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Introduction

Elastohydrodynamic Lubrication

Elastohydrodynamic Lubrication (EHL) is about the
lubrication of heavily loaded non-conformal
mechanical contacts of machine elements such as
transmission gears, cams and roller bearings.
Mathematical modeling comprise Reynolds equation,
pressure dependent film thickness equation, force
balance equation and pressure dependent viscosity
and density relations. These are to be analyzed/solved
satisfying cavitation and other boundary conditions.
The topic has inspiring features with its vast
applications requiring numerical schemes which are
robust and fast solvers covering wide range of
operating conditions. These numerical methods are
broadly put under two major categories. They are
Semi-System (decoupled scheme) and Full-System
(coupled scheme). In the former, the different EHL
equations are solved separately and iterative
procedures (such as Gauss-Seidel relaxation) is set
between their respective solutions. For the

convergence of these iterative schemes under
relaxation parameters are introduced leading to slow
convergence of the scheme. Inverse method to
present formula for minimum film thickness and
pressure profile was given much earlier Dowson and
Higginson, (1976). Later work was due to Hamrock
and Dowson, (1976) who did pioneering work to obtain
empirical film thickness formulas for pressure profile
using semi system approach. Modified minimum film
thickness formula for EHL line contact problem was
given by Hamrock and Jacobsion (1984). Later, several
other investigators used this scheme for the analysis
of various EHL problems. Other notable contributions
are due to Dowson and Higginson, (1977) and
Hamrock and Dowson, (1981). The emergence of
multigrid multilevel methods enabled researchers to
obtain the solution of EHL equations accurately. These
methods Lubrecht, (1987) for both line and point
contact problems in EHL, are fast converging, reduce
computation time and avoid storage requirement.
Later, multilevel multi-integration techniques Brandt
and Lubrecht, (1990) for the fast computation of film
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thickness equation were introduced. In these schemes
errors are eliminated using hierarchy of grids (using
intergrid operators) and enabled numerical simulation
of EHL problems on small computers Venner, (1991),
Venner and Lubrecht, (2000). In the Full-system
(coupled scheme) approach discretized equations are
solved simultaneously Okamura, (1982) using
Newton-Raphson method. Stability of this method and
mathematical explanation of commonly observed
Petrusevich, (1951) pressure spike was established
Kostreva, (1984). Later, other investigators Houpert
and Hamrock, (1986) used this scheme in EHL. Some
of the drawbacks of this method are difficulty in the
treatment of cavitation regime (free boundary), near
singular structure of the Jacobian matrix (and difficulty
in finding its inverse) which is often full. The method
also requires huge computer memory and large CPU
time for its implementation. As mentioned above, these
are partly overcome by multigrid-multilevel and FAS
(Full Approximation Scheme of multigrid scheme).
There are large number of contributions, in EHL study,
from Finite Element methods within Full-system frame
work. The earliest contributions using this approach
are due to Rohde and Oh, (1975) on line contact and
Oh and Rohde, (1977) on point contact EHL. Hughes
et al. (1999 and 2000) use differential deflection
method and solve EHL equations using FEM in Full-
system approach. Using higher order discontinuous
Galerkin method the elaborate analysis of EHL line
contact problems are presented by Lu et al. (2005).
They adapted penalty method in analyzing cavitation
region in a satisfactory way. In a reduced Full-System
approach Habchi and Isa, (2013) it is explained to
overcome these drawbacks of FEM. But the main
difficulty with FEM and DG is that of tedious and
time consuming programming and requiring bigger
computing system to implement. Besides these
numerical schemes, there are useful empirical
formulae, based on asymptotic methods, for minimum
film thickness in terms of Moes parameters M and L
or Dowson and Higginson parameters U, W and G.
Some of these agree closely with numerical results.
Schlispher et al. (1996) and recently Lugt and
Moreles-Espejel, (2013) gave general overview of the
current activities in EHL modeling. The focus is on
exploring newer and more robust numerical and
experimental methods for the analysis of more
involved EHL problems which include the influence
of surface roughness, thermal and starvation effects,

with Newtonian and non-Newtonian lubricants, on
EHL characteristics. Ford, (2001) attempted in
analyzing EHL line contact problems using Newton-
GMRES (generalized minimum residual method) with
wavelet based preconditioners. GMRES, an algorithm
with versatile features, is extensively used in physics,
engineering and many other disciplines with great
success. Here an attempt is made to unveil salient
features of this scheme in solving more involved EHL
problems.

Couple Stress Fluid

Experimental studies of Oliver, (1983 and 1988), Spike,
(1994), Scott and Suntiwattana, (1995) have shown
the load enhancement and friction reduction features
resulting by mixing long chain polymer additives with
base oil (lubricant).  The flow behavior of a Newtonian
lubricant blended with various additives cannot be
described by classical continuum mechanics as it does
not account for size effects of additive particles in
the fluid. Stokes (1966) has proposed one of the
simplest theory, a micro continuum theory, which
accounts for the polar effects, couple stresses (i.e.
stress produced due to spin of microelements,
additives in the fluid) and body couples on the fluid,
which is commonly referred in literature as the couple
stress theory of fluids. The recent article by Chippa
and Sarangi, (2013) has excellent review of the
literature on couple stress fluid as lubricant in
hydrodynamic as well as EHL studies. A novel
empirical formula for the film thickness is proposed
Sarangi et al. (2005) by investigating EHL ball
bearings with couple stress fluid as lubricant, which
agrees closely with the one proposed by Hamrock
and Dowson, (1976 and 1984) for Newtonian fluid.
Later, using perturbation analysis of transient EHL
problem same authors (2009) present stiffness and
damping coefficients. The analysis Das, (1997) of
steady state, incompressible, line contact EHL problem
using couple stress fluid model is of interest. Saini et
al. (2007) attempted to find the influence of couple
stress on steady state thermal EHL line contact
problem. Same authors (2008) also investigated
compressible EHL line contact problem to
demonstrate the influence of couple stress and wavy
roughness on lubrication characteristics. Chu et al.
(2010) studied EHL point contact problem to analyze
the effect of surface roughness and couple stresses
on EHL characteristics by considering average flow
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model equation. For approaching more realistic
bearings Chippa and Sarangi, (2013) investigated finite
line contact EHL problem with couple stress fluid and
presented useful empirical formulae for central
minimum film thickness.

