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Abstract Let N be a near-ring with identity 1 and M, (N) be the near-ring of n x n matrices over N for an
arbitrary natural number n. The main aims of this paper are to introduce and study the notions of quasi-ideal and
equiprime quasi-ideal of a near-ring N. It is shown that there is a one-to-one correspondence between the set of
quasi-ideals of N and the set of full quasi-ideals of matrix near-ring M,,(N). Furthermore, there is a one-to-one
correspondence between the set of equiprime quasi-ideals of N and the set of equiprime quasi-ideals of matrix
near-ring M, (N).
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1 Introduction

The theory of right near-rings is presented in [ 10]. We briefly recall the related definitions. We say that (N, +, ".")
is a right near-ring with identity 1 if (1) (N, +) is a group (not necessarily abelian); (2) (N, .) is a semi-group;
3) (@a+b)c =ac+ bcforalla,b,c € N and; (4) a.1 = l.a = a foralla € N. A near ring N is said to be a
zero symmetric if a.0 = 0 for all @ € N. A non-empty subset U of N is said to be an ideal of N if (1) (U, +) is
a normal subgroup of (N, +); Q) UN C U; (3)r(a+b) —rb € U foreachr,b € N, a € U. Moreover, if U
satisfies the conditions (1) and (2) then U is said to be a right ideal of N and if U satisfies (1) and (3) then U is
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Some generalizations of ideals in near-rings 2097

said to be a left ideal of N. Thus U is called an ideal of N if it is a right and left ideal of N. In 1986, Meldrum and
Van der Walt [7] introduced the concept of matrix near-ring M, (N) (where n is a natural number) as follow. Let
N" be the direct sum of n copies of (N, +). The elements of N" are considered as column vectors and written
in transposed form (rq, ..., r,) withr; € N, 1< i < n. The symbols /; and 7; will denote the j’h coordinate
injection and projection functions respectively. The elementary n x n matrices over N are the functions fl; :
N" — N", where fl’J =/ f"m;j withr € Nand f" : N — N is the left multiplication  — rt, foreacht € N.
The subnear-ring of M (N") generated by fl; is the near-ring of n x n matrices over N, denoted by M, (N),

and the elements of M, (N) are called matrices. The identity matrix fll1 + f212 4+ 4 nln will be denoted by

n
I. A matrix of the form ) flrl’ where r; € N for each 1 < i < n is called the diagonal matrix. A matrix is,
i=1
of course, a map from N” to N”, but we shall regularly require representations of matrices. For this reason, we
utilize the set E,(N) of matrix expressions, i.e., the subset of the free semi-group on the alphabet of symbols

{fl; :reN,1<i,j<n}U{(,), +]} recursively defined by the following rules:

nH fl; e E,(N)forl <i,j<nandallr € N.
) IfA,BeE,(N),then A+ B € E,(N).
(3) IfA,B e E,(N),then (A)(B) € E,(N).
(4) Nothing else is in E, (N).

The length [(E) of a matrix expression E € E,(N) where n is an arbitrary natural number, is the number of fl;
in E. The weight w(Y) of a matrix Y is the length of a minimum length expression representing Y. The matrix
representedby A € E, (N)is denoted by i (A). Each matrix is represented by at least one expression; however the
same matrix can be represented by many and different expressions. Despite this, we generally do not distinguish
between expressions and matrices, except where this distinction is necessary to avoid any ambiguity. Moreover,
we shall omit parentheses if the meaning is clear. For graphic reasons to type, in some cases we could type fl’/ as
[, i, j]. Those functions fl;, in the ring case, correspond to matrices with r in position (Z, j) and O elsewhere, so
every n X n matrix over a ring R is a sum of elements of the generating set X,,(N) = {fl; :reN,1<i,j<n}.
For more details on the matrix near rings and its generalizations (see [1,3,6,11,12,14] and [15] where further
references can be found). Several researchers, for example, Meldrum , Van der walt, Booth and Groenewald have
mentioned the relationship between ideals of the near-rings and ideals of the matrix near-rings (see [2,4,5,7-9]
and [13] for details).

