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Abstract

Finitely-hollow lifting and hollow-weak lifting modules are two generalizations of hollow lifting module which is a weaker
version of lifting module. In this paper, we have defined another generalization of hollow-lifting module namely finitely-
hollow-weak lifting (f-hollow-weak lifting) module. Various properties of this module have been seen and found that, it
is not closed under quotients and summands in general, so sufficient conditions are provided under which f-hollow-weak
lifting property of modules is inherited by its quotients and summands. Finally, we have given some characterizations of

f-hollow-weak lifting module.
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Completely f-hollow-weak lifting module
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Introduction

In recent years structures of lifting modules and their
various generalizations have been extensively studied by
many authors (Clark et al. 2006; Keskin, 2000; Keskin
and Tribak, 2005). A module M is called a lifting module
(or satisfies (D) condition), if for any submodule N of M,
there exists a direct summand K of M such that KCN and
N/K < M/K, equivalently, for every submodule N of M,
there exists a decomposition M = K @ K’ such that KCN
and N N K’ <« K'. As a proper generalization of lifting mod-
ules, the concept of hollow-lifting modules was introduced
by Oshiro in 1984 and discussed in details by Orhan et al.
2007. A module M is called a hollow-lifting if for any sub-
module N of M with M/N is hollow, there exists a direct
summand K of M such that KCNand N/K < M /K, equiva-
lently, for every submodule N of M with M /N is hollow,
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there exists a decomposition M = K @ K’ such that KCN
and NN K’ < K, equivalently, for every submodule N of
M with M /N hollow, has a coessential submodule in M that
is a direct summand of M. Another generalization of lifting
module is weak-lifting was studied by (Keskin and Tribak
2005; Clark et al. 2006). A module M is called a weak-lifting
if for each semisimple submodule N of M, there exists a
direct summand K of M such that KCN and N/K < M/K.
In a similar fashion as a proper generalization of weak-lift-
ing modules, the concept of hollow weak-lifting modules
was introduced by Yaseen in 2010 and defined as, A mod-
ule M is called a hollow weak-lifting if for each semisim-
ple submodule N of M with M /N is hollow, there exists a
direct summand K of M such that KCN and N/K < M/K,
equivalently, for every semisimple submodule N of M with
M /N hollow, has a coessential submodule in M that is a
direct summand of M. The following proper implications are
already established whose converse implication are not holds
in general and counter examples are available in references;

Lifting modules = Hollow-lifting modules = Hollow weak-lifting modules

Thus motivated by the above defined notions, we intro-
duce the concept of finitely-hollow-weak lifting (f-hollow-
weak lifting) module as a proper generalization of hollow
lifting and hollow-weak lifting modules. It is observed
that quotient of f-hollow-weak lifting module is not
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f-hollow-weak lifting in general, counter example is given
and proved that the quotient M /N of f-hollow-weak lifting
module is f-hollow-weak lifting for every finitely gener-
ated fully invariant semi simple submodule N of M. We are
unable to find a desirable example of f-hollow-weak lifting
module which has a direct summand that is not f-hollow-
weak lifting, this is remained open in this paper. So we
provided some sufficient conditions under which, f-hollow-
weak lifting property is inherited by its summands.

Throughout this paper, all rings are associative with
identity and all modules are unitary right R-modules. Let
M be a module, the notation N C M means that N is a sub-
module of M. A submodule K of a module M is called
small in M (denoted by K < M) if for any submodule
LCM with M = K+ L implies that L=M. A non-zero
module M is called (semi) hollow if every proper (finitely
generated) submodule is small in M. A module M is called
semisimple if every submodule of M is direct summand of
M. For A CBCM, Ais said to be a coessential submod-
ule of Bin M if B/A << M /A (denoted by A C_, B) and B
is called coessential extension of A in M. For example if
R=7Z=M and A=2 Z, then for any k €N, 2k7 is a coes-
sential submodule of A in M. A is said to be coclosed in
M (denoted by A C.. M), if A has no proper coessential
submodule in M, for example every direct summand of M
is coclosed submodule in M. A submodule A is said to be
a coclosure of B in M, if A is a coessential submodule of
B and A is coclosed in M. A module M is said to have (D5)
condition, if for every direct summands A and B of M with
M=A+ B, An B is a direct summand of M.