Surface Roughness

The engineering surfaces are not perfectly smooth.
Under a microscope, surface topography reveals
dents, bumps, waviness and random roughness in
general. The influence of surface roughness on film
formation and surface deformation play an important
role on lubrication characteristics in EHL. The
roughness and lubricant film thickness are often of
the same order of magnitude. The practice of analyzing
surface roughness effects is based on the parameter
which is the ratio of film thickness to roughness
parameter. Also, the focus is shifted from the macro
contact to features that cover only the localized part
of the lubrication region. There are several
experimental and theoretical investigations in
understanding these features. Earlier review by Elord,
(1977) has useful information on these aspects.
Experimental studies on surface roughness effects
are conducted, using optical interferometer, for
predicting film thickness Wederon and Cusano, (1979),
Kaneta and Cameron, (1980), Kaneta et al. (1992),
Spikes, (1999), Kaneta and Kishikawa, (1999). These
experimental findings confirm the crucial role of
roughness on friction and other EHL characteristics.
There are numerous theoretical modeling activities in
understanding effects of surface roughness on EHL
characteristics. Broadly there are two theoretical
approaches viz. stochastic and deterministic methods.
The stochastic modeling is based on the probabilistic
considerations and roughness accounted for in
Reynolds equation by flow factors. This was initially
proposed in hydrodynamic lubrication. Later it was
applied to EHL problems Patir and Cheng, (1978),
Tripp, (1983), Sadagehi and Sui, (1989), Kim and Cho,
(2007). But this approach has limitations as it cannot
determine pressure peaks and minimum film thickness.
These drawbacks can be overcome by studying the
effects of single irregularity (roughness) by taking an
additional term in the film thickness equation. For low
load condition this micro EHL theoretical analysis was
successfully conducted by Goglia et al. (1984) using
Newton-Raphson method. Greenwood and Johnson,
(1992) gave simple analysis of transverse roughness,

Morales-Espejel, (1993) give a new scheme
comprising of particular integral and complementary
function, Venner, (1991) (using Multigrid). Venner and
Morales-Espejel, (1999) present details about the
steady and transient aspects of roughness on EHL
problems. The influential work Ioannides and Haris,
(1985) has shed light on the fatigue life theory, for
rolling bearings, which establishes relation between
surface features, the associated stress and fatigue
life.Venner and Lubrecht, (2000) emphasize the
importance of unsteady EHL modelling especially with
local surface irregularities of rolling as well as sliding
contacts. Hook, (1998) gives analysis of surface
roughness on EHL line contact with Barus viscosity-
pressure relation for mild roughness. Later, Hook et
al. (2007), have developed fully analytical solution
for sinusoidal waviness (extended to real roughness)
based on perturbation scheme and give comparison
with available pure numerical solutions of the problem
on amplitude reduction. Authors are aware of the
transient, thermal and other important aspects of EHL
modelling which result into more realistic studies, with
surface roughness. However, the focus of the present
study is to demonstrate the robustness of Newton-
GMRES scheme Schlijper et al. (1996) in the study
of EHL problems. For gaining confidence into the
method the focus in this article is on the study of
influence of couple stresses and roughness on EHL
line contact for the wide range of operating
parameters.

Jacobian Free Newton-Krylov (JFNK) Method

JFNK method is a nested iterative scheme for the
solution of non-linear system of algebraic equations.
It comprises of the non-linear iterative (Newton)
method on the outer loop and the inner loop is one of
the linear iterative methods, GMRES (generalized
minimum residual method), from Krylov subspace
methods (KSM). For the convergence of Newton
iteration for any initial approximation the rule is to use
inexact Newton-scheme. If the linear system is large
and of complex structure (with large condition number)
the classical relaxation methods are not of much help.
We use wavelet based preconditioned GMRES for
the solution of the linear system. These studies Brown
and Saad, (1994), Knoll and Keyes, (2004) motivate
for the present investigation of highly nonlinear EHL
problems using JFNK method.
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Let the nonlinear system of algebraic equations
be,

F(x) = 0 (1)

where, F : Rn Rn is continuously differentiable.
Using multivariate Taylor expansion about a current
point xk and retaining only terms up to first order gives
Newton scheme, after kth iteration over a sequence
of linear systems,

( ) ( )k k kJ x x F x   (2)

1 , 0, 1, 2, . . .k k kx x x k   

for a given x0, J = F is Jacobian matrix, k is the
nonlinear iteration index. To ensure the global
convergence, we retain Newton direction xk but
restrict the numerical scheme’s step by k, for xk+1

not going too far,

1k k k
kx x x    (3)

00 1, 0, 1, . . .k k    

which can be achieved using Armijo rule/line search
method Kelley, (1999).

Approximation of Jacobian matrix-vector
Product

For a scalar problem (1), with n equations in n
unknowns, let

1 2 3( ) { , , , . . . , }nF x F F F F

and 1 2 3{ , , , . . . , }nx x x x x . (4)

To find the exact expression for J in many
situations it is a tough job but the matrix-vector product
(which is required in each iteration of GMRES) can
be approximated by

 ( ) ( )F x v F x
Jv

  



(5)

where  is small and its optimum value is 1E–09 in
64-bit double precision Knoll and Keyes, (2004). The
main advantage is that without forming or storing the
true Jacobian it gives vector that approximates the
matrix vector multiplication (required at each iteration).

