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1 Introduction

Let B(X) be the space of all bounded linear operators acting on a complex Banach space X. The identity operator
defined on X is denoted by /. The spectrum of an element 7 € B(X) is defined as

o(T) ={A € C: T — Al is not invertible in B(X)} .

The complement of o (T") is known as the resolvent of 7" which is denoted by p (7). One can naturally think

about the stability of the spectrum of an operator. The stability of the spectrum is connected with the continuity

nature of the map 7 + o (7). In Theorem 1 of [1] it is proved that the spectrum map is upper semicontinuous in

any Banach algebra .4 and examples can be given to illustrate the map is not lower semicontinuous in general.

There are many generalizations available on the spectrum. One among them is the concept of pseudospectrum.
Let T € B(X) and ¢ > 0. The e-pseudospectrum of 7 is denoted by A.(T) and is defined as

A(T) = {A €C: (T -2 = é}

by convention || (T —A1)~!|| = +o0if, and only if, A € o (T). The notion of the pseudospectra is an innovative tool
for learning about matrices and linear operators. Pseudospectra provides an analytical and graphical approach for
studying issues with non-normal matrices and operators. One should note that, Pseudospectra have nevertheless
shown to be an effective method for studying them. J. M. Varah [7] first proposed the concept of pseudospectra
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Some remarks on the stability of approximate pseudospectrum 1941

in 1967. L. N. Trefethen pioneered the research of pseudospectrum for matrices and operators during the 1990s
(see [8,9] and [10]).

Like spectrum map and its stability, one can think of the pseudospectrum map and its stability. The article
[5], discusses the stability and related results for pseudospectrum map of a Banach algebra element.

In our article, we focus on stability nature of the approximate pseudospectrum map. The article [11] pro-
vides the impetus for discussing stability. E. B. Davies [6], and M. P. H. Wolff [2] introduced the approximate
pseudospectrum for linear operators. The following is the definition of approximate pseudospectrum.

Definition 1 (Page 4 in [2]) Let T € B(X) and ¢ > 0. The approximate pseudospectrum is defined by
Eap,a(T) = {)\ e C: HHlllf1 ”(T — )\)x” < 8}
x|l=

The article [2] deals with the discrete approximation idea of the spectrum of an operator and it is shown that
the sequence of e-approximate pseudospectrum sets discretely approximate the spectrum from the below. In [3],
A. Ammar, A. Jeribi and Mahfoudhi, Kamel investigated the concept of approximate pseudospectrum and the
set

Oap,e(T) = {XG(C: |\ir\|1£1 (T — 2)x|| <8} (D

for unbounded linear operators. The articles, [2] and [3] contain various other important and interesting properties
of approximate pseudospectrum. For ¢ = 0, the above defined sets X, (1), 04p,e(T) are nothing but the
approximate spectrum of 7', written as o4, (T') and defined as

oap(T) = {A eC: \piclnlfl (T —1)x]| = 0} .
Note that, for any & > 0, 04p(T) € X4p o (T) Nogp e (T).

For any ¢ > 0, it is clear from the definition of 0y «(T) and X, (T) that o4y  (T) C X4p (T). Moreover,
0ap,e(T) is a non empty bounded open subset of C but X, .(T) is a non empty compact subset of C. While
proving the results related to stability of the approximate pseudospectrum, the nature of compactness plays a vital
role. Due to this reason, in this article we look in to continuity nature of the map T +— X, (T') under appropriate
settings. In the following sections, there are few results, which gives relations and distinctions between nature
of the sets yp o (T') and oy  (T).

This article has the following structure: Section 1 presents basic notions, theories, and established results. To
fulfill our primary goal, these are essential. Some preliminary results are obtained in Section 2. We demonstrate in
Section 3 the approximate pseudospectrum mapping’s upper hemicontinuity property. The lower hemicontinuity
is generally impossible, and this is shown through the use of different examples.

2 Basic definitions and notions
This section deals with some basic definitions, notions, and existing results that are required to prove our main
results. We start with a theorem, which is the equivalent characterization of the set defined in (1).
Theorem 1 (Theorem 3.3 in [3]) Let T € B(X) and ¢ > 0. Then, A € 04y ¢(T) if and only if there exists
D € B(X) with | D|| < & such that X € 04,(T + D).
Corollary 1 (Corollary 3.4 in [3]) Let T € B(X) and & > 0. Then, o,y (T) = U 0ap(T + D)

D <e

In [3], example 3.7, illustrates that the above theorem does not hold for X, . (T'). The following result is
true for Xy o (T)

Theorem 2 (Theorem 3.6 in [3]) Let T € B(X) and ¢ > 0.