Recall that, let M be a module, for N, LC M, N is
a supplement of L in M if N is minimal with respect to
M=N+L, equivalently, M=N+L with Nn L < N. If
M=N+L with Nn L < M, then N is called a weak sup-
plement of L in M. A module M is called (weakly) supple-
mented if every submodule of M has a (weak) supplement
in M. M is called amply supplemented if for every A, BC M,
M =A+ B implies A has a supplement in M contained in B.
Let A and B be two submodules of M, B is called a strong
supplement of A in M if B is a supplement of A in M and
A N Bis adirect summand of A (Orhan et al. 2007).

Definition 1.1 A module M is called finitely-hollow-weak
lifting (or briefly, f-hollow-weak lifting) module if every
finitely generated semisimple submodule N of M with
M /N hollow, has a coessential submodule in M that is a
direct summand of M, equivalently, for each finitely gener-
ated semisimple submodule N of M with M /N is hollow,
there exists a direct summand K of M such that KC N and
N/K < M /K. Thus we have the following implication:

Example 1.2

(a) Every hollow, semi hollow and semisimple modules,
all are examples of f-hollow-weak lifting module. In
particular, Z-module Z, and Z are f-hollow-weak lift-
ing modules.

(b) Z-module Z is f-hollow-weak lifting but not f-hollow-
lifting module.

(c) For any prime p, Z-module pziz (a5} paiz is f-hollow-weak
lifting as it is lifting by (Mohamed et al. 1990, Proposi-
tion A.7) but GB -— 1s not f-hollow-weak lifting,

since it is not lifting by (Mohamed et al. 1990, Proposi-
tion A.7).

Proposition 1.3 For a finitely generated semisimple module
M, the following statements are equivalent,

(1) M is hollow lifting;
(i) M is f-hollow lifting;
(iii)) M is f-hollow-weak lifting.

Proof (i)= > (ii) = > (iii) are clear by definitions. (ii)= > (i)
Let M be a f-hollow lifting module, then for every finitely
generated submodule N of M with M/N hollow has a coes-
sential submodule which is a direct summand of M. Since
M is finitely generated, so every submodule of M is also
finitely generated and hence M is hollow lifting. Similarly,
(iii) = > (ii) Since every submodule of a finitely generated
semisimple module is finitely generated semisimple. O

Remark 1.4 The quotient of f-hollow-weak lifting module
is not f-hollow-weak lifting in general. Consider exam—
ple 1.2 (c) for prime p=2, let Z module M = = 63 = 1s
f-hollow- weak liftmg and N = E @0bea submodule of M.
Clearly, 5 [ ﬁ (45} ﬁ is not f-hollow-weak lifting module
by example 1.2 (c). Proposition 1.6 proves that the property
f-hollow-weak lifting is inherited by the quotient of M, if it is
factored by the finitely generated fully invariant semisimple
submodule N.

Let M be a module, a submodule N of M is called a
fully invariant submodule of M, if for every f€ S, we have
fIN)C N, where S=End(Mp). The module M is called duo,
if every submodule of M is fully invariant.

Lemma 1.5 (Orhan et al. 2007, Lemma 5.4): Let M be a
module. If M = M, ®M,, then X = (A:M‘) (a5} % for
every fully invariant submodule A of M.

Lifting module = Hollow-lifting module = f-hollow lifting module = f — hollow-weak lifting module
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Proposition 1.6 Let M be a f-hollow-weak lifting module,
then M /N is f-hollow-weak lifting for every finitely gener-
ated fully invariant semisimple submodule N of M.

Proof Let N be a finitely generated fully invariant semisim-
ple submodule of M and A/N be a finitely generated semi
simple submodule of M/N such that (M/N)/(A/N) is hollow.
Now by third isomorphism theorem (M/N)/(A/N) = M/A and
hence M/A is hollow. Since A/N and N are finitely generated
semisimple, then we get A is finitely generated semisimple.
Since M is f-hollow-weak lifting, then there exists a direct
summand K of M such that KCA, A/K <« M/K and
M = K & K’ for some submodule K’ of M. By (Mohamed

and Muller 1990, Lemma 4.2(3)), ((23)) (Ki‘N) (K+N)

This shows that (N:]K) is a coessential submodule of A/N in
M/N Since M=K@®K’, then by Lemma 1.5,

(K+N ) @ KN and hence & ;K) is a direct summand of
M/N Thus MI/N is f-hollow-weak lifting module. O

The following proposition gives the condition under
which a direct summand of f-hollow-weak lifting module
is f-hollow-weak lifting.

