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Abstract For an integer k > 2, let Pn(k) be the k-generalized Pell sequence which starts with 0,...,0, 1 (k
terms) and each term afterwards is given by the linear recurrence

PO —2p® 4+ PO 4.4 PP foralln >2.
In this paper, our study focuses on Fermat and Mersenne numbers and we determine all of them, which are
expressed as products of two k-Pell numbers.

Keywords k-Pell numbers - Fermat numbers - Mersenne numbers - Linear form in logarithms - Reduction
method

Mathematics Subject Classification 11B39 - 11J86

1 Introduction

Numerous challenges in number theory can be simplified by identifying the common elements between two
sequences of positive integers. Hence, the investigation into determining the intersection of two sequences has
attracted interest from various number theorists. Mignotte [11] proved that the intersection of two sequences is
finite unless the roots of their characteristic polynomials are multiplicatively dependent. But there is no effective
result about the intersection of two sequences in general. For some special cases of intersection of two sequences,
we can cite the works [3,4,6-8,12]. Here, we are interested in the problem of determining the intersection of the
product of two k-Pell sequence and Fermat or Mersenne sequences.

A Fermat number is a number that can be expressed in the form 2" + 1, where n is a positive integer. It
is named after Pierre de Fermat, a French mathematician who studied them in the 17-th century. The first few

Communicated by B. Sury.

S. Seffah

Mathematics Institute, University of Science and Technology Houari Boumediene, Arithmetic, Coding, Combinatorics and Formal
Calculus Laboratory, BP 32, El Alia, 16111 Bab Ezzouar, Algiers, Algeria

E-mail: safiaseffah58 @ gmail.com; safia.seffah@usthb.dz

S. E. Rihane (X))
National Higher School of Mathematics, Scientific and Technology Hub of Sidi Abdellah, P.O. Box 75, Algiers 16093, Algeria
E-mail: salahrihane @hotmail.fr

A. Togbé
Department of Mathematics and Statistics, Purdue University Northwest, 2200 169th Street, Hammond, IN 46323, USA
E-mail: atogbe @pnw.edu

@ Springer



2132 S. Seffah et al.

Table 1 First nonzero terms of k-Pell sequences for k = 2, 3,4 and 5

k Name First nonzero terms

2 Pell 1,2,5,12, 29,70, 169, 408, 985, 2378, 5741, 13860, 33461, ...

3 3-Pell 1,2,5, 13,33, 84,214, 545, 1388, 3535, 9003, 22929, 58396, ...
4 4-Pell 1,2,5, 13, 34, 88, 228, 591, 1532, 3971, 10293, 26680, 69156, ...
5 5-Pell 1,2,5, 13,34, 89,232, 605, 1578, 4116, 10736, 28003, 73041, ...
of them are 3, 5, 9, 17, 33, .... A Mersenne number is a number of the form 2" — 1, where n is a nonnegative
integer. The first few Mersenne numbers are 1, 3, 7, 15, 31, 63, 127, 255, .... Mersenne numbers have many

interesting properties and have been the subject of a deep research. One famous result is the discovery of the
largest known prime number (as of 2021), which is a Mersenne prime with 82, 589, 933 digits. Some properties
of these numbers have been well studied (see [6,8]).

The Pell numbers are a sequence of numbers that appear in mathematics and number theory. The Pell numbers
are defined by the recurrence relation

Py=0, Pp=1 and P,=2P, |+ P,_» foralln > 2.

The first few Pell numbers are 0, 1,2, 5, 12, 29, 70, 169, 408, 985, 2378, 5741, . ... There are several general-
izations of the Pell numbers, which are variations or extensions of the original sequence. Let k > 2 be an integer.

We define a generalization of the Pell sequences Pn(k) recurrently as follows
PO —2p® 4+ PO 4.4 PP foralln >2,

with the initial conditions Pik()k_z) = Pik(}(_” =...= Po(k) = 0and Pl(k) =1.

We note that this generalization is in fact a family of sequences where each new choice of k produces a distinct
sequence. For example, the usual Pell sequence (P,),>¢ is obtained for k = 2. Below we present the values of
these numbers for the first few values of k and n > 1.

Some mathematicians have studied relations among Fermat/Mersenne numbers and other sequences [6—
8,12]. As with Hernane [7], we determined all Fermat numbers and Mersenne numbers that are products of
two k-Fibonacci numbers. Motived by this result, we will find all Fermat and Mersenne numbers that can be
written as products of two k-Pell numbers. More precisely, in this paper, we will study the Diophantine equations
presented in the following theorem.