1. If there exists D € B(X) with || D|| < & such that ). € 04p(T + D) then, . € X4p (T).

2. U 0up(T + D) C Zgp o« (T).
D] <
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1942 S. Veeramani, J. Ganesh

One of our results describes Hermitian operators through the approximate pseudospectrum. A Hermitian
operator is defined as follows:

Definition 2 (Definition 3.1 in [5]) Let T € B(X). T is said to be Hermitian if
{f(D): feBX), fH=1IfI=1} SR
where B(X)' denotes the dual of B(X).

The following two theorems will be used to prove the results related to the Hermitian operator.

Theorem 3 (Theorem 3.4 in [5]) Let T € B(X) and ¢ > 0. If . € o(T) then B(A,&) S A (T) where
Bh,e) ={neC:|r—ul <&}

Theorem 4 (Theorem 1.10.17 in [14]) Let T € B(X). If T is Hermitian then r(T) = ||T|| where r(T) =
sup{|A]| : A € o (T)}.

The preliminary results section discusses set valued maps and their continuity, so we recall few ideas about
it. The definition of a correspondence is described as follows:

Definition 3 (Definition 17.1 in [12]) A correspondence ¢ from a set X to a set Y assigns to each x in X a subset
¢ (x) of Y. We write the correspondence ¢ between X and Y by ¢ : X — Y.

The upper and lower hemicontinuous ideas are discussed in the following definition, we use them to demon-
strate the continuity property of the approximation pseudo spectrum.

Definition 4 (Definition 17.2 in [12]) A correspondence ¢ : X — Y between topological spaces is:

1. upper hemicontinuous at the point x € X if for every neighborhood U of ¢ (x), there is a neighborhood V of
x such that z € V implies ¢ (z) € U

2. lower hemicontinuous at x € X if for every open set U with U N ¢ (x) # @, there is a neighborhood V of x
such that z € V implies ¢ (z) N U # 0.

3. continuous at x € X if it is both upper and lower hemicontinuous at x.

It is known that using the equivalent characterizations of limit inferior of the sequence of associated sets, one
can obtain the upper hemicontinuity of a set valued map. So the definition of the limit inferior of a sequence of
sets is discussed below:

Definition 5 (see page 2 in [13]) Let (K,),cn be a sequence of subsets of a metric space X. We say that the
subset

limsup K,, .= {A € C: forevery ¢ > 0,3/ C Ninfinite such that B(A,e) N K,, #0 Vn € J}

n—o00

is the upper limit of the sequence K,, and that the subset

liminf K, .= {» € C: forevery ¢ > 0,3N € Nsuchthat BA,e) N K, #@ Vn > N}

n—o0

is its lower limit. A subset K is said to be the limit or the set limit of the sequence K, if

K =limsup K, = liminf K,, =: lim K,.

11— 00 n—00 n— o0
The following theorem is the equivalent characterization of the limit inferior of a sequence of sets.

Theorem 5 (see page 2 in [13]) Let (K,),cn be a sequence of subsets of a metric space X. A € liminf K, if
n—o0
and only if there exists {1} € C such that lim A, = Xl and A, € K,, foralln € N.

n— o0
The following theorem is obtained in [3]
Theorem 6 Let T € B(X) and ey > 0. If lim &, = &g thenliminf Xy, o, (T) = Zyp oo (T) and if lim &, =0
n— o0 n— o0 n—o0
then lim X,y ¢ (T) = 04p(T)
n—oo
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To demonstrate the upper, lower hemicontinuity of a specific correspondence, the following set inclusion is
to be used.

Theorem 7 (Theorem 3.51in [3]) Let T € B(X) and e > 0. Let E € B(X) such that |E|| < ¢. Then,

Oap,e—||E|(T) € 0up,e(T + E) C ogp et ) (T)

Note 1 1. Note that Theorem 7 is true for |E| < &. Suppose ||E|| = ¢ then ¢ — ||E|| = 0, consequently,
Oap,e—|EN(T) = 0qp(T) C 04p (T + E). Further, if . € 04p (T + E) then by Theorem 1, there exists
D € B(X) with || D|| < ¢ such that A € 04,(T + E + D). Since |E + D| < 2¢, by Theorem 1,

A € 0ap2:(T) = 0qp e E|(T).
2. In Theorem 13, the set inclusion relationship for X,y ¢(T) is proved.