Krylov Methods

Krylov subspace methods are projection methods with
several different implementations resulting into
different algorithms which are mathematically
equivalent. Hestenes and Stiefel, (1952) introduced
Krylov subspace methods (KSM) as direct methods
for the solution of large linear system of equations
but their potential was not recognized until Reid, (1971)
introduced them as iterative methods. This was partly
because KSM did not behave the way exact
arithmetic theory predicted while implementing them
numerically (due to the accumulation of round off
errors in finite precision arithmetic). Nice development
of these methods are given in Golub and O’Nice,
(1989) KSM are basically used for the iterative
solution of large scale linear system of algebraic
equations of the form,

Ax = b                                                                    (6)

especially those arising from discretization of
differential or integral equations. Iterative methods
are almost mandatory in the numerical solution of two
and three dimensional differential equations. Salient
features of these methods are presented in a book
Greenbaum, (1997) and in review articles Saad and
Vorst, (2000), Roland et al. (1992), Saad and Schultz,
(1986), Simoncini and Szyld, (2007). If A is symmetric
and positive definite then Conjugate Gradients (CG)
method (from KSM) is the most reliable and efficient
scheme with well-established convergence and
stability criteria. If A is non-symmetric then the
extensively used method, with various extensions and
variants, is Generalized Minimum Residual (GMRES)
method and it has become a method of choice in such
cases. It has some draw backs like stagnation of
iteration and more storage requirement but these are
exceptional cases. It is difficult to find a method from
KSM which works for all problems Nachtigal et al.
(1992). GMRES is an Arnoldi based method Saad,
(2003) with Arnoldi basis of KS for minimizing the
residual in the Euclidean norm achieved by solving
least squares problem. The most commonly used
extensions/variants of GMRES are modified Gram-
Schmidt (iterated) Arnoldi implementation Hoffman,
(1989) and Householder orthogonalization/
transformation due to Walker, (1998). Various stopping
criteria used in practice are described in Templates
by Richard et al. (1994) and valuable comments are
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made in the excellent review Simoncini and Szyld
(2007). It was established Drkosova et al. (1995) that
a robust implementation of GMRES, using
Householder Gram-Schmidt orthogonalization is
backward stable in the sense that given the final
approximation the backward error

,i

i

b Ax

A x b




 (7)

is machine precision. Their investigation confirms
that the linear independence of the Arnold vectors is
preserved (in finite precision arithmetic) and the
modified Gram-Schmidt GMRES performs almost
exactly as well as the Householder implementation.
Similar result (about the backward stability of
GMRES) was later proved for modified Gram-
Schmidt implementation of GMRES Paige et al.
(2006). Recent contribution on convergence bounds
of GMRES that depend on right hand side vector
Peloquin et al. (2013) requires the matrix A to be
diagonalizable. Other details on convergence of KSM
in terms of eigen values and other factors can be
obtained Greenbaum, (1997). The (full) GMRES
algorithm requires huge storage and more
computational steps for the solution of large linear
system and hence in practice restarted GMRES(m)
is commonly used. In restarted GMRES(m) every m
step uses the latest iterate as the initial guess for the
next GMRES cycle. To keep the article self contained
a brief sketch of the basics of KSM are presented
here. Let x0 be an initial approximation to the solution
of (6), r0 = b – Ax0 be the initial residual and let

 2 1
0 0 0 0 0( , ) Span , , , . . . , J

J JK A r r Ar A r A r K 
(8)

be the Krylov subspace of dimension J generated by
A and r0. These are nested subspaces i.e., KJ KJ+1.
These required only matrix-vector product to perform
each iteration. An approximation, xJ x0 + KJ, at the
Jth step, to the solution of (6) is given by

0 1 0( )J Jx x q A r  (9)

where qJ-1 is a polynomial in A of degree at most J –
1. If rJ is the residual at Jth iteration, then

0 1 0 0( ) ( )J J J Jr b Ax r Aq A r p A r     (10)

where, pJ is a residual polynomial in A of degree at
most J and pJ(0) = 1. There are various approaches
(projection methods) for selecting a good xJ KJ. In
CG method the residual rJ is orthogonal to KJ. In
GMRES rJ has minimum norm for xJ in KJ, i.e.,

min ,Jr b Ax  0 Jx x K  (11)

and the search directions are from the Arnoldi
iterations with global minimization achieved by least
squares minimization process. The nested property
of KSM implies that any method satisfying one of the
above conditions terminate in at most n steps
(iterations) in exact arithmetic. The goal of robust
method is to get accurate approximate solution of (6)
in much fewer than n iterations. KSM are not robust
on their own but the use of suitable preconditioners
(PC) has made them as attractive schemes. Details
on basic concepts on PC and their usefulness are
given by Benzi (2002), Elman et al. (2005), Saad
(1988) and other references quoted in earlier section.
It is worth noting that preconditioning has made
iterative methods, for certain problems, closer to exact
methods in terms of robustness.

A layout of the remaining part of the article is
as follows. In the next section equations representing
the proposed model and the relevant relations are
given. This is followed by presenting discretized forms
of the equations and solution procedure. Later, the
solutions and the results obtained are presented in
tables and graphs with relevant discussion and
conclusions. In appendix a brief description of
preconditioners (general) as well as wavelet based
preconditioners is given.

Governing Equations and other Relations

Consider the governing modified Reynolds equation
(with couple stress fluid as lubricant) Sainiet al. (2008)
in non-dimensional form,

 
3

0
H P

K H
X X X

 

         (12)

where,
2

2

3

4

U
K

W

 ,

1

2 3

12 24
1 tanh

2



          

,

and
8

m

WH

L
 
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with boundary conditions; inlet boundary P = 0 at X =

X1 and outlet boundary 0
P

P
X

 
  at X = X2. The

film thickness equation incorporating the roughness
term in non-dimensional form is given by

2

0( ) ( )
2

X
H X H R X    (13)

where,  21
log

2

out

in

X

X

P X S dS


   and

2

10

( ) 10 cos 2
dX X

l dX X
R X a

l


          .

