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Abstract This paper is concerned with the approximation of solutions to a class of second order non linear non-
instantaneous impulsive abstract differential equations. The finite-dimensional approximate solutions of the given
system are built with the aid of the projection operators. We investigate the connection between the approximate
solutions and exact solution, and the question of convergence. Moreover, we define the Faedo-Galerkin (F-G)
approximations and prove the existence and convergence results. The results are obtained by using the theory
of cosine functions, Banach fixed point theorem and fractional power of closed linear operators. At last, some
examples of abstract formulation are provided.
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instantaneous impulses
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1 Introduction

The Cauchy problem for first-order differential equations with unbounded operator coefficients, as studied by
Hille and Yosida in 1948, has led to an increased interest in abstract differential equations. The theory of strongly
continuous cosine family (SCCF) of bounded linear operators can be applied to study second-order differential
equations in Banach spaces. Cosine functions are important since the relationship between cosine functions and
second-order Cauchy problems is analogous to that between semigroups and first-order Cauchy problems. For
the fundamental concepts of cosine functions, we refer the readers to Goldstein [1], Kisynski [2], Travis and
Webb [3] and the cited references therein. The transverse motion of an extensive beam and the oscillation of
a bar fixed at one end are some examples of physical phenomena that can be expressed as partial differential
equations. These equations can be formulated as a second-order abstract differential equation.

The modeling of dynamic processes involving sudden and discontinuous jumps can be naturally accom-
plished through impulsive differential equations. There are two categories of impulsive differential equations,
distinguished by the length of their impulsive actions. Instantaneous impulsive differential equations belong
to the first type, in which the abrupt changes occur in a negligible duration relative to the overall time of the
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1772 S. Ansari and M. Malik

phenomenon. The second type comprises non-instantaneous impulsive differential equations(NIIDEs), where
the impulsive action commences at an arbitrary fixed point and persists for a specific length of time. Impul-
sive differential equations have a wide range of applications in various fields, including physics, engineering,
economics, population dynamics and so on. The administration of insulin to control glucose levels in diabetic
patients is a well known example of a non-instantaneous impulsive action in biology. The introduction of insulin
into the bloodstream and subsequent absorption by the body occurs gradually and continuously, rather than
instantaneously. Therefore, the above situation can be model as a non-instantaneous impulsive action. To obtain
further information about impulsive differential equations, we refer [4-6].

Solvability of differential equations is often limited, and obtaining their analytical solutions are challenging.
As a consequence of these difficulties, the significance of approximate solutions increases. The methods utilized
to attain approximate solutions do not require linearization of the nonlinear equations or discretization of space
time variables, for example, Adomian decomposition method, Euler method, Picard method, and the variational
iteration method. The Adomian decomposition method offers an analytical approximation for a broad spectrum
of nonlinear equations, presenting a significant advantage by eliminating the need for linearization or relying on
weak nonlinearity assumptions, this is the main advantage of this method.

The F-G method is among the most powerful technique for finding solutions to equations that are more
regular, even when the data is weak and the problem is presented in a variational formulation [7]. The key
feature of F-G method is the finite dimensional approximation. In this method, we employ a projection scheme
{H,, P"}, which consists of projection operators P" and increasing subspaces H,,. The utilization of this method
is that it reduces the differential equation problem to that of finite dimensional linear algebra problem (system
of differential equations), which is often more computationally tractable.

In our knowledge, Bazley [8,9] was the first person who studied the approximation of solutions to a wave
equation. Then Goethel [10] demonstrated the similar outcome for a functional Cauchy problem by using the
premise that the nonlinear function must be defined on the entire Hilbert space. Subsequently, Miletta [11]
extended the results of Goethel [10] by relaxing the assumptions previously imposed by Goethel. Recently, Malik
[12] extended the F-G approximation results to second order differential equations. The literature survey indicates
that numerous studies [13—17] have been conducted within this particular field but there is not a single research
work that addresses the utilization of the F-G method for deriving approximate solutions to abstract second-order
nonlinear NIIDEs. Thus, motivated by the above observation, we investigate a finite dimensional approximation
to a class of second order non-instantaneous impulsive differential system in the infinite dimensional space and
study the existence and convergence of approximate solutions.