3 Preliminary results

This section focuses on determining various topological characteristics related to approximate pseudospectrum.
To start, we prove the following few fundamental properties of the approximate pseudospectrum.

Proposition 8 [f T € B(X) and ¢ > 0, then the following holds

1. Xup.e(T) is a non empty compact subset of C.
2. 0up(T) = ) Zap.e(T)

>0
3. Ife1 < exthen Typ o (T) S Typ, e, (T).
4. If . € Sap o (T) then |A| < &+ |T|.

Proof We first prove (4). Let A € Xy o(T).If A € o (T) then, |A| < |T|| < &+ |IT||. Suppose A ¢ o(T) , then

inf |[[(T —A)x|| = —— . It follows that,
Ixll=1 T — )~
1 .
T ==~ ||ir|\1£1 (T —2)x| <e. (2)
Moreover if |A| > ||T || then, we know that
-0 s —— 3)
Al =T

On combining the above equations (2) and (3), we get |A| < e+ ||T|.

Next, we prove (1). In [3], Lemma 2.4 yield us X, (T') is a closed set. The fact that o,, (T') is a nonempty
subset of X, (T) and (4), proves that %, . (T') is a nonempty compact subset of C.

The proof (2) and (3) follows directly from the definition of X, . (T'). O

On next, we establish that each point in the approximate spectrum set is an interior point of the approximate
pseudospectrum.

Theorem 9 Let T € B(X) and & > 0. Then for every A € 04,(T), B(A, €) C 04p,(T).

Proof Let u € B(A, &) where A € 0,,(T). Consider the operator § = (u — A)I. Clearly ||S|| < & and
T+ S8 —wu=T — A. By using Theorem 1, we have i € ogp (T). O

In the next two results, we characterize the identity operator and Hermitian idempotent operator through the
approximate pseudospectrum.

Theorem 10 Let T € B(X) ande > 0. T = Al ifand only if Zyp (T) = {n € C: |A — u| < e}.

Proof If T = Al then %) o (T) = {n € C: | — pu| < &}. Conversely, let

Sape(T) = {n e C:|r—pu| <e}. We show that o,,(T) = {A}. It is known that o,,(T) # @. Consider
Ao € 04p(T) then, by Theorem 9, B(Ag, ) € Xyp (T) = B(A, ¢). Thus, 0,,(T) = {A}. The fact boundary
of o(T) is contained in o, (T') implies that o (T) = {A}. It follows that A.(T) = {u € C: |A — | < &}. By
Corollary 3.17 of [5], we have T = 1. O
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Theorem 11 LetT € B(X), T #0,1 ande > 0. Then, Lyp «(T) ={A € C: A <ejU{L e C: A —1] < ¢}
if and only if T is a nontrivial Hermitian idempotent operator and || T || = 1.

Proof Suppose,
Ype(T)={reC: A <ejU{leC:|A—-1]<¢}
then by Theorem 9, o, (T') = {0, 1}. Consequently, o (T) = {0, 1} and
A(T)y=QLeC: A <ejU{reC:|A—1] <¢g}.

By Corollary 3.18 of [5], T is a nontrivial Hermitian idempotent operator and || 7'|| = 1. Conversely, let T be a
nontrivial Hermitian idempotent operator and || 7’| = 1, then by Corollary 3.18 of [5],

A(T)=LeC: A <elU{reC:|A—1] <¢}.
We know that o (T) € A (T). We show that o (T) = {0, 1}. Let o € o(T'), by Theorem 3,
B(ro, &) € A:(T) = B(0,e) U B(1, &).
It gives us o(T) < {0, 1}. If o(T) = {0}, then Theorem 3 implies T = 0. Suppose o(T) = {1}, then
o (T — I) = {0}. By Theorem 3 and the fact T — [ is hermitian, we have T = I which is a contradiction. Thus
o(T) = {0, 1}. Since o (T) = {0, 1}, we have o,,,(T) = {0, 1} and

Yape(T)={AeC: A <efU{leC:|A—1] <¢}.

O
The nature of the boundary of the approximate pseudospectrum is briefly described in the following theorem.

Theorem 12 Let T € B(X) and ¢ > 0. Consider the following set,
M = {A eC: IIirHlfl (T —Mx|| = e} .
Xl|l=
Suppose 0 X (T) denotes the all boundary points of Zyp, e (T') the 0Zqp (T) S M.