This specific form of R(X) has advantages to
simulate the shapes of dents and bumps Venner
(1991).

The non-dimensional force balance equation is
given by

2

out

in

X

X

P dX
 (14)

The non-dimensional form of density ( )P ,

Dowson and Higginson, (1977) and viscosity ( )P
Roelands (1996) are given by

9

9

0.6 10
1

1 1.7 10
h

h

P p

P p






 
     (15)

and

    9
0exp log 9.67 1 1 5.1 10

z

hPp           
(16)

respectively, where z = 0.6 is the viscosity index, 0 =
0.04 Pa-s is the inlet viscosity and ph is the maximum
Hertzian pressure for an applied load. The three non-
dimensional physical parameters that characterize the
line contact problem are velocity (U), load force (W)
and elasticity (G).

Discretization of the Equations

The spatial domain X  [X1, X2] is discretized with a
uniform grid of N points Xi (1 < i < N). Consider the
cavitation point Xc to be at an unknown internal point
Xj (2 < j < N – 1). The equations (12), (13) and (14)
are discretized using second order finite differences
with uniform grid of N points xi, 1 < i < N, and the
domain of interest is [X1, X2] = [–2, 1.5], Xc, the
cavitation point, to be determined in the solution
process, is an internal point near exit. The discretized
form of modified Reynolds equation is,

1 1 1 1

2 2
i i i i i i i iP P P P

x x

x

                               


1 1 0i i i iH H
K

x

        (17)

where,
3

i i
i

i

H


 
 .

The film thickness equation approximated at xi
on the regular grid is given by

2

0
1

1
( ) ( ) ( )

2 2

N
i

i ij j i
j

x
H x H K P x R x

 

   
(18)

where log 1
2 2ij i j i j

x x
K x x x x

              

log 1
2 2i j i j

x x
x x x x

               (19)

For i = 0, 1, 2……N and j = 0, 1, 2…….N, and
the force balance equation in discrete from is

1
1

0

0
2 2

N
j j

j

P P
x






 
     (20)

Use boundary conditions in (17), (18) and (20)
to solve these in more general setup using wavelet
based pre-conditioners for GMRES. The nature of
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the Jacobian matrix (diagonally dominant, dense but
smooth), associated with the governing nonlinear
system of algebraic equations, enables looking for
wavelet based pre-conditioners in obtaining fast
converging and accurate solutions.

Numerical Implementation

The discretized system of equations (17)-(20) are
solved using Newton-GMRES method. For each
Newton iteration (outer loop) there is a linear system
to be solved using restarted GMRES(m) (inner loop).
For implementing GMRES(m) restart GMRES every
m steps using latest iterate as the initial guess for the
next GMRES cycle. The optimal value for m is 25 in
our computation. The required Jacobian-vector
product is computed using relation (5). With this the
pressure-viscosity and pressure-density relations are
used in the Jacobian free computation with much
ease. For the convergence of GMRES (25), we use
Daubechies wavelet based preconditioners (details
given in Appendix). Once accurate Newton solution
(direction) from inner loop is obtained, late router loop
restricts the Newton step, using line search/Armijo
rule to obtain accurate global converging solution. The
solution scheme consists of the following steps.

Step 1: Take initial values of P, Xc and H0

Step 2: Evaluate H from film thickness equation (18)

Step 3: Solve Reynolds equation (17) for P

Step 4: Use numerical under relaxation for stability
and convergence of iteration

1 1( )new old new predictor old
n n n nP P C P P   

Step 5: Update H0 using force balance equation (20)
and H0 = H0 + RC2, where R is residual from
force balance equation

Step 6: Fix the cavitation point Xc using 0
dP

dX
  at

X = Xc

Step 7: If not converged then go to Step 2 and repeat
the steps 2-6.

Hertz’s pressure distribution is used as initial
approximation for pressure, P. For finding optimal
values of the under relaxation parameters C1 and C2
an elegant procedure due to Durbin and Dolemos

(2007) is used. The numerical values of these
constants are in the range 0.3345 < C1 < 0.3465 and
0.231 < C2 < 0.240 respectively for different sets of
physical parameters. At step-3, for the solution of
nonlinear system of equations (17) for P, use Newton-
GMRES method.

For locating cavitation point the following criterion
is adopted (valid in the case of one dimensional
problems) to preserve the regularity of the pressure

at the cavitation point xc, 0
dP

dx
 . If the pressure

gradient is zero at the initial guess for xc, then it is
fine. Otherwise move xc by one interval to the left or
right depending on whether  or  respectively.
Approximate the new cavitation point xc and solve
EHL problem. If pressure gradient is zero at xc then
we get converged solution otherwise check for the

condition whether 0
cx

dP

dx
 or 0

cx

dP

dx


respectively. Approximate the new cavitation point
xc and solve EHL problem. If pressure gradient is
zero at xc then we get converged solution otherwise
check for the condition whether

'

0
c cx x

dP dP

dx dx
  (21)

If condition (21) is not met, repeat the above
process and locate two approximate values xc, and xc
for which (21) is satisfied. Interpolate the cavitation
point between the two points xc and xc and call this
new point by xIC. Relocate the grid points so that xIC
is a node point. Solve the system of EHL equations.
This ensures cavitation point pressure gradient to be
nearly zero at xIC and results into the final required
smooth solution of EHL problem.

