3.1

Example 3.1 The function v ,, s > 0, n € N, given by the relation (2.15) is a generalized Weinstein wavelet
on R‘f‘l and using the relation (2.17), we obtain

Vs >0,VneN,, C%" —L
’ o W.v,n_gs2‘

Definition 3.2 Let r > 0. We define the dilation operator Z; of a measurable function v : Ri“ — Chby:
1 X
Vx e R Dy () =90 = s V(- (3:2)

It’s obvious that these operators satisfy the following properties.

Proposition 3.1 i) Let  be a measurable function on R‘j_ﬂ, forall s, t > 0, we have
Vx € R 9,904 (x) = D (x). (3.3)
ii) Lett > 0 and  be a measurable function on R‘f‘l, we have
2 1 2
VP = sz 2 (V). (3.4)

iii) Lett > 0. For all  in L% (RI+1) the Sfunction D belongs also to LE(RI*YY and we have

L_1)Qa+d+2)-2
1Dl p = 15O (3.5)
In particular, we have
12:¥llez = ————I¥lla2, ¥ € LGR™Y. (3.6)
t 7
iv) Lett > 0. Forall ¢,V € ]Li (Ri‘“), we have
1
(DY, @lap = PTG AL Z1¢)a 2, (3.7)
where
W, $lan = fR o V©OPE ). (3.8)
+
v) Lett > QO and x € Riﬂ. We have
G T = T8 9. (3.9)
t

vi) Lett > 0 and Y € Lg,n (Ri“), p = 1,2, the function vy := Dy belongs to LZ,,, (Ri“) and we have

Vi e RIFL 2oy = ZED" (W) (1h) . (3.10)
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Wavelet Packet analysis associated with the generalized Weinstein operator 1733

In what follows, we need the following notation:
Notation. We denote by:
® (&x)cz denotes a scale sequence in ]0, 4-oo[ that is strictly decreasing and satisfying:

lim & =400 and lim & =0. 3.11)
k——00

k—+o00

Proposition 3.2 Letk € Z and Y € ]Lg (Ri“) be a Weinstein Wavelet. Then

1[5 dr\’

i) The function x — (W /s |f€{,’d’" W) (tx)|27) belongs in L§+2n(Ri+l).
v k+1

ii) There exists a function lﬂ]f € ILi (Riﬂ) such that

1

o n dt ’
75" <w)<rx>|27> e, x €RLT (3.12)

&k

agadn, P _ L
Fw W) () = (an /Ek

Proof 1) Using Fubini—Tonelli’s theorem and the relations (3.6), (2.26) and (3.10), we get

+1

éjk dt
Caiana LZEE (W) ()P ) ditarana ()
Rd-H § t
+ k+1
Sk dl
= / Caiona f TR W ) Pdpaiana (0 ) =
Ek RJ t

& ) dt
_ / f WP 0 ) T
Ek+1 R-:rl !

2 &k dt
= ||W||a,2/ Datdntds < T
Ek+1

Which gives the desired result.
i) We obtain the result from the Plancherel Theorem. |

Corollary 3.1 The function lﬂ]f , k € Z, satisfy the following properties:

Vk € Z, 0 < Fo (wk”) ) <1, ae, R (3.13)
and
+00 2
3 (9;"#’" (wk”) (,\)) =1, a.e, » € R, (3.14)
k=—o00

Definition 3.3 i) The function w,f , k € Z, is called P-wavelet packet
member of step k and the sequence (1/f,§D ) reyz 18 called P- wavelet packet.

ii) The P-wavelet packet transform deZ’ W

on Lg’n(RiH) by:

associated with the generalized Weinstein operator on Rf{_‘“ is defined

Vi e Z,¥x e RUY o0V (f)(k, x) = /R o SO M dpaa(y). (3.15)
+

where ka kel ,xe R‘f’l are the family of the generalized Weinstein wavelets on R‘fl in Lg,n (R‘fl)
given by:

vy e R wl () = T8 ywE (). (3.16)

