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Abstract In this paper, we deal with Radon-Nikodym theorems for additive interval multimeasures defined on
7 and taking values in the hyperspace cwk(X), where Z is the family of all closed non-degenerate subintervals
of a fixed closed non-degenerate subinterval W of R” and cwk(X) is the family of all convex weakly compact
non-empty subsets of a non-separable Banach space X.
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1 Introduction and preliminaries

The Radon-Nikodym theorems for multimeasures were motivated for their applications to mathematical eco-
nomics, control theory and other mathematical fields. A striking and pretty useful result for existing of Radon-
Nikodym derivatives of multimeasures in non-separable locally convex topological vector spaces was achieved
by B. Cascales, V. Kadets and J. Rodriguez [7, Theorem 3.1 and Theorem 4.1]. Some recent results devoted to this
topic can be found in the papers [2,12,20,26,27]. The first result concerning the existence of a Radon-Nikodym
derivative of additive interval multimeasures in non-separable Banach spaces with respect to one dimensional
Lebesgue measure have been obtained by L. Di Piazza and G. Porcello [9, Theorem 4.2 and Theorem 4.6]

In this paper, we present three Radon-Nikodym theorems for additive interval multimeasures defined on 7
and taking values in the hyperspace cwk(X) of a non-separable Banach space X. The first one works for strongly
absolutely continuous (s AC) additive interval multimeasures with "nonempty weakly density" (Theorem 2.2).
The second one works for weakly dominated additive interval multimeasures (Theorem 2.3) and the last theorem
works for s AC additive interval multimeasures taking convex weakly compact values in Banach spaces possessing
the Radon-Nikodym property (Theorem 2.4). Theorem 2.3 improves [20, Theorem 2.7].

Throughout this paper, X is a non-separable Banach space with its dual X*. The closed unit ball of X*
is denoted by Bx+. We denote by 2X the family of all non-empty subsets of X and by cwk(X) (bcc(X)) is
denoted the subfamily of 2% of all convex weakly compact (bounded convex closed) subsets of X. We consider
on cwk(X) the Minkowski addition

A®B=A+B, (A+B={a+b:acA,beB})
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Radon-Nikodym theorems 1995

and the standard multiplication by scalars. By H is denoted the subfamily of 2% of all bounded closed subsets
of X. The family H is a complete metric space with respect to the Hausdorff distance, given by

dn (A, B) = max{e(A, B), e(B, A)},

where

e(A, B) = supdist(a, B), dist(a, B) = inf{||a — b|| : b € B}.

acA

It is easy to see that bee(X) is a closed subspace of the complete metric space (H, dz¢). For every C € 2% the
support of C is defined by equality

o(x*, C) =sup{{(x*,x) : x € C}.

Let £ (Bx+) be the Banach space of all bounded real valued functions defined on By+ endowed with the
supremum norm || - || and let

K cwk(X) > Loo(Bx*), k(C)=o0o(,C). (1.1)

Then the map « satisfies the statements (i) — (iv) in [5, Lemma 1.1] (see also [3, Theorem 2.4]).
Leta = (ai,...,am) and B = (by, ..., by) with —00 < a; < b; < +oo, for j = 1,..., m. The set
[a, B] = H'}Ll[aj, b;]is called a closed non-degenerate interval in R". If by —a; = ... = by, — ay, then

I = [a, B] is called a cube and we set [; = by — a;. We fix a closed non-degenerate subinterval W C R and
denote by Z the family of all closed non-degenerate subintervals of W. Two intervals I, J € Z are said to be
non-overlapping if 1° N J° = (. The Euclidean space R"” is equipped with the maximum norm. We shall also
find it convenient to use the symbols B, (¢, r) for the open ball in R” with center # and radius » > 0, d B and
B? for boundary and interior of a subset B C R™, respectively. We denote by £ the family of all Lebesgue
measurable subsets of W. The Lebesgue measure of a set E € L is denoted by |E|. Thus, if I is a cube, then
|I| = (I;)™. The word "at almost all" always refers to the Lebesgue measure A on W.

A mapping ' : W — 2% is called a multifunction and a function f : W — X is said to be a selection
of I'if f(z) € I'(¢) for all r € W. By Sr is denoted the family of all selections of I". We say that a mapping
O : 7 — cwk(X) is an additive interval multimeasure (or additive interval multifunction), if for each two non-
overlapping intervals 7, J € Zwith IUJ € Z, we have ®(/ U J) = & (1) + ®(J). An additive interval function
¢ : T — X is said to be a selection of the additive interval multimeasure ® : 7 — cwk(X) if (1) € ®(I) for
every I € Z. We denote by S¢ the family of all selections of ®.

