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Abstract In this paper, we proved that a permutation representation of a group acting regularly and two cases of
diagonal groups are embedded into wreath products in there product action using the Cartesian Decomposition.
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1 Introduction

Diagonal groups are a class of permutation groups which first appeared in the ONan-Scott Theorem describing
the structure of primitive permutation groups. Bailey et al [7] gave the geometry of such diagonal groups.

Praeger and Schneider [1] proved that if for a given set X, a subgroup that is transitive of a given wreath
product SymIwrSymA on A, then X is shown to be isomorphic to a subgroup of the wreath product of the
permutation group prompted by its stabilizer X5 on the set I' and also a given group prompted from a set X on
A.

Praeger and Schneider [2] also proved that quasiprimitive permutation groups that is of simple diagonal type
is not in any way isomorphic to a subgroup of wreath products that is acting on the same point set.

Many other people have made some progress on embedment of Groups into wreath products [3,5,6,9].
In this work, we were able to show that a permutation representation of a group acting regularly and two
cases of diagonal groups were embedded into the wreath products in there product actions using the Cartesian
Decomposition method.

2 Notion of Cartesian decomposition and wreath products

Definition 2.1 [8] Cartesian decomposition is define given a set € that is finite of partitions of Q, € =
{I'y,Ta, -+, T}, with |T;| > 2,foralli > land |y NyaN---Nyg| = Lforally; e T,y € Ty oo,y € Tk
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Any Cartesian decomposition is called a trivial Cartesian decomposition if it comprises of just a single
partition, that is partition into singletons. Cartesian decomposition is called homogeneous if it has the property
that all the I'; have the equal number of elements. If {I"y, I'2, - - - , I't}, is a particular cartesian decomposition
of a given set €2, then the defining property yields a well-defined one-to-one correspondence between 2 and
' x 'y x -+ x Iy given by w — (y1, 2, -+, yx) where, fora giveni = 1,2, --- , k, the block y; € I'; is
the unique block of I'; which contains w. Thus the set 2 can be obviously recognized with the cartesian product
' xT'y x - x Ty

Example 2.2 Let Q = (1, 2)3 , we have the subsequent partitions of 2 as.

r={d,1,0n,,1,2),d,2,1),1,2,2)},{(2,1, 1), (2, 1,2), (2,2, 1), (2, 2, 2)}}
M ={1,1,1),,1,2),2,1,1), (2, 1,2)},{(1,2,1), (1, 2,2), (2,2, 1), (2,2, 2)}}
I ={{,1,1),(,2,1),2,1,1),2,2, D}, {(1,1,2),(1,2,2), (2,1, 2), (2,2, 2)}}

With [yt Nya Nysl=1forall yy € 'y, y2 € I, y3 € Tz and |y1] = |2l = |y3| = 2.

Definition 2.3 (Wreath products of groups [1,9]) Suppose G and H are two given groups with ¢ a homomor-
phism from H to the automorphism group Aut (G). The semidirect product of G and H, denoted by G x4 H
or simply by G x H, is given as follows. The underlying set of the group G x H is the direct product G x H of
sets and the multiplication of two elements (g1, /1) and (g2, h7) is defined as

(g1.h1) (82.12) = (g1 (82 (h'9) ) . o)

It is routine to check that the semidirect product G x H is a group. It can easily be showned that G =
{(g, 1) |g € G} is a normal subgroup of G x H which is isomorphic to G, and H = {(1,h)|h € H} is also
a subgroup of G x H which is isomorphic to H. Further, G N H = 1 and GH = G x H. Identifying G with G
and H with H, one may view G and H as subgroups of G x H, and we will often write the element (g, /) of
G x H as gh.

