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Abstract We propose and study the notion of triangles in smooth cubic hypersurfaces. We prove that for a
generic cubic n-fold X (n ≥ 2), the variety of triangles in X is of dimension 3n − 6. We show that on a generic
cubic n-fold, the triangles with a given edge can be parametrized by an open subset of a quintic hypersurface in
P

n−1. In the case of a generic cubic threefold, we show that the locus of the opposite vertices for triangles with
a given edge form a curve of degree 10. As a corollary, we get an interesting enumerative result on the number
of triangles satisfying some restrictions.

Keywords Cubic hypersurfaces · Varieties of triangles · Varieties of lines

1 Introduction

We work over C, the field of complex numbers, throughout this article. A smooth cubic hypersurface of dimension
n, or more simply, a cubic n-fold, is a smooth hypersurface in P

n+1 defined by a homogeneous polynomial of
degree 3. The study of the lines in smooth cubic hypersurfaces has a long history and occupies a large part of
mathematical research [1,4,5]. One of the most famous results in algebraic geometry is the following theorem
due to Cayley and Salmon. (The textbook [9] has a nice presentation on this result.)

Every smooth cubic surface has exactly 27 lines on it.
When the dimension n of the cubic hypersurface X is strictly larger than 2, the number of lines on X is no
longer finite. The set F = F(X) of all lines on X is a projective variety, called the Fano variety of lines of X
(whence the letter F). The variety F is relatively quite well-understood [5]. It has very nice geometric properties,
and the understanding of F will in turn give some geometric information about the cubic hypersurface X itself.
For example, in [4], the Fano variety of lines in the cubic threefold is studied to give rationality results of the
cubic threefold. In [3], the Fano variety of lines in the cubic fourfold is proven to be a holomorphic symplectic
manifold. In this article, we propose and study the notion triangles in smooth cubic hypersurfaces, which is
defined as follows.

Definition 1.1 Let X be a smooth cubic hypersurface. A triangle on X is a set of three distinct coplanar lines
{L1, L2, L3} lying on X . Each line Li of a triangle is called an edge of this triangle. The intersection point of
L2 and L3 is called the opposite vertex of L1.

The notion of triangles has been already proposed and studied for cubic fourfolds in [10], but there does not
seem to be systematic research on triangles in cubic hypersurfaces of all dimensions in the literature. This article
studies the configurations of triangles and the geometry of the variety of triangles.
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Let W be the variety of triangles in X . In the cubic surface case (i.e., n = 2), since there are 27 lines on X ,
the number of triangles is also finite, hence dim W = 0 in this case. In fact, we can even conclude that there are
exactly 45 triangles in any smooth cubic surface by studying the configurations of the 27 lines. See Corollary 2.4
for a discussion on this counting result. In the higher dimensional cases, W is an algebraic variety. About this
variety, we have the following result.

Theorem 1.2 For a generic cubic hypersurface, the dimension of W is 3n − 6.

This dimension result coincides with the observation in [10] that the variety of triangles of a cubic fourfold
has dimension 6.

Since the dimension of W is strictly larger than 0, we can try to impose more restrictions on the triangles
and study the geometry of the triangles under these conditions. In this project, we are mostly motivated by the
following guiding problem.

Problem 1.3 Let X ⊂ P
n+1 be a generic cubic n-fold and L a generic line on X. Let S be a generic surface of

degree d on X. What is the number of triangles on X with L an edge such that the opposite vertex lies on S?

By a standard dimension counting argument, it is not hard to see that the number of triangles satisfying the
conditions in Problem 1.3 is indeed finite. See Proposition 4.1 for a detailed argument. Our first step to attack
Problem 1.3 is to study the variety of triangles with a given edge L . Notice that the planes (2-dimensional linear
subspaces) containing L in P

n+1 can be parametrized by P
n−1. We have the following result.