Definition 1.1 We say that an additive interval multimeasure ® : 7 — cwk(X) is strongly absolutely continuous
(shortly s AC), if for every ¢ > 0 there exists . > 0 such that for every finite collection 7 of pairwise non-
overlapping intervals in Z, we have

YUl <ne= Y dn (W), {0} <&,

lem lem

where 6 is the zero vector in X. Replacing the last inequality with dy (Z 1ex U, {9}) < & we obtain the
notion AC (absolutely continuous) for ®.

Given a sequence (B,) of non-empty subsets of X, we write ) _, By to denote the set of all elements of X
which can be written as the sum of an unconditionally convergent series ), x,, where x,, € B, forevery n € N.

Definition 1.2 A mapping M : £ — 2% is said to be a strong multimeasure if:

i) M©) = {0},
(ii) for each sequence (E,) of pairwise disjoint members of £, we have M({J,, E,) = )_,, M(E,).

A selector m of M is a vector-valued function m : £ — X such that m(A) € M(A) for every A € L. The
mapping M : £ — 2% is said to be a weak multimeasure or simple multimeasure, if for each x* € X*,
the function o (x*, M (-)) is a signed measure on R U {+o00}. The multimeasure M is said be A-continuous, if
M(Z) = {0} whenever Z C W satisfies |Z| = 0. By [17, Proposition 4.7, p.851] if M is a strong multimeasure,
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then M is a multimeasure. The two definitions are equivalent in the case of cwk(X)-valued multimeasures (see
[15, Proposition 3]). If M : £ — 2% is a strong multimeasure we define

IMI(E) = sup ) _ |IM(E})],

where the supremum is taken over all finite partitions (E£;) of E in £ and
1Al = sup{||x]| : x € A} (A c 2").

We say that M has bounded variation if |M|(W) < 4o00.
Definition 1.3 A multifunction I" : W — bcc(X) is called Pettis integrable in bee(X) (cwk(X)) if

(1) o(x*, T'(+)) is Lebesgue integrable for every x* € X*,
(ii) foreach E € L, there is Cg € bce(X) (Cg € cwk(X)) such that

o (x*, CE) = / o(x*, T'(1))d) forevery x* € X*.
E

We call Cg the Pettis integral of " over E and set (P) fE 't)dr = Cg.

The Pettis integral for multifunctions was first considered by Castaing and Valadier [4, Chapter V] and has been
widely studied in papers [6,10,11,14,16,22,24,25]. For the definition and the properties of Pettis and Bochner
integrable functions we refer to [1,8,23,30,31].

A pair (I, t) of aninterval / € 7 and a pointz € W is called an M-tagged interval in W. A finite collection
{(;, ;) i =1,..., p} of M-tagged intervals in W is called an M-partitionin W,if{l; e Z:i =1, ..., p}is
a collection of pairwise non-overlapping intervals. A positive functioné : E C W — (0, +00) is called a gauge
on E. We say that an M-partition = in W is

1. apartition of W if J; ;e I = W,
2. 6-fine if for each (1, t) € w, we have I C By, (t, 5(1)).

We now recall the definitions of McShane integrability and variationally McShane integrability (or strongly
McShane integrability) of vector valued functions, cf. [30, Definition 3.2.1 and Definition 3.6.2].

Definition 1.4 A function f : W — X is said to be McShane integrable if there exists a vector Iy € X with the
following property: for every & > 0 there exists a gauge § on W such that for every §-fine M-partition = of W
we have

Iy — Z FOI|| < e.