Alternatively, a more general procedure involves

representing
dP

dX
 in difference form and clubbing it

as an additional equation with difference schemes (17)
(in Full System or Coupled scheme) where Xc
(unknown cavitation point) is to be located suitably.
The choice of the stopping criteria for linear system
is guided by the behavior of the solution of the
nonlinear system at the previous Newton iteration.
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To optimize the cost of implementation and ensure
accurate solution a constant tolerance of 1E-06 is taken
in our computations. Once accurate solution of linear
system is obtained, Newton-inexact scheme (requiring
just 4-6 iterations) enables in finding solution for
pressure  and height  accurately with error norm less
than 1E-08. These computations are repeated for all
sets of physical parameters using Roelands relation.
All the computations are done in MATLAB in double
precision. The matrix of the linear system (inner loop),
where GMRES is used for its solution, is dense but
smooth and has diagonally dominant band structure.
In wavelet domain this will be sparse but of finger
pattern. As explained in Appendix, using DWT,
DWTPer and DWTPerMod, efficient preconditioners
are obtained for the fast convergence of iteration to
the required solution. As mentioned earlier the
backward stability of (full) GMRES and also as the
condition number of the matrix A in wavelet domain
is much smaller these guarantee convergence of
present numerical scheme. To optimize the storage
requirement and to attain faster convergence restarted
GMRES(25) is used here. Neither the stagnation nor
the breakdown of the scheme is encountered and as
asserted by Kelly, (1999) it inherits merits of full
GMRES (in most of the cases).

Results and Discussion

An accurate simulation of pressure profiles, film
shapes and Petrusevich pressure spike for wide range
of physical parameter U, W, G, couple stress
parameter Lm and geometric parameters, describing
surface features, are presented. The present

numerical scheme with classical preconditioners
(Hindmarsh et al., 2005) ILU(0), (for GMRES) does
not converge whereas wavelet based preconditioning
yield fast converging accurate solution.

Smooth Surfaces with Couple Stress Lubricant

The importance of couple stress fluid as lubricant is
described in section Couple Stress Fluid Computed
values of pressure profiles and film thickness shapes
are shown in Fig. 1(A) and 1(B) respectively for
various couple stress parameters, Lm using solution
scheme, where preconditioners are obtained using
algorithms DWT, DWTPer and DWTPerMod and
Daubechies wavelets D3. Minimum film thickness is
large for increasing values of Lm with corresponding
slight increase in maximum pressure. Also, there is
much shrinking of Petrusevich pressure spike for
couple stress fluid which offers resistance to fatigue
life of bearings. Details of height and spread of
Petrusevich pressure spike are shown in Fig. 2(A)
and 2(B) for P and H respectively. For larger values
of the parameter Lm, Newton-Raphson method
requires huge storage for smaller grid points and leads
to instability. The specific values of the parameters
considered are U=2E-11, W=4E-05 and G=5E+03.
As Lm increases the nodal points, N, have to be
increased for obtaining converging solution. For
Lm=1E-05, N=64 while for  Lm=1E-02, N=512, i.e.,
as Lm increase by 10, the nodal points required
increase by double the earlier number. Beside this,
for a given Lm, required grid points for convergence
is a function of load parameter W which increases
with increase in applied load. In all the cases

(A) Pressure profile with various values of Lm (B) Film shapes with various values of Lm

Fig. 1: Pressure profiles and Film shapes for couple stress fluid using DWTPerM
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considered here convergence of the scheme for
pressure (P) and film shape (H) is achieved with 256
grid points. Other, more popular numerical schemes
such as Newton-Raphson are not very useful (causing
instability for higher loads). Also, more widely used
scheme FAS, from multigrid, requires large number
of iterations and finer grid points to simulate the solution
accurately, Venner (1991).

Rough Surface with Couple Stress Fluid as
Lubricant (Local Non Smoothness with Dents and
Bumps)

In section Surface Roughness the motivation for the
investigation of the influence of surface features on
EHL characteristics is given. In order to predict EHL
characteristics the analysis is for steady state but with
local nonlinear surface features and confine to the

characteristic length scales of (numerical values)
relevant figures such that Reynolds equation remains
valid. The shapes of dents/bumps are given by
expression R(X) in equation (13). Computations with
these forms of R(X) are of special interest in local
analysis of surface roughness influence on EHL.
Pressure profiles and film shapes with a dent location
Xd = 0, a = 0.056, l = 1 are shown in Figs. 3(A) and
3(B) respectively. In the computations, wherever they
are not mentioned, we take U = 2E-11, W = 4E-05
and G = 5E + 03. As Lm increases the profiles show
increase in minimum values of H, which are noticeable
and slight increase in maximum values P. The film
shapes are of natural forms and they are not just
constant shapes in contact region. The general form
of pressure and film shapes are not significantly
altered but there are changes corresponding to dent/

(A) Pressure profile with various values of Lm (B) Film shapes with various values of Lm

Fig. 2: Detailed Pressure profiles and Film shapes near Petrusevich spike for couple stress fluid using DWTPerM

(A) Pressure profiles for various values of Lm (B) Film shapes for various values of Lm

Fig. 3: Pressure profiles and film shapes in the case of dent with couple stress fluid Xd = 0, a  = 0.056, l = 1.
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bumps in film shapes. For understanding the effects
of amplitude and wavelength on P and H, for a given
Lm=1E-05, the details of the computed results are
given in Figs. 4(A-C) with dent location at Xd = 0 and
for various combinations of a  and l. The second
pressure spike is in very mild form and profiles are
symmetric about the dent location. Increase in the
pressure and corresponding dip in film shapes at the
arms of the dents are clear. Profiles in Figs. 4(D) and
4(E) are with dent locations at Xd = –0.5 and 0.5
respectively. Now the symmetry is distorted and the
largest pressure peaks occur near the edges of the
dent. Also, height of pressure spike increases with
varying dent location compared with that of the dent
location at the origin. For some representative
parameters Venner, (1991) adopts micro analysis
algorithm of Elord, (1981) and simulates pressure
profiles, film shapes and second pressure spikes
(cavitation regions) by treating flows in entry and exist
regions (here left and right arms of the dent)  by
adopting cavitation conditions in respective parts
separately. In general he adapts MG/MLMI and FAS

for the detailed investigation of influence of surface
irregularities on EHL characteristics and uses 5633
grid points with Newton fluid as lubricant.