Theorem 1.4 Let L be a generic line on a generic cubic n-fold X. The triangles in X with L as an edge are
parametrized by a non-empty open subset of a quintic hypersurface in P

n−1. More precisely, there exists a quintic
hypersurface V ⊂ P

n−1 and a codimension 2 subvariety Y ⊂ V such that the set of triangles in X with L as an
edge can be parametrized by V − Y .

Remark 1.5 When n = 2, Theorem 1.4 states that there are exactly 5 triangles with a given edge in a cubic
surface. This result is classical (see Proposition 2.3). When n = 3, V is a quintic curve and the codimension 2
subvariety Y ⊂ V is empty by dimension reason. Hence, Theorem 1.4 states that the triangles with a given edge
in a generic cubic threefold can be parametrized by a plane quintic curve.

Theorem 1.4 helps us to answer Problem 1.3, at least in the case of cubic threefolds. Our approach to counting
the triangles with a given edge and restricted opposite vertex is to determine the geometry of the locus of the
opposite vertices, and then use intersection theory to determine the intersection of this locus and the given surface
S. For cubic threefolds, we get the following theorem.

Theorem 1.6 Let L be a generic line in a generic cubic threefold X. Let C ⊂ X be the set of opposite vertices
of triangles in X with L as an edge. Then C is a curve of degree 10.

As a corollary, we can give an explicit answer to Problem 1.3 in the case of cubic threefold.

Corollary 1.7 Let X ⊂ P
4 be a generic cubic threefold and L a generic line on X. Let S be a generic surface

of degree d on X. Then the number of triangles on X with L an edge such that the opposite vertex lies on S is

10d

3
.

Remark 1.8 (i) Since C is of degree 10 and S is of degree d, it is tentative to conclude that C intersects with
S at 10d points (counted with multiplicities). However, a moment of thinking will convince the reader that it is
not true. Since dim C + dim S < dim P

4, we cannot work on the intersection of C and S as in P
4. Instead, one

needs to regard that the intersection of C and S happens in X , which is a 3-dimensional variety. This poses the
subtlety of the problem. See Section 4.3 for further discussions. (ii) It may be a priori not so clear why the degree
d of the surface S must be divided by 3. This is in fact a consequence of a theorem of Lefschetz on hyperplane
sections [7]. See Theorem 4.12 for the precise statement.

2 Triangles with a given edge

The main purpose of this section is to prove Theorem 1.4. The n = 2 case is classical, but the proofs are
inspiring, so we review them in Section 2.1. The higher dimensional cases are more intriguing and are presented
in Section 2.2.
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2.1 The n = 2 case: cubic surfaces

In this subsection, we review the proof of Theorem 1.4 in the cubic surface case, namely, the number of triangles
with a given edge in any smooth cubic surface is 5 (Proposition 2.3). The proof that we follow here is presented
in [9, §7]. The reasons why we devote this subsection to such a well-known result are two-fold. First, This result
gives the special case of our project in the 2-dimensional case and the proof as is presented in [9] is elementary and
has inspired us in higher dimensional cases. Second, the results of this subsection, especially Theorem 2.1, are
actually used in further sections (c.f. Lemma 3.3). In the end, we count the number of triangles in a nonsingular
cubic surface(Corollary2.4).

Let S ⊂ P
3 be a cubic surface. Contrary to the presentation in [9, §7], at this stage, we do not assume S is

smooth. This complicates a little the proof of Theorem 2.1. However, this more general statement will be used
in later parts of this paper so we need to prove the difference part.

Theorem 2.1 There exists at least one line L on S.

Proof Here we follow closely the proof as is presented in [9, Proposition 7.2]. But there are some slight differences
since we are not assuming that the cubic surface is smooth here. Looking closely at the proof in [9, Proposition
7.2], we find that we only need the existence of a nonsingular point P ∈ S (instead of the assumption that S is
everywhere smooth). Here, we prove that a nonsingular point always exists unless when the cubic surface is a
triple plane.

Lemma 2.2 Let S be a cubic surface defined by f (x0, . . . , x3) = 0. Then there does not exist any nonsingular
point in S if and only if there is a linear function L(x0, . . . , x3) such that f = L3.