Proof Let i € 3X4p,(T) . Consider a sequence A, € Egpyg(T) such that 1, — A. Since

inf {|(T" = A,)x]| > e,
lxl=1

there exits x,, € X with ||x,|| = 1 such that
(T = An)xnll > .
‘We observe that,
(T = Dxnll = (T = 2)xnll = [An — A > & — [Ay — 4]

From the last inequality, | i1”1f 1 (T —AM)x| >e. Thusr e M m|
Xl|l=
The example given below demonstrates that strict inclusion in the aforementioned theorem may be possible.
It should be noted that the authors of [3] mentioned that the sets M and 9%, (T) are equal without providing
any proof.
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Example 1 Consider the Banach space £°°(Z) with the norm

Ilx]ls = |xol 4 sup |x,| where x = (..., x—2, x—1,[x0 | X1, X2, ...).
n#0

Here the box represents the zeroth coordinate of an element in £°°(Z). Let T € B (£°°(Z)) be defined by

X1
T(...,x_z,x_l, .X(),)Cl,)CQ,...): e X2, X1, X0, | — [ X2, ... ).
[0 | 3

It is proved in Theorem 3.1 of [4], that

Hq—m”H=%mmmﬂ<é 4)

Since H11H1f1 (T — A x| = for all |A| < é, the point 0 € {A eC: inf |(T—1x| = 3}. We
xl|l=

1
(T =0~ lell=1
prove that, 0 ¢ X, 3(T). Suppose 0 € X, 3(T), then by the definition of the boundary point of a set,

0e Xy s3(T)N ngﬁ(T)

lxl=1
equation (4), for any § < %, we have B(0,5) N X

where ):ij(T) = {A e C: inf |(T —Mx]| > 3} and Egpj(T) denotes the closure of Egpj(T). But from

c

ap’3(T) =, which is a contradiction.

The following theorem is an analogous result of the Theorem 7, but the proof given here is different from
the proof of Theorem 7.

Theorem 13 Let T € B(X) ande > 0. Let E € B(X) with |E| < e. Then,
Zape—|ENT) € Zape (T + E) € Zgp et (1)
Proof We first prove Zyp (T + E) € Zyp et £ (T). Suppose A ¢ ) £ (T) then,

inf (T —AMx]| >¢e+|E|.
lxl=1

There exists » > 0 such that

”iIHlflll(T—X)XII28+||E||+r Q)]
X||l=
Now, for any x € X with ||x]| = 1, we observe that

T+ E— x|l = (T = )x|l — [IE|l
By equation (5),
(T +E—-Mxlze+El+r—|El=¢+r.
Thus, ||)ic1|\1£1 (T +E—-Mx||>e+r>¢eandso) & Xy (T + E). Hence Zyp o (T + E) € Zyp e £ (T).
Next, suppose A ¢ Zyp (T + E) then,

inf (T +E — AMx]|| > e.
Ixli=1

There exists 71 > 0 such that

Hh”lfIH(T-i-E—)»)x”ZS‘i‘rl (6)
xl|l=

Now, for any x € X with ||x]| = 1, we observe that
I(T —Mxll =I(T+E—E—Mx|=|(T+E—Mx| —|E|
By equation (6),
(T —2)x|l = & +ri —[E].
Thus, |pic1\|l£1 (T —Mx|| = (e —1EI)+r1 >e—|Elland so A ¢ Zyp e— g (T). Hence Xy e g (T) <

O
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4 Main results

The continuity property of the approximate pseudospectrum correspondence is discussed in the following few
theorems. The upper hemicontinuity of approximate pseudospectrum correspondence is derived at first.

Theorem 14 Let T € B(X). The correspondence
APE : RT — C defined by APE(s) = ap,e(T)
is upper hemicontinuous where R = {g : & > 0}.
Proof Let gy € RT and V be an open set such that Yap,eo(T) C V. Forany ¢ < gy, we note that

Xap,e(T) C V.

/

If there exists &' > &g such that Z,, (T) C V then for § = £52, Proposition 8 (3), gives us X4, (T) C V
p. 2 P,

for all ¢ € (e9 — 8, &9 + 8). Suppose for every ¢, = g9 + %, there exists A, € Xgp ¢, (T) but A, ¢ V. Since
An € Xgp,e, (T') , the sequence {1, } is bounded and it has a sub sequence, {4, } such thatA,,, — A.By Theorem 6,
liminf Xgp ¢, (T) = Zyp,e, (T') and Definition 5,

A€ Bapeo(T).

