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Abstract In this paper, sixth-kind Chebyshev wavelet is considered. The moduli of continuity of a functions in
Holder’s class by sixth-kind Chebyshev wavelets have been determined. The current study examines the solution
of Rayleigh, Van der Pol and Duffing differential equations. The sixth-kind Chebyshev wavelets collocation
approach is introduced to solve the Rayleigh differential equation, Van der Pol differential equation, and Duffing
differential equation. The solution obtained by sixth-kind Chebyshev wavelets method are compared with solution
obtained by Algebraic method (AGM) and ODE45 method. The proposed algorithms have provided accurate
results, even using few terms of the wavelet expansion. The numerical results demonstrate that our method is
simply applicable, efficient, powerful and very precise at the small number of basis functions.

Keywords Chebyshev wavelet of sixth-kind - Modulus of continuity - Wavelet approximation - Orthonormal
basis - Differential equations - Collocation points
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1 Introduction

Orthogonal polynomials are successfully employed for the numerical solutions of various
differential equations. Chebyshev polynomials play significant roles in numerical analysis and approximation
theory. There are well-known four kinds of Chebyshev polynomials, which are specific types of Jacobi polynomi-
als. These kinds of polynomials have been extensively used in a variety of papers related to numerical analysis.
The other two kinds of Chebyshev polynomials, namely, the fifth and sixth kinds of Chebyshev polynomial.
These two classes are symmetric like the first and second kinds of Chebyshev polynomials. In fact, they are
particular polynomials of the so-called “generalized ultraspherical polynomials. Regrading these polynomials,
their theoretical, as well as practical aspects, have attracted a significant attention from several authors. Wavelets
were introduced relatively recently, in the beginning of the 1980s. They attracted considerable interest from
the mathematical community and from members of many diverse disciplines in which wavelets had promising
applications. Wavelets can be used to characterize several function spaces: the Lebesgue spaces, Besov, Holder
class, Lipschitz class, Hardy, Sobolev and Triebel-Lizorkin spaces etc. Wavelets [3,25] have a wide range of
uses, including as a basis for several function spaces, method for solving differential and integral equations, and
an analysis of time-frequency composition of signals. From a historical point of view, the first reference to the
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wavelet goes back to the early twentieth century when Alfred Haar wrote his dissertation titled “On the theory
of the orthogonal function systems” in 1909 [11]. His research on orthogonal systems of functions led to the
development of a set of rectangular basis functions. Later, an entire wavelet family, the Haar wavelet, was named
based on this set of functions, and it is also the simplest wavelet family developed till this date.

Several researchers, including J. Boman, A. Babenko, M. Pavlovic, and others, have studied moduli of
continuity [5]. The modulus of continuity is a mathematical concept used to describe the regularity or smoothness
of a function. It provides a way to quantify how much a function can vary within a certain range of inputs. Wavelets
[17,18] help in the most accurate representation of functions in different spaces like, Sobolev space, Lipschitz
class, Holder’s class, Besov space, etc. Several academics, including Debnath [8], Meyer [19], Morlet [20], and
Devore [9], have studied the wavelet-based approximation of functions that belong to a specific class. The defect
in piecewise constant wavelets is that they are very poor at approximation of smooth functions. Haar wavelet
contains a non-smooth character. This is a deficiency of the Haar wavelet to estimate the moduli of continuity
and the approximation of the smooth function by it. This weak point is almost removed by considering other
wavelets like, Chebyshev wavelet 1,10, 18,22,24], Legendre wavelet [ 16, 18], Jacobi wavelet [14], Euler wavelet
[21], Bernstein wavelet [12], Lucas wavelet [13], Vieta—Fibonacci wavelet [15], etc. and more accurate moduli
of continuity and approximations of functions are obtained.