Proof The direction (⇐) is clear. Let us show the direction (⇒). If there does not exist any nonsingular point at
S, then

S ⊂
{

∂ f

∂x0
= 0

}
∩

{
∂ f

∂x1
= 0

}
∩

{
∂ f

∂x2
= 0

}
∩

{
∂ f

∂x3
= 0

}
.

Let Qi = ∂ f
∂xi

. Because S is a cubic hypersurface, the polynomials Q0, Q1, Q2 and Q3 will not be constantly
equal to 0 at the same time. We may assume that Q0 is not constantly equal to 0. Since Q0 is a quadratic
polynomial and S is a cubic hypersurface, we can know that the fact S ⊂ {Q0 = 0}. Then, we divide it into 2
cases: case(i): if S = {Q0 = 0}, then it implies that S = Q ∪ L , where Q is a quadratic surface that is equal
to {Q0 = 0} and L is a plane contained in Q. The last claim shows that Q is a union L with another plane L ′.
Then S must contain a double plane L with another (simple) plane L ′. However, if L ′ 
= L then all the points on
L ′ − L are nonsingular, which contradicts our assumption that S contains no nonsingular points. Hence, in this
case, S must be a triple plane. Case(ii): if S � {Q0 = 0}. Since Q has a subsqace, Q can be written in the form
of Q = L ∪ L ′. Hence, we have S = L as a set. Then S = L3. As a result, S must be a triple plane, as desired. ��

Therefore, if S does not have any nonsingular point, then S is a triple plane and it has lots of lines, as desired.
Then the proof of [9, Proposition 7.2] works exactly the same if S contains a nonsingular point. ��

The following proposition is stated and proved in [9, Proposition 7.3].

Proposition 2.3 Let S be a smooth cubic surface. Given a line L ⊂ S, there exist exactly 5 triangles with L as
an edge.

Corollary 2.4 There are exactly 45 triangles on S.

Proof From Proposition 2.3, we know that there are 5 triangles on each given edge. From [9, (7.6)], we know
that there are a total of 27 lines on S. Every triangle consists of 3 different lines. So the number of the triangles
equals 5×27

3 = 45. ��

2.2 Higher dimensional cases

The study of triangles with a given edge in a cubic hypersurface of higher dimension is quite similar to that in
dimension 2. In particular, the idea of the proof of Proposition 2.3 still works in higher dimensions. However, the
classification of the residual conics is more complicated (see Lemma 2.5). Since a triangle determines a plane
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in P
n+1, let us first study the planes in P

n+1 containing a given line. We know that the planes in P
n that pass

through a given line can be parametrized by P
n−1.

Let L be a line in X . Let H ⊂ P
n+1 be a plane containing L . The intersection of H with X is a cubic curve C .

Since the line L is on C , C is the union of a line L and a conic Q. The triangles with L as a given edge correspond
to the planes such that the conic Q is the union of two distinct lines, different from L . In what follows, we will
calculate explicitly the locus of the planes satisfying the above condition.

Let us assume that the line L is defined by {x0 = x1 = . . . = xn−1 = 0}. Any points on L can be written as
the form of [0 : 0 : . . . : xn : xn+1]. Since L ⊂ X , the defining polynomial of the cubic hypersurface X can be
written as

f = x0 Q0 + x1 Q1 + . . . + xn−1 Qn−1,

where Qi = Qi (x0, . . . , xn+1) are quadratic polynomials. Given an a = [a0 : a1 : . . . : an−1] ∈ P
n−1 . We

identify a with the point [a0 : . . . : an−1 : 0 : 0] ∈ P
n+1 and we use the same notation for the point. Because

a, L generate the plane Pa, we have Pa = {[a0 R : a1 R : . . . : an−1 R : S : T ]|[R : S : T ] ∈ P
2}. Combined with

the expression of f , we have

f |Pa(R, S, T )

= a0 RQ0(a0 R, . . . , an−1 R, S, T ) + . . . + an−1 RQn−1(a0 R, . . . , an−1 R, S, T )