Hence A € V. Since V is open infinitely many A;ks are in V which is a contradiction. Thus APE is upper
hemicontinuous. O

Theorem 15 Let ¢ > 0. The correspondence
AP : B(X) — C defined by APE(T) = p,o(T)
is upper hemicontinuous.

Proof Let Ty € B(X) and V be an open set such that X, ((To) C V. By Theorem 14, there exists § > 0 such
that for every ¢’ € (¢ — 8, & + §), we have

Zap.e(To) C V. W

Consider the open ball O = {S € B(X) : |To — S| < %}. For every S € O, there exists E € B(X) with

IE]| < % such that 7o + E = S. From equation (7), we get Eap,e+§(T0) C V. Theorem 13, gives us

Yap,e(To + E) C Xap ev ) (To) € X s(Tp) C V.

ap.e+z
Thus AP is upper hemicontinuous. O

Theorem 16 Consider the product metric space RT™ x B(X) with metric d((e1, T), (s2, T»)) = |e1 — &2| +
Ty — T»||. Then The correspondence

APS :RT x B(X) — C defined by APS(e, T) = Zgp o(T)
is upper hemicontinuous.

Proof Let (g9, Tp) € R x B(X) and U be an open subset of C. Suppose Yap,eo(To) € U. By Theorem 14,
there exists §; > 0 such that for every &’ € (¢ — 81, € + 81), we have

Yap,e'(To) C V.
Consider the set
N ={(e,T):d((e1, T1), (62, Tr) < 6}

where § < min{8;, §'}. Take (¢/, T7') € N.Itis clear that T’ = To + E and || E|| < 8. Since |gg —&'| + | E|| < &
We have ||E| < § — |eg — €'| and so

g+ E| <& +8—|gp—€'| <eo+8.
The following is true by Theorem 13 and by the previous equation,
Sape (T = Zap o (To + E) € Zgp or41E1 (T0) S Zap,e+5(T0)
Next by Theorem 14, £, .(T") € V. O
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The following example illustrates that the correspondence ¢ — Xgp o(T') is not lower hemicontinuous in
general.

Example 2 Consider the operator given in example 1. For 9 = 3, we have

1
inf (T — A)x|| =3 forall |A] < —.
lxli=1 6

Take the open set, V = {A € C : |A| < r} where 0 < r < é. Clearly, X4, 3(T) NV # (. But for any ¢ < 3,
Eape(T)NV =10.

In the next theorem, we establish an equivalent characterization of the lower hemicontinuity of the approxi-
mate pseudospectrum correspondence with the equality of the closure of the set 04y, (T') and Xgp o (T).

Theorem 17 Let T € B(X) and &9 > 0. The correspondence APE is lower hemicontinuous at g, if and only
l:faap,go(T) = Eap,so(T)-

Proof Assume 0, ¢, (T) = X4p.¢, (T). Let V be an open set such that X, ¢,(T) NV # @. For any € > &g, by
Proposition 8, property (3), we have

Zape(T)NV £ 0.
For any u € Xgp¢ (T) NV with | iﬂlfl (T — w)x|| = eo there exists r > 0 such that, B(u,r) € V. By
x||l=
our assumption, there exists Ay € 0gp,¢, (1) such that Ay € B(u, r). Take ¢ = inf ||(T — Ao)x|. From the

[lx]I=1
definition of o, ¢, (T), we have | i1”1f1 (T — 2o)x|| < o and so &’ < gp. Take § = gy — &’. It is easy to see that
xl|l=
for any ¢ € (g9 — §, &9 — §), we have
Sape(T) NV £ 0.

Thus APE is lower hemicontinuous at &g.

Conversely, assume APE is lower hemicontinuous at g9. Consider u € X, 4, (T) with | iIH1f ! (T —w)x| =
xX||=

&o. Suppose, there exists r > 0 such that
B, r) Nogpe(T) =9,

then, for every A € B(u, r), we have | ir”1f1 (T — X)x]|| > 9. Consequently, for any ¢ < &9, we have
Xl|l=

Zap,e(T) N B(u,r) = 0.
This is a contradiction. O

In the next theorem, we find a relation between the lower hemicontinuity of the APS and AP correspon-
dences.

Theorem 18 Let Ty € B(X) and gy > 0. If the correspondence APE is lower hemicontinuous at &g then the
correspondence APS is lower hemicontinuous at (gq, Tp).