(Ien

We write then Iy = (M) f w J (®)dA. The function f is said to be McShane integrable over £ € L, if the function
f1E is McShane integrable, where 1 is the characteristic function of E. In this case, we write

(M)/ f(t)d/\=(M)/ J@O)Lg@)dA.
E W

Definition 1.5 A function f : W — X is said to be variationally McShane integrable (or strongly McShane
integrable) if there is an additive interval function ¢ : Z — X with the following property: for every ¢ > 0 there
exists a gauge § on W such that for every §-fine M-partition = of W we have

SO =] < e
(I,t)yem

In this case, the additive interval function ¢ is called the variational McShane primitive of f. It is clear that if
f + W — X is variationally McShane integrable with the primitive ¢, then for each / € 7 the function f is
McShane integrable over I and

o) = (M)/If(t)d)».
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A function f : W — X is variationally McShane integrable with the primitive g, if and only if f is Bochner
integrable (cf. [30, Theorem 5.1.4]). In this case,

o) = (M)/f(t)dk = (B)/f(t)dk, forevery I € Z.
1 I

Definition 1.6 Let ¢ : 7 — X be an additive interval function and let 1 € W°. We set
It)={Ie€Z:rel Iisacube}, Z°(t)={I €Z(t):tel’}.
If I € Z°(t), then we write

1
Ap(t, 1) = %, I°, D) ={Je€I(t):J Cl)
and define a partial ordering <, on Z°(r) by saying that I’ <, I" if and only if I’ D I”. Then (Z°(¢), <;) is a
directed set. For the concepts of nets and subnets we refer to [21]. We now define

0 (X.X")
Ly = (] L. D", (1.2)
1€Z°()
where Ly(t, 1) = {Ap(t,J) : J € I°(t, 1)} and Ly(t, I)G(X’X*) is the closure of L (¢, I) with respect to the
weak topology o (X, X*). By [21, Theorem 7, p.72] follows that L, (¢) is the set of all weak limit points of the
net (Ag(t, I))reze(r)-

Definition 1.7 Let ® : 7 — cwk(X) be an additive interval multimeasure and let t € W?. For each I € Z°(t)

we write AD(t, ) = % and, then,

Lo = () LoD, (1.3)

I1€Z°(1t)
where L (2, I) is the convex hull of the set Agp (2, I) = UJEI”(I,I) AD(t, J),ie.,
Lo(t,1) =co(Ae(t, 1)),

and Lo (¢, I) is the closure of the convex set Lo (7, ) in X. Since Lz, I) is a convex set it follows that

Lot. D) =Low. 1)) ",

cf. [28, Proposition 8, p.34] or [29, Corollary 2, p.65].

2 The main results

The main results are Theorems 2.2, 2.3 and 2.4. The following lemma shows a schematic display of the major
implications involved in proving of the first result.

Lemma 2.1 Ler X be a Banach space and let ® : T — cwk(X) be an additive interval multimeasure. Then,
(i) for each x* € X* and for each I € T, we have
dx*(I) € cwk(X), (Cbx*(l) ={xe®):x*(x) =0(", <I>(I))}) ,

(ii) for each x* € X*, the mapping ®x*(-) is an additive interval multimeasure,

(iii) if @ is sAC and there exists x* € X* such that Lo+ (t) # 0 at almost all t € W°, then
(a) Lo(t) € bee(X) at almost allt € W°,
(b) there exists a Lebesgue integrable function g : W — R such that

o(x*, ox*()) =o(x*, d()) = /g(t)d)» foralll €T. (2.1)
1
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Proof (i) Since each x* € X™ is a continuous linear functional, we see that ®x*(I) € cwk(X) whenever
I € 7. (ii) Fix an arbitrary x* € X* and let / and J be non-overlapping intervals in Z with / U J € Z. Then,
PUUJT)=d{)+ D(J) and

o(x*, o)+ D)) =0cx*, @) +o(x*, ©J)) (cf.[4, Theoremll — 17)).

It follows that ®x*(I) 4+ ®x*(J) C dx*(I U J). To prove the reverse inclusion, pick z € ®x*(I U J) C
(1) + P(J) and write z = x + y, where x € ® (/) and y € O(J). Suppose if possible that x ¢ dx*(7). Then
x*(u) > x*(x) for some u € ®(I). Hence,

x(2) =xF () + X)) <xFu) +xF ) =xFu+y) <o, UL UJ)),

which contradicts the choice of z. Similarly, y ¢ ®x*(J) contradicts the choice of z. Therefore, x € ®x*(I)
and y € ®x*(J). This means that &x*(I U J) C Ox*(I) + ®x*(J). Thus,

Ox*(TUJ) = dx* (1) + dx*(J).