Here T ’d’”, X € Rffrl, are the generalized Weinstein translation operators given by the relation (2.27).
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1734 H. Ben Mohamed

Proposition 3.3 i) Forallk € Z and x € Riﬂ, the function 1,0,5 . belongs to Lg,n (Rf_l) and we have
Va e RIT godn (wk’fx) (A) = Aqdn (—x, 1) FEA (z//,f’) (). (3.17)
ii) Forallk € Z and x € ]R‘_f_“, we have

(3.18)

2n P
= X4 H Vi

P
|+

o,n,2 a,n,2

Remark 3.1 The transform d>$’w can also be written in the form
oy (k. x) = Fran ¥ (), (3.19)
where *, , is the Weinstein convolution product given by the relation (2.32).

Theorem 3.1 (Parseval formula for CD;;* W )
Forall f, g € Lg’n(RiH), we have:

+00
/R " f)8 @ dpgax) =Y /R ” @y () ke, )0 (2) (K, X)dp,a(x). (3.20)

k=—o00

Proof According to the relations (2.25) and (3.19), we obtain

/R o @0 D K )Py (@) Kk X)dpaa (x)

‘
= Cirond /R o T (@Y () k) T (9 (9) (ki )) (Idbarna ()
+

= C(?H—Zn,a’ /Rdﬂ ygl;d’n (f*a,n %) (l)yﬁ;d’" (§ *a,n W (M)d pgton,a(X)
+
_ 2 ara.d.n A :gz-a,d,n A ara.d,n A 2d A
= Coimna [, ZW"" (DTG @ 0| F5" 0 (0 ditecona ).
+

Then from the relation (3.14), we get

+0o0 -
Z /]I‘kd“ CDII;’W ()@, x)(bf/j’W (g) (k, x)d,ua,d(x)
k=—o00 " "+

- F4™® 5
= Catand fR o T D DT @ 00 Y | TR W )| diaranah)
+ k=—00
= Catamd fR o T O WFGE" (9) (dparana(h)

+

= /d+1 f(x)mdﬂa,d(x)'
R+

Corollary 3.2 (Plancherel formula for CDf;’W ) Forall f € Lg,n(R‘fl), we have:

+00 )
fR N @P dpea) = kZ /R | er Y o of dueaw. (3.21)
+ =—00 +

Proof The result follows immediatly from the relation (3.20) with g = f. O

The following theorem gives an inversion formula for the transform <I>§’ v
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Wavelet Packet analysis associated with the generalized Weinstein operator 1735

Theorem 3.2 Let (wlf)kez be a P-wavelet packet. Forall f € Lé’n (Rf_ﬂ) such that ﬁ‘%’d’n (f) e Lgurzn (Rf_—H )
we have

+o0
fo= 3] /R o @ DE DY (Mdpaa(y). ae xR (3.22)
+

k=—o00

Proof Let (y), _, be a P- wavelet packet and f € ]Lé’n (Ri“) such that ﬁ“f’v’d’"(f) € ]Lé’n (]Ri“). We put

keZ
veeZvx eRE 2 0= [ o8 (Dt UL 0ditaay).
+
By invoking the relations (3.16), (3.19), (2.21), (2.22) and Parseval’s formula (2.25), we can write

L (x) = fR oo T ran WEOTE Y )dptaa ()
+

= Casana /R o TR (D) 00 F (W) 00 it (1T ) Gdtasana 6
+
= Civtma A o TR R T W) (220 M 062 T (W) (<2 ditasana ).
+
Thus, we obtain

K% _ (2 ya,d,n _ ga.d,n P 2
T (x) = Coc+2n,d i+ w (f) ) Aa,d,n (=x, ) '/W wk ) d/v’«ot+2n,d ). (3.23)
+

Hence from the relation (3.14) and the inversion formula (2.24), for all x € Rffr], we get