Theorem 1.1 The Diophantine equations
PO PpE —2a 4 (1.1

have no solutions in positive integers a, k,n,m withk,n,m > 2 and n > m.

Remark 1.2 On can easily notice that if m = 1, then we have (a, k, m,n) = (1,k, 1, 1) is a solution for the
Mersenne sequence and (a, k, m, n) = (2, k, 1, 3) is a solution for Fermat sequence.

To establish the aforementioned theorem, we use linear forms in logarithms of algebraic numbers along with
a reduction algorithm originally introduced by Baker and Davenport [1]. The subsequent section provides an
overview of these methods, accompanied by relevant results and definitions that will be applied throughout the
remainder of this study.

2 The tools
2.1 Linear forms in logarithms

For a non-zero algebraic number 1 of degree d over Q, whose minimal polynomial over Z is a ]—[?21 (X —nU )),
we denote by

nop = - | toglal + > los (mas [1.171))
=
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Fermat or Mersenne numbers as products of two k-Pell numbers 2133

the usual absolute logarithmic height of 5. In particular, if n = p/q is a rational number with ged(p, q) = 1
and g > 1, then h(n) = log max{| p|, ¢}. The following properties of the function logarithmic height A (-), which
will be used in the next section without special reference, are well-known

h(n£y) < h(n) +h(y) +log2, @2.1)
h(ny®h) < h(n) + h(y), 2.2)
h(n) = Is|h(n) (s € 7). (2.3)

Now, we will recall a result proved by Matveev (see [10]) on a lower bound for a nonzero linear form in
logarithms. Here, we consider the version due to Bugeaud, Mignotte and Siksek [4].

Theorem 2.1 Let 1y, ..., ng be nonzero real algebraic numbers and let by, .. ., by be integer numbers. Let dx
be the degree of the number field Q(n1, ..., ny) over Q and let A be a positive real number satisfying

Aj > max{dgh(n;),|logn;|,0.16}, for j=1,...,s.
Assume that
B > max{|by|, ..., |bs|}.

Ifni71 P — 1 £0, then

PP = 1] > exp(—1.4-30°F3 5% . a2 (1 + logdg) (1 + log B)A; - - - Ay).

2.2 The reduction algorithm

Here, we present a variant of the reduction method of Baker-Davenport [1] due to Dujella-Pethd [5]. We use a
slight variant of the version given by Dujella-Pethd [5].

Lemma 2.2 Let M be a positive integer, p/q be a convergent of the continued fraction of the irrational y such
that ¢ > 6M, and let A, B, i be some real numbers with A > 0 and B > 1. Let

&= |lugll —M - |lyqll,

where || - || denotes the distance from the nearest integer. If ¢ > 0, then there is no solution of the inequality
O<uy—v+u<AB™"”

in positive integers u, v and w with

log(A
MEM and sz
log B

The above lemma cannot be applied when p is a linear combination of 1 and y, since then ¢ < 0. In this
case, we use the following nice property of continued fractions (see [9, pp. 30 and 37]).

Lemma 2.3 Let p;/q; be the convergents of the continued fraction [ag, ay, . . .] of the irrational number y. Let
M be a positive integer and put ap; = max{a;|0 <i < N + 1} where N € N is such that qy < M < gn+1. If
X,y € Zwithx > 0, then

lxy — ¥l forallx < M.

> —
(ap +2)x
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2.3 Properties of the k-generalized Pell sequence

In this subsection, we recall some essential facts and properties of the k-Pell sequence, which will be pertinent
in subsequent discussions. The characteristic polynomial associated with this sequence is given by

Wp(x) =xF— ok - x — 1.

In [2], Bravo et al. demonstrated that Wy (x) is irreducible over (Q[x] and has just one root « (k) outside the unit
circle. This root is real, positive, and satisfies o (k) > 1. The remaining roots are strictly contained within the
unit circle. Additionally, in the same paper, they demonstrated that

1 5
01— ¢ 8 <akk) < ¢® forallk >2, with ¢ := +2“/_- (2.4)
For simplicity, we generally omit the dependence on k for «. For k > 2, let
) x—1 x—1 2.5)
X) = = . A
8k (k+1Dx2—3kx+k—1 k(x2—3x+1) 4221
In [3], Bravo and Hererra proved that the inequalities
0.276 < gi(a) < 0.5 and ’gk(o{("))‘ <1, 2<i<k
hold, where o := oD, ..., a® are all the zeros of W (x). So, the number gr(a) is not an algebraic integer.