Since x* was arbitrary, the last result holds for every x* € X*. (iii) (a) We set W = dx*. By hypothesis there
exists Zyg C W with |Zg| = O such that Ly (1) # @ forall t € W\ Zy, and since Ly (1) C Lg(t) follows that

Lo (1) # 0 foreveryt € W\ Zy. (2.2)

Since @ is s AC, the additive interval function ®*° = ko ® is also s AC, where « is defined by (1.1). Therefore,
by [18, Lemma 2.3] there exists a unique A-continuous countably additive vector measure M : L — k (cwk (X))
of bounded variation |M*°|(W) < 400 and such that M*°(I) = ®>°([) for all I € Z. From the fact that the
variation | M| of the vector measure M is a A-continuous countable additive real-valued measure, it follows
that there exists a Lebesgue integrable function 4 : W — R which is the Radon-Nikodym derivative of |M°|
with respect to A (cf. [13, Theorem I11.10.2]), i.e.,

IM®|(A) = / h(t)d) forall A € L. 2.3)
A

If we define an additive interval function as follows
|@%]: T — [0, +00), [@F|(]) = [M*|(]), (2.4)
then
1 (D]| = dp (@), {0}) = [|2F(Dlloc = [IM™(Dlloc < |@|(1) forevery I €T,
and therefore
[|AD (1, D] < A|D®|(t, ]), (te W’ IeI’G)).
Hence,

lLo(t, DI| = ||Ap(t, DIl < sup A|®¥|(r, J) = sup Ljgpoo((t, 1), (te W, IeI0L)),
Jezo,I)

and since ||L¢ (?)|| < ||Lo(t, I)]| for all I € Z°(t), it follows that
[|ILo(@)|| < inf sup  A|P®|(¢, J) | = limsup A|O®|(z, ) (t € W°). (2.5)
1€1°) \ Jezo(t,1) 1€ (t)

By (2.3) and (2.4) we obtain
(1) = [M>|(1) = /h(t)dk forall 1 € 7,
I

Therefore, by [18, Lemma 2.4] and [19, Lemma 2.2] there exists Z, C W? with |Z,| = 0 such that the net
(A|D°|(t, ) jezo(r) converges to h(t) for every t € W \ Zy,. Thus,

Him A|®®|(t, ) = limsup A|D|(¢, ) = h(t) < +oo foreveryt € W\ Z
I1€Z°(t) 1€70(1)
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and by (2.5) follows

[ILo ()] < limsup A|®*°|(t, I) = h(t) < +oo forallt € W\ Zp.
IeZo(r) (2.6)

The last result together with (2.2) yields
Lo (1) € bee(X) foreveryr € WONZ  (Z =ZyU Zp).

(b) Foreach A € L there exists the unique weakly compact convex set M (A) € cwk(X) suchthatx (M(A)) =
M®°(A). Thanks to [5, Lemma 2.3] the mapping

M : L — cwk(X), x(M(A)) = M>(A),
is a A-continuous strong multimeasure of bounded variation. Hence the mapping
v:L—>R, v(Ad) =ckx* M(A))

is a A-continuous countable additive real-valued measure. Then, there exists a Lebesgue integrable function
g : W — R which is the Radon-Nikodym derivative of v with respect to 1, i.e.,

v(A) = / g()dx forevery A € L.
A

Since ®(I) = M(I) for all I € L, the last result yields (2.1) and the proof is complete.

We say that an additive interval multimeasure ® : 7 — cwk(X) has nonempty weakly density if for each
x* € X* we have

Ly (t) # ¢ atalmostallr € W,

where the exceptional set may vary with x*. We are now ready to prove the first result.

Theorem 2.2 Let ® : 7T — cwk(X) be an additive interval multimeasure such that

o ®issAC,
o & has nonempty weakly density.

Then, there exists a multifunction I' : W — bcc(X) Pettis integrable such that
o) = (P)/F(t)dk forevery I € T.
I

Proof By Lemma 2.1 there exists Z C W with |Z| = 0 such that
Lo (1) € bee(X) foreveryr e WO\ Z.