We consider the following class of second order NIIDEs in a separable Hilbert space H:

d*v(o)
do?
v(0) =hi(0,v(0])), o€ (ol i=12--,q,

=—-Av(e) + F(o.v(0)), o€ (D, 0i+1], i=0,1,2,---,q,

dZ(QQ) = hlz(Q9 V(Ql_))’ 0 € (in ﬂi]s i = 1,2, g,
v(0) =yo. v'(0) =20 (H

where v(-) be a state function takes value in a separable Hilbert space H, —A : D(A) € H — H is the
infinitesimal generator of a SCCF of bounded linear operators (C(0))ocR, initial values zo, yo € H and 9;, o;
are some pre-fixed numbers satisfying the relation 0 = Vg = 00 <01 < 1 <02 < -+ <V < 0i41 =T,
v(e; ) = limy_ g+ v(0; — k) denotes the left limit of v(g) at ¢ = o; and the maps F € C([0, T] x H; H),

hl] € C((0i, Vil x H; H) foralli =1,2,---,q, j = 1,2 satisfying few conditions to be specified later.
The following are the major contributions of our manuscript:

e This is the first work that presents F-G approach to find approximate solutions for the second order NIIDEs.

e We consider a class of second order NIIDEs in an arbitrary infinite dimensional space and obtain its approx-
imate solutions in finite dimensional subspace.

e We constrained the problem (1) to a finite dimensional subspace by using the projection operators.

e Conversion of a class of partial differential equations with impulsive conditions to a class of abstract impulsive
second order differential systems in infinite dimensional space is demonstrated through an example.

e This work can be extended for finding approximate solutions to higher order differential equations.
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The paper is divided into the following sections: Sect. 2 concerns definitions and some useful facts regarding
the cosine family. In Sect. 3, we define the approximate solutions and prove their existence. Section 4 deals with
the convergence of the approximate solutions. Section 5 introduces the F-G approximations and their convergence
results. At last, in Sect. 6, the applications of these obtained abstract results are demonstrated by examples.

2 Preliminaries and assumptions

This sections presents assumptions, propositions and some definitions of the theory of the cosine family.

Definition 1 [18] A one parameter family (C(0))ocr of bounded linear operators from a Banach space H into
'H is referred to as a SCCF if the following conditions hold:

@1 CO) =1.
(i) CW+0)+CH® — o) =2C(1)C(p), forall o, ¥ € R.
(iii)) o — C(p)z is continuous on R for each z € H.

Definition 2 (S(0)),cr denotes the sine family associated with the cosine family is given by
e
S@z= [ cwdv. zen.
0

Let M, M > 0 such that IS < M and IC(0)|| < M Yo € [0, T]. The operator A is defined by
d2
Az =——5C(0)z, ze€ DA,
do
where the domain of the operator A is defined by
D(A) = {z € H : C(p)z is a twice continuously differentiable function of g}.

D(.A) is the Banach space equipped with the graph norm ||z|| 4 = ||z|| + ||.Az||. Furthermore, E refers to the space
comprising of vectors z € H for which the function C(-)z belongs to the class cl. Kisyniski [2] demonstrated
that the space E is a Banach space endowed with the norm ||z||g = ||z]| + sup | AS(0)zll,z € E.

0<e=<1
The operator valued function G(p) = [XS(?Q)) g((g))] on the space E x H, is a strongly continuous group
of linear operators and generated by the operator D = 2“1) defined on D(A) x E. As a consequence,

AS(0) : E — 'H is a bounded linear operator and for each z € E, AS(0)z — 0 as o — 0. Moreover, if
x : [0,00) — H is a locally integrable function then y(o) = fOQ S(o — 9)x(¥)dv, defines an E—valued
continuous function which follows from the fact that

o 0 o o T
G(o—1) dy = S(o — 1)x(¥)dv, C(o — %)x(¥)dv

defines an E x H valued continuous function.
Consider the second order abstract Cauchy problem

d2
dZ(zg) = Az(0) + h(0), 0 €l0,T],
0
2(0) =z0, Z(0) =1z @

where /i : [0, T] — H is an integrable function. The function

Q
z(@) = C(0)zo + S(0)z1 +/O S(e = 0)h(D)dv

is said to be mild solution z(-) of problem (2) and that when zg € E, z(-) is continuously differentiable and

e
Z(0) = AS(0)z0 + C(0)z1 +/0 Clo — D)h(®)dv.