+00 +00 )
Y L) = Ca /R o T 0 g (520 Y| T (W) 0] ditasana )
+ k=—o00

k=—o00

= C§+2n,d /ﬂédﬂ y‘%,d,n (f) ) Aa,d,n (=x, ) dﬂa+2n,d 1)
4
= f(x).
O

Theorem 3.3 Let (wlf)kez be a P-wavelet packet. For all f € Léﬂn(Riﬂ) such that ﬂg‘;d’"(f) €
Lé_ﬂn (RiH) N Lg,n (Rf—l), we have

+00
fo= 3 fR o @0 OE DL (D dpaa), ae, xR
+

k=—00

Proof The result can be proved in the same way of Theorem 3.2. O

4 Scale discrete scaling function on R‘j_ﬂ

Proposition 4.1 Let (1,015) ) ez, be a P- wavelet packet.

i) Forall j € Z and x € Ri“, we have

j-1 o
Y |zutr (i) @] = o /g Z @) ol @.1)
k=—00 14 J
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ii) Forall j € Z, there exists only one function q‘)]P € Lg,n (Ri"’l) such that

vr e REL 70 (oF) () = f 7 (wl) (x)‘2 . 4.2)
k=—00

Proof 1) From the relations (3.12) and (3.11), we get

S Lo (% e dr
> |Er () o = a X[ 1m e eort
k=—o0 Clﬂ k=—00 ¥ Ek+1 !
=~z / \Zh" W) P =
Clﬂ & t
ii) We obtain the result from the Plancherel Theorem. ]

Definition 4.1 The sequence (¢P ) ’ is called scale discrete scaling function.
je
We need the following lemma which we obtain by a simple calculation.

Lemma 4.1 The function qﬁf , ] € 7Z, satisfy the following properties:

i) We have
Vjez, 0< FLn (¢f) () <1, ae A e RIH, (4.3)
and
/ lim 7 d.n (¢>j’) ) =1. (4.4)
ii) We have
Vj ez, |FGh (%P) (,\)‘ ‘34*”’”( ]+1) (x)‘z - ‘yﬁv’“ (qs;’) (x))z, (4.5)
and
T 2 2
3 (‘%’V“ <¢>f+1) (k)‘ - ‘ﬁ‘g‘v" (qs;’) (,\)‘ ) =1, ae e R (4.6)
j=—00

Proposition 4.2 Let j € Z and x € ]Rffrl, we consider the function ¢£ . defined on Rffr] by:
Vy e R{TL o7 () = TE T (). (4.7)
Then the function ¢ ﬁ . € ng, n(Ri‘“) and we have

Vi € RIF!, gadn (¢ﬁx) (M) = Aqudn(—x, 1) T <¢j’) (A). (4.8)

Moreover, we have

Vj € Z, ¥x e R, Hqu’x <2t H¢> . 4.9)
lla,n,2 o,n,2
Proof The relation (4.7) together with (2.31) gives the relation (4.8).
An easily combination of the relations (4.7) and (2.29), we obtain the relation (4.9). m|

Now, we give a Parseval formula and Plancherel formula involving both the scale discrete scaling function

(¢ J’.J ) " and The P-wavelet packet transform <I>£’W associated with the generalized Weinstein operator.
je
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Wavelet Packet analysis associated with the generalized Weinstein operator 1737

Theorem 4.1 i) (Parseval formula)
Forall f, g € ]Lg’n(]R‘f'l) and j € 7, we have:

/R o F8 Mdpaa(x) = fR b ] Da2(s. @F Janditaa(x)
+ +

+00
+ fR o @0 Ko x) @Y (9) (k) da,a (). (4.10)
k=j " "+

ii) (Plancherel formula)
Forall f € ]Lg[,n(RiH) and j € Z, we have:

2 = 2
o] o+ 3 Lol o e dusato.
=j +

4.11)

2 _
| (o VTP ) = / .