= R · Qa(R, S, T ), (1)

where Qa(R, S, T ) is a quadratic form in R, S, T whose coefficients are polynomials in a. Let us write

Qa(R, S, T ) = (R, S, T )

⎛
⎝ F(a) G1(a) G2(a)

G1(a) L1(a) L3(a)

G2(a) L3(a) L2(a)

⎞
⎠

⎛
⎝R

S
T

⎞
⎠ . (2)

Then F is a cubic polynomial and G1, G2 are quadratic forms, and L1, L2, L3 are linear, with a as variables.
The cubic curve defined by Equation (2) must contain the line R = 0, which is exactly the line L . The residual
curve is a conic curve defined by the polynomial Qa(R, S, T ). We classify the cubic curves defined by Equation
(2) into four types according to the expression of Qa(R, S, T ). We have the following result.

Lemma 2.5 Exactly one of the four cases happens:

(i) Pa ⊂ X.
(ii) Pa ∩ X = L ∪ L1 ∪ L2, and L1 = L2 or L1 = L or L2 = L.

(iii) Pa ∩ X = L ∪ L1 ∪ L2, and L1, L2, L3 are three different lines which are coplanar.
(iv) Pa ∩ X = L ∪ Q where Q is a nonsingular conic curve.

The triangles with L as an edge corresponds to the case (iii). To start with, let us first discuss cases (i),(ii)
and (iii).

Proposition 2.6 The planes in cases (i)(ii)(iii) are parametrized by a quintic hypersurface in P
n−1.

Proof These three cases are characterized by the condition det Qa = 0. So we can get the following equation.

F(a)(L1(a) · L2(a) − L3(a)2) − G1(a)(G1(a) · L2(a) − G2(a) · L3(a))

+ G2(a)(G1(a) · L3(a) − L1(a) · G2(a)) = 0.

The equation is a degree 5 polynomial in a0 . . . an−1. So the equation defines a quintic hypersurface in P
n−1. So

the planes containing L that satisfy case (i),(ii) and (iii) can be seen as a quintic hypersurface in P
n−1.

Then we need to eliminate the cases (i) and (ii), so we can get the planes that satisfy case (iii).

Lemma 2.7 Suppose the cubic hypersurface X is chosen generically. In that case, the planes in the case (i) form
a codimension at least 2 subvariety of P

n−1, while the planes in the case (ii) form a codimension 3 subvariety of
P

n−1.
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Proof Since the rank function is an upper semi-continuous function with respect to the coefficients of the
defining equation of the cubic hypersurface, it suffices to check the statement for a specific cubic hypersurface.
Let f = x0x2

2 + x1x2
3 + . . .+ xn−2x2

n + xn−1x2
n+1 and a = [a0 : a1 : . . . an−1 : 0 : 0]. Hence, Pa = [a0 R : a1 R :

. . . : S : T ]. Then the interaction of f (x) and Pa is f |Pa(R, S, T ) = R[(a0a2
2 + a1a2

3 + . . . + an−3a2
n−1)R2 +

an−2S2 + an−1T 2]. Hence, Qa for this equation is
⎛
⎝� 0 0

0 an−2 0
0 0 an−1

⎞
⎠

When the rank of the above matrix equals 1, then an−2 = an−1 = 0, indicating that the codimension equals 2.
The condition R|Qa(R, S, T ) is equivalent to saying that the coefficients of S2, ST, T 2 vanish (i.e., L1(a) =

L2(a) = L3(a) = 0). For a generic choice of X , they are 3 independent linear conditions. So codimension of
the locus of a ∈ P

n−1 that satisfies R|Qa is 3. ��
Corollary 2.8 For a generic cubic hypersurface X of dimension n ≥ 2, the triangles with L as a given edge
form a nonempty open subset of a quintic hypersurface in P

n−1.