Proof Let V be an open set such that X, ¢, (To) NV # @. By our assumption, there exists § > 0 such that for
every ¢’ € (¢ — 8, & + §), we have

Zap.e(To) NV # . 3

Consider the set
N ={(e,T) :d((e1, Th), (82, T2) < 6}
where 8§ < min{81, §}. Take (¢/, ") € N. Itis clear that 7" = Ty + E and ||E|| < §. We have
go—8+||E|l <& =8+ B —leg—¢']) <¢.
From Theorem 13 and by the previous equation, we also observe the following,
Sap.eo—8(T0) € Tap,eg—s(T" = IEN) € Zap,so—s+1EI(T) S Sap.er(17)-

Hence ,, »(T") NV # @. Thus APS is lower hemicontinuous at Tp. O

@ Springer



1948 S. Veeramani, J. Ganesh

Corollary 2 Let Ty € B(X) and gy > 0. If the correspondence APE is lower hemicontinuous at &g then the
correspondence AP is lower hemicontinuous at Tp.

Proof Directly follows from Theorem 18. O
In the following example, an operator has been given so that the map APE is lower hemicontinuous.
Example 3 Consider the Banach space £2(N). Let
S:0?(N) > ¢>(N) by S (¢;) = ¢j41 Vi € N.
The following holds for S:

o(§) ={reC: A =1}, ISl =1, ISx] = llx]|

and
oap(S) ={A e C: Al =1}.
Moreover, for any A € o (S) and for any x € ¢2(N) with | x| = 1, it is easy to observe that,
H)iclulil (S —Mxll=1—[A| )
For 0 < ¢ <1, in [2], it is shown that
AeC:l—e=<|Al =1} C Zgpe(S). (10)

Consider r € [0, 1]. For g9 = 1 — r, from equation (10),
AeC:r<srA <1} C Eap,so(s) an

Thus for any Ag € o (S) with |Ag| =7,

HiIHIfIII(S—?»o)XII =g =1—-r=1-]xl (12)
x|l=
From, equation (9) and (12),

||)icﬂ£1 (S = Ao)x|l =1 — [Aol. (13)

Let V be an open subset of C and &1 € (0, 1]. Assume X, o, (S) NV # @. If there exists u € X ¢, (S) such
that (S — 1)~ ! exists then there exists 7 > 0 such that B(u, r) € V N p(S). From Theorem 4.6 of [5], it is know
that the map € — A.(S) is continuous and so there exists § > 0 such that for every &’ € (] — 8, &; — §), we
have

Ag(S) N B(u, 1) £ 9.

The facts B(u, r) € p(S) and | ir”1f1 (S — Xo)x| = implies that for any &’ € (] — 8, &1 — §),
x|=

1
(S —20)~ "l
we have

Sap.er () N B(u. ) # 0.
Next assume that,
Zape )NV £ P and Zyp o () NV C o (S).
For any u € Zgp ¢ (S) NV, itis clear from equation (13) that

inf [|(S—wxl|=1—|puf=1-r
lxll=1
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where r = |u|. Suppose 1 — || < €1, then take 1 — || = ¢ and 6 = €1 — &3. It is easy to see that for any
8/ = (81 _8781 +8)9

||;ic1||1£1 IS —wxll =1~ |ul=e <¢. as)

and it follows that
Zape (S)NV £

Suppose 1 — || = €] then there exists " such that ' € B(u, r’) € V No(S) for some r’ > 0and |u/| > |ul.
Take 1 — |u/| = &2 and § = & — . Now, for any &’ = (g1 — 8, &1 + 8),

“irnlfl IS —w)Hxl=1—|p|=e <¢. (16)
xll=

and it follows that
Sap,e(S)NV £ .

Thus the correspondence APE is lower hemicontinuous for any ¢ € (0, 1].
For any ¢ > 1, it is easy to see that X,y .(S) = A(S) and by Theorem 4.6 in [5], we get the lower
hemicontinuity.

Question 1 We know that the set o), ¢ (T') is a bounded open subset of C. In this article, we do not discuss about
the stability of oqp - (T') and hence we have the following questions:

1: Does the set valued map & +— oqp (T) continuous at a given &y?
2: Does the set valued map T +> o4 (T) continuous at given a Ty € B(X)?
3: Does the set valued map (e, T) > 04p (T) continuous at a given

(g0, To) € RT x B(X)?
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