For detailed analysis of the influence of the bump
form of the local surface feature on lubrication
characteristics, the relevant geometry is described
again by R(x) (in (13)) but with an amplitude of opposite
sign. Pressure profiles and film shapes for various
values of Lm with bump location Xd = 0 and a  =
0.056, l = 1 are shown in Figs. 5(A) and 5(B)
respectively. As Lm increases there is a noticeable
increase in minimum film thickness but a negligible
increase in P. the pressure spike has mild form
(compared with Newtonian case) and film thickness
has dips as shown in Fig. 5(B) which correspond to
pressure peaks shown in Fig. 5(A). Again, the film
shape is not of constant in contact region. In Figs.
6(A), 6(B) and 6(C) pressure and film thickness are
presented with bump location at the origin forvarious
combinations of a  and l. The pressure profiles are
symmetric around Xd  = 0 and the second pressure
spike is of very short height with negligible spread.

(A) Pressure profiles and Film shapes with dent (Xd = 0, a = –0.075, l = 1)

(B) Pressure profiles and Film shapes with dent (Xd = 0, a = –0.11, l = 1)
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(C) Pressure profiles and Film shapes with dent (Xd = 0, a = –0.17, l = 1)

(D) Pressure profiles and Film shapes with dent  (Xd = 0, a = –0.075, l = 1)

(E) Pressure profiles and Film shapes with dent (Xd = 0, a = –0.075, l = 1)

Fig. 4: Pressure profiles and film shapes in the case of dent with couple stress fluid (Lm = 1E-0.5)

By varying the bump location to Xd = –0.5 and 0.5
the corresponding computed results are shown in Figs.
6(D and E) respectively. Shifting of maximum pressure
towards left/right of bump location thereby leading to
asymmetry of pressure profiles is worth noticing.

Rough Surface (with Waviness) and Couple Stress
Fluid as Lubricant

(Now, R(X) in equation (13) is a function representing
waviness without dents/bumps). The influence of
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(A) Pressure profiles for various values of Lm (B) Film shapes for various values of Lm

Fig. 5: Pressure profiles and film shapes in the case of bump with couple stress fluid (Xd = 0, a = –0.056, l = 1)

(A) Pressure profiles and Film shapes with bump (Xd = 0, a = 0.075, l = 1)

(C) Pressure profiles and Film shapes with bump (Xd = 0, a = 0.17, l = 1)

(B) Pressure profiles and Film shapes with bump (Xd = 0, a = 0.11, l = 1)
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waviness (of surface features) on P and H are
investigated. Computed results of pressure profiles
and film shapes pertaining to a  = 0.2 and l = 0.12 for
different values of Lm are presented in Figs. 7(A)

and 7(B) respectively. As Lm increases it requires
finer grids to simulate pressure and film thickness.
The present solver/scheme is stable and results into
converging solutions even for much larger values of

(D) Pressure profiles and Film shapes with bump  (Xd = –0.5, a = 0.075, l = 1)

(E) Pressure profiles and Film shapes with bump (Xq = 0.5, a = 0.075, l = 1)

Fig. 6: Pressure profiles and film shapes in the case of bump with couple stress fluid (Lm = 1E-05)

(A) Pressure profiles for various values of Lm  (B) Film shapes for various values of Lm

Fig. 7: Pressure profiles and film shapes for couple stress fluid with waviness surface ( a = 0.2, l = 0.12)
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(A) Pressure profiles and Film shapes  ( a = 0.01, l = 0.1)

(B) Pressure profiles and Film shapes ( a = 0.1, l = 0.1)

(C) Pressure profiles and Film shapes ( a = 0.2, l = 0.1)

 (D) Pressure profiles and Film shapes ( a = 0.2, l = 0.2)

Fig. 8: Pressure profiles and film shapes of Newtonian fluid with waviness surface
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Lm. Pressure peaks decrease and corresponding
minimum film thickness increases with increasing
values of Lm. In Fig. 8 the computations for extreme
values of load (W) and speed (U) are presented.
These are of much interest in EHL bearings. Pressure
profiles and film shapes in Fig. 8(A) correspond to
high load and low speed. In Fig. 8(B) they are for low
load and high speed. As Lm increases, pressure peaks
associated with waviness features of surface,
decrease considerably which is due to reduction in
flow resistance as films are thickened compared with
Newtonian case. Similar predictions are made by Saini
et al. (2007) using full system approach (solution
procedure). These were constrained due to the
instability of the Newton-Raphson scheme to analyze

the problem for much larger values of Lm. In Figs.
9(A-D) the computed results corresponding to
Newtonian case (Lm=0) for various combinations of
a and l are presented. Pressure spike as well as
maximum values of P and H are functions of
amplitude and wave length of the waviness of the
surface. It is of interest to note the shrinking of second
pressure spike as amplitude increases. In Tables 1
and 2 details of the sensitivity of convergence/non-
convergence of numerical schemes (with appropriate
preconditioners) with couple stress fluid as lubricant
for waviness surface are given. With grid size N=256,
two sets of values of a and l are considered for
different values of Lm. The most reliable numerical
schemes, with classical preconditioners (ILU(0))

(A) Pressure profiles and film shapes for low speed high load (U = 2E-11, W = 2E-04)

 (B) Pressure profiles and film shapes for high speed low load (U = 2E-11, W = 2E-05)

Fig. 9: Pressure profiles and film shapes of couple stress with waviness surface ( a = 0.2, l = 0.12, Lm = 1E-05)
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Fig. 10: Convergence of the EHL problem using different schemes with couple stress fluid and waviness surface (N=256, U=2E-

11, W=4E-05, G=5E+03, a = 0.2, l = 0.12 and Lm = 1E-04)

Table 1: The Sensitivity of convergence/non-convergence of four numerical schemes to the physical parameters with couple
stress fluid and waviness surface ( a = 0.2, l = 0.12), N=256 and G=5E+03

U W Iterations for convergence

Newton-GMRES  (Hindmarsh et al. 2005) Full-Approximation Newton-GMRES with wavelet
using ILU, classical preconditioner scheme based preconditioners