Then we can define

Q= bee(X). ()= {{LG“}’(’) ey @.7)
We are going to prove that I" is the required multifunction.
Fix an arbitrary x* € X* and write ¥ = ®x*,
Yv:I—>R, ) =ox* ¥v{U)).
Then there exists N C W with |[N%"| = 0 such that
Ly(1) #9 forallr € WO\ N* (2.8)
By Lemma 2.1 there exists a Lebesgue integrable function g : W — R such that
Y =o(x*, VU)) =oc(x*, ®)) = /Ig(t)dk, forall I € 7. (2.9)
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Thanks to [18, Lemma 2.4] and [19, Lemma 2.2] there exists Z* C W with |Zx*| = 0 such that the net
(AY(t, 1)) jezo) converges to g(¢) forall t € W9\ Z¥ e,

li AU D) = i AD@E T) = lim AU, 1) =g(t) (te WO\ Z').
Ielzrp(t)a(x (t, 1)) 1611131(;>0(x (r, 1)) L v, 1) =g ( \Z7). (2.10)

Since for eacht € W? and I € Z°(¢),

KAV, D) = {o (", AR, D)} = {Ay(t, D},

we obtain
X (Ag(t, ) = U XAV, ) ={Ay (@, J): J €I°(t, )} =Ly, ), 2.11)
JELot,1)
and since
x*(Ly(t, 1)) =co (x*(Aw(t, 1)) =co(Ly(t, 1)), (te€ W’ IeI0r))
it follows that
x*(Ly (1)) C ﬂ x*(Ly(t, 1)) C ﬂ m for every t € W°.
1€T°(1) 1€°(1)
The last result together with (2.8), (2.10) and the equality
[1}?11321;AW, D). limsup Ay G 1)} = ) co(Ly. D)
€Zo(t)
yields
x*(Ly (1)) = {g()} forallz € W°\ (N UZ*). (2.12)

‘We have also
o(x*, Lo(t)) <o(x*, Lo(t, 1)) =0 (x™, Lo(t,I))
=0 (x*, Ap(t,)) = (x*, Ag(t, 1)) (e W’ IcIU)),

and since

o(x*, Avt, D)) = sup Ayt J) (te WO, TeT’%) (see(2.11)),
JeZo,I)

it follows that

o(x* Le(t)) < inf sup Ay (t,J) | =limsup Ay (s, I) (t € W°).
1€Z°() \ jezo(r,1) 1€T°(1)
Hence, we obtain by (2.7) and (2.10) that

o(x*, T(1) = o(x*, Lo(t)) < limsup Ayr(r, I) = g(t) (t € WO\ (N*" U Z*" U 2)).
1€Z°(1)

Thus, foreachr € W\ (Nx* uz¥u Z), we have
gt) =0 (x*, Ly(?) <o(x*, Lo(t)) < g(r) (see(2.12)).
This means that o (x*, I'(¢)) = g(¢) at almost all 1 € W. Consequently the function o (z*, I'(-)) is Lebesgue
integrable and by (2.9) follows that
o(x*, ®()) = /0(z*, L'(t))dr, foralll €T.
I

Since x* was arbitrary, the last result together with [18, Lemma 2.4] implies that T" is a scalar derivative of the
additive interval multimeasure ®. Therefore, by [19, Theorem 2.6] we obtain that I' is Pettis integrable with
o) = (P) f] ['(¢t)dp for all I € 7, and this completes the proof.
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The next Radon-Nikodym theorem works for weakly dominated additive interval multimeasures and improves
[20, Theorem 2.7].

Theorem 2.3 Let ® : T — cwk(X) be an additive interval multimeasure and let Q € cwk(X) be a weakly
compact set such that ®(I) C |I|Q for every I € I. Then, there exists a multifunction ' : W — cwk(X) Pettis
integrable such that

(i) ©(I) = (P) [, T(t)dx forevery I € T,
(ii) foreachy € So there exists a variationally McShane integrable function f € Sr with (M) f[ f@®dr =)
forall I € 1.

Proof Since for any finite collection # C Z we have

dolleml < (Zm) el

lem len

it follows that ® is sAC, and since L (z, I) C Q forallt € W? and I € Z°(t), we obtain by [21, Theorem 1,
p-136] that L (r) # ¢ for all t € W°. Hence, Lo () € cwk(X) for all t € W and we can define

Lo(t) t € W°

0 teow (2.13)

I':Q— cwk(X), I'(t) = {

and if ¢ € S¢, then
Ly(t) #@and Ly(1) C Lo(t) forallr € W°.

If we define a function f : W — X suchthat f(r) € Ly(¢) forallr € W° and f(¢) = 6 forevery t € W, then
f € Sr and f is variationally McShane integrable with ¢ (1) = (M) [ ; f@®dx forall I € 7 (see [19, Lemma
2.3]).