Remark 2.9 It is useful to notice that for a generic cubic threefold, Lemma 2.7 says that there are no planes in
the cases (i) and (ii). Therefore, Proposition 2.6 and Lemma 2.7 show that the triangles with a generic given edge
in X form a quintic plane curve. This observation is used in Section 4.

3 Varieties of triangles

The main purpose of this section is to prove Theorem 1.2. We use the Grassmainnians for a useful construction
in this section, so let us first briefly recall the basic properties of Grassmannians. A more detailed presentation
can be found in, for instance, [7, 1.5]

Let W be the variety of all the triangles in X , and F be the variety of all the lines in X .

Proposition 3.1 For the generic cubic hypersurface X, the dimension of F, the set of points of a variety, equals
2n − 4.

Proof Let V be the set of all the homogeneous polynomials of degree 3 in x0, x1, . . . , xn+1. Let P(V ) be the
projective space associated with V . Then we can view P(V ) as a space parametrizing cubic hypersurfaces in
P

n+1. Let us consider the following construction:

I = {(X, L) ∈ P(V ) × Gr(2, n + 2) : L ⊂ X}

P(V ) Gr(2, n + 2)
p

q

Let N be the dimension of P(V ).

Lemma 3.2 For any L0 ∈ Gr(2, n + 2), the dimension of q−1(L0) equals to N − 4.

Then in order to calculate the dimension of F , we should first calculate the dimension of I . From [8, Ex.
II.3.22], the dimension of I equals the dimension of Gr(2, n + 2) plus the dimension of the fiber q. We know
that the dimension of Gr(2, n + 2) = 2n while from Lemma 3.2, the dimension of the fiber of q equals N − 4.
As a result, the dimension of I equals 2n + N − 4. Then we know that p−1(X0) is equivalent to the set of all
the lines in a given hypersurface X which is the same as F . Since F(X) = p−1(X), we need to calculate the
dimension of the fibers of p. To this end, we need the following:

Lemma 3.3 For any cubic hypersurface of dimension n ≥ 2, there is a line on it. (Corollary of Theorem 2.1)

Proof Let X be a cubic hypersurface. Let V be a generic 3-dimensional linear subspace. Then X ∩ V is a cubic
surface. From Theorem 2.1, we can know that for any cubic surface, there must be a line. So the line is also in
X . ��
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By Lemma 3.3, every cubic hypersurface can be projected via the map p. Therefore, the map p : I → P(V ) is
a surjective. Hence, by [8, Ex. II.3.22], the dimension of F is equal to 2n − 4. ��
Theorem 3.4 For a generic cubic hypersurface X, the dimension of the variety W is 3n − 6.

Proof Let W̃ = {(L1, L2, L3) ∈ F × F × F : L1, L2, L3 are distinct and coplanar }. Let π : W̃ → W be the
map that sends the ordered list (L1, L2, L3) onto the triangle formed by L1, L2 and L3 as edges. Then π is a
6 : 1 map. Hence, by [8, Ex. II.3.22], the dimension of W̃ is equal to the dimension of W . Hence, it suffices to
calculate the dimension of W̃ . Consider the projection pr1 : W̃ → F which sends (L1, L2, L3) to L1. The fiber
over L1 ∈ F is {(L1, L2, L3) : L2, L3 are distinct and different with L1 and coplanar to L1}. Then pr1 is 2 : 1
to the set of the triangles with a given edge. Hence, by [8, Ex. II.3.22] the dimension of the fiber of pr1 equals
the dimension of the set of the triangles with a given edge which is equal to n − 2 by Corollary 2.8. As a result,
the dimension of W̃ = (2n − 4) + (n − 2) = 3n − 6. So, the dimension of W is also 3n − 6. ��

4 Locus of the opposite vertices

The main goal of this section is to give a response to Problem 1.3 in the case of a generic cubic threefold, namely,
Corollary 1.7. The strategy is as follows. First, we prove the finitely of the result of this question. Then, we study
the locus of all the opposite vertices of triangles with a given edge. By a blow-up construction in Section 4.1, we
calculate that this locus is a degree 10 curve in P

4 (Theorem 1.6). Then by considering the intersection of this
locus and the given surface, we get Corollary 1.7.