DWT DWTPer DWTPerMod

Couple stress Lm = 1E-04

2E-11 4E-05 No Yes (160) Yes (80) Yes (51) Yes (36)

2E-10 4E-05 No Yes (176) Yes (92) Yes (59) Yes (40)

2E-11 4E-04 No Yes (150) Yes (89) Yes (51) Yes (38)

Couple stress Lm = 1E-03

2E-11 4E-05 No Yes (198) Yes (101) Yes (75) Yes (50)

2E-10 4E-05 No Yes (201) Yes (101) Yes (78) Yes (57)

2E-11 4E-04 No Yes (195) Yes (98) Yes (71) Yes (48)

Couple stress Lm = 1E-02

2E-11 4E-05 No Yes (218) Yes (123) Yes (80) Yes (53)

2E-10 4E-05 No Yes (221) Yes (135) Yes (87) Yes (62)

2E-11 4E-04 No Yes (201) Yes (121) Yes (75) Yes (55)

Hindmarsh et al. (2005), does not yield convergence
for any set of values of physical parameters, U, W, G
of interest. Whereas the proposed numerical scheme
with wavelet preconditioners converge and the one
with DWTPerM gives much faster convergence

compared with others. From conventional multigrid,
full-approximation scheme (FAS) Briggs et al. (2000)
for the solution of non-linear system, it requires large
number of iterations for the convergence whereas
Newton-GMRES scheme with wavelet pre-
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conditioners is fast converging. The additional efforts
of constructing wavelet based preconditioners is
negligible since these are based on simple recursive
relations. In Fig. 10 convergence behavior of these
schemes are presented for specific values of a , l
and Lm for one set of physical parameters.

Conclusions

An important issue of obtaining converging solution
of EHL line contact problem with couple stress fluid
as lubricant with surface roughness is addressed here.
The stationary surface has roughness having dents/
bumps (local features) and waviness (the proposed
steady model is valid with negligible thermal effects).
A novel, Jocabian free Newton-GMRES, scheme with
Daubechies wavelet based preconditioner is used for
the detailed investigation. Pressure profiles, film
shapes and Petrusevich pressure spike are computed
for wide range of physical parameters of interest, U,
W and G. Moderate to high values of couple stress
parameter, Lm and wide range of surface features,
amplitude a and wavelength l are considered.
Pressure and film shapes are functions of Lm, a and
l in addition to conventional physical parameters. The
computations reveal increase in minimum film
thickness with couple stress fluid as lubricant. Also,
the height and spread of pressure spikes are of much

smaller order compared with corresponding
Newtonian cases which possibly enables to arrest and
control bearings leading to their fatigue life. The
prediction of film shapes, in the contact region, reflects
the form of pressure profiles with surface asperities
which are not revealed by conventional schemes. The
proposed scheme is stable, fast converging and
requires negligible storage and significantly less CPU
time whereas other conventional schemes are either
sensitive to ideal range of operating parameters or
require huge storage and large CPU time for the
effective analysis of these EHL problems. Authors
are attempting more involved EHL problems which
include transient, point contact, thermal and starvation
problems using proposed numerical scheme.
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Appendix: Preconditioning

Krylov subspace methods (KSM), are extensively
used for the iterative solution of large linear system
of equations of the form (6). Their application depends
on the special properties of the matrix A, such as
symmetry, positive definiteness or on special structure

Table 2: The Sensitivity of convergence/non-convergence of four numerical schemes to the physical parameters with couple
stress fluid and waviness surface ( a = 0.5, l = 0.5), N=256 and G=5E+03

U W Iterations for convergence

Newton-GMRES  (Hindmarsh et al. 2005) Full-Approximation Newton-GMRES with wavelet
using ILU, classical preconditioner scheme based preconditioners

DWT DWTPer DWTPerMod

Couple stress Lm = 1E-04

2E-11 4E-05 No Yes (164) Yes (85) Yes (52) Yes (41)

2E-10 4E-05 No Yes (168) Yes (93) Yes (65) Yes (46)

2E-11 4E-04 No Yes (161) Yes (84) Yes (50) Yes (40)

Couple stress Lm = 1E-03

2E-11 4E-05 No Yes (213) Yes (114) Yes (74) Yes (58)

2E-10 4E-05 No Yes (210) Yes (107) Yes (70) Yes (63)

2E-11 4E-04 No Yes (212) Yes (100) Yes (68) Yes (50)

Couple stress Lm = 1E-02

2E-11 4E-05 No Yes (225)    Yes (128) Yes (86) Yes (61)

2E-10 4E-05 No Yes (250) Yes (143) Yes (92) Yes (65)

2E-11 4E-04 No Yes (229) Yes (132) Yes (81) Yes (59)
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such as bandedness, sparse, dense, etc. But on their
own KSM are not robust in the sense that they take
more CPU time and require large number of iterations
for obtaining acceptable numerical solution. For
example, GMRES in exact arithmetic yields exact
solution in maximum of n iterations (with n x n
nonsingular matrix A) which is impractical for large
n. Other methods in KSM also have even more
severe limitations - such as stagnation of iteration,
break down, etc. One of the reasons for such
drawback is that convergence of iteration depends
somehow on spectral properties of A (eigenvalue
distribution, field of values, etc.) which are not
available in advance or difficult to estimate them
exactly. To remedy these, we try to find a matrix M,
from approximation to A, such that M–1A has better
spectral properties than A and the equivalent system,
M–1Ax = M–1b, is then easy to solve. A matrix M with
this property is called a left preconditioner (similarly
we have right preconditioner and left-right
preconditioners) for the matrix A. As the spectra of
right or left preconditioned matrices coincide the
convergence behavior is almost same with left, right
or even split preconditioning. In fact the popularity of
KSM and their great success is due to the freedom in
the construction of appropriate preconditioners for
their implementation. Classical (common) PC are
broadly in the  categories viz., Incomplete LU
factorization and its variants, Incomplete Cholesky
factorization and its variants, Polynomial
preconditioners, Sparse approximate inverse
preconditioners and others. Whenever A is in block
form we have to construct Block PC or Line PC.
More details about these PC and some others are
given by Benzi (2002) and Vorst (2003).