Proof i) Let f, g € ]Li’n(R‘fl). From, the relation (4.7), we have

(ool dar= | FOITEYSE e ) = o (x). (4.12)

dt1
R+

Then according to the relations (4.12), (2.25), (2.34) and (4.2), we get

fR b 07 Dales &7 Jarditaa )
¢

= /R " Fxof 08 *¢] (Odpaa(x)

= Catand fR o T (T 0l ) 0075 (35 97 ) Oadbasanah)

:
— 2
= Coona [, ZH (D) OFTT @ G| Z5" (0F) )] dbarzna)
+

e )
= Civana /R o T EFG @ = Y | F (0) | diasanaGo.
+ k=—00

On the other hand, we have

+00
> fR o @0 ) @Y (9) (k) dpaa ()
k=j Y+

-t 2
= C2iana /R o T T @ Y [Ft (w) (0| diarana 6.
+ k=j
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Then using the relations (2.25) and (3.14), we obtain

d+1
+

+o00 I
fR (fo #anls &7 Jarditaa®) + ) A; o O k) @Y () (k) d e a (x)
k=j ¥+

- @@+ )
= Cavana /R o TR TG @ 00 Y [ F (uF) 0 ditasana ()
+ k=—00
= Casana /R o T DTG (8) (W dpasan.a (1)
+

= /d J )8 (X)de,a(x).
R +1
T
ii) The result follows immediatly from the relation (4.10) with g = f. |

Corollary 4.1 i) (Parseval formula for (q&P ) )
1) jez
Forall f, g € Lg’n(RiH), we have:

/R oy T8 N dptga(x) = lim (fo $))a2(s. ¢ ardiaa(x). (4.13)

J—+00 Riﬂ

ii) (Plancherelformulafor (d)f)jeZ)

Forall f € L2 (Ri‘“), we have:

o,n

» 2
(f, 60 da)| ditaat). (4.14)

[ 0P dhaa) = tim
R+

i d+1
j=+oo Jre:
The following theorem gives two reconstruction formulas.

Theorem 4.2 Let (wlf)kez be a P- wavelet packet and f < Lg’n(R’i"H), p = 1,2 such that ﬂf{,’d’"(f) €
L0 RETD,
i) We have

f) = lim (f, $] Va0, () dpaa (), ae x € RE (4.15)

d+1
J=H00 JRY

ii) Forall j € Z, we have

+00
f) = /R L 8E Dty @) ditaa ()+) /R o @ DGV () dpad (7). ae x e RET
+ k=j +
(4.16)
Proof i) Let (), , be a P- wavelet packet and f e Ly, (RS, p = 1,2 such that yg;d’"( f) e

Lé+2n (Rf‘l), we put

v e RV V) €7, 5 (x) = fR s 87 and?, () ditea (3)

d+1
+
Using the relation (4.12), we can write

vee RV ez W= [ Fal 0T (a0,

+

Now, from the relation (2.34) and the Parseval’s formula, we obtain
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H () = C2 o fR o TPy 0 F (o) 0 it (18T ) Gdiarana 6
+

= Cirona /R o T R TR (9F) (1) Aadon 0 0) T (67 ) (<) dbtasana 61
+

Then, we get

2
K @) = C o /R o T 0 B (52 | Fi " (07 ) )| dptaszna ). @17
+

Hence from the dominated convergence theorem, the relation (4.4) and the inversion formula (2.24), for j € Z
and for almost every x € Ri"’l , we obtain

lim (fs & Va2d], () dpg.a (y)

j d+1
j=+oo JRé

2

. d

= im Cinuy [ FH D0 At ) | F5 (87) 00 ditasana )
+

= Catand /R o TR ) Aadon (=3, 2) dptasana ()
+

= f(x).
ii) An easily combination of the relations (3.23), (4.17), (3.14) and (2.24), we obtain

+00
P P W p
fR iH(f, ¢F Nandl, () dia.a (y>+kZ [R o ®, " (), YL, () ditaa (v)
=j
d . d 2
= Canna [ P O Bt ) 3 |Z () O dbarana )
Ry k=—o00
+00 )
+ Clana [ T O A (<20 30| T (W) ] ditasana G
lefl Py
=J