Nonlinear oscillations provides an interesting potential example of the mathematical description of the
nonlinear behavior of many phenomena in science, physics, and practical engineering. The homotopy perturbation
method, and the Hamitonian approach, are two main analytical tools for solving nonlinear differential equations.
The current study examines the solution of Rayleigh, Van der Pol and Duffing differential equations. In many
engineering and physical applications, the Duffing oscillator is one of the most important models. Duffing
equation is adopted in many problems such as optical stability, electrical circuit, oscillation of plasma, and the
buckled beam. Nayfeh and Mickens utilized different approaches to obtain approximate solutions for nonlinear
oscillators. Additionally, there are many other methods available in the literature for solving differential equations.
The key feature of wavelet collocation method is that it simplifies the problem to a set of algebraic equations and
consequently these equations are solved accurately as desired by researchers. The effectiveness and convenience
of the wavelet solutions in comparison to the numerical results have been demonstrated. Therefore, this method
is an effective implementation for resolving this kind of nonlinear problems.

This paper is organized as follows: Sect. 2 is introductory in which the moduli of continuity, sixth-kind
Chebyshev wavelet and approximation of function in LZ,[O, 1] class, are defined. In Sect. 3, theorem concerning
the moduli of continuity of f — Sy« s has been established with its detail proof . In Sect. 4, the process of solving
the differential equations using the sixth-kind Chebyshev collocation method has been introduced and provides
several numerical examples to demonstrate the accuracy of the proposed method. Finally, the main conclusions
are summarized in Sect. 5.

2 Definitions and preliminaries
2.1 The sixth-kind Chebyshev wavelets and its properties

A function W € L?(R) is said to be mother wavelet if it satifies the ‘admissibility condition’ i.e.

00 \i, 2
C\[;Z:/ ﬂdw<oo.

—so W]

00 2 00
Cy ::/ @I 1) is finite —> \iJ(O):/ W(r)dt =0 (Chui [6])

—so W] —0

Wavelets constitute a family of functions constructed from dialation and translation of mother wavelet W €
L2(R). We define wavelet

Wpa(1) = Ial%l‘l—’ (%) , a#0. (Daubechies [7])
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where a and b are called dialation and translation parameter respectively. Discretizing the parameters via a =
ag k, b= nboao_k, aop > 1, bg > 0, the following family of discrete wavelets are constructed:

Wi (0) = laol > W (afit — nbo)

Now, taking ag = 2, V(t) = V2Vt + 1) X[ el n ](t) & by = 2, the sixth-kind Chebyshev wavelet over
2k—1 7 9k—1
the interval [0, 1], denoted by W, ,,(¢), is defined as
5T,k —m, Lo M
W (1) = 2O D e S 1S o
0, otherwise,

wheren = 1,2,...,2 1 m=0,1,..., M —1is the degree of the sixth-kind Chebyshev polynomial and ¢ is
the normalized time [2,23]. Moreover,

Tt = —— Y (1),

Vhm

Here, Y,,, denotes the sixth-kind Chebyshev polynomials, which are orthogonal with respect to the weight function
w(t) = 12J/1 — 12 over [—1, 1], and satisfy the recurrence relation:

%, if m even;
hy, =

w(m+3) .
2@2m+3) (m+1) ) 1f m Odd

Sl (=)™ 42— (="
Yos1 () = Y (1) — O 4((m)+1))((’:;+2)( D i), m= 1,

with the initial values Yy () = 1, Yi(¢t) =¢t.

2.2 Sixth-kind Chebyshev wavelet expansion and approximation
The function f € Lg)[O, 1] can be expressed via the sixth-kind Chebyshev wavelets series as

2% o

1
FO=Y"" camVnm(®), where com = (f, Yum)i201) = fo fOV o®dt (2.1)

n=1m=0
The (2=, M)" partial sums of above series (2.1) is given by

k=1 pr—1

Syt ) =YY camWum(®) = CT W(1) 22)

n=1 m=0
in which C and W(¢) are 2~ M column vectors of the form

CT = [Cl,O» Cl,ly---CIl,M—1,C2,0,C2,1 -+ C2 M—1s5+--» Czk—l,oa ey C2k—],M—1] and
T
V() = [0 Vit Yim—1. Y20, Wo 1, oo Wo e ts oo Woiket g oo Woket gy ]
The sixth-kind Chebyshev wavelet approximation Epi-1_y,(f) of a function f € L2[0, 11by (2¢~!, M)™" partial
sums Sy-1 »,(f) of its sixth-kind Chebyshev wavelet series is given by