Wavelet Based Preconditioners

The discovery of wavelets is one of the most significant
advances in Mathematics as an outcome of dedicated
efforts of Mathematicians, Engineers and others. They
have notable contributions in image and signal
processing with their unique compression property
which also reveal local features of data effectively.
Daubechie’s celebrated compactly supported and
orthonormal wavelets and Mallat’s brilliant observation
on the mathematical form of MRA (multi resolution
analysis) are land mark contributions in wavelets
(Jaffard et al., 2001). Here a brief sketch of wavelet
based preconditioners for a dense and diagonally

dominant otherwise smooth, matrices is given. For
symmetric matrices there are numerous schemes
whereas for un-symmetric matrices these are limited
and require special efforts to construct PC. Chen
(2005) and Ford, (2001) are pioneers in designing
preconditioners using Daubechie’s Wavelets.

A Discrete Wavelet Transform (DWT)
transforms vectors from standard basis to wavelet
basis. In a suitably chosen wavelet basis (say
Daubechie’s wavelets of order m) DWT transforms
dense and smooth matrices into approximate sparse
matrices. This property is used in constructing PC. In
fact DWT converts smoothness into smallness. Here,
smooth matrix means the one in which the elements
which are close to one another also have same or
nearly equal values. The main characteristic of DWT
is to transform the vector (row/column of a matrix)
into approximations (sums) and differences. For a
smooth matrix, with non – smooth diagonal band,
differences are negligible whereas approximations
increase in magnitude. Later one may use sparse
matrix routines to factor transformed matrix and design
suitable PC.

Applying orthogonal Wavelet transform W to Ax = b
we get,

WAWTWx = Wb or Ax b  

where A , WAWWT, x  = Wx and b = Wb, x and A
denote wavelet transforms.

Since W is orthogonal, the spectral properties of

A and A  are same and hence the convergence of
iteration schemes (say that of GMRES) is invariant
under this transform. For smooth matrices it enables

to find required PC and M , and by solving

preconditioned equation to get x . Once accurate  is
obtained iteratively the Inverse Wavelet Transform
gives the required solution x. When DWT is applied

to A, A  has finger pattern structure which is not
suitable for constructing preconditioners using ILU.

To avoid finger pattern of A , Chen (2005) employs
DWT with permutation (DWTPer) using Daubechie’s
periodized wavelets. It uses DWT followed by
permutation of the rows and columns of the matrix

( A ) to center the fingers about the leading diagonal
and positions dominant entries about the main diagonal.
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In the following theorem Chen (1999) predicts width
of the band of (transformed) large elements that is
created when a smooth matrix with non-smooth
diagonal band is transformed as DWTPer. An
approximation to the truncated matrix that includes
most of large entries by cutting to a band of the
predicted width is formed. This band matrix is useful
as PC and little fill-ins occur when ILU is performed.

Theorem: (Chen, 1999) A diagonal band matrix
with wrap-around boundaries, with lower band width
and upper band width , is transformed by a k level
Daubechie’s wavelets (order m) DWTPer into a band
matrix with wrap-around boundaries with lower band
width <  + m(2k – 1) and upper band width <  +
m(2k – 1). Here m is Daubechie’s wavelet of order m
which characterizes smoothness of the wavelet and
k is, level, the number of times DWT is applied. The

number of elements (of A) transformed is halved each
time DWT is applied (with appropriate sizes of W
and WT). DWT changes only approximations and
leaves differences unchanged.

Later, Ford, (2003) proposed DWTPerMod
algorithm and modified DWTPer to include and retain
much larger portion of the dominant entries in the
transformed matrix without much increase in cost. It
has advantages of automatic selection of optimal
wavelet level where as in DWTPer it is pre assigned.
These wavelet based PC are tested by Ford for their
efficiency in solving EHL equations and Helmholtz
equations in elliptic domain. They also present
strategies to use them in problems of higher
dimensions. Chen, (2005) provides codes (m-files) for
the construction of wavelet based preconditioners.

Nomenclature:

a amplitude of roughness, (m)

0a dimensionless amplitude of roughness,
        2/a aR b

a normalized surface roughness amplitude,

        Dowson-Higginson
0 min/a a H

b half width of the Hertzian contact,

4 / 2 ( )b R W m

'E reduced modulus of elasticity, (Pa)

G dimensionless materials parameter, E 

H dimensionless film thickness, hR/b2

h film thickness, (m)

h dimensionless film thickness, h/R(2U)–1/2

0H dimensionless offset film thickness, (m)

jiK discrete approximation of K-logarithmic
kernel

l dimensionless wavelength, l = /b

Lm Couple stress parameter, Lm = a/R

N number of nodes on grid

P dimensionless pressure, p/Ph

p pressure, (Pa)

hp maximum Hertzian pressure,

        Ph = Eb/4R (Pa)

R reduced radius of curvature, (m)

U dimensionless speed parameter,

U = (0us)/(ER)

su average rolling velocity,
us = (u1 + u2)/2 (m/s)

          u1 + u2 velocities of lower and upper surfaces,
(m/s)

 surface displacement, (m)

dimensionless displacement, R/b2

W dimensionless load parameter, w/(ER)

w external load per unit length, (N/m)

X dimensionless coordinate, x/b

x coordinate

dX dimensionless position of the center of the
dent/bump

cX dimensionless location of pressure spike

x mesh size
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z pressure viscosity parameter
 Newtonian viscosity

0 viscosity at ambient pressure

 dimensionless viscosity, /0

 surface roughness wavelength, ( m)

2 molecular length of additive, (m)

 viscosity modification factor

 density at the local pressure and temperature
(kg/m3)

0 inlet density of the lubricant (kg/m3)

 dimensionless density, /0
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