+00
2
= Cavana /R o T 0 Baan (=520 3 | (0F) 0 ditasana ()
+ k=—00

d
= C§+2n,d /Rdﬂ y{fv’ ” (f) ) Aoc,d,n (=x,2) d,ua+2n,d (r)
+

=f.
Which gives the desired result. O

Theorem 4.3 Forall f € L2, (R4 such thar 54" (f) € LE ,(REHY),
p=1,2 forallx € R‘f‘l and k € 7, we have

/RM " () e, )Y (Dt ()

= /R iﬂ(f, Dt Va2iiry @) diaa (v) — /ﬂ; i“<f, ) a2®ly () dptaa (7). (4.18)

Proof From the relations (3.23) and (4.5), we obtain the result. |

@ Springer



1740 H. Ben Mohamed

5 Modified wavelet packets associated with the generalized Weinstein operator

Definition 5.1 We consider the functions x ]M and )7}” given by:
X =¢t +of and XV =97 — o (5.1)

where (qﬁf ) " is the scale discrete scaling function given by (4.2).
i) je

1) The sequences ( X ]M ) . and ()N(]M ) . are called repectively modifeted wavelet packet and the correspond-
je jE
ing dual modifeted wavelet packet.

ii) The M-wavelet packet transform (CDy ’W) " defined for regular function on Ri“ is given by:
JjE

Vj ez vx e RE, @V () (jx) = / O M dpaa(y), (5.2)

where

Vi eZ Vx,y e R M) =T x M (). (5.3)

iii) The dual M-wavelet packet transform (5y ’W) " defined for regular function on Ri“ is given by:
JE

VjeZ vx e R Y (1) (jox) = / F O Tt a(y), (5.4)

where
VjeZ Vx.y e R FM () = 127N (). (5.5)

Remark 5.1 We can write
VjeZ vx e RETL )Y (1) (o) = Fax)l ), (5.6)

and

Vj e Z, Vx e RTT, cp Y Gox) = f*x] (x). (5.7)

Proposition 5.1 i) The functions )(]M and XM belong to ]L2 (Rd+1)

ii) The functions 9’3‘;[1’" (X]M> and ﬁﬁ;d’n <~ ) belong to .2 (Rd‘H) NILe (Ri‘“). Moreover; we have

o+2n oa,n

ara,d.n aga.dn (~M
”J (x) ) o S 2and ”JW (x,» ) i S2 (5.8)
iii) For almost all ). € Riﬂ, we have
+00
Y gy (XJM) ) FLb ("M) ) =1. (5.9)
j=—00
Proof An easily combination of the relations (4.2), (4.3) and (4.6), we obtain the results. |
Theorem 5.1 (Plancherel formula) For all f € Lg,n (Ri"’]), we have:
/ O dha0 = 3 / Y () G Gooduaat). (6.10)

j_—OO
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Proof By invoking the relations (5.6), (5.7) and (2.25), we obtain

/R OO GO (P Go0dpea @)
¢

2
- Coz+2n,a'/dJrl
R+

Then from the relation (5.9), we get

Ft ol F5 (x') 09 Z (7)) 0 dbasana 0.

+00 -
2 /;« o)V (1 G B () G paa @)

j=—00
4 2 +o0 J .,

- c§+zn,d/d FE(f) (A)) Y g (xJM) ) FLbn (ij) (M) dtasan.d (M)
R4+ .
+ j=—00

2 gro.d.n 2

= Cinua [, |70 (D 0| diarana )
R+

— 2

_/Ri“ |f I dite,a(x).