It remains to prove that I" is Pettis integrable with ® (/) = (P) f ; L(@)d) forevery I € Z. Thanks to Theorem
2.2, it is enough to show that @ has nonempty weakly density. To do this, fix an arbitrary x* € X* and write
W = ®x*. Then, Ly (¢, ) C Q forallt € W? and I € Z°(t) and, consequently, we obtain by [21, Theorem 1,
p.-136] that Ly (t) # ¥ forallt € W?. Since x* was arbitrary, the last result implies that ® has nonempty weakly
density, and this completes the proof.

The last Radon-Nikodym theorem works for s AC additive interval multimeasures taking convex weakly
compact values in Banach spaces possessing the Radon-Nikodym property.

Theorem 2.4 Let ® : 7 — cwk(X) be an additive interval multimeasure. Assume that

e X has the Radon-Nikodym property,
o ®issAC.

Then, there exists a multifunction I' : W — bcc(X) Pettis integrable such that

(i) ©(I) = (P) [, T(t)dx forevery I €T,
(ii) foreach¢ € Sg there exists avariationally McShane integrable function f € Sr with (M) f[ f@®dr =)
forall I € 1.

Proof (i) Fix an arbitrary x* € X™* and write ¥ = ®x*. By [19, Lemma 1.1] there exists ¥ € Sy. Since
[l (D] < ||®P()]| for every I € Z, it follows that W is sAC. Hence, the additive interval function v is also
s AC. Therefore, by [18, Lemma 2.3] there exists a A-continuous countably additive vector measure m : L — X
of bounded variation such thatm (/) = (1) forall I € Z. From the fact that X has the Radon-Nikodym property,
it follows that there exists a Bochner (or variationally McShane) integrable function f : W — X which is the
Radon-Nikodym derivative of m with respect to A, i.e.,

vl =m(l) = (B)/f(t)dk - (M)/f(t)dk for every I € T.
1 1

By [18, Theorem 2.7] and [19, Lemma 2.2] the net (Av (¢, 1)) 7o) converges to f(¢) at almost all ¥ € W€,
Thus, f(t) € Ly (t) atalmostallt € W, and since Ly (t) C Ly(¢) forallt € W, it follows that f(¢) € Ly(t)
at almost all # € W°. Thus, Ly (¢) # ¢ at almost all + € W?. Since x* was arbitrary, the last result yields that
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@ has nonempty weakly density. Consequently, by Theorem 2.2 there exists a multifunction I' : W — bcce(X)
Pettis integrable such that I'(#) = L¢(¢) at almost all t € W and & (1) = (P) f] ['(¢)dx forevery I € I. (ii)
Assume that ¢ € Se. Then, there exists a variationally McShane integrable function g : W — X such that

o) = (M)/g(t)dk forevery I € 7.
I

Hence, there exists a subset Z C W with |Z| = 0 such that
g(t) € Ly(t) C Lo(t) =T'(t) forallt € W\ Z.
Define a function & : W — X as follows

_ e rewoNZ
h(t)_{xt teZUBW

where x;, € I'(¢) forall t € Z U dW. It follows that 2 € Sr and h is variationally McShane integrable with
o) = (M) f[ h(t)dA for every I € Z, and this completes the proof.

Declarations

Conflict of interest: The author declare that there is no conflict of interests regarding the publication of this paper.