We are going to utilize the ’function notation’ in describing wreath product with its particular product
action. Suppose G is a group, A be a set, and let H be a subgroup of SymA. Since our focus will be on
Cartesian decomposition, which, by definition, are finite, we shall throughout assume that the set A is finite.
Take B := Func (A, G), be a collection of all functions defined from A into G. Since B being a given group
defined based on the pointwise multiplication of elements of B. It has subgroups G, for é € A, defined

Gs ={f € Func(A,G) |8'f =1 forall § € A\ {5}}

each G is isomorphic to G. Additionally, B is known to be isomorphic with the direct product of these |A|
Sfif 8 =34
Lifé #6

duplicates of the group G, and the mapping o5 : f +— fs where §' f5 = { is defined as the natural

projection mapping B — Gs.

We then give a definition of a group homomorphism, namely 7, defined from the group H to Aut (B): Let
h e Hand f € B. We take f (ht) to be a function that is mapping f (ht) : 8 — Sh~! f.

It is routine to check that t is indeed a homomorphism. The wreath product Gwr H of G by H is known in
a general sense as semidirect product of B by H, i.e. B x H with respect to the given homomorphism defined
as 7, and the subgroup B of Gwr H is known as the base group of the Gwr H, and group H known as the fop
group. As the two components of a semidirect product are considered subgroups of the semidirect product, the
base group B and then the top group H can also be considered subgroups of the wreath product and, in this
way, B becomes a normal subgroup of Gwr H. Considering H as a known subgroup of Gwr H, the conjugation
action of H on B will be induced by 7 in f (ht) : 8 — 8h~! £, and so we obtained:

<6h’1)f:8<fh) forallh e H, f € Func(A,G), forall§ € A.

The wreath product Gwr H has a natural action by conjugation on the set of subgroups G of its base group.
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Remark 2.4 [8] Let us have a closer look at the special case A = {1, 2, - - - , k}. Then, the wreath product Gwr H
can be described using tuples, instead of functions. For i € A, the image if can be written as f;, and f can
be given by the k-tuple (f1, f2, -+, fr), If h € H and (g1, g2, - - - , gk) € B then the conjugate action of / on
(g1, 82, , &k) is known as

h
(81,82, 8K)" = (Suh-148on1s** + 8kn-1)
Hence H permutes the coordinates of the elements of B.

Definition 2.5 (Product action of Wreath Products [1,8]) Given a product action of a wreath product Gwr H
defined on the set of functions IT = Func(A, ') tobe: For G < SymI" and H < SymA, let f € Func (A, G)
and with & being an element of H and fix g = fh. Let ¢ € II, then we define the function ¢g that maps the
element § € A to

599) = (sn~"9) (sn7' 1)

Observe the element8h~'¢ € I', with8h~! f € SymT giving (Sh~'¢) (3h~' f) € I',and ¢g € Func (A, T) =
I, as expected.

Since A is finite, it is good to express the product action of it’s given wreath product in the form of a coordinate
notation. Suppose that A = {1, 2, ..., k}, and view Func (A, G) and Func (A,T) as Gk and T, respectively,
as in Remark 2.4. Then for (y1, y2, -+, yk) € rk, (g1, 82, - ,8)h € GwrH we have

(J/l, Y2, 0, )/k) ((glv 82, , gk) h) = (ylhflglh*h Vzh*182h*1 s TN ykhflgkhfl)

To have a deeper understanding of the subgroup(s) of wreath products of groups we entreat the concept of

Cartesian decomposition.

Looking at the set [T = Func (A, T'), and V§ € A, we give the definition of a partition I's of the set IT to
be: Take
s ={ys|Vy € I'}, where ys :={y € 1|8y = y}.

We can easily check that I's is certainly a partition of the set I1. The representation shows two significant facts.
First, the mapping § +— [ is defined as a one-to-one correspondence between A and {['s|6 € A}.
Second, let § € A, be a fixed element, the mapping y +— ys defined is a given one-to-one correspondence

between I" and I's. Let y € I" and § € A, then the element y5 € I's is well thought-out to be "a copy’ of y in the

set I's, and it is known as the y-part of ;.