Indeed, if we suppose that gx () is an algebraic integer, then we know that gx (a) # 0 and Ngw),0(gk(@)) € Z,
where Ng(q«)/Q(gk()) is the norm of gx () from Q(«) to Q. In addition, they proved that the logarithmic height
of gi(«) satisfies

h(gk(a)) < 4klogy + klog(k + 1), forall k > 2. (2.6)

With the above notation, Bravo et al. [2] showed that the inequalities

k
) . 1
P,fk) = ng(a(l))a<’)n and P,fk) —grl@a"| < = 2.7
i=1 2
hold, for all » > 1 and k > 2. Furthermore, for n > 1 and k > 2, it was proved in [2] that
"2 < PP < gl (2.8)
Moreover, note that for n < k + 1 we have
PR = Fy, . (2.9)

Lastly, we present the following crucial lemmas that will be used subsequently.

Lemma 2.4 ([3, Lemma 2]) Ifk > 30 and n > 1 are integers satisfying n < ¢*/2, then
2
gr(oa" =2 i (1+¢), where [¢]| < L
¢ +2 k2

Lemma 2.5 ([13, Lemma 7)) Ifm > 1, T > (4m>)" and T > y/(log y)". Then,
y <2"T(logT)™.
Lemma 2.6 ([14, Lemma 2.2]) If |x| < d with0 < d < 1, then

“log(l — d)
[log(1 +x)] < —=—[x].
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Fermat or Mersenne numbers as products of two k-Pell numbers 2135

3 The proof of Theorem 1.1

The proof of Theorem 1.1 will be done in four steps. We will first start by giving the following precision. If

m = 1, then P,,(,k) = 1. In this case, the Diophantine equation (1.1) has been studied in [12]. For the cases
2 <m <n < k+ 1, we use the identity (2.9) to rewrite the Diophantine equation (1.1) as

Frp 1Py =2 £ 1.

According to the main result in [7], we deduce that (1.1) has no solutions in this range. Thus, from now, we
assume thatn > k4 2. Subsequently, we will establish the relationship between the sizes of @ and n. By applying
inequalities (2.8), we derive

-1 k k +m—2 2n—2
24 <2”:|:1=PVE)PH(1)<05” m—s < q"

log o 2log o 2log
a< (2n—-2) +1=n — +1
log?2 log?2 log?2

Furthermore, by (2.4) we obtain

and so

a < 3n. 3.1

3.1 An inequality for n versus k

Here, we will establish an inequality for n in relation with &, by showing the following lemma.

Lemma 3.1 If (a, k, m, n) is a solution in integers of equation (1.1) with k > 2 and n > k + 2, then we have
the following inequality
n <8210k log’ k. (3.2)

Proof Using estimate provided in (2.7), we obtain

P® = gr(@)a" + ex(n), where |ex(n)| <

57
thus allowing us to express equation (1.1) as
(gr(e)a” + ex(n) (gr(a)a™ + ex(m)) =29 £ 1; (3.3)
that is,
gr(@)a"™ = 2% = —er(m)gr()e” — ex(m)gr(e)e™ — ex(n)ex(m) % 1.

By taking the absolute value and dividing both sides by g,% (@)™ we get
1.82  1.82 1641 20.1
= +

—2 _
gk (Ol) o rem) 20 -1 am ot ottm = o ’ (3‘4)
where we have used the fact that g;(«) > 0.276. Define
Ty o= gy (@) -a” ™ .20 — 1, (3.5)
So, we have
20.1
IT1] < o (3.6)
Note that I'; # 0, otherwise we would get
e = a0,

which implies that g,% () is an algebraic integer, a contradiction.
Now, we will utilize Theorem 2.1 for I'j, considering the following parameters:

(1, b1) = (@ (@), =2),  (m2,b2) := (@, —=(n +m)), (n3,b3) := (2, ).
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2136 S. Seffah et al.

As 1, 12,13 € K := Q(«), we have dx = k. Now, we provide estimates for the usual absolute logarithmic
heights of these numbers: h(n1) < h(gr(a)) < 4kloge + klog(k + 1) < 4.4klogk, h(ny) = (loga)/k <
(2log )/ k, and h(n3) = log 2. Therefore, we have the flexibility to choose

Al = 4.4k* logk > max{kh(n;), [logni|, 0.16},

Az :=2log ¢ = max{kh(n2), [lognal, 0.16},

and
Az :=klog2 = max{kh(n3), |lognsz|, 0.16}.