References

1. R. Bourgin, Geometric Aspects of Convex Sets with the Radon-Nikodym Property, Lect. Notes Math. 993 Berlin: Springer
(1983).
2. D. Candeloro, A. Croitoru, A. Gavrilut, A. R. Sambucini, A multivalued version of the Radon-Nikodym theorem, via the
single-valued Gould integral, Australian Journal of Mathematical Analysis and Applications, 15(2), art.9 (2018), 1-16.
3. D.Candeloro, L. Di Piazza, K. Musial, A. R. Sambucini, Gauge integrals and selections of weakly compact valued multifunctions,
IMAA 441 (2016), 293-308.
4. C. Castaing, M. Valadier, Convex Analysis and Measurable Multifunctions , Lect. Notes Math., 580, Springer-Verlag, Berlin
1977).
5. B. Cascales, J. Rodriguez, Birkhoff integral for multi-valued functions, J. Math. Anal. Appl. 297(2) (2004), 540?560.
6. B. Cascales, V. Kadets, and J. Rodriguez, Measurable selectors and set-valued Pettis integral in non-separable Banach spaces,
J. Funct. Anal. 256/3 (2009), 673-699.
7. B.Cascales, V. Kadets, J. Rodriguez, Radon-Nikodym theorems for multimeasures in non-separable spaces, Zh. Mat. Fiz. Anal.
Geom. 9/1 (2013), 7-24.
8. J. Diestel and J. J. Uhl, Vector Measures, Math. Surveys, vol.15, Amer. Math. Soc., Providence, RI, 1977.
9. L.Di Piazza, G. Porcello, Radon-Nikodym theorems for finitely additive multimeasures, Journal of Analysis and its Applications
34 (2015), 373-389.
10. L. Di Piazza, V. Marraffa, Pettis integrability of fuzzy mappings with values in arbitrary Banach spaces, Mathematica Slovaca
(67/6) (2017), 1359-1370.
11. L. Di Piazza, V. Marraffa, B. Satco, Set valued integrability in non separable Fr?chet spaces and applications, Mathematica
Slovaca (66/5) (2016), 1119-1138.
12. L. Di Piazza, K. Musial, A.R. Sambucini, Representations of multimeasures via multivalued Bartle-Dunford-Schwartz integral,
Journal of Convex Analysis (29/4) (2022), 1119-1148.
13. N. Dunford and J. T. Schwartz, Linear operators. Part I: General theory, Interscience, New York, (1958).
14. K. El Amri and C. Hess, On the Pettis integral of closed valued multifunctions, Set-Valued Anal. 8(4) (2000), 329-360.
15. C. Godet-Thobie, Some results about multimeasures and their selectors, Measure Theory at Oberwohlfach, 1979 (K?1zow, ed.),
Lecture Notes in Math., vol. 794, Springer, Berlin and New York, (1979), 112-116.
16. F. Hiai, Radon-Nikodym theorems for set-valued measures, J. Multivariate Anal. 1/8 (1978), 96-118.
17. S. Hu, N. S. Papageorgiou, Handbook of Multivalued Analysis. Volume I, Theory, Kluwer, Dordrecht (1997).
18. S. B. Kaliaj, Some remarks on descriptive characterizations of the strong McShane integral, Mathematica Bohemica, Vol. 144,
No.4 (2019), 339-355.
19. S. B. Kaliaj, Variational McShane and Pettis integrals of multifunctions, Tatra Mt. Math. Publ. 86 (2024), 31-46, https://doi.
org/10.2478/tmmp-2024-0004.
20. S.B. Kaliaj, Radon-Nikodym theorems in non-separable Banach spaces, Z. Anal. Anwend. 43 (2024), 125-142, https://doi.org/
10.4171/ZAA/1751.
21. 1. L. Kelly, General Topology, Springer New York Van Nostrand, (1955).
22. D. A. Kandilakis, On the extension of multimeasures and integration with respect to a multimeasure, PAMS 116 (1992), 85-92.
23. K. Musial, Topics in the theory of Pettis integration, Rend. Istit. Mat. Univ. Trieste 23 (1991), 177-262.
24. K. Musial, Pettis integrability of multifunctions with values in arbitrary Banach spaces, J. Convex Analysis 18 (2011), 769?810.

@ Springer



Radon-Nikodym theorems 2003

25.
26.
27.
28.
29.
30.

31.

K. Musial, Approximation of Pettis integrable multifunctions with values in arbitrary Banach spaces, J. Convex Analysis 20(3)
(2013), 8332870.

K. Musial, Multimeasures with Values in Conjugate Banach Spaces and the Weak Radon-Nikodym Property, J. Convex Anal.,
(28/3) (2021).

K. Musial, Lifting Approach to Integral Representations of Rich Multimeasures with Values in Banach Spaces, J. Convex Anal.,
(31/1) (2024), 179-193.

A. P. Robertson and W. Robertson, Topological Vector Spaces, Cambridge University Press (1964).

H. H. Schaefer, W. P. Wolff, Topological Vector Spaces, Originally published by Springer-Verlag New York, (1999).
S.Schwabik and Y.Guoju, Topics in Banach Space Integration, Series in Real Analysis 10. Hackensack, NJ: World Scientific
(2005).

M. Talagrand, Pettis Integral and Measure Theory, Mem. Amer. Math. Soc. 51 (1984).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2026-10-02T15:35:27+0530
	Preflight Ticket Signature