Proposition 4.1 There are finitely many triangles satisfying the restrictions in Problem 1.3.

Proof Let V be the locus of opposite vertices in P
n+1. Then we just need to show that the intersection of V and

S has dimension 0. Any plane passing through L in P
n+1 can be projected to a point on P

n−1. Let V ′ be the
image of V − (V ∩ L) through the map. Any point on V represents a vertex of a triangle with L as an edge.
Every point on V − (V ∩ L), together with L , can determine a plane that intersects X at a triangle. So every
point on V ′ represents a plane in P

n+1 that intersects X at a triangle. Hence, V ′ can be seen as the set of the
triangles with L s a given edge. From the Corollary 2.8, we know that the set of the triangles with L as a given
edge is an open quintic hypersurface in P

n−1. We define a map φ from V − V ∩ L to V ′. Similar to Lemma 4.9,
the map φ from V − V ∩ L to V is a one-to-one map. Hence, the dimension of V equals the dimension of V ′
which also equals n − 2. Since V, S both lie in X and n − 2 + 2 = n and since S is generic in X , the dimension
of the intersection of V and L is 0. ��

4.1 A blow-up construction

Let L be a line in P
4, and a projective plane P

2 which does not intersect with L . Any plane that includes L
will intersect with the P

2 at only one point. Together with L , any point on P
4 can determine a plane. So we can

construct a map from the points on P
4 except those on L to the points in P

2. However, the map is defined by
L . In order to solve this, we can blow up P

4 along L , through which we pull all the planes that pass through L
apart. We define the image of P

4 after the blow-up as P . Let p be the map from P to P
4 and q be the map from

P to P
2.

There is a standard construction in algebraic geometry to make the above discussion rigorous. To this end,
we define

P = {([a R : bR : cR : S : T ], [a : b : c]) ∈ P
4 × P

2}.
And p : P → P

4 and q : P → P
2 are the two projections. We study the geometric behaviors of the maps p and

q.

Lemma 4.2 The map p : P → P
4 is the blow-up of P

4 along L.

Proof We need to show that the fibers over points on L are isomorphic to P
2 whereas the fibers over other points

are only one point. For a given point x on P
4. Let the coordinate of x be [x0 : x1 : x2 : x3 : x4]. If the point x

is on L , then (x0, x1, x2) = 0. Hence, p−1(x) = {([a : b : c], [0 : 0 : 0 : x3, x4])} ∼= P
2. On the other hand, if

the point x is not on L , then (x0, x1, x2) 
= 0. Hence, p−1(x) = {([x0 : x1 : x2], [x0 : x1 : x2 : x3 : x4])} is a
point. ��
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Definition 4.3 A P
2-bundle over X is a map π : Y → X such that there is an open covering X = ⋃

i∈I Ui , such
that over each Ui , the restriction πUi : YUi → Ui is isomorphic to the trivial bundle, i.e., YUi

∼= Ui × P
2.

Lemma 4.4 The map q : P → P
2 is a P

2-bundle.

Proof The projective plane P
2 can be covered with 3 pieces of A

2. Let us denote them U0, U1 and U2, where
Ui := {[x0 : x1 : x2] ∈ P

2 : xi 
= 0}. To prove that q : P → P
2 is a P

2 bundle, we need to prove that q is a
trivial bundle over U0, U1, U2, in other words, q|Ui : PUi → Ui is isomorphic to Ui × P

2 → Ui . Let us check
this on U0, and similar arguments for U1 and U2. Let (x, y) ∈ U0 ∼= A

2. Then in the homogeneous coordinate
form, this point is [1 : x : y] ∈ P

2. From the defintion of the map q we know that q−1(U0) = {([1 : x : y], [R :
x R : y R : S : T ])}. Let φ be a map

q−1(U0) → U0 × P
2.