Previously, we established that a < 3n and m < n, enabling us to set B := 3n. Armed with these considerations,
we are now in a position to apply Theorem 2.1 and derive

IT1| > exp (—1.4-305 - 3%5 . k2(1 + log k) (1 + log 3n) (4.4k> log k) (2 log ¢) (k log 2))
> exp(—1.06 - 102 (k> log? k) (1 + log 3n)),

where we have used the fact that 1 +logk < 2.51og k, which holds for k£ > 2. Comparing this lower bound with
the upper bound of |T"1| provided by (3.6), we arrive at

(m — 1) loga < 1.07 - 102k log? k(1 + log 3n). (3.7)

Now, let us rewrite equation (1.1) in an alternative manner to derive a second linear expression in logarithms. To
achieve this, we use estimate (2.7) once again to obtain

(Pr(@)a” + e (n)P® =2 + 1;

that is,
()" > -l (n) (3.8)
gr@)a" — — = —— —ex(n). .
Prszk) Prglk)

As previously done, by taking the absolute value and dividing both sides by g (a)a”, we acquire

-1 3 550 14.4
k) ca A .
‘(Pm gk(a)) o 2 1' < 3@ o < o < " 3.9)
Define 1
I, = (P,E,“gk(a)) caTm 24— (3.10)

Let us show that I'; #~ 0. In fact, ' = 0 leads to gx () = 2%«™"/ P,ﬁ,k). Taking norms, we get
ka 2ka

N, (™) ==+ .
7 YQ()/Q I3
() ()

k

No@)/o(gr(@)) = ]—[
i=l1

Now/o(gr(@)) =

Now, we see that
o — 1
k(e? —30; + 1) +a? — 1

where a1, oz, . .., o are the conjugates of «. The above is a fraction A/B, with A, B integers and

k
A= ]_[(a,- D=y ==nDka-2—--.—1) = +k.
i=1

Hence, we get
2ka

.
(Pi)

k
T4
B
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The exponent of 2 in the left is at most the exponent of 2 in the factorization of k, so this exponent is less than
k
k < ka. This shows that in the right, the fraction 25¢/ (P,Elk)) cannot be reduced (so 2¥¢ cannot be coprime to

Pn(,k) ). This shows that P,ﬁ,k) is even, which is false since P,g,k) P,gk) = 2% £ 1 implies that Pn(,k) is odd.
Now, we will apply Theorem 2.1 to I';. In this application, we select the following parameters:

(1, b1) == (PP gr(@), =1), (n2,b2) := (@, —n), (13, b3) == (2, q).

Once again, let K := Q(«) and dg = k. As previously, we can choose Ay := 2log ¢ and A3 := klog?2. Now,
we still need to calculate Aj. With the help of the estimates (2.6), (3.7), and the proprieties (2.1)-(2.3), we obtain

h(m) < h(Py) + h(gi(@))
< (m—1)loga + 4kloge + klog(k + 1)
< 1.08 - 10"k log? k(1 4 log 3n)

for all kK > 2. On the other hand, as

m—1 . 1
and n, = — - < 1,
P gr()

o

m = P gr(a) <

then, by (3.7), we find
llogn1| < (m — 1)loga +10g0.5 < 1.08 - 10'%k> log® k(1 + log 3n).
This implies that
max{kh(ny), [logni],0.16} < 1.08 x 102k 10g2k(1 +log3n) := Aj.
By choosing B := 3n, we can apply Theorem 2.1 to I'; and compare the resulting inequality with (3.9) to derive
nloga < 1.75 x 10%*k° 1og® k log” n,

where we utilized the facts 1 + logk < 2.5logk and 1 + log(3n) < 2.6logn, valid for k > 2 and n > 4.
Consequently, we obtain

7 <26 10%k” log’ k. (3.11)
g n

Applying the inequality from Lemma 2.5, with T := 2.6 x 10*k” log> k, and considering the inequality 56.22 +
9logk 4 3loglogk < 88.6logk for all k > 2, we obtain

n < 4(2.6 - 10%*k° log? k) (log(2.6 - 10**k” log® k))2
< (1.04 - 105k% 10g> k) (56.22 + 9log k + 3loglog k)?
< 8.2-10%%k% log’ k.