The Cartesian product 1—[ I's is given to be a one-to-one correspondence with the original set IT: taking
SeA
ys € I's, one for all element § € A, the intersection ﬂ ys comprises of single element of IT, namely the map
seA
that takes each § to the element y € I that corresponds to ys. This gives a one-to-one corespondence from the
Cartesian product l_[ I's to the set of functions IT. Then, the set
SeA

€ = ([5|V6eA)

is a Cartesian decomposition of the set 1. Precisely, is a set of partitions seen as the sets of natural Cartesian
decomposition of the set I1. Since SymI"wrSymA is also a group that acts on the set I1, and the given action
of SymI'wrSymA is being stretched to subsets of the set I, subsets of subsets, etc. To be specific, we look at
the action of the group SymI'wrSym A on the particular sets of partitions of the set IT. We will observe that

{I's|6 € A} is invariant under the action. The normal product action of the group SymI"wrSymA on 1_[ [sis

seA
known to be permutationally isomorphic to the action that is defined on the set I1, and so the stabiliser in the

permutation group SymII of the Cartesian decomposition is the permutation group SymITwrSymA.

If X is a given subgroup of SymI"wrSym A in its product action on the set of functions I1 = Func(A, '),
and A = {1, -- -, k}, then we identify IT with the set % of ordered k-tuples of the elements of the set I', and in
this situation, subgroups of SymI"wrSym A ascend as automorphism groups of different types of graph products
(see (Praeger and Schneider, [8])), as groups of automorphism of some given codes of length say k on the alphabet
I', seen as subsets of Tk,

Then following theorem and its proof can be found in Praeger and Schneider [8], Theorem 5.13.
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Theorem 2.6 (Wreath Embedding Theorem [8]) Suppose that X is a given permutation group on a set 2
preserving a homogeneous Cartesian decomposition € = {I's|§ € A} of 2, and let ' € €. Then there is a
permutational isomorphism that maps X to a subgroup of SymT wr Sym A with its product action on Func(A, T'),
and maps € to the natural Cartesian decomposition of € defined above.

3 Main results

Now we are in a better position to prove our results. Embedding a wreath product in it’s product action is
equivalent to proving that a Cartesian decomposition is preserved.

Definition 3.1 [3] The G-action is said to be transitive if 2 is a G-orbit; that is, for all ¢, B € €2 there is a given
element g € G such that «g = B. If G is not transitive, then it is known as intransitive. A permutation group is
known as semiregular if all its point stabilisers are trivial. A permutation group is regular if it is transitive and
semiregular.

Proposition 3.2 Let T = S, for some group S, let S act regularly on T such that |T'| = |S|, then SymT wr Sy in
its natural action acts on Q = T, and the permutation representation of T is embeddable in SymT wr Sy, acting
regularly on = T'~.

Proof We suppose that S act regularly on I" such that |T'| = |S|, T = S, for some group S acts regularly on
Q = I'*. Let @ = I'* and suppose there exist a given subgroup W of Symg that is permutationally isomorphic
to SymIwr Sy, with || > 2 and k > 2, then W = SymT["wr Sy.

The normal subgroup N = (SymI" )* is known as the base group of W and H = Sy is known as the top
group. The product action of W on € = I'% is defined by

X1 X, 1
(ylv R J/k)Xh = (ylhlﬁl LI yk;ldll )

forall (y1,---, %) € Q,x = (x1,---,x;) € N and h € H, where the image of y € I" under y € Sym[ is
y”. W is obviously transitive on Q = I'*.
The Cartesian decomposition corresponding to the identity map on 2 is

6:{F1,~-~,Fk}

Where T is the partition of & = I'* into disjoint subsets according to the ith coordinate of a point in € = I'%,
that is to say, the parts of I'; are indexed by I" and the y-part is the set of all points (yq, - - - , yx) with y; = y.
Thus |T';| = |I"| for all .