In this paper, we are following the similar path as these researchers, but with different concepts, which
are quasi ideals of near-rings, that is, a generalization of the concept of ideals in near-rings. In this paper, we
generalize the notion of an ideal of a near-ring N and call it a quasi-ideal of N. Moreover, we give some examples
of quasi-ideals which are not ideals of N. We also prove that there is a one-to-one correspondence between the
set of quasi-ideals of N and the set of full quasi-ideals of M, (N) as in Sect. 2. In addition, we introduce the
concept of equiprime quasi-ideals of a near-ring N and prove that there is a one-to-one correspondence between
the set of equiprime quasi-ideals of N and the set of equiprime quasi-ideals of M, (N) as in Sect. 3. All the
results of this paper are generalizations of Booth and Groenewald [2].

In the following, N is a zero symmetric right near-ring with identity 1.

2 Quasi-ideals of near-rings

In this section we study the set of quasi-ideals of a near-ring N and we investigate the relationship between the
set of quasi-ideals of N and those of M,,(N). We begin our discussions with the following two lemmas which
are useful in the proof of the main results.

Lemma 2.1 [2, Lemma2.1] Let B € M,(N),x e N,r e N"ande =(1,...,1) € N". Then

(Br).(xe) = B(r.xe).

Lemma 2.2 [2, Lemma 2.3] Let B € M,(N), x € N, i,j € {l,...,n}. Then there exist by ..., b, € N such
that

Bf§ = b1, 1, 14+ o, 1.
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2098 A. Y. Abdelwanis et al.

Definition 2.3 A non-empty set / of a near-ring N is said to be a quasi-ideal of N if the following hold

(1) (I, +) is a subgroup of (N, +) and K 4+ I = I + K for any subgroup K of (N, +);
(2) IN C I,
B rx+y)—ryel ¥Yr,ye N,Y x el.

Definition 2.4 (i) If /, in the pervious definition, satisfied the conditions (1) and (2)(resp. (1) and (3)) then [ is
said to be a right (resp. a left) quasi-ideal of N.
(i1) 1 is called a quasi-ideal of N if I is both a right and left quasi-ideal of N.

Remark 2.5 Tt is clearly that every ideal of N is a quasi-ideal of N. But the reverse is not true. The following
examples justify this fact.

Example 2.6 Let N = A x C be the direct product of two groups A and C where A =< a,b | 9a = 3b =
0,b+a—>b=4a > and C =< ¢ >, |c| = 9. Define multiplication on N by g.h = 0 for all g, » € N. Then
(N, +, .) is a near ring which is called the zero near ring on the group (N, +). Let U =< b > xC. It is clear
that U is a subgroup of N which permutes with each subgroup of N. However, U =< b > xC is not normal in
N. Hence, U is a quasi-ideal which is not an ideal of N.

Example 2.7 If we define a multiplication on N ,which is defined in the pervious example, by g.h = g for all
g,h € N. Then (N, +,.) is a near ring which is called the trivial constant near-ring on the group (N, +). Then
U =< b > xC is a quasi-ideal of N which is not an ideal.

Example 2.8 1f we define a multiplication on N ,which is defined also in Example 2.6, by g.h = {g i}%fOO for

all g € N . Then (N, +, .) is a near ring which is called the trivial zero-symmetric near-ring on (N, +). Then
U =< b > xC is a quasi-ideal which is not an ideal of N.

Proposition 2.9 Let L be a quasi-ideal of N. Then
L*:={A € M,(N): Aa € L", foranya € N"}
is a quasi-ideal of M,(N).

Proof (1) We first have (L", +) is a subgroup of (N”, +) since (L, +) is a subgroup of (N, +). Thus we have
(L*, +) is a subgroup of (M, (N),+). Now we prove that L* + H = H + L* for all subgroup H of
(M, (N), +). Let H be a subgroup of (M,,(N),+) andu € N". Then Hu = {Au, A € H} is a subgroup of
(N, 4+). But L commutes with all subgroups of (N, +) and hence (L", +) commutes with all subgroups
of (N", +). Let us now show that

L*u+Hu=Hu+L*u YuecN"
Letus take u € N", Au € Hu and Du € L*u. Thus, we have
Au+Due€ Hu+L"=L" + Hu.
So there is Bu € Hu, Z € L" such that
Au+ Du =Z + Bu
and then
Au+Du—Bu=Z2Z¢€cL".
Which implies that
(A+D—-Bu=ZelL" YueN"
This forces to
A+D—-B=CelL*
Therefore, we get

A+D=C+B
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(@)

3)

ie.,
L*u+ Hu=Hu+ L*u, YuecN" (1)

Now we use Eq. (1) to prove the required conclusion. For any u € N, we have

(L*4+ H)u = L*u+ Hu,
= Hu + L*u,
=(H+4+L"u, YueN"

Henceforward, we conclude that
L*+H=H+L"

for all subgroup H of (M,(N), +).
Note thatif D € L*, B € M,,(N), then we have

(DB)u = D(Bu) € L"

for all u € N". This implies that L*M,(N) C L*.