Proposition 1.7 Let M be a finitely generated duo f-hollow-
weak lifting module, then every direct summand of M is
f-hollow-weak lifting.

Proof By assumption M is finitely generated duo f-hollow-
weak lifting module. Let K be a direct summand of M, then
M = K & K’ for some semisimple summand K’ of M. As
M=K @K', then M/K' = K and K, K’ are finitely gener-
ated fully invariant submodule of M. Thus M/K' = K is
f-hollow-weak lifting by Proposition 1.6. O

Proposition 1.8 Let M be a f-hollow-weak lifting module.
Then every finitely generated coclosed semisimple submod-
ule K of M with MIK hollow is a direct summand of M.

Proof Let K be a finitely generated coclosed semisimple sub-
module of M such that M/K is hollow. Since M is f-hollow-
weak lifting, then there exists a direct summand N of M such
that VCKand K/N <« M/N.Thatis N C_, K in M. Since K

is a coclosed submodule of M, then N=K must be a direct
summand of M. O

We define a module M is called completely f-hollow-
weak lifting if every direct summand of M is f-hollow-
weak lifting module. Clearly completely f-hollow-weak
lifting module is f-hollow-weak lifting but converse is not
necessarily true.

Proposition 1.9 Ler M be a finitely generated f-hollow-weak
lifting module. If M has (Ds), then M is completely f-hollow-
weak lifting module.

Proof Let N be a direct summand of M. Then M = N @ N’
where N’ is supposed to be a semisimple submodule of M.
We have to show that N is f-hollow-weak lifting module. Let
K be a finitely generated semisimple submodule of N such

that N/K is hollow. Now 2 = YOV — X gy 4K Noy, by
. . M/K N !

second isomorphism thiorem (N’Q;K) /K and by third iso
. M/K

morphism theorem Won/K = (N’eak) But N/K is hollow, so

(N/Z; . is hollow. Since M is finitely generated, then it is clear
that N’ @ K is finitely generated semisimple. But M is f-hol-
low-weak lifting module, then there is a direct summand A
of M such that AC(N’@® K) and (N @ K)/A < M /A. Then
M=A+N. By (Keskin 2000, Lemma 1.3),
INNn(N®K)]/AnNN)<M/(ANN) , therefore
K/ANnN)< M/(AnN)thatis NnA C,, K in M. Since
M has (D5), then NN A is a direct summand of M and so
NNnA is a direct summand of N. Since
K/(ANnN)C N/(AnN)and N/(A N N)is a direct summand
of M/(AnN), we have K/(ANnN)< N/(ANN) i.e.
NNA C. KinN. Thus N is f-hollow-weak lifting module.

Hence M is completely f-hollow-weak lifting module. O

Proposition 1.10 Let M be an indecomposable module. If
M is f~hollow-weak lifting module, then either every finitely
generated semisimple submodule is small or else M has no
hollow factor of finitely generated semisimple submodule
of M.

Proof Let us suppose that M has a hollow factor of finitely
generated semisimple submodule N of M such that M/N is
hollow. Since M is f-hollow-weak lifting module, then there
exists a direct summand K of M such that N/K < M/K.
But M is indecomposable module, therefore K=0 and hence
Nis small in M. O

We call a module M is f-weak-lifting if for any finitely
generated semisimple submodule N of M there exists a direct
summand K of M such that N/K <« M /K. In the following
propositions we have characterized f-hollow-weak lifting
modules.

Proposition 1.11 Let M be a module and H; and H, be hol-
low modules such that M=H,® H,, then M is f-hollow-weak
lifting module if and only if M is f-weak lifting module.

Proof Let N be a finitely generated semisimple submodule

of M. Consider the natural projection maps z; : M = H,
and 7, : M - H,. If m;(N) # H, and n,(N) # H, then
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by the assumption z;(N) < H, and 7,(N) < H, so by
(Anderson and Fuller 1992, Proposition 5.20) we get
T(N)® my(N) < H @ H,.LetnEN, thenn€EM=H,®H,
and hence n=(h;, h,), where h;€H;, h,€H,. Now
m(n) =m;((hy, hy))=h; and my(n) = 7y,((hy, hy)) = h,.
This implies that n=(x;(n), 7,(n)) and we get
N C n(N) ® ny(N)and hence N < M. Now If 7;(N) = H,,
then M=N+H,. Now M /N = (N + H,)/N and by second
isomorphism theorem (N + H,)/N = H,/(N n H,). Since
H, is hollow module, then H, /(N N H,) is hollow and hence
MIN is hollow. But M is f-hollow-weak lifting, therefore
there exists a direct summand K of M such that KC N and
N/K <« M/K.Thus M is f-weak lifting module. The con-
verse part is clear by the definition. O

Proposition 1.12 Let M be a module, then M is f-hollow-
weak lifting if and only if every finitely generated semisimple
submodule N of M such that M/N is hollow, can be written
as N=K® L with K is a direct summand of M and L < M.