([1 : x : y], [R : x R : y R : S : T ]) �→ ((x, y), [R : S : T ]).
The inverse of φ is defined as the following:

U0 × P
2 → q−1(U0)

((x, y), [R : S : T ]) �→ ([1 : x : y], [R : x R : y R : S : T ]).
So we can know that φ is bijective . Hence, q−1(U0) ∼= U0 ×P

2. Since P
2 = U0 ∪U1 ∪U2, the map q : P → P

2

is a P
2-bundle. ��

The blow-up structure of p : P → P
4 and the P

2-bundle structure of q : P → P
2 give us the following

useful theorem that relates the curves in P
4 and its image in P

2. For a rigorous proof of this result, see [6, Theorem
6.7, Corollary 6.7.1] or [4, (5.13)].

Theorem 4.5 ([6]) With the notations as in the above blow-up construction, let C be a curve in P
4 such that its

strict transformation C̃ intersects the exceptional divisor at m points, counted with multiplicities. Assume that
q : C̃ → q(C̃) is generically one-to-one. Then we have

deg C = deg q(C̃) + m.

4.2 Degree of the locus of the opposite vertices

Our result in this section has been shown from the paper of [12]. Hence, we just give a short proof here. We
denote C ⊂ X ⊂ P

4 as the locus of opposite vertices of triangles with L as an edge. In other words,

C = {x ∈ P
4 : x = L1 ∩ L2, {L1, L2, L} is a triangle on X}.

In this subsection, we are going to calculate the degree of C . In the spirit of Theorem 4.5, we need to calculate
the intersection number of the strict transformation C̃ and the exception divisor E .
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Proposition 4.6 For a generic cubic threefold X, the intersection number of C̃ and E is 5.

Proof It is not hard to see that the defining equation of C̃ is⎧⎨
⎩

g1 R + g2S + g3T = 0
g2 R + g4S + g6T = 0
g3 R + g6S + g5T = 0

.

It is not hard to see that the defining equation of E is R = 0. Then C̃ ∩ E is given by the following system
of equations on P:

⎧⎪⎨
⎪⎩

g1 R + g2S + g3T = 0
g2 R + g4S + g6T = 0
g3 R + g6S + g5T = 0

R = 0

.

This system of equations is equivalent to the following :⎧⎨
⎩

g2S + g3T = 0
g4S + g6T = 0
g6S + g5T = 0

. (3)

Consider the coefficients of S, T , we can get the following matrix:
⎛
⎝g2 g3

g4 g6
g6 g5

⎞
⎠ . (4)

Given a in P
2, the system of equations (3) has a nonzero solution in (S, T ) if and only if the matrix (4) has

rank ≤ 1. Then for any 2 × 2 submatrix, its determinant must equal 0. Hence,⎧⎨
⎩

g2g6 − g3g4 = 0
g2g5 − g3g6 = 0
g4g5 − g2

6 = 0
. (5)

Lemma 4.7 For a generic choice of gi , i ∈ [2, 6], the system of equations (5) has exactly 5 solutions in P
2.

Proof The first and second equations have 9 solutions in the projective plane by Bézout’s theorem. Let a1, a2 . . . a9
be the 9 solutions. Then we need to find out how many of the 9 solutions satisfy the third function.

Case(i): Let a be one of a1, a2 . . . a9 that satisfies g2 = 0. Then the first two equations are equivalent to⎧⎨
⎩

g2 = 0
g3g4 = 0
g3g6 = 0

.