Finally we show that if for all A, C € M,,(N) and D € L* then A(C + D) — AC € L*, i.e., (A(C + D) —
AC)w = A(Cw+ Dw) — (AC)w € L", forall w € N™. Further, we show that forall A € M,,(N),« € N"
and 8 € L", we have A(«x + ) — Aa € L". That is, there is y € L" such that A(e + ) — Ao = y for all
aeN'and g € L". Leta = (aq,...,0,) € N"and B = (b1, ..., b,) € L". We use induction on w(A).
Ifw(A) =1,ie, A= fl’/ where r € N and 1 <, j < n. Then, we have

f;;(a +ﬁ) - ﬁ;(a) = .fi’]"(al +bl» . '1an "an) - ﬁ;(alv e 9an)7
=(0,0,....r(@j +bj), ....0) = (0,0, ..., raj, ..., 0),
=(0,0,...,r(aj +bj) —raj,...,0).

But L is a left quasi-ideal of N, then r(a; + b;) — ra; € L and hence
fl-;-(a +B) — fl-;(a) =(0,0,...,r(ej + b)) —raj,..,00 € L".

Next, suppose that the result holds for any matrix A, w(A) <m; m > 2. Letw(A) =m.Then A=L+ M
or A= LM, where w(L), w(M) < w(A). Thus, we have

Al +B) = (L + M)(a + B),
=La+ )+ M+ pB),
=8§+La+n+Ma, 68 nel
=8+0+La+Ma 6eclL”,
=364+60+ (L+ M)(x),
=8+60+ Aa).

Also, we have

Al + B) = (LM)(a + B),
= L(M(a + B)),
=L06+Ma) selL,
=n+L(Ma) nel”,
=n+ (LM)a,
=+ Aa.

Hence we conclude that L* is a quasi-ideal of M,,(N). This completes the proof.

Let QI(N) and QI (M, (N)) be the sets of all quasi-ideals in N and M,,(N), respectively.
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Lemma 2.10 The map
0 : QI(N) — QI(M,(N))
defined by 6(J) = J* is an injection.

Proof Suppose that L1, Ly € QI(N) such that Ly % Ly and leta € Lo\ Ly. Then, f{| € L} because L is a
quasi-ideal of N. But f{} ¢ L7 since f{|(e) = (a,0, ...,0) ¢ L. O

Lemma 2.11 Let Q be a quasi-ideal of M,,(N) and
O« ={xeN:xelm(mjA)forsome A € Q and j, wherel < j < nj}.
Then a € Q. if and only if f{| € Q.

Proof (=) Suppose that Q is a quasi-ideal of M, (N), and a € Q.. Then there exist A € Q, « € N" and
J € {1,2,...,n} such that w; (Aa) = a. But Q is right invariant so there exists B € Q such that Aae = Be =
B(1,0, ...,0). Thus, we have

Be = B(1,0,...,0)
=B(fli + A+ + fe

Therefore, there are ay, ..., a, such that
B(fly+ 4+ ) =lai L1+ -+ [ags n 1],
It follows that a; = a. But we have
EiB(fly+ foy 4+ f) = fii € Q.
(<) Assume that f} € Q, then f{ie = f{1(1,0,...,0) = (a, ..., 0). Soa = m(f{|€) and then a € Q. O
Lemma 2.12 Let Q be a quasi-ideal of M, (N). Then Q. is a quasi-ideal of N.

Proof (1) We first prove that (Q., +) is a subgroup of (N, +). Let x, y € Q, thus by Lemma 2.11, we have
£, i) € Q. Thisimplies f}; " = f{{ — fj; € Q. Again by Lemma 2.11 we obtain x — y € Q, and hence
(Qx, +) is a subgroup of (N, +). We prove that Q. + H = H + Q. for each subgroup H of (N, +). Let
H be a subgroup of (N, +), z € H and d € Q, therefore fld1 € Q.Then S = {f : x € H} is a subgroup
of (M,,(N),+). Then Q + S = S+ Q since Q is a quasi ideal of M, (N). There is an element 7 € H and
q € Q such that

i+ i=a+

This implies that
i =t i - fli=aco

Application of Lemma 2.11 gives

z+d—h=1¢€ Q..
This leads to

z+d=1+h
i.e.,
O« + H = H + Q, for all subgroup H of N.
(2) Letr € N and x € Q.. Then, we have
fit = fiifii € OMat,(N) € Q

Therefore, we have xr € Q, and hence QN C Q..
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(3) Finally, letr, s € N and x € Q.. Then, we have

1rl(s+X)_” = MU+ i) — fi A € 0.
By Lemma 2.11, we get
r(s+x)—rs € Q.