Proof Let N be a finitely generated semisimple sub-
module of M such that M/N is hollow. Since M is f-hol-
low-weak lifting, there exists a direct summand K of
M such that KCN and N/K <« M/K. Let K’ be a sub-
module of M with M=K @ K'. By the modular law,
N=NnNM=Nn(KDdK)=K®dNnK'). If XCK'
with (NN K') + X =K', then N+X=M. Now M/K =(
N+ X)/K=(N/K)+ (X+K)/K. Since N/K <« M/K, then
MJ/K =(X+ K)/K implies that M=(X+K). But M=K®K'
and X CK', therefore X=K’ and so NN K’ < K'. Thus we
get the required result after taking L = N N K’ with K is a
direct summand of M and L <« M. Conversely, assume that
N be a finitely generated semisimple submodule of M such
that M/N is hollow. According to the assumption, N can be
written as N=K @ L with K is a direct summand of M and
L < M. Let X be a submodule of M such that KC X and
(N/K)+ (X/K)=MIK, then M=N+X=K+ L+ X. Since
L<M,M=K+X.ButKCX,soM=Xand N/K <« M/K.
Thus M is f-hollow-weak lifting module. O

Proposition 1.13 Let M be a module with Rad(M)=0. If M
is f~hollow-weak lifting, then every finitely generated semi-
simple submodule N of M with M /N hollow is a direct sum-
mand of M.

Proof Let N be a finitely generated semisimple submodule
of M such that M /N hollow. Since M is f-hollow-weak lifting
module, then by the Proposition 1.12, N can be written as
N=K@®L, where K is a direct summand of M and L < M.
But we have that Rad(M) =0, so L=0 and hence N= K must
be a direct summand of M. O

@ Springer

Proposition 1.14 Let M be a module. Then M is f-hol-
low-weak lifting if and only if for every finitely generated
semisimple submodule N of M with M/N hollow, there
exists a decomposition M = K @ K’ such that K€ N and
NnK <K'

Proof Let M be a f-hollow-weak lifting module and
N be a finitely generated semisimple submodule of
M with M/N hollow, then there exists a submodule K
of M such that KCN and N/K <« M/K i.e. KC,, N

in M and M=K ® K’, where K' is a summand of
M. Claim that NNK' < K'. Let (NnK')+X =K',

where XCK' so M=K+K =K+HNnK')+X.
Now M/K=[K+WNnK)/K + (X+K')/K.
But K C N, N/K <« M/K and

K+(NNnK)CN= [K+(NnK)]/K CN/K.
Since any submodule of a small submodule is small,
then [K+(NNK")]/K <« M/K so that M =X+ K.
Since M =K®K’, and X C K’ then X=K’ and hence
NNK' <« K'. Conversely, let N be a finitely generated
semisimple submodule of M such that M/N is hollow, by
assumption, there exists a submodule K of N such that
M=K®K' and NnK' < K'. Now we have to show
that KCN in M such that N/K < M/K i.e. KC N
in M. Let X is a submodule of M containing K such that
(N/K)+ (X/K)=M/K, then M=N+X. By modular
law, N=NNnM=NnNnKSK')=K® UNnK’). Hence
M=N+X=K+ (NnK')+X. But NNnK' < K’ therefore
NNK' <M.So M=K+ X=X and hence N/K <« M/K
i.e. K C., Nin M. Thus M is f-hollow-weak lifting module.
O

Proposition 1.15 Following statements are equivalent for a
finitely generated semisimple submodule A of M,

(1) A has a strong supplement in M,
(i1) A has a coessential submodule that is a direct sum-
mand of M.

Proof Proof is similar to (Orhan et al. 2007, Proposition
2.3). O

Corollary 1.16 An R-module M is f-hollow-weak lifting
module if and only if every finitely generated semisimple
submodule N of M such that M/N is hollow has a strong
supplement in M.

Proof Proof is straight forward in the light of Proposition
1.15. O
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