1

1 2
Eyrm(f) = ¢ mir(lf)llf — Spk-1 3 (P2, where || fll2 = </0 If O o@) dt) (2.3)

ok pm\

If Epi-1 4 (f) — Oas k, M — oo then Ej—1 »,(f) is called the best approximation of f* of order k=1 M)
(Zygmund [26]).
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2.3 Modulus of continuity and function of Holder’s class

The modulus of continuity of a function f € Li[O, 1] is defined as

Q(f.8) = sup [[f(+h) = fOll2

O0<h<§
1
= sup ( / |f(r+h)—f<t)|2w(r>dt) : (2.4)
0<h<§ 0

It is remarkable to note that € (f, §) is a non-decresing function of § and € (f,§) — 0as § — 0T (Chui [6]).
A function f is said to be in Holder’s class H*[0, 1] of order o, 0 < o < 1, if f satisfies

fax+0—f@x)=0(t*), VYx,t,x+1€l0,1]. (2.5)

3 Modulus of continuity and error estimation

In this paper, following theorem has been proved.

Theorem 3.1 If a function f € Li[O, 1] such that f € H“[0, 1] and its sixth-kind Chebyshev wavelets
expansion be

21 o
f@) = Z Z Cn,m\pn,m(t)
n=0 m=0
having (2X, M) partial sums
21 M—1
(SZk,M(f)) () = Z Z Cn,m\pn,m(t)
n=1 m=0

then the Moduli of continuity of f — (Szk’ u(f )) satisfies

1
Q <(f — Syt f) 5 F) = sup || (f = Su-1 4 f) C+h) = (f = Syt f) D2

1
0<h§2k—_1

1 1
=0 , M >1.
<2(a+2)k (M — 1);>

Proof of theorem 3.1 Consider

21 o

f(t) = Z Z Cn,m\pm,n(t)a where Cnm = <fs ‘I’n,m)wk~

n=1m=0

1
Cn,m :/ f(t)an,m(t)wk(t)dt
0

B ks nk k
= 1 f@®22Y,2% —2n+ 1) 02"t —2n + 1)dt

2k—1

/zknl F()25 v, @5 — 20+ D @t — 2 + 1)dr
= — ZNn w — ZNn
n—1 /hm m

25 [0 fcosB+42n—1 (—sinf)
= f — Y, (cos0) w(cos 9)2—k do
s

Vhm
1 1 & 0 +2n—1
= —F / f <u) Y,n(cos8) cos> O sin® 6 d6 3.
X 3
22 hm 0 2
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Case 1 when m is even

1 [22m4a 6421 — 1)\ si 2)
nn = / COS + 4 Sinm +2)6 2 sin2 g do
23 2 sin 20

” cosf +2n—1
0 2k

. / 7 cosf +2n — 1 sinmf  sin(m +4)0\ (—sin 9)d8
N 0 2k m m+ 4 2k

_ 1 /” 7 cosf 4+2n —1\ [cos(m —1)8  cos(m + 1)6
2% Br Lo 2k 2m 2m

3 cos(m +3)0  cos(m + 5)6 ) d@]

> (cosmB — cos(m + 4)60) do

[\
e

—_ &‘
[oe]
B

2(m +4) 2(m +4)
1 T, (cosf+2n—1 sin(m — 1)0  sin(m + 1)0
:232"\/8—7,[_/0 f < 2k ><2m(m—l)_2m(m+1)
3 sin(m + 3)0 sin(m + 5)0 ) (—sin@) d@]
2m +4)(m+3)  2m+4)(m+)5) 2k

1 /” 5 (0059 +2n — 1) <cos(m —2)0 —cosm6  cosmB — cos(m + 2)0
0

RN 2k dm (m—1) C Amm+ D)
3 cos(m +2)0 —cos(m +4)0  cos(m + 4)0 — cos(m + 6)0 ) d91|
4(m +4)(m + 3) 4m +4)(m +5)

1 /ﬂ( p cos0+2n—1>_ ,,(Zn—l (cos(m—2)0—cosm0
Tl VT )z dm(m—1)