This concludes the proof of Lemma 3.1. O

3.2 The small cases 2 < k < 630

In this subsection, we explore the values of k within the interval [2, 630]. Define
Ap:=log(l'1+ 1) =alog2 — (n+m)loga — 2log(gr(x)). (3.12)

Assume that m > 10. Utilizing the estimate (3.6) and considering the fact that« > ¢, it follows that |I"j| < 0.27.
By setting d = 0.27 in Lemma 2.6, we obtain

—1log0.73
A < —220 p <235
0.27
Hence, we have
log2 21
. 0g _(n+m)_w < 489.q° . (3.13)
log o loga
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2138 S. Seffah et al.

To apply Lemma 2.2 to A, we consider the parameters

o log2 -, 2108@) 4 B) = 489, a).
log o log o
For each k € [3, 630], we determine a suitable approximation of y and a convergent p,/q, of the con-
tinued fraction of y. These convergents satisfy g, > 6 M} and ¢ = e(k) = ||uq|| — Millyql|l > 0, where
Mj, = |2.46 x 10°°k° log® k|. This value serves as an upper bound for a according to Lemma 3.1. Utilizing a
Mathematica program, we find that ¢114 meets the conditions of Lemma 2.2. Subsequently, we apply Lemma
2.2 to inequality (3.13). A Mathematica program indicates that %<I/1;1ir6130{ ex} > 0.4861. Moreover, the maximum

log(Ag/e)
log B

For the case k = 2, we have o = 1 + +/2 and o) = V2. Consequently, inequality (3.13) is transformed
into

value of over all k € [3, 630] is 150.457, providing an upper bound for m as per Lemma 2.2.

@-1)-—82 )| <489 0" (3.14)
a—1) —————(n+m)| <489 -a™". .
log(1 + ﬁ)
Let
lao, a1, a2,...1=10,1,3,1,2,6,1,2,11,2,2,1,1, 18, ...]
log2
be the continued fraction expression of %8s and let p, /g, denote its convergent. It is worth noting that
log(1 ++/2)

in this scenario, we have a < 2.46 - 1030 . 2 . 1og> 2 < 2.02 - 1032, By utilizing Maple, we find that
ge1 < 2.02-10%? < g¢»

and
ay :=max{a; :i =1,2,...,61} =ay; = 100.

Thus, based on the properties of continued fractions (refer to Lemma 2.3), we deduce
log?2
log(1 + +/2)

Combining the above inequality with (3.14) and considering the fact that a < 2.02 - 10°2, it comes that

(a—1) —(n+m)| >

(ap +2)a’

o™ < 48.9.102-2.02-10%2.

Consequently, we derive m < 95. Therefore, in all cases, we have m < 151.
Next, we fix m < 151 and we consider
Ay :=log(I + 1) =alog2 —nloga — log(P,;k)gk(a)). (3.15)
Assuming n > 10, by the estimate (3.9) and considering that « > ¢, we ascertain |[I'z| < 0.12. Applying
d = 0.12 in Lemma 2.6, we derive
—1og 0.88
IAg] < —2B2% bl 15407
0.12
Consequently, we obtain
log 2 log(PY
a.&_n_w <321 -a " (3.16)
log o log o

To apply Lemma 2.2 to A, we take

(k)
log?2 log(P,
- &, - _M’ and (A, B) := (32.1, ).
log o logx

For each k € [2, 630], we find a suitable approximation of y, along with a convergent p¢/q, of the continued
fraction of y. This choice ensures that gy > 6 My, and ¢ = e(k) = ||ugq|| — Mk|lyq|| > 0, where M} := [2.46 x
103°%% 1og> k|. This value serves as an upper bound for a according to Lemma 3.1. Utilizing a Mathematica
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Fermat or Mersenne numbers as products of two k-Pell numbers 2139

program, we see that g1 satisfies the conditions of Lemma 2.2. Subsequently, we apply Lemma 2.2 to inequality
(3.16). A computational analysis with a Mathematica program indicates that , {ex} > 0.4992, and

log(Ag/e)

log B
bound for n according to Lemma 2.2.

min
<k<630,2<m=<150

the maximum value of over all k € [2,630] is 159.934. This maximum value serves as an upper

Finally, we used a Mathematica program to conduct a comparative analysis between P,fk) P,flk) and 24 + 1
across the parameter space defined by k +2 <n < 159, m <n,and 1 < a < 477, while ensuring that a < 3n.
This investigation aimed to verify that equation (1.1) exhibits no solutions within these specified ranges.