Hence in view of (1),(2) and (3), we conclude that Q. is a quasi-ideal of N. This proves the lemma.

Lemma 2.13 For quasi-ideals Q in M,,(N) and L in N, we have

(1) (Q* 2 0;

(2) (L") = L;

(3) ((Q))x = Q.

Proof (1) Suppose that A ¢ (Q4)*. Then there is « € N" such that Ao ¢ Q”, and so there exist j; 1 < j <n
with 7w (Aa) ¢ Q.. This implies that A ¢ Q.

(2) From Lemma 2.11 we have a € (L"), if and only if f{} € L* ifand only ifa € L.
(3) In (2) if we put L = Q. then we have ((Q4)*)« = Q.

Definition 2.14 A quasi-ideal of M, (N) is called full if it is of the form L* for some quasi-ideal L of N.
Recall that {O} and M,,(N) are full quasi-ideals of M,,(N).

Theorem 2.15 There is a bijection between the set of quasi-ideals of N and the set of full quasi-ideals of M, (N)
given by

L — L* and its inverse by Q — Q,

such that (L*), = L and (Q4)* = Q for a quasi-ideal L of N and a full quasi-ideal Q of M,,(N).

Proof Define a map

v QI(N) — QI(M,(N))
such thatW (L) = L*.

From Lemma 2.10, it follows that W is injection. Further, by Lemma 2.12, if Q € QI (M,(N)) , then Q. €
QI(N). Also if Q is full quasi-ideal of M,,(N), then Q = (Q)*. Finally, Q = (Q,)* = W(Q,). Hence, WV is
onto. This completes the proof of the theorem. O

3 Equiprime quasi-ideals of near-rings

This section devoted with the study of equiprime quasi-ideals of near-rings. First, we define the equiprime
quasi-ideals of N and then we prove that there is a one-to-one correspondence between the set of equiprime
quasi-ideals of N and the set of equiprime quasi-ideals of a matrix near-ring M, (N). We begin with the definition
of equiprime quasi-ideals of near-rings.

Definition 3.1 Let P be a quasi-ideal of N. Then P is called an equiprime quasi-ideal of N if and only if for
alla e N\Pandx,y € N, arx —ary € P forallr € R, implies x — y € P. Also a near ring N is called an
equiprime near ring if the zero quasi-ideal of N is an equiprime.

Proposition 3.2 Let P be an equiprime quasi-ideal of N. Then, P* is an equiprime quasi-ideal of the matrix
near-ring M, (N).
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2102 A. Y. Abdelwanis et al.

Proof By Proposition 2.9 we have P* is a quasi-ideal of M,,(N), so it remains to prove that it is an equiprime.
Suppose that A, B,C € M,(N) and that A ¢ P*, B — C ¢ P*. Then there exists o, 8 € N” such that
Aa ¢ P", BB — CB ¢ P". Thus, there exists i, j € {1,2, ..., n} such that [Aa]; ¢ P and [BB]; — [CB]; ¢ P.
But P is an equiprime quasi-ideal of N, so there exists x € N such that [Aa];x[BB];—[Aa];x[CB]; ¢ P. It
implies that

(Aa).(x[BBlje) — (Aa).(x[CBlje) & P".

Hence by Lemma 2.1, we get
Aa.(x[BBlje)) — A(a.(x[CBlje)) ¢ P". 2

Suppose o = («aq, ..., @, ). A simple calculation shows that
o.(x[BBlje) = [ar, 1, 1+ -+ o, ,mon) (5 + -+ f5)BB
= O Bf (say) .
Similarly, we have
a.(x[CB]je) = ©CB.

Then Eq. (2) becomes ADBS — ADPCB ¢ P", whence AGB — AD®C ¢ P*. Thus, P* is an equiprime quasi
ideal of M,,(N), as required. O

Proposition 3.3 Let Q be an equiprime quasi-ideal of M, (N). Then Q. is an equiprime quasi-ideal of N.