_ cos moO — cos(m + 2)60 B cos(m +2)0 —cos(m +4)0  cos(m + 4)0 — cos(m + 6)0 ) d@]
dm (m + 1) dm +4)(m + 3) dm +4)(m +5)

| ., [cosO+2n—1 2n — 1
f( 2k )_f< >H4m(m—1) dm(m+ 1)

- : + : d9:|
Hm T A +3) A+ Hm 1)

1
SR
T 0Y e Lo

T 1 1 1 1 1
=% & /o 2k« <4m(m "D T amm D Amt Hm+3) | A+ D +5>)d9

T 1 1
< gz(mzs)k mm—1) (3.2)

Case 2 when m is odd

1 1 T cosf +2n —1 2. .o

Cnom = 2—%\/—_ / ! (2—k> Y, (cosf) cos“6 sin“6d6 by Eq. (3.1)
_ 2771( T cos@ +2n — 1\ (m + 3)cosOsin(m + 2)6 — sin(m + 3)6
 Vha Jo 2k (m + 1) 2™ sin 26 cos 0

1 1 T cosf +2n —1 m+3
= k+1 f T cosmf — cos(m + 2)60
V7 (m+ 1)(m +3) 2 2

cos? 6 sin” 0d0

! cos(m + 4)9) d9:|

1 1 T, (cosf+2n—1 m+3 . .
= —5 f p sinm@ sin 6
275 Jrm+Dm+3)LJo 2 2m

L sinm +2)0 sind — =" L Gingm + 40 sin0 ) do
Sin Sin — — SIn(m Sin
p S 2m + 4)
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27(3/;+1)

T (cosO+2n—1\ (m+3
_x/ﬂ(m+l)(m+3)|:/(; f( o )( o (cosm = 1) — cos(m + 1)0)
m+1

4

T (cos(m + 1)0 — cos(m + 3)0) — m(cos(m +3)8 — cos(m + 5)9)) d.9:|

(
—(5k+1) =1 . .
L [/” f”(cose—i—Zn—1>Sin0{m+3<s1n(m—1)9 sin(m + 1)0
VS Dm+3) Lo 2

4m m—1 m+1 >
1 sin(m + 1)  sin(m + 3)0 m+1 (sin(m+3)0 sin(m + 5)60 40
2(m +2) m+ 1 m+3 4(m + 4) m+3 m+5
27(51?1) —1

2k

Tz T fcosO+2n—1\ , (2n—1 .
_«/(—m+1)(m—+3)[/o {f< F ) f( >}8m9

m+ 3 (sin(m —1)0  sin(m + 1)0 1 sin(m 4+ 1)0  sin(m + 3)6
X{ 4m < m—1 m+1 >_2(m+2)( m+1  m+3 )
m+1 <sin(m +3)6 B sin(m + 5)9)}d9]
4(m +4) m+3 m+5

—(Qka+5k+1) 1
-2

|Cn,m| = —ﬂ = z 2 +15>k+1 1
2V2m(m —1) V8 @2 m(m — 1)

(3.3)
From (3.2) and (3.3)

b4 1 1
|Cn,m| < g 2(2a+§)k+l (m — 1)2, Vm > 1.

21 00 21 pr—1
FO) = St g (DO =Y Cum%um® =Y D cnmWnm(t)
n=1 m=0 n=1 m=0
k=1 g
= Z Z Cn,m"pn,m(t)a
n=1 m=M
1
1 = Sokt (DB = fo ) = Syt yg (1))t
2/(71

oo

= Z Z |c,,,m|2, by orthonormality of {W,, ,,}

(3.4)
n=1 m=M
By equation (3.4), the upper bound for |c, | is independent of n; hence