For deeper knowledge of the theory of the cosine function, please see references [18-23].
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Proposition 1 [18] Let A be the generator of a SCCF (C(0))er. Then
(i) A is closed operator in H and D(A) is dense in H.
(ii) Ifz € E, then S(0)z € D(A) and %C(Q)Z = AS(0)z.
(iii) Ifz € D(A), then S(0)z € D(A) and .ALE(Q)Z = S(0)Az.
(iv) Ifz € D(A), then C(0)z € D(A) and ;?C(Q)Z = AC(0)z = C(p) Az

(v) Ifa,b € Rand z € H , then fab S(u)zdu € D(A) and Az = C(b)z — C(a)z.

Lemma 2 [21]If—Ais the inﬁnitesimal generator of a SCCF of (C(0))er on 'H. Then A generates an analytic
semigroup T (o) with angle 7 defined by

T(o)z=—— e 49C(19)Zdl9 0>0,z€H.

wh
Since —.A generates an analytic semigroup 7 (¢) in H and 0 € p(—.A). Hence, for every o > 0, we can
define the negative fractional power of A as

o]

_ 1 _
A“=FEO 0 'T(0)do.

Since A™* is uniformly bounded and one-one. Thus inverse of A™% is A% : D(A%) C 'H — H is well defined.
We denote D(A%) by H, and it forms a Banach space with the norm ||v]|, = [ AYV]|.
When dealing with impulsive conditions, we consider the space of piecewise continuous functions PC =
PC([0, T1; Hy) formed by all the functions v : [0, T] — H, such that v(-) is continuous at ¢ # o;, li¢m v(o)
ov0i
exists foralli = 1,2, -, g and v(-) is left continuous on [0,T]. PC is a Banach space endowed with the norm

Ivlipe.a = sup IIA"‘V(Q)II
0€[0,T]

We introduce the following assumptions in order to establish results:
(A1): Operator A is self adjoint, positive definite and .4 has the pure point spectrum

O<A <M <A< Sk <.

where 1, — o0 as n — o0 and corresponding orthonormal system of eigenfunctions v; is complete such that
Ayrj = A and (Y, ;) = §;;, where §;; is the Kronecker delta function.
(A2): The map F : [0, T] x Hy — 'H is continuous and satisfying

150, x) — Fe. VI = Killx —v|e
and

max ||F(o,x) ||[< K
Jmax 170, ) 1< K2

where K1, K» are positive constants.
(A3): The maps h{ 2 (0, 0il X Hy = Hy,i =1,2,---,¢q, j = 1,2are continuous and uniformly bounded.

There exist constants Ch:’" Dh_{- >0,j=1,2,i=1,2,---,¢q, such that

1 (@.v) = h] (@ 0)lla < €IV~ xla
and
1 (@.0)lla < D,

Now onwards, throughout the manuscript, we set

p= sup [AS(@)l; D = max ( max Ql,chl)
0€[0,T1] I<izq "0O=i=q

No = Mllyolla + Mllzolla + A%~ IpK201; N; = MDy, +MD’1? + 1A N pKa0i41, i = 1,2, , q;
Qo = A pKio; Qi = MCy +Mch? + 1A Y pKi0it1, i =1,2,--+ ,q
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Definition 3 A function v € PC([0, T']; H) is considered to be a mild solution of problem (1) if v(p) fulfils
v(0) = yo, v'(0) = z0 and

v(e) =hl(o,v(e; ). 0 € (0i.9i].i =12, ,q;
L2 = h2 (0, v(0))): 0 € (0, Vil,i =1,2,-++ . q;
v(0) = C(@)yo + S(@)20 + [5 Slo — ) F @, v(¥))dv, o € (0, o11; 3
v(0) = C(o — 9)h! (¥, v(0]) + S(o — V)i (Wi, (o))
+[5 S@ = NF@, v@)NdY, o€ @i oivl, i =12 .q.

3 Existence of approximate solutions
This section focus on finding approximate solutions for problem (1), and demonstrate that such solutions exist
and are unique.

Moving forward, we discretize the separable Hilbert space H by projecting itonto H,, = span{yr1, ¥2, - - - , ¥, }.
The orthogonal projection operators P" : H — H,, are defined by

Pty = Xn:(v, Ui, veH.
i=1
For each n € N, we define
Fn: [0, T1 X Hy > H

such that

Fu(e,v(0)) = Flo. P"v(0)).
Similarly, we define

Wi i1 x Hy = Hay  i=1,2,--,q, j=12

such that

h] (0. v(@)) = hl (0. P"v(0)).

Throughout this paper Br(H) denotes the closed ball with center zero and radius R > 0 in a Banach space H.
We define

Br(PC([0, T1; Ha)) = {z € PC0, T]; Ho) = llzllpca = R}

where

R = max ( max N,-,Dh;).