Which achieves the proof. O

Proposition 5.2 Let f € Ly (RL™), p = 1, 2 such that F*" (f) belongs to L., », (RE). Then forall j € 7

and x € R‘f‘l, we have

" () G a3 ditaa ()

+1

MW . ~M _
/I‘Q‘H'] ¢]/j f) (],X)Xj,y (x)dﬂa,d (y)_/Rd
* +
— pPwW . P
o ‘/R{fl q)l/f (f) (. x) 1pj,y (xX)dpg,a (y) -
Proof Using the relations (2.25), (2.31) and (3.23), we obtain
MW . ~M
Ai“ CI)]// )G, x) Xjy xX)dpg.a (y)
— MW . M
- /Riﬂ @y () G x) Xy () ditaa ()
= Cavma /Rd“ Tt (D 0 (1) 0 g (7)) 0) A (32 dbasana )
+

a,d,n ara.d,n P 2
= [ TR0 | (8F) )] Aadn (3.3 ditarana ()
R++l
_ P.W . P
= /R " oM () G0 Y ], () dpaa ()
Theorem 5.2 Let f € L} ,(RL™), p = 1,2 such thar Zig*" (f) € LY, ,(RE).
i) We have

400
r0= 3 [ O G 0 i ), ae.x <R
+

j=—00
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ii) We have

+o0
r0= 3 [ B DG @ i (), ae.x <R

j=—00
Proof The results can be proved in the same way of Theorem 3.2. O
The following theorem is as an immediate consequence of Theorem 4.2 and Proposition 5.2.
Theorem 5.3 Let f € L} ,(RE™), p = 1,2 such that Zig" (f) € L, RLH).

i) Forall j € Z and almost every x € Ri‘“, we have
+o0
0= [ 0 uatf W diaa 0+ Y [ @ e T ) ditaa ).
+ k=j YN+
ii) Forall j € Z and almost every x € R‘f‘l, we have

~+00
f) = /R (f. $F Va2l () dptaa )+ /R o B0 ko) i ) diaa ().
k=j Y+

d+1
T

6 S-wavelet packet associated with the generalized Weinstein operator

Definition 6.1 A sequence (xs ) in Lg n (R‘fl) is called a S-wavelet packet associated with the generalized
J JEZ ?

Weinstein operator if it satisfies the following conditions:
i) Forall j € Z, 9’5{;‘1’" (%f) is real-valued.
i) Forall A € Ri‘H, we have
VieZ asZy () o <b, ©.1)
where a, b € R are the stability constants with 0 < a < b < +o0.

Definition 6.2 Let (xf ) . be a S-wavelet packet associated with the generalized Weinstein operator.
je

i) The corresponding dual S-wavelet packet (%f ) . is given by:
JE

Fi (x5) 6

d+1 a,d,n (~S _
Vi e REL 7 (7) o) = — 6.2)
= (7 () o)
ii) The S-wavelet packet transform @i’w is defined for a regular function f on Ri"’] by:
Vj ez vx e RUT o5V () (jx) = /R o S O dpaa(). (6.3)
+
where
VjeZ, Vx,y € Riﬂ, %ﬁx(y) = TXO"d’”x}g (y). (6.4)
iii) The S-wavelet packet transform 5i’w is defined for a regular function f on Ri“ by:
VjeZ Vx eRYT, RV (f) (ix) = fR o T OV 0 ptaa(y). (6.5)
+

where 1
VjeZ VxyeR{M % (y) = T ().
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Remark 6.1 We can write
VjeZ Vx e R oS () (o) = e (), (6.7)

and _
Vjez vx eRU ®UY () (ox) = fx %5 (x). (6.8)

We need the following lemma which we obtain by a simple calculation.

Lemma 6.1 Let (}fjs) be a S-wavelet packet and (7(}9 ) ’ the corresponding dual S-wavelet packet.