2k—1 00 1 1
2 T
1f = Su DB =D D T 5aarsiet gr =8
n=1 m=M

= (m — 1)4

N = Sp—1 (D5 =< SCa T DK ((M 1y +fM mdm , by the Cauchy integral test

- b4 1 1
— 2Qa+4) k+5 (M—l)4 +3(M—1)3
b4 1

1 T [ < 1
T oQa+Hk2 g Z

2(2a +4) k+4 3 (M _ 1)3

1 1
f = Sp-1 (N2 =0 (2(a+2)k M — 1)%)
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1
Q ((f — Sok-1. 0 f) 5 2,(—_1> = sup || (f = Sok-1 0 f) ¢ +h) = (f = Sak1 4 f) D2

1
O<h§2k—_I

< (= Syt g ) N2 4+ 11 (f = Spe=1. 31 1) 12
=2/ (f — Spe-1 p ) 12

_0 1 1
2(@+2)k (M — 1)%

Thus, this theorem is completely established.

4 Algorithm of the sixth-kind Chebyshev wavelets collocation method for solving differential equations

The Rayleigh differential equation is defined by the following non-linear equation [4]:

Y/ () + (ﬁ -y (y’(t))z) Y () +22y() =0, y(0)=a, y'(0)=0. (4.1)

Here, a, B, y & X are constant numbers.
Let y(¢) be the solution of Rayleigh differential equation then the sixth-kind Chebyshev wavelet expansion
of y(z) is

2k=1 pr—q

YO =Y cumWnm(t) (4.2)

n=1 m=0

This solution converges to the exact solution of equation (4.1). The sixth-kind Chebyshev wavelet collocation
method are used to determine the unknown coefficients ¢, . A total of 2k=1 0 conditions must exists for the
determination of coefficients:

Cl,o, Cl,la ~--7C1,M—17 6‘2,0, C2’1 ...,CZ’M_I,...,Czk—l,O, C2k—1‘1,...,C2k—I’M71.

Equation (4.1) has two initial conditions by which two following conditions are obtained:

2k=1 pr—1 2K=1 pr—1
YO =Y Pum @ =a, YO =D Y com¥,,,0)=0 (4.3)
n=1 m=0 n=1 m=0

It is important to note that an additional 2¥~'M — 2 conditions are needed to determine all the unknown
coefficients. These extra conditions can be obtained using Eqs. (4.1) and (4.2). Put the value of y(¢) from Eq.
(4.2) into equation (4.1), we obtain:

2=l pm—1 261 p—1 2 2= p—1
SO eamVl O+ [ B=v DD cam .0 DN w0
n=1 m=0 n=1 m=0 n=1 m=0
k=1 pr—1
+ )&2 Z Z Cn,m\pn,m(t) =0 (44)
n=1 m=0

By evaluating the above equation at discreate points, also known as collocation points:
J

_ s k—1
tj—m, J—3,4,...,2 M

2%=1 1 — 2 equations are obtained. Hence the values of unknown coefficients cn,m are obtained by these 2=1pm
equations. By substituting the values of ¢, ,, into Eq. (4.2), the explicit form of the approximate solution of Eq.
(4.1) are obtained. This algorithm is also applicable to higher-order differential equations
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4.1 Numerical examples

Several numerical examples are given to demonstrate the effectiveness and applicability of the sixth-kind Cheby-
shev wavelet collocation method for solving the differential equations.

Example 1 Rayleigh equation [4]

y'() + </3 -V (y’(t))z) Y@ +27y@) =0, y0) =a, y(©0)=0. (4.5)

The solution obtained by Algebraic method(AGM) of equation (4.5) fora = 0.1, 8 = 0.2, y = 0.1, &\ =
1.2 is expressed as

y(t) = 0.10035 e %" cos(1.1958 1 — 0.08343) (4.6)
For k = 1, M =5 the wavelet solution of equation (4.5) is given by

(@) =cr0¥1,0(0) + i1V () +c12W1,2(0) +c1,3W1,3(0) + c1,4V14()
= 0.55c10 + (6.387 — 3.19)cyy + (9.02(2t — D — 4.51)cy2 + (14.74(21 — 1)°
— 18.421 +9.21)c13 + (36.102t — D* = 36.10(21 — 1)? + 6.77)c14 @.7)

Put the value of y(¢) from Egs. (4.7) into (4.5), we obtain:

0.79c10 + 72.2¢12 — (0.1(6.38¢11 + ¢13(88.4(2t — 1)? — 18.4) + ¢14(288.8(2 — 1)° — 288.8¢
+ 144.43) + ¢12(72.211 — 36.10))” — 0.2)(6.38¢11 + ¢13(88.44(21 — 1)> — 18.42)
+¢14(288.8(21 — 1)° — 288.81 + 144.4) + ¢12(72.21 — 36.1)) + L4c12(9(21 — 1)* — 4.5)
+ ¢14(1733.19(21 — 1)> — 288.86) + 1.44¢13(14.74(2t — 1)° — 18.42¢ +9.21)
+1.4¢14(36.12t — D* —36.12t — 1)> + 6.7) + 1.4¢11(6.3t — 3.19) + ¢13(707t —353) =0 (4.8)

From Eq. (4.7) and using initial condition y(0) = 0.1, y’(0) = 0 we obtain following two equations

0.55536¢10 — 3.191538¢11 4+ 4.513517c12 — 5.527906¢13 + 6.770275¢14 = 0.1 4.9)
6.383076c11 — 36.108133¢12 + 70.020148¢13 — 144.432533¢14 = 0 (4.10)

Now, substitute r = 0.3, 0.6 & 0.9 in equation (4.8) we obtain following three equations respectively

0.799719c¢19 — 1.838326¢11 + 67.796631c12 — 137.566152¢13 — 8.79363c14
1
— (E(6.383076c11 — 14.443253¢c1p — 4.274914c 13 + 39.285649c14)2 — 0.2> 4.11)

x (6.383076¢1) — 14.443253¢17 — 4.274914¢)5 + 39.285649¢14) = 0
0.799719¢19 + 0.919163¢ 11 + 66.23676¢1> + 68.273624¢13 — 211.78489¢ 14

1
_ (E(6.383076c11 +7.221627c17 — 14.888495¢15 — 26.575586¢14)° — 0.2)

x (6.383076¢1) + 7.221627c17 — 14.888495¢15 — 26.575586¢14) = 0 (4.12)
0.799719¢19 + 3.676652¢11 + 74.036117c1 + 283.283533¢13 + 818.146174c14

1
_ (E(6.383076c11 +28.886507¢12 + 38.179407¢13 + 32.352887¢14)” — o.z)

X (6.383076611 + 28.886507¢12 4 38.179407¢13 + 32.352887c14) =0 (4.13)
Solving equations from (4.9) to (4.13), we obtain the values of wavelet coefficients ¢,

c10 = 0.13747724916088395059778442, c11 = —0.009703459041735707574589443
c12 = —0.0014383877215331124270734, c13 = 0.0001591563417358502604554717
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Table 1 Comparison between AGM solution, ODE45 solution and SKCWS for different values of M

t AGM ODE45 solution SKCWS M =5 SKCWS M =10 SKCWS M =20

0 0.100000956188466 0.100000000000000 0.100000000000000 0.100000000000000 0.100000000000000
0.1 0.099286590497708 0.099285632499393 0.099266351642267 0.099285632638449 0.099285632661720
0.2 0.097172604676769 0.097171593329309 0.097109373632995 0.097171593453176 0.097171593505711
0.3 0.093716814611015 0.093715681532980 0.093603251387730 0.093715681606020 0.093715681686203
0.4 0.088994997626277 0.088993632329606 0.088833150081550 0.088993632358050 0.088993632464238
0.5 0.083099457817024 0.083097676981338 0.082895214649072 0.083097677056291 0.083097677186460
0.6 0.076137384454333 0.076134902501202 0.075896569784445 0.076134902783482 0.076134902935197
0.7 0.068229030945966 0.068225438292694 0.067955319941355 0.068225438790760 0.068225438960665
0.8 0.059505743832085 0.059500497402557 0.059200549333024 0.059500498009399 0.059500498194664
0.9 0.050107872851699 0.050100302973674 0.049772321932209 0.050100302872411 0.050100303069778