I<i=q \ 0=izq

Theorem 3 Let zg € E, yo € D(A) and assumptions (A1) — (A3) fulfilled, then there exists a unique v, €
Br(PC([0, T1; Ha)), provided

D < 1. 4
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1776 S. Ansari and M. Malik

Proof We define the map F), : BR(PC([0, T]; Hy)) — Br(PC([0, T]; Hy)), n € N, as follows,

C(@y0+ S@)z0 + [ Slo — ) Fu(@, v(@)dd, ¢ € (0, e1l,
hl, (0 v( ). o€ (itili=1,.2--.q,
Clo — D)h} (i, v(©]) + S(@ — P)h}, (¥, v(e]))

+ [5 S0 = NFa@,v(@)dD, 0 € Wi, 0i41], i =1,2,--+ . q.

(Fuv)(o) =

The proof is split up into the following two steps.
Step 1: Before applying the Banach fixed point theorem, first we need to establish that F}, is well defined.
Now, for any ¢ € (0, 1] and v € Br(PC([0, T]; Hy)), we have

e
[(Fav)(@lle = IC@IIYolle + 11S@)IHz0lle +/O A 1AS (@ — M 1T (@, v(@)) [|dy

< Mlyolla + Mllzolle + 4 0 K20
< Np. Q)

Similarly, for any v € Br(PC([0, T]; Hy)) and ¢ € (0;, ¥],i =1,2,--- ,q
I(F)@lla = 1A ,4(0. (@] Do < Dy ©)
Now, for any v € BR(PC([0, T]; Hy)) and ¢ € (9, 0i+11,i = 1,2, -+, g, we have
IFa) (@l < €0 = DD lIAf, (D, v(; Dl + 1S = 9)IHIAF, @i, v(e; )l

e
+ | 1A IIAS @ = DIIFL @, v(@)) | do

19,'
<MDy + MDyp + A pKa(0 — )
< N;. (7
Hence, from the inequalities (5), (6) and (7), for any o € [0, T'], we get
”FnV”PC,a <R

Step 2: Here, we demonstrate that F,, is a strict contracting operator. For any v, x € Br(PC([0, T1; Hy))
and o € (0, 01]

o
|(Fav) (@) — (Fpx)(0)lle < /0 A HIIAS (@ — D IFn (9, v(9)) — Fo (@, x())l|d D
< 1A M pKiolv(®) — x()
=< Qollv = xllpc.a- €))
Also, for any x, v € Br(PC([0, T]; Hy)) and 0 € (0;, ¥i],i =1,2,--- ,q
I(F) (@) — (Fa)(@lla = I8, (0, v(0))) — k! (0. x(0] N lla
< Cllv = ¥llpe.a- ©)
Similarly, for any x, v € Br(PC([0, T]; Hy)) and 0 € (¥4, 0i+1],i = 1,2,--- , g, we have
[(Fav)(0) — (Fpx)(@)lle < IC(0 — 1‘/‘i)||||hi1,n(19i, v(o; ) — h},n(ﬂi,X(Qi_))IIa
+ 118G = OIIAZ, (95, v(©))) — k2, (1, x (0] Dl
o
+ /19 IA*HAS (@ — D Fn (2, v()) — Fo (@, x(3) | d D
< [MCpy +MCjp + A HlpK1(e = 901V = xllpe.a

= Qillv = xlpc,a-
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Therefore, from the inequalities (8), (9) and (10), for any o € [0, T'], we have
| Fov — Fuxllpc.a = Dllv — xllpc.a- (11)

Hence, from the inequality (4), F}, is a contracting operator. Consequently, by considering both step 1 and step
2, it can be concluded that the operator F;, fulfills all the requirements of Banach fixed point theorem. Hence,
F,, has a unique fixed point v, in Bg(PC([0, T']; Hy)) which is given by

C(@)yo + S(©@z0+ [y Se — ) Fu (¥, vy (9))d?, 0 € (0, 01;
hl 0. va(0]), 0 € (0i, 0l i =1,2,--- g
Clo = V)h} (D, va(0)) + S(0 — 9}, (i, va(0]))
+ [5 8@ = NFa@, va(9)d0, 0 € (Wi, 01411, i=1,2,---,q.

vn(0) = 12)

Corollay 4 Let (A1) — (A3) fulfilled. If zo € E and yo,hij’n(g, vi(0; ) € DA Yo € (0,0, i =
1,2,---,q, j=1,2thenv,(0) € D(AT)V o €[0,T], where0 <n < 1.