The {g3g4 = 0} can be seen as a conic with a line. Similarly, the {g3g6 = 0} can be seen as the same conic with
another line. Hence, the intersection of {g3g4 = 0} and {g3g6 = 0} is a conic and a point in the middle. Then we
need to consider the equation g2 = 0. It represents another conic curve. For a generic choice of g2, the point in
the middle is not in g2. Then the intersection is 4 points because it can be seen as the intersection of 2 different
conic curves. May assume a1, a2, a3, a4 are the 4 points satisfying g2 = 0. For a generic choice of g6, none of
the four points above satisfy g4g5 − g2

6 = 0. Hence, a1, a2, a3, a4 do not satisfy the system of equations (5).
Case(ii): From case(i), we know that there are 4 points that satisfy g2 = 0, and then there are 5 points that do

not satisfy g2 = 0. Let us show that these five points satisfy automatically the third equation. In fact, g6 = g3g4
g2

and g5 = g3g6
g2

. It satisfies g4g5 − g2
6 = 0 automatically. Hence, these 5 solutions satisfy the system of equations

(5).
In conclusion, the system of equations (5) has exactly 5 solutions in P

2. ��
Since every a corresponds to the only solution of (S, T ) up to a scalar (thus the only solution in P

1), the
system of equations (3) has 5 different solutions. Hence, C̃ intersects E at 5 different points. ��
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Theorem 4.8 The degree of C is 10.

Proof Any point in P
2 represents a plane passing through L in P

4. So q(C̃) represents the plane through which
also intersects with the curve C . Since C is the locus of opposite vertices of triangles with L as a given edge, the
planes through L which also intersects with C can be seen as the set of triangles with L as a given edge. From
the discussion in Section 2, the set of triangles with L as a given edge has degree 5. Hence, the degree of q(C̃)

is equal to 5.

Lemma 4.9 The map q : C̃ → q(C̃) is generically one-to-one.

Proof Let C̃◦ := C̃ − E be the complement of C̃ ∩ E in C̃ . Since C̃ ∩ E has only finitely many points (in fact
there are 5 by Proposition 4.6). To show that q : C̃ → q(C̃) is generically one-to-one, it suffices to show that
q : C̃◦ → q(C̃◦) is one-to-one. From Lemma 4.2, we know that P is a blow-up along L , so P − E ∼= P

4 − L .
Hence, we just need to prove that the map from C − L to q(C̃◦) is one-to-one. ��
Lemma 4.10 There does not exist any plane in P

4 that intersects with the generic cubic hypersurface X at 2
triangles.

Proof From Lemma 2.7, we know that there does not exist any plane that is included in X . If there exist 2 triangles
in a plane, then the intersection of the plane and X have at least 4 different lines. However, the intersection of a
cubic hypersurface and a plane is a cubic curve. As a result, there does not exist any plane in P

4 that intersects
with the cubic hypersurface X at 2 triangles.

Let us continue the proof of Lemma 4.9. If there exist 2 points on C − L that are projected to the same point
on q(C̃), the 2 points together with L must form the same plane. Hence, there are 2 triangles in the same plane
since both the 2 points are on C . It contradicts to Lemma 4.10. As a result, the map q : C̃ → q(C̃) is generically
one-to-one. ��
From the Theorem 4.5 and Proposition 4.6, we can calculate the degree of C as

deg C = deg q(C̃) + m = 5 + 5 = 10.

This completes the proof of Theorem 4.8. ��

4.3 Counting triangles

Theorem 4.11 Let S be a generic surface of degree d on X. The number of triangles on X with L an edge such
that the opposite vertex lies on S is 10d

3 .

Proof To calculate the number of triangles with L as an edge and have the opposite vertex lying on S, we just
need to find out the number of intersections of S and C . To this end, we will need the following theorem of
Lefschetz which is special to the 3-dimensional case.

Theorem 4.12 (Lefschetz [7]) Let X ⊂ P
4 be a hypersurface and S ⊂ X be a surface in X. Then there is a

hypersurface V ⊂ P
4 such that S = V ∩ X.

Now let V be a hypersurface in P
4 such that S = V ∩ X . Since the degree of X is 3 and the degree of S is d, the

degree of V equals d
3 . That means that the cohomology class of S in X is d

3 times the generator of H2(X, Z). On
the other hand, since the degree of C is 10, the homology class of C in X is 10 times the generator of H2(X, Z).
Hence, the number of intersections of C ∩ S equals 10d

3 . As a result, the number of triangles on X with L an
edge such that the opposite vertex lies on S is 10d

3 . ��
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