JjeZ je

i) Forall A € Riﬂ, we have

+Z ya ,d,n (~S> ) j‘(lxv,d,n (%f) ) =1, 6.9)
and o
+o00 5 +oo 5 -1
> (v FE) ) = X (F (=)o) | (6.10)
j=—00 j=—00

ii) Forall j € Z and ) € Ri“, we have

. _ 2 2
o (™ @) @) S (75 () @) .
a,d,n [~ 2 +o00 o,d,n S 2 ( )
k——oo (ﬂ (%j) ()‘)) k=—00 (‘?W (}{k) ()”))
iii) Forall j € Z and ) € Ri“, we have
2
j—1 Jj—1 ga.d.n (%S) )
- =—00 w k
> Ft () ot () o) = ( - >2. 6.12)
o 2 (F () )
iv) Forall A € Riﬂ, we have
+
1 f (32“""” (}75) ()\))2 <1 (6.13)
b~ w k =4
k=—00
where a, b € R are the stability constants given by the relation (6.1).
Remark 6.2 If a = b, then we obtain:
VjeZ, }:f =a;?j$.
Theorem 6.1 (Plancherel formula)
Forall f € ]Lgl’n(RiH), we have:
f f P dpaax) = Z / o @0 D G @Y () (oo dpaa (o). (6.14)

]_*OO

Proof From the relations (6.7), (6.8) and (2.25), we obtain
/ LoD G0 () G Dduaa (o)
R++]

= Civtna f lEE o @l Zgte () 0 2 (7) 0 dbasana 0.

Then, we get
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+00
> [ @ OGO FT Gt

j=—00

2
=C
a+2n,d R‘frl

= C? /
a+2n,d Al
RY

- / o L OP dpga).
R+

+00

gt ol | X 7utn () 0 75 (7)) | ditarana )

j=—00

o,d,n 2
F () 0| ditasana )

Which achieves the proof. O
Theorem 6.2 Let f € L5 ,(RL™), p = 1,2 such thar " (f) € LY ,,, (REH).
i) We have
+00
rw= 3 [ O D UNE, D das o). ae xR
j=—oo VRS
ii) We have
“+o00
fo =Y / O G D dpaa (). ae, x e R
j=—00 R+
Proof The results can be proved in the same way of Theorem 3.2. O

Definition 6.3 Let (ijs ) be a S-wavelet packet and (J? ]S ) - the corresponding dual S-wavelet packet. The

JjeZ je
scale discrete scaling function ( x5 ) corresponding to (}f‘-g ) is defined by:
1) jen 1) jer
1
j—1 2
Vi e REL 7 () oo = | D0 it () o it (7)) o
k=—00

Proposition 6.1 The scale discrete scaling function ( X]S) . corresponding to (}ff ) . satisfy the following
J€ je

properties:
Vjez, 0<FLn (st) M) <1, ae reR
and
li ﬂ“’d*"( .S) =1, ae reRL
A A () 0 =1 ae ke RS
Proof The result follows from the relation (6.12). ]

Theorem 6.3 (Plancherel formula)
Forall f € ]Lgl’n(RiH) and j € 7, we have

2
dMCt,d(-x)s

LR dato = tim [ 1

i d+1
j=+oo Jre-
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and
2 -« S, W =W
/ o O ditgax) = / | dea] diao +Y / o @Y 0 BT () X)),
RY: R%: iz RS
where
VjieZ Yx.y e R{Y. x5 () =Ty F ().
Proof The results can be proved in the same way of Theorem 4.1 and Corollary 4.1. O

Theorem 6.4 Let f € L%, (RIY), p = 1,2 such that ZE" (f) € L, ,, R,

a+2n
i) We have

f(x)= lim

; ; ; d+1
» X oy () d , ae xeR{T
Jj—+o0 Riﬂ(f Xjyle2Xjy (X) dia.a () ¢

ii) Forall j € Z and for almost all x € R‘f‘l, we have
+o00
f@) = /R A X ey () dpaa () + ) /R o @0 D kDT ) dpad (7) -
+ k=j Y™+
iii) Forall j € Z and for almost all x € RT‘I, we have

+00
f) = /R o X axy ) dpaa () + kZ /R " () k0 %, () dptea (7) -
=J

Proof The proof of these results is in the same sprite with of Theorem 4.2. O
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