Proof This result is true for o € (o;, ¥;]. Since zg € E and yy, h'l.’ln(g, v (0;)) € D(A) thus, in view of
Proposition 1, C(0)yo, S(0)z0, C(o — 19,-)h,1 (i, vu(0; ), S0 — l?i)hin(ﬁ,-, vn(0;)) € D(A). Therefore their

in

sum is also in D(A). Also F, (¢, v, (9)) € H therefore by Proposition 1, f;’i S(o — ) Fu (0, v, (3)dd € D(A).

Hence, the require outcome can be inferred from the fact that D(A) € D(A") for n € [0, 1]. O
Lemma 5 Let (A1) — (A3) fulfilled and yo, zo € D(A) then there exists a constant U’ independent of n, such
that

AT, (0 < U, Yoel0,T] and0 <n <1, where
/ f— .
U= i, L, Ve P
Proof For any ¢ € (0, 01], applying A" on both sides of Eq. (12) and taking norm
e
lva (@1l = IC @ NHIyolly + 11S@Hzolly +/ 1A 1AS (@ = DT (@, va () [|dD
0

< Mllyolly + Mlizolly + A" lp K20
= Vb, 13)

where
Uy = Mllyoll, + Mllzolly + A" o K201

Now, for any o € (¢;, %], i = 1,2, -+, ¢, after applying A" on both sides of Eq. (12), we have
va(@)lly = 12}, (0 vale; Ny < Dy (14)
Similarly, for any o € (¢, gi+1], i = 1,2, -+, g, after applying A" on both sides of Eq. (12), we have
va(@)lly < 1€ = 9D}, D1y vale; Ny + 1S = ¥R, (B, vale; Ny
+ /:IIA"_l AS(e = M IFn (@, va(D))dD

<MDy +MDy + A" pKa(o — 90)

= U, (15)

where
Ui = MDj, + MDj;, + | A" 0K20i+1. (16)
Thus, we get the desired result. O
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4 Convergence of approximate solutions

This section shows that the approximate solutions (12) form a Cauchy sequence and converges to a unique mild
solution v(-) of the Eq. (3).

Theorem 6 Let (A1) — (A3) fulfilled and yy, zo € D(A) then
lim sup v (@) — vim(@)lle = 0.

M=>00 (y>m, 0<p<T}
Proof Let0 <o <n < 1and g € [0, T]. From Lemma 3, it follows that
[(P" = P™"wm@lla < Ay "IA VR ()]
1

e

<

U'. a7

Using (A2) and inequality (17), we get

150 (B, v (3)) — Fiu (B, v ()|
< NFa (@, v (@) — Fn (@, vin @D + [1Fn (B, vin (3)) — Fe (3, vin (D)) ||

= K [Ilvn(l‘/‘) =Vl + (P — Pm)vm(ﬂ)lla}

U/
§K1[||Un_vm||PC,a+W]- (18)

m

Similarly, (A3) and inequality (17) imply that
1] (0. va () = h! (0. vin (0] )

< [nh,{ 20 v(07)) — 1l (0. vm(©@ Nl + 11, (0. v (7)) — B, (0. v <9;>>||a]
<C,; [uvn@,-) —om (@)l + I (P" = P’")vm(g,->||a]

U/
= Chj [||Vn - Vm”PC,a + —:| (19)
i A

(n—a)
m

Now, for any o € (0, 1], by using inequality (18), we have

e
va(@) = v (@)lle = /0 LAY IAS (@ = M Fn (D, va(9)) = Fin (9, vm (9)) | d

_ v’
< ||.Aa 1||pKlQl|:”Vn_Vm||77C,a+Wj|'
m

Hence

Qo 1 ,
— < ——VU'". 20
Ivn = vmllpca < 75 =D (20)
Similarly, for any o € (0;, 9;],i = 1,2, --- , g, we utilize inequality (19) and obtain

1vn (@) = vm(@)lla = 11} (0. (0] ) — h} (0, vin (0] I«

U/
< Chl |:||Vn - Vm”'PC,a + (n—a) :|
! Al

Hence
Cp 1

v = vmllpcey < ———-U".
n m o - Chl.l) )\ﬁ’:;—ot)
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Also, for any o € (¥, 0i+1],i = 1,2, ---, g, we use inequalities (18), (19) and compute

vn (@) = vm(@)lla = 1€ (@ = 9D}, D1, va(0])) = h} (D1, v (0] Nl
+ 1S — 9D AF (. va(0])) — B By v (07 Nl

e
+ /1; 1A~ 1AS (@ = M Fn (@, va(9)) = Fn (@, v (3)) |40

- _ U’
< (MCpyi +MCpp + | A pK10i11) | Iva — Vmllpea + —— |-
1 1 A’}(/;Z a)