Thus € is homogenous. Also each element x4 € W maps the partition I'; to the partition I';,. Thus W
preserves the Cartesian decomposition €.

Also W permutes the partitions I'; transitively. Thus the permutation representation of 7 is isomorphic to a
subgroup of SymI"wr Sy. O

Definition 3.3 (Diagonal group D(G, n) [3]) Suppose that G is a group with order |G| > 1, and n > 0
positive integer. Let § (G, n + 1) be the diagonal subgroup {(g, g, -, g) |g € G} of G"T!. We select coset
representatives for the element (G, n + 1) in G"*!. A suitable selection is to figure out the direct factors of
Gt ags Go; G1; - -+ ; Gy, and employ the representatives of the form (1, g1, g2, --- , g,) where g; € G;. and
let ©2 denote the collection of all such symbols. Then, €2 is bijective by means of G”.

We are now going to designate the action of D(G, n) as:

(a) Let 1 < i < n, the factor G; acts by right multiplication on symbols in the ith position in the elements of
the set Q2.

(b) Gy is acting by simultaneous left multiplication of all the coordinates by the inverse. Since, for x € Go, x
maps the coset containing (1, g1, g2, - , g») to the coset containing (x, g1, g2, -+ , &), Which is equal
to the coset containing (l,x_1 gl,x_1 g2, - ,x~ 1 gn). Automorphisms of G also acts simultaneously
on each of the coordinates; nevertheless the inner automorphisms are recognized with the action of ele-
ments in the diagonal subgroup 6 (G, n + 1) (the element ((x, x, x,---,x) maps the coset containing
(1, 81,82, -, gn) to the coset containing (x, gix, g2x, - -+ , g»X), which is equal to the coset containing
(l, x_lglx, x_lggx, cee, x‘lg,,x) .
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(c) Elements of the symmetric group S, (fixing coordinate 0) also acts by permuting the coordinates in elements
of Q.

(d) Look at the element of S,,;; which transposes the coordinates 0 and 1. It is mapping the coset containing
(1, g1, &2, -, gn) tothecosetcontaining (g1, 1, g2, - - - , gn) ,thatalso contains (1, gfl, gflgg, e ,gflgn>.
So the action of the given transposition is

(17 glv 82, Tt gn) = (15 g;lv g;lg27 ) g;lgn) .
(e) Now S, and the transposition generates Sy, .

Proposition 3.4 Let D (G, k) be a diagonal group where G is a group such that G < SymI" and positive integer
k > 2, then D (G, k) is embeddable in the wreath product SymT wr S where the wreath product acts on Q = T'¥
and I' > 2 is a non-empty set.

Proof Suppose that D (G, k) is a diagonal group where G is a group and there is a positive integer k > 2.
Now, SymTwr Sy acts naturally on the set Q = I' in its product action and is defined by

h Xip-1 Kkh—=1
(Vl,"' ’Vk)x - (ylly—l s Tt ,Vk;:lil )

forall (y1, -, %) € 2, x = (x1,---,x3) € (SymI)* and h € S and the image of y € I" under y € SymI’
is y¥. SymTwr Sy is obviously transitive on © = I'k,

Now for each coset of the diagonal group 8(G, k) = {(g, g.--- , &) |g € G} of G*, there is a unique repre-
sentative of the form (1, g1, g2, - - - , gk—1) and define 7, as

n((1, 81,80 8—1),((8 8 8),(8 8 ,8)) = (Lg_lglg,g_lgzg,m ,g_lgkflg)

which is the action on § (G, k).
The Cartesian decomposition corresponding to the identity map on 2 is

6:{F17"'9Fk}

Where I'; is the partition of Q = I'¥ into disjoint subsets according to the ith coordinate of a point in = I'%,
that is to say, the parts of I'; are indexed by I' and the y-part is the set of all points (y1, - - - , yx) with y; = y.
Thus |T';| = |I"| for all i.