3.3 The large cases k > 630

In this subsection, we investigate the scenario where k > 630. For k > 630, a straightforward verification reveals
that

m<n<82-108k%1og> k < ¢*/%.

Consequently, in accordance with Lemma 2.4, we obtain

(pZn 4
gr()a" = ” Jr2(1 +¢1), where [§] < o (3.17)
and
2m
gr()a™ = L4 (14+¢), where |[&] < i (3.18)
By substituting (3.17) and (3.18) into (3.3), we derive
(p2n+2m (p2n+2m (p2n 2n
— 2= 1+ 2+ + ex(m) + ex(m
01272 (¢+2)2(§1 o+ 0152) 012 k() 012 k(M)
¢2m (sz
+ er(n) + ex(n)tr £ 1 —ex(n)ex(m).
g0_’_21{() ¢+2k()§2 K (n)ex (m)
Hence, we obtain
(p2n+2m . 24(p2n+2m ¢2n ¢2n (p2m (p2m
wrr = sk T + 2t + Tty
(p+2) (P +22"2 " 20 +2) 29+l 20 +2)  2p+2)pk2 4

Therefore, the above inequality, along with the conditions n > m and n > k + 2, yields

- 24 p4+2/( 1 1 1 1
T3l < k72 + 2 \gm + ok/2+2m + e + Qk/2+2n
32
< mnik/2.2m) (3.19)

%

where
Fyi=1-(p+2)° 2% ¢ 2"

We have I's # 0, otherwise we would end up with > 2" = (¢ 4 2) - 24, implying that (¢ + 2) - 2¢ is a unit in
Q(+/5), which is impossible. Now, we can utilize Theorem 2.1 for I's, considering the following parameters:

(1, b1) =2, a), (n2,b2) :=(p+2,2), (n3,b3):= (¢, —(2n +2m)).

It is clear that 11, 72, 13 € K := Q(+/5) and so dg = 2. We choose B := 4n considering that n > m and
log5

5

a < 3n. The usual absolute logarithmic heights of these numbers are as follows: (1) = log2, h(2) =

1
and h(n3) = h(p) = %. Consequently, we select Aj := 21log?2, A :=log5, and A3 := log ¢.
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2140 S. Seffah et al.

Applying Theorem 2.1 to '3, we obtain

IT3] > exp (—1.4-30% - 3*5 . 4(1 + log 2)(1 + log4n)(2log 2)(log 5)(log ¢))
> exp(—2.92 - 10'% logn),

where we have used the fact that 1 + log4n < 2.8logn for all n > 4. By comparing the resulting inequality
with (3.19), we derive
min{k/2, 2m} < 6.1 - 10'?logn.

According to Lemma 3.1 and considering the inequality 66.58 + 9logk + Sloglogk < 21logk, valid for all
k > 630, we get
min{k/2, 2m} < 6.1 - 102 1og(8.2 - 1023 log> k)
< 6.1-10'2(66.58 4 91logk + 5loglogk)
< 1.3-10"%1ogk.

If mink/2, 2m = k/2, the inequality k < 2.6 - 10'*log k arises. Solving this inequality and applying Lemma
3.1, we deduce that
k<9.6-10" and n <3.9-10'%. (3.20)

If min{k/2,2m} = 2m, so we obtain in this case that
m < 6.5-10" logk. (3.21)

Now, let us revisit (3.8) and express it differently

(pZn B na B +1 B ek(n) B (Pan
K — Sk ’
p+2 ph  p® ¢+2
This yields
2n a 2n
10 _ 2 _ 4¢ L3
p+2 PO T (p+2¢"? 2

Consequently, we have
4 3(p +2) 4 3(p +2) 9.5

Iyl < , 3.22
T4l = PP + 207 = k2 T o < k72 (3.22)
where 5
Ty = ‘p+k 0L, (3.23)
P( )
m

If T4y = 0, then (¢ + 2)p*" = P,f,k) /2%. We take the conjugate to obtain (¢ + 2)¢>* = (¥ + 2)¥>", where
¥ = (1 — /2)/2 is the conjugate of ¢. This leads to a contradiction since the left-hand side is greater than 3 in
absolute value, and the right-hand side is smaller than 2 in absolute value. Therefore, I'4 # 0, and we can apply
Theorem 2.1 with the following parameters:

1, b1) = (e +2)/PP 1), (n, b2) := (2,a), (13, b3) := (9, 2n).