Hence

0i 1 p
lve —vallpca £ ——~——U". (22)
(1= 0y) )=

By the assumption (A1), )ﬂ%a — 0 as m — oo. Therefore, from the inequalities (20), (21) and (22), we get the
desired result. " m|

Theorem 7 If yg, z0 € D(A) and (A1) — (A3) fulfilled. Then there exists a function v € Br(PC(0, T1; Hy))
satisfying Eq. (3) such that v, — v asn — 00 in BR(PC(0, T1; Hy))-

Proof Theorems 3 and 6 have already verified the existence and convergence of v,,. Now, it suffices to show that
the limit v of v, is given by Eq. (3). We have

I1Fn (0, v (@) — Flo, vieN |l = Ki[ll(P" = Dva(@)lla + Iva(@) = v(@)lla]
< Ki[IIP" (o = Wlipe,a + I(P" = Dvllpca]- (23)
Also
1k, (0. va(0; ) — B (0. v(e; Dlla < CilIP" = Dvn(@)lle + Iva(e) = v(0)lle]
= CylIP" wn = vlipea + I(P" = Dvlipe.o]- 24

Since v, — v and P"v — v as n — oo therefore the right hand side of inequalities (23) and (24) tends to zero.
Thus, for any o € (¥4, 0i+1],i =1,2,--- ,¢q

Ivn (@) = v(©@)lla < 1€ (@ — 9D}, i va(0;)) — i, i, vn(0; ) lla
+ 1S = 9D A7, i, va (7)) — b, (D, vu(0] Mlla

e
+ /19. [AS(e — D) N1 Fn (D, va (D)) — F (@, v(@))lld
— 0 as n — oo. (25)

As a result of the preceding inequalities, one can easily verified the same argument for any o lies in (0, o1] and
(0i, 9], i =1,2,---,q. Hence, the limit v is given by Eq. (3). |

5 Faedo-Galerkin approximations

This section deals with the existence and convergence analysis of F-G approximate solutions of system (1).
By projecting the approximate solutions (12) onto H,, we obtain finite dimensional approximations i.e.
v (0) = P"v,(0), referred to as F-G approximations satisfying

C(Q)Pnyo + S(Q)P"Z() + fOQ S(o — D)YP1 F (8, Py (9))d0, 0€ 01l
,Pnhl],n(Q’ ’ann(Qi_))v o€ (0i,v], i=1,2,---,q,
C(Q - ﬂi),])nhilyn(ﬂi’ vn(Qi_)) + S(Q - ﬂl)Pnhzz,n(ﬁh ann(gi_))

+ 12 S(0 — D)P"Fu @, P oy @)dD, 0 € (9. 0i1], i = 1.2, .q.

vn(Q) = (26)
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Solutions v and v, of Egs. (3) and (26) respectively, have the following representation

v(e) =Y @i, a =), ¥), leN; 27)
=1
i) =Y ol @V, of(@) = (b0), Y1), [ =1,2,--- ,n. (28)
=1
Now, we define
P'v(e) =Y af @V, of@) = (v(@), Y1), [ =1,2,-- ,n. (29)

=1

The F-G method approximates problem (1) as

EPL@ 4 PrAP (o) = P"F(o, P"v(@), 0 € Wi 0is1l,i =0,1,2, -+ g,

P'v(0) =P"hi (e, P"v(e; ), @ € (@i, ¥il, i =1,2,-++ ,q, 30)
AP0 = Prh2(o, P"v(e; ). 0 € (0ix Dil. i = 1.2+ . q,

Pv(0) = P"yy, P™'(0) = P"z.