Proof By Lemma 2.12 we have Q, is a quasi-ideal of N so it remains to prove that it is an equiprime. Suppose
thata, b,c € N,and thata ¢ Q4,b —c ¢ Q.. By Lemma 2.11 we have f{} ¢ Q and flb1 — fi) ¢ Q. Since Q
is an equiprime quasi-ideal of M,,(N), then there exists A € M, (N) such that

FOA f = FOAS ¢ Q. de, [RASL = FRAFL £ 0. 3)
By Lemma 2.2 there exist ay, ..., @, € R such that
Afly =la, 1,11+ -+ [ag, n, 11.
We can check by direct calculation, that is,

ALY = A dar, 1, 1+ -+ [an, n, 1) = ffilag, 1,11,

Hence, Eq. (3) becomes
filar, LY = filan, 1,11£f ¢ 0.
This gives
laaib — aajc, 1,1] € Q.
Thus, we obtain aa;b — aaic ¢ Q. Consequently, Q. is an equiprime quasi-ideal of N. O

Lemma 3.4 Let U be a quasi-ideal of M,(N). Then, A € (Uy)* ifand only if [[Aa];; i, k] € U foralla € N"
and 1 <i, j, k <n.

Proof Let U be a quasi-ideal of M,,(N), then we have
A e (U)*

& Aa € (Uy)" foralla« € N"

& [Aa]lj € Uy foralla € N, j € {1, ..., n}

& [[Aalj, 1, 1] foralla € N, j € {1, ...,n}

(by Lemma 2.11).

But [[Aa];; i, k] = fill[[Aoz]j, 1, l]fllk, so we have the result. O
Proposition 3.5 Let P be an equiprime quasi-ideal of M,,(N). Then P = (P,)*.
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Proof Suppose that B ¢ (P,)*. Then there exists an element « € N" such that (Ba) ¢ (P,)", and hence there
is j €{1,2,...,n} with [Ba]; ¢ Py. This implies that B ¢ P. Thus, P C (Py)*. Let A e M,(R),A ¢ P.But

A=(fli+ o+ LA,
so there exists k € {1, 2, ..., n} such that

fiaA & P. @)
Since P is an equiprime quasi-ideal of M,,(N), then there exists B € M, (R) such that
ABfL A ¢ P.

By Lemma 2.2, then there is ay, ..., a, € N such that

Bfix = fii + fog + -+ [
Consequently,

AL+ P+ + faA ¢ P

n

Which means that
AU+ fag + -+ f) ¢ P
By reasoning similar to that used to deduce Eq. (4), there exists i € {1, 2, ..., n} such that
Fid(fi 4+ G+ [0 ¢ P

Ifweletd = (ay, ..., a,). Then, application of Lemma 2.2 yields that, [[AS];; i, k] ¢ P. It follows from Lemma
3.4, that A ¢ (P,)*. Hence the proof is completed. O

Let E(N) and E(M,(N)) are the sets of equiprime quasi-ideals of N and M, (N), respectively. Our next
result gives one to one correspondence between E(N) and E (M, (N)), respectively.

Theorem 3.6 The mapping
¢ @ E(N) = E(My(N))

defined by ¢(P) = P* forall P € E(N).
is a one-one correspondence between the sets of equiprime quasi-ideals of N and equiprime quasi-ideals of
M, (N).
Proof Consider the function

¢+ E(N) > EM,(N))

defined by @(P) = P* ,forall P € E(N).

Itis easy to show that ¢ is an injection. Suppose that P € E(M, (N)), then by Proposition 3.3 we have P, € E(N).
It follows from Proposition 3.5 that P = (P,)* = ¢(P;). Therefore, the function ¢ is onto. Hence, we conclude
the result. =
Corollary 3.7 N is an equiprime near-ring if and only if so is M,,(N).

Proof (=) We have {0} = {0}*, where {O} is the zero quasi-ideal of M, (N) and {0} is the zero quasi-ideal
of N. But N is an equiprime near-ring, so {0} is an equiprime quasi-ideal of N. In view of Proposition 3.2, we
conclude that {O} is an equiprime quasi-ideal of M,,(N). This implies M, (N) is an equiprime near-ring. (<)
Since {0} = {0}, and {O} is an equiprime quasi-ideal of M, (N) so from Proposition 3.3 we have {0} is an
equiprime quasi-ideal of N, i.e., N is an equiprime near-ring. O
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