As previously calculated, we set A := 2log2 and A3 := log ¢. Additionally, we choose B := 4n. Now, let’s
estimate /(7). Utilizing the fact that P,,(f) < ¢*¥"=2 and the inequality (3.21), we get

h(m) = h(g +2) + h(P®) < log5 + (2m —2)logp < 3.15 - 10" logk.
Thus, we select A := 6.3 - 10'3 log k. Consequently, Theorem 2.1 implies that
IT4] > exp(—1.15 - 10%° log? n), (3.24)
where we have used the fact that 1 4+ log(4n) < 2.8logn for all n > 4. Combining (3.22) and (3.24), we obtain

k < 4.8-10%1og? n.
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Applying Lemma 3.1 and considering that 66.58 + 9logk 4 5Sloglogk < 211logk for all k£ > 630, we deduce

k < 4.8-10% (log(8.2 - 102k log’ k))2
< 4.8-10%0(66.58 + 9log k + 5loglogk)?
<2.2-10%10g’ k.

Solving this inequality and appying Lemma 3.1, we get
k<13-102 and n <2.25-10%¢, (3.25)

From (3.20) and (3.25), we can deduce that the inequalities (3.25) are consistently satisfied.
The obtained bounds are exceedingly large; thus, we will proceed to reduce them. Let us put

A3z :=log(l'3+ 1) =alog2 — (2n + 2m)logp + 2log(p + 2). (3.26)

Suppose that m > 20. In this case, we have |I'3] < 0.27. By taking d = 0.27 in Lemma 2.6, we get

—1og0.73 ;
A . F 373 . —m1n{k/2,2m}'
[As] < —57— - ITsl < @
So, we obtain
log2 21 2 -
0 082 o oy 4 20BLT D g minik/22m) (3.27)
log ¢ log ¢
To apply Lemma 2.2 to A3, we consider
log2 21 2
y = o8 , M= M, and (A, B) :=(77.6, ¢).
log ¢ log ¢

Now, the goal is to refine our bounds, which are currently too large, utilizing Lemma 2.2. Let’s set M :=
6.75 x 1033, an upper bound for a as derived from Lemma 3.1. Applying Lemma 2.2 to (3.27), we aim to obtain
an upper bound for k. After a computer search with Maple, we find that gg5g satisfies the conditions of Lemma
2.2 and provides us with the information that min{k/2, 2m} < 1632.

Case 1: min{k/2, 2m} = k/2. In this case, we get

k < 3264. (3.28)
Case 2: min{k/2, 2m} = 2m. In this case, we obtain that m < 816. Fix 2 < m < 3153 and let’s put
Ag:=log(l +T'y) = alog2 — 2nlog ¢ + log((¢ +2)/PP).

As k > 630, from (3.22), it follows that |['4| < 0.01. Consequently, applying Lemma 2.6, we derive

1og(0.99) _
ITa| < —gOT A4l <9.6- K2, (3.29)
Thus, we obtain
(k)
log?2 I 2)/ P,
g 082 o, 1e@ DB oy -k (3.30)
log g logg

We apply Lemma 2.2 to A4 with the parameters

(k)
y =082 _10g@FD/PnT) 675109 and (AL B) == (20, 0).
log ¢ log ¢

Consider the case where 2m < k/2, which implies m < k + 1. In this scenario, we can substitute P,ﬁlk) with
F>,,—1 in our calculations. By using Maple, we find that geso meets the conditions of Lemma 2.2. Consequently,
we find k < 3284. Applying this new bound, we find n < 1.3 - 105, Subsequently, we apply Lemma 2.2 again
with the same data, but now we set M to be 3.9 - 109, With Maple, we see that g13¢ satisfies the conditions of
Lemma 2.2, leading to k < 690. This contradicts our initial assumption that £ > 630.
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4 Conclusion

For any integer k > 2, the sequence of the k-Pell numbers (Pn(k))nzz_k is defined by the k initial values

Pfk()kiz) = P(k()k%) =... = Pék) =0, Pl(k) = 1 and such that each term afterwards is is given by the linear

recurrence

In this paper, we study solutions of the Diophantine equation P,

PO =2p® + PO 4.4 P®,, foralln >2.

§") P,ﬁlk) = 2941, where a is nonnegative integers.
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