Therefore (26) is equivalent to the system of differential equations

d2 n() .

e e (0) = F(0.a (@), (@), @ € (B 0it1).i = 0,12, .q.
a?(Q) = hg”ln(gv a}]/l(g)v 7“2(@))’ 0 € (Qi7 ﬁi]’ i = 1727 g, (31)
dej (@) _

o =hi (0, (), ar(@), 0 € (i, Vil i =1,2,-++ ¢,
ai' (0) = {yo. V1), a/"(0) =(z0,¥), i=1,2,---,q

where
n
Fl (0. o} (@), -+ (@) = (F(o. Y el @¥)), ¥n),
j=1
n
hl 0 el (@), - () = (hi (. Y e (0 ). i)
j=1
n
hl (0. e (0). -+ k(@) = (h}(e. Y &, )W), Yu).
j=1
There exists a unique solution (] (), - - - , a;; (0)) of this system for ¢ € [0, T'], and for each value of ¢ we can

be evaluate it by either analytical or numerical techniques.

Theorem 8 Let ygy, zo € D(A) and the assumptions (A1) — (A3) satisfied. Then,

lim sup Vn(@) — Vm(@lle = 0.

M=% (n=m,0<0<T})
Proof Forn > m, we have

192 (@) = Vm(@lla = IP"*vn(@) = P"vm (@) lla
= IP*(wn(@) = vm@)lla + (P = P™")vm(0)la

1
= llva(@ = vm(@)lla + FU/'

m

Thus, we attain the intended result through the utilization of Theorem 6. O

Next, by the following theorem the convergence of F-G approximate solutions of (1) can be demonstrated
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Theorem 9 Let yg, zo € D(A) and (A1) — (A3) hold. Then there exist functions v, v, € Br(PC([0, T1; Hy))
such that v, — v asn — oo in BR(PC([0, T1; Ha)).

Proof This theorem can be proved by considering the outcomes of Theorems 7 and 8. O
Now, we state the following theorem for {ozl” (s)}.
Theorem 10 Let yg, zo € D(A) and assumptions (A1) — (A3) fulfilled. Then

lim  sup <Z/\,2“|a;1(z9)—a,(z9)|2)=0.

" 0<e=T} \ 1]

Proof
152 (3) = v 2 = 1A% [5a (@) — v)]I1?
oo
= ||A“[Z(al"<z>‘) —az(ﬁ))wz}llz
=1
o0
=Y A% (9) — (@),
I=1
Therefore,
n
D A @) — @) < [5,(0) — @)
=1
The required result is directly inferred from the findings presented in Theorem 9. O

6 Application

We employ abstract results of this manuscript on a concrete impulsive second order partial differential equations.

Example 1 In this application, let H = L?(0, 7):

V(&) | V(0 §) : e e
= —7 9 1911 l O’ 9
3Q2 + 352 %_SIHQ—F m+|V(Q,$)| (Q %_)e( Q-‘rl]x( jT)
i=1,2,-,q
V(,0)=V(,n)=0, 0€[0,T], 0 <T <0 (32)
- V(e o
Vo, §) = i+ sinie Ve .ol (0,%) € (0i, Vil x (0, ),
i=1,2,-.q
5 B Vi, 9l o
@V(g7é) - (2l I 1) COSZQI + |V(Ql_’$)|7 (Q’é) € (Ql’ ﬁl] X (O,JT),
1 = 172’ s, q
d
V(0, &) = yo(§), @V(ng) =2z0(§), §€(0,m).
The operator A : D(A) C 'H — H is defined as follows:
2
Av = —El), Ve D(A), (33)
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where
D(A) = (v € H)(0, ) N H*(0, 7) : v € H and v(0) = v(x) = 0}.
Let A € Rand v € D(A) such that Av = —v" also (Av, v) = (Av, v). Hence
(=", v) = |3, = A3,

Therefore, » > 0. Furthermore, A has discrete spectrum A = A, = n> with corresponding normalized eigen-

functions v, (§) = \/gsin(né), neN.
For v € D(A), operator A has the following series representation

o0
2
Av = E nc < v, v, > v,

n=1

A SCCF (C(0))oer on H generated by —A is defined as

o0
Co)v = Zcos(ng) <V, v, >V, VveEH,

n=1
and the associated sine family (S(0))oer on H, given by

o0
1
S(e)v = Z - sin(ng) < v,v, >v,, veH. (34)

n=1

Therefore, the operator S(p) is compact and |C(o)|| = [|S(0)|| = 1, for all o € R.
Also, —A generates an analytic semigroup (7 (¢)),>0 given by

o
T(o)v = Ze*”zg <Vv,v, >V, veH.

n=1

To learn more about cosine theory, we refer the readers to [21,22].
Now, let o = %, D(.A%) is a Banach space equipped with the norm