Thus € is homogenous. Also each element of SymI"wr Sy maps the partition I'; to the partition I';;. Thus W
preserves the Cartesian decomposition €. Thus D (G, k) is isomorphic to a subgroup of SymI"wr S.

Definition 3.5 Suppose that G is a given group and n a positive. Let Q@ = G” ; this will be the domain of a
permutation, and its elements are written as [x, x2, - - - , x,,], where x1, x2, - -+ , x, € G. The diagonal group
D (G, n) is generated by the following five types of permutations on £2:

(a) The group G" acting by right multiplication; so the element (gi, g2, ..., £») maps [x{, x2, -+, X,] to
[x1g1,x282, -, xngn]. We will let G; be the ith factor of G", so that G; acts on the ith coordinate of
elements of .

(b) The group G, acting by simultaneous left multiplication; so g maps [x1, x2, - - - , X, ] to [g‘lxl, g xo,- e,

g 'x,]. It will be denoted by Go.

(c) The automorphism group of G, acting simultaneously on all coordinates.
(d) The symmetric group S, acting by permuting the coordinates.
(e) A permutation t , defined by

. -1 —1 —1
t-[X1,Xz,~-~,xn]'—>[x1 JX] X2, e, X xn]

Proposition 3.6 Let D (G, n) be a diagonal group, where G is a finite group and n is a positive integer, and
assume that ' = G with G acting regularly by right multiplication, and identify G with the corresponding
subgroup of SymT". Suppose also that in Aut (G) there is a subgroup Out (G), which complements the group
of inner automorphisms. Then D (G, n) is embeddable into the wreath product SymU wr S,,, acting naturally in
product action on the set Q = I'.
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Proof Let D (G, n) be a diagonal group for a finite group G and n a positive integer, and let ' = G with G
acting by right multiplication. Now, W = SymI"wr S, acts naturally on the set & = I'" in its product action and
is defined by

X — X -
(ylv ) Vn)Xh = (yll,:ﬁllv R} n];l}:ll>
forall (y, -,y € Q, x = (x1,--+,x,) € (SymI')" and h € S, and the image of y € " under y € SymTI’
isyY. W = SymTwrS, is obviously transitive on Q2 = I'". Q is bijective with G". O

Now,

1.We identified G with a subgroup of SymI". So we have M := G" as a subgroup of the base group (SymI")"
of W.

2. From the definition of the action of W it is clear that the top group S, normalizes M.

3. Also, Ngyur (G) is the holomorph of G, this is known as a semidirect product of G and a group A =
Aut (G) and A acts on I' = G naturally as automorphisms.

4. By assumption A has a subgroup O C Out (G) which complements the inner automorphism group of G.

5. Hence the normalizer of M in the base group of W contains a semidirect product M O", and we define D
as the diagonal subgroup of O”, namely D = {(x,x,---,x) | x € O}.

6. Finally consider the group generated by M, D and S,,, this is a copy of D (G, n) in W.

The Cartesian decomposition corresponding to the identity map on = I is

E:{Fl9"'9rn}

Where I'; is the partition of 2 = I'”" into disjoint subsets according to the ith coordinate of a point in Q = I'",
that is to say, the parts of I'; are indexed by I" and the y-part is the set of all points (yy, - - , ¥,) With y; = y.
Thus |T';| = |I"| for all i.

Thus € is homogenous. Also each element of SymI"wr S, maps the partition I'; to the partition I';x. Thus W
preserves the Cartesian decomposition €. Now since the automorphism group of G acts simultaneously on all
coordinates, thus W = SymI"wrS,, preserves the Cartesian decomposition € and we conclude that D (G, n) is
embeddable into the wreath product SymI"wr S,,.

4 Conclusion

We proved that a group that a permutation representation of a group acting regularly on a set and two cases of
diagonal groups acting on a set in product action are embedable into wreath products in such actions using the
Cartesian decomposition.
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