0.14

T T

—® — SKCWS M=20
AGM

- = = SKCWS M=10

——t— SKCWS M=5

s ODE45

0.09 -

0.08 -

= o.07

0.06 [~

0.05 -

0.04

t

Fig. 1 The graphs of AGM, ODE45 and SKCW solutions for different values of M

c14 = 0.0000079187488079979813697268584782991

Substitute the value of cjg, c11, c12, 13 and c14 in Eq. (4.7) we obtain the explicit form of the approximate
solution of Eq. (4.5), as given by:

y(1) = 0.004575¢* + 0.0096197% — 0.0743731> + 2.721362758816350e 81 + 0.1 (4.14)
Example 2 Van der Pol equation [4]
Y'(t) + € (1 - y%)) Y@ +27y(@) =0, y©0)=a, y'(0)=0. (4.15)
The AGM solution to equation (4.15) witha = 0.2, € = 0.15, & A = 1.2 is expressed as
y(t) = 0.20036 ¢ %0721 cos(1.19784 ¢ — 0.060036) (4.16)

Appling the sixth-kind Chebyshev wavelet collocation method for k = 1 and M = 5, the values of wavelet
expansion coefficients ¢, , are given by

c10 = 0.27375523605802070812860196, 11 = —0.0197072254356985193401456
c12 = —0.0029563080219447907639622, 13 = 0.00030860904832525651063211
c14 = 0.00001774453471460292554859700814417
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Table 2 Comparison between AGM, ODE45 and SKCWS for different values of M

t AGM ODEA45 solution SKCWS M =5 SKCWS M =10
0 0.199999027533838 0.200000000000000 0.200000000000000 0.200000000000000
0.1 0.198567635235302 0.198568605599175 0.198531684849528 0.198568606009983
0.2 0.194321218208140 0.194322217806090 0.194202604259809 0.194322218722375
0.3 0.187360659964115 0.187361891714251 0.187145008317728 0.187361893295431
0.4 0.177824158862874 0.177826240779417 0.177515750835954 0.177826243177704
0.5 0.165884721195364 0.165888991658761 0.165496289352942 0.165888994816412
0.6 0.151747193060854 0.151756022293163 0.151292685132933 0.151756025979187
0.7 0.135644880015303 0.135661930944525 0.135135603165952 0.135661934840801
0.8 0.117835808655094 0.117866196234086 0.117280312167809 0.117866200066327
0.9 0.098598688638811 0.098648999797871 0.098006684580100 0.098649002987500
0.2 g —
"‘“'mg.‘ ———— SKCWS M=10
'\'\,‘_‘ ........ PrC SKCWS M=5
\'\.\ AGM
0.18 - e - - ®- - ODEas i
-~
0.16 |- ""\;\ i
-
‘- fffff “\
o \
o012 |- l .
N A 1 o
0.1 [
o.08 . L .
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Fig. 2 The graphs of AGM, ODE45 and SKCW solutions for different values of M

Substitute the value of cjg, c11, c12, 13 and c14 in Eq. (4.7) we obtain the explicit form of the approximate
solution of Eq. (4.15), as given by:

y(t) = 0.010252t* + 0.01589173 — 0.148523¢% + 2.303074748677947¢ 181 + 0.2

Example 3 Duffing equation [4]

Y'(t) + B (y(z) + 22 y%z)) = wsin(wt), y(0)=a, y'(0)=0.

4.17)

(4.18)

The AGM solution to Eq. (4.18) witha = 0.15, B =03, L =0.2, u =0.2 & w = 2 is expressed as

y(1) = 0.372137 ¢ 00001017881 45(0.30036 1 — 1.15592) — 0.051154 sin(21)

(4.19)

Appling the sixth-kind Chebyshev wavelet collocation method for k = 1 and M = 5, the values of wavelet
expansion coefficients ¢, ,, are given by

c10 = 0.29561779570236462847840172,
c12 = 0.00193600436551014815282515,

c14 = —0.000053266830701349086521746936882566

c11 = 0.0065636308955501638482858166
c13 = 0.0002901433821602411767821278

Substitute the value of cjg, c11, c12, ¢13 and c14 in Eq. (4.7) we obtain the explicit form of the approximate
solution of Eq. (4.18), as given by:

@ Springer

y(t) = —0.03077¢* + 0.095761> — 0.019887% — 1.340208992993567¢ 71 + 0.15

(4.20)
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Table 3 Comparison between AGM solution, ODE45 solution and SKCWS for different values of M

t AGM ODEA45 solution SKCWSM =5 SKCWSM =10

0 0.149999773234504 0.150000000000000 0.150000000000000 0.150000000000000
0.1 0.149995493435698 0.149998974439890 0.149893825070754 0.149998973448585
0.2 0.150251686614910 0.150258824622949 0.149921427377184 0.150258822213409
0.3 0.151148326174406 0.151159515839737 0.150546604624755 0.151159511633753
0.4 0.153033863720252 0.153049490542307 0.152159297271216 0.153049484252600
0.5 0.156210990939470 0.156231430399258 0.155075588526599 0.156231422045832
0.6 0.160924231503128 0.160949848214318 0.159537704353220 0.160949838049746
0.7 0.167349857974298 0.167381004470568 0.165714013465680 0.167380992789800
0.8 0.175588536003741 0.175625550606869 0.173699027330864 0.175625537442350
0.9 0.185660989362109 0.185704192472385 0.183513400167940 0.185704177749735

—¥—— SKCWS M=10
0.185 I~ SKCWS M=5

@ AGM

0.18 [~ = = W= = ODE45

0.175 [~

0.17

i

0.165 |-

0.16 [~

0.155 |-

o.1 w W -

0.145 L L L L L L L L
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

t

Fig. 3 The graphs of AGM, ODE45 and SKCW solutions for different values of M

5 Conclusion

In this paper, we have proposed a fast and precise algorithm based on the sixth-kind Chebyshev wavelet col-
location method. This algorithm has been applied to solve the Rayleigh, Van der Pol, and Duffing differential
equations. A key advantage of the method is its ability to transform the problem into a system of algebraic equa-
tions, significantly simplifying the computational process. Several numerical examples have been presented to
demonstrate the efficiency of the proposed algorithm. Figures 1, 2, and 3 illustrate that the method yields excellent
results, which is a significant contribution of this research. The calculations performed in Sect. 4 confirm that
the sixth-kind Chebyshev wavelet collocation method provides high accuracy and is particularly well-suited for
solving boundary value problems and higher-order differential equations. Despite its effectiveness, a potential
limitation is that solving the system of equations arising from Eq. (4.4) can occasionally be challenging. While
this issue is rare, it presents an opportunity for future research to further refine and improve the method.

5.1 Scope of future work
The scope of future works related to this research is outlined as follows:

(i) To estimate the moduli of continuity of f — Sy-1 4, (f) in the sobolev space and the solution of the
following fractional Riccati equation:

DYy(x)+ (y(x))> = 1=0, y0) =0, 0<y <1,

using Fibonacci wavelets.
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(ii) To develop an estimator of f —Sy—1 5, (f) in the sobolev space and solution of fractional Riccati equation:

DY y(x) + (y(x))* —2y(x) =1 =0, y(0) =0, 0<y <1,

using Euler wavelets.

(iii) An algorithm has been developed to solve Rayleigh, Van der Pol and Duffing differential equation using
the sixth-kind Chebyshev wavelet collocation method. The methodology introduced in this chapter is extendable
to a numerical algorithm for solving fractional-order nonlinear ordinary differential equations.

Let us consider a class of fractional initial value problems expressed as follows:

DVy(x)+ f(x,y,yY)=0, xe€(,1], 1<y <2, 5.1
subject to initial condition
y(0)=a, y'(0)=b, a, beR.

Here, D” denotes the left-sided Caputo fractional derivative. The fractional order differential equation (5.1) is
recommended to be solved in the future using the sixth-kind Chebyshev wavelet collocation method.

(iv) Continuing the work mentioned in point (iii), it is recommended to solve a class of fractional initial value
problems of the form:

F(x, D°y(x), D" y(x), ..., D y(x)) =0, y(0)=y;, 0<i<n,

where n = [y] is the smallest integer greater than or equal to §, and 0 < §; < 6y < --- < 8, < §, using the
method proposed in this research paper.
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