1 1
iy = A2V, v e D(A2),

we denote this space by H% = H(l)(O, 1). Forv e D(A%), we have

A%V(E) = Z)"Z)/nvn(%_)’

n=1

o
where y, € R is an increasing sequence and Y )»,1)/,12 < 00.

n=1
We can transform the system (32) into the following abstract second order impulsive differential equation in
H=L%*0,7):

d*v(0)
do?
v(@) = hl (o, v(0 ). o€ (ol i=12"-.q,
dv(o)
do
v(0) = yo, V'(0) =20

=—-Av(e) + F(o.v(0), o€ P, 0it1],i=0,1,2,---,q,

= hlz(gy V(Ql_))a Q S (in l?i], l = 17 21 1q7
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where v(0) = V(o, ), i.e. v(0)(&) = V(0,&), (0,&) € [0, T] x (0, ) and the operator A is same as in Eq.
(33). We define the functions by
O F:[0,T] x H% — H is given by

e_Q
Fo,v)(§)=¢&sing+ ——=————
V712 +[v(0, §)]
(i) i} = (01, 0] xHy—>Hi, i=12-".4q
lv(o; , &)l

1
1 — _ . .
hi(o,v(e; )(§) = 1 (Slle)—“ v 6]

(iii)h%:(gi,ﬁi]xH%%H%, i=1,2-,q

o  Iv(er . ©)l
hi(e.veNE) = 53— n 1(008»19)—|1 @)

For each ¢ € [0, T'] and vy, v» € 'H, we compute

Y _1
| F (o, v1) — Flo, v)ll < %IIA 2y = v2lly
and

-0

T 1 2
Fle, 2=/ | dt < ( +—>.
I1F (e, i A N RN E<m|m T

Thus the assumption (A2) i 1s verified. Also, one can easﬂy verified the assumptions (A3) and (A4) with Lipschitz
constants C;1 = Dhl = 2l+1 and Chz =Dy = le

2

Next, we consider a particular case of Example 1.
Example 2 Consider the following partial differential equation given by:

PV §  V@©eE . e ®
=ésing+ ——, (0,5) €0, HU@2, 7] x (0, m),
302 02 VI2+1V (0, 8)
V(,0)=V(,m)=0, 0€[0,T], 0<T <
Ve &) = sino— 0o ) e (1,21 x 0.7,
3 L+ VA=, 8)l
) V(1= &)l
—V(@,&) =-cosp————, ,E) e (1,2] x (0, ),
5 (0. 8) 3 Ql+|v(1_$)| (0,6) € (1,2] x (0, )
1 -1
— ¢ -

V(0, §) 0¢ V(0,§) = 200 § € (0, m), (36)
whereO—ﬁo—Qo <01 <z91 <Q2—T <oow1thz90—Qo_O o1 =1,91 =2,0y, =m;1=0,1. Where
)’O(S) 206 , ZO(%) 4006 and Ch] = h] = Chz = 5 .

Example 3 Consider the folllowing undamped forced string system in the space H = R:
d*v(o) . .
do? +av(o) + msinv(g) =cosg ¢ € (¥i,0i+1l, i =0,1,2,--- ¢

v(0) = a; tanh(v(g; ))e(o) © € (0i,¥il, i =1,2,---,q
dv(o)
d

=daj tanh(V(Qi_))e/(Q)v Q € (Qla ﬁl]v i = 15 27 o, q

v(0) = yo, V'(0) = zp,
where a € R, m,a; € Rand e € C([0, T]; R). We define A by Av = —av with D(4) = R. The
functions a; tanh(v(o; ))e(0) and g; tanh(v(g; ))e’(0) represent non-instantaneous impulses during the inter-

val (0;, %], i = 1,2,---,q. C(0) = cos(s/ap) is the SCCF and the associated sine family is given by
S(e) = _z sin(V/ao).
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7 Conclusion

In this manuscript, a class of second order nonlinear NIIDEs in an arbitrary separable Hilbert space is taken into
consideration. An exact solution of system (1) is additionally suggested. By projecting the exact solution onto a
finite dimensional space, we constructed a sequence of approximate solutions. We have successfully established
the existence, uniqueness and convergence of approximate solutions. After that, we provide a rigorous proof
demonstrating that approximate solutions constitute a Cauchy sequence, with the mild solution of the original
problem (3) emerging as the sequence’s limit. Moreover, we proved the similar existence and convergence results
for the F-G approximations. Finally, some concrete examples involving partial differential equation are provided
to validate the main abstract results. Our research endeavours to present significant outcomes that can be of
immense value for future investigations.
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