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Abstract

In this paper, we propose a new radical third root functional equation and determine its solution in the domain of positive real
numbers. Also, we validate the stability of this equation in modular and f-homogenous spaces pertinent to Ulam stability
theory. We provide few counter-examples to invalidate the stability results for singular cases. A simple occurrence of this

equation in real-life application is also presented.
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Introduction

A mathematical equation is said to be stable if any approxi-
mate solution satisfying the equation is very close to the
exact solution of that equation. This idea is posed as a ques-
tion in Ulam (1960) and subsequently a brilliant response
is presented in Hyers (1941). Since then several mathemati-
cians have dealt stabilities of various forms of functional
equations (FEs) and functional inequalities (FIs), with
interesting and stimulating results. For more information,
one can refer to Aoki (1950), Bodaghi and Senthil Kumar
(2017), Gavruta (1994), Kim et al. (2017), Rassias (1982,
1978), Ravi et al. (2010), Ravi and Senthil Kumar (2010),
Senthil Kumar and Dutta (2018), Senthil Kumar and Dutta
(2019a, b), Senthil Kumar et al. (2019). Other motivating
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results associated with the stabilities of different functional
equations are available in Rassias (1989, 1992, 1994, 2001).
The stability results of various other forms of radical func-
tional equations are obtained by many mathematicians in
Almahalebi and Chahbi (2019), Fassi and Rassias (2019),
Khodaei et al. (2012), Kim et al. (2012), Ravi and Senthil
Kumar (2014), Senthil Kumar et al. (2016).

Modulars and modular spaces were generalized by initi-
ating metric spaces in Nakano (1950). Then it is followed
by many mathematicians in Luxemburg (1955), Mazur and
Orlicz (1958), Musielak and Orlicz (1959a, b) to extend its
notions and applications comprehensively. At present, the
study of modular spaces plays significant role relevant to
interpolation theory and Orlicz spaces.

Many radical functions occurring in various fields such
as to measure current flowing through an electric circuit,
to determine kinetic energy of a moving object, to find the
dimensions of a cube shaped container, to calculate Fermi
energy when the number of conduction electrons per unit
volume is known. These phenomena motivated us to intro-
duce a new radical third root FE in the following form
cr<u+v+3u§v§<u§ +v§>> =c,u)+c.(v) (1.1)
where ¢, is a mapping. We attain the solution of (1.1) and
then investigate various fundamental stabilities of (1.1) in
the framework of modular and f-homogenous spaces associ-
ated with the classical stability conjecture of equations. Few
counter-examples are illustrated to show that Eq. (1.1) is not

stable for critical cases. We also present simple application
of (1.1).
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In the entire study, unless specified, let us assume that
N and R represent respectively, the sets of natural numbers
and real numbers. Let us assume that A to be a vector space
over R. Also, suppose if p is convex then A, is a p-complex
modular space. For easy computation, let us define a differ-
ence operator A, 1 AXA — A, as

Ac,(”’ V) = c,(u +v+ 314%\/% <u§ + v§>) —c,(u) —c,(v)

for all u,v € A.

Preliminaries

In the sequel, we provide the definition of third root mapping
to obtain our main results.

Definition 2.1 Assume thatc, : R — Ris a mapping. Then
¢, 1s said to be a third root mapping if it satisfies (1.1) for
allu,v € R.

Remark 2.1 In view of the algebraic identity:
{/u+v+ 3u§v% +3u%v§ = {/E+ {/;, the mapping c, is called
third root mapping and it satisfies the following functional
equations

for all u € R. Proceeding further with the similar arguments
and using induction hypothesis, we obtain (2.1). At the same
time, shifting (u, v) to (273u,273u), one finds that
¢, (27%u) =27"¢c,(w) 2.5)
for all u € R. Now, again substituting u by 27%u in (2.5),
we obtain c¢,(27%u) = 272c,(u), for all u € R. Hence using
induction method, one can arrive at (2.2).

Solution of Equation (1.1)

In this section, we solve (1.1) for its solution in the domain
of real numbers.

Theorem 3.1 Assume a functionc, : R — R. Then the func-
tion ¢, is a solution of (1.1) if and only if there exists an iden-
tity function I : R — R with c,(u) = /1(u) for allu € R.

Proof Suppose the mapping c, is a solution of Eq. (1.1).
Then ¢, is a third root mapping and hence we have,
c(u) = \3/; for all u € R. If I is an identity mapping, then

VIw) = 3/u = c,(u)forallu € R.

On the other hand, assume that there exists an identity
function I : R — R such that ¢,(u) = v/I(u) for all u € R.
Hence

21 12 3 2 1 12 3 21 12 s, )3
c,(u+v+3uivs +3usvi) =\ 1w+ v+3uivi +3u3v3) = Vu+v+3uivi +3usvi = <\/ﬁ+\/;> =c, ) +c.(v)

¢, (2%"u) = 2"c,(u) 2.1)

and ¢, (27"u) =27"c,(u) (22)

forallu € Rand m € N.

Theorem 2.2 Let a third root mapping c, : R — R satisfies
(1.1). Then the general functional equations (2.1) and (2.2)
are satisfied by c, for allu € Randm € N.

Proof First, replacing (u,v) by (0,0) in Eq. (1.1), we get
¢,(0) = 0. Now, substituting v = u in (1.1), we acquire
c,(23u) = 2c,(u) (2.3)

for all u € R. Now, considering « as 23« in (2.3) and then
utilizing (2.3) in the resultant, we find

¢, (2%u) = 2%c,(u) (2.4)

forallu,v € R.

Stability of Equation (1.1) in modular spaces

The required notions associated with modular spaces and
convex modular are available in many published papers
(Musielak and Orlicz 1959a, b; Nakano 1950). We establish
the generalized H-U-R stability of (1.1) in modular spaces.

Theorem 4.1 Let a mapping ¢ : A XA — [0, ) satisfies

(o]

) = Y, 2 (3 8) < +oo

i=0

“.1H

forallu,v € A. Assume that a functionc, : A — A, satisfies
the following inequality

p(A, () < pu,v) 4.2)
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for all u,v € A. Then there exists a unique third root map-
pingT : A — A, such that

p(c,(w) = Tw)) < Pu, u) 4.3)
where the function T(u) is given by

. ¢.(8"u)
T(u) = lim 4.4
forallu € A.

Proof First, switching (u, v) to (u, u) in (4.2) and then divid-
ing by 2, we find

1 1
p(56:60 = ¢,w) < Sbww @5)

for all u € A. Employing induction procedure, we have

¢, (8"u)
(25"

for all u € A. It is clear that when n = 1, the result directly
follows from (4.5). Assume that (4.6) is valid for n € N.
Then, it leads to the following inequality

- cr(8u)> +

¢, (8" u) B _ (1 ¢, (8"u)
81+1

1 1 ¢( 8i+1u)
< — .- - =»" =
-2 2 Z 21

k=1 i+1 i+1
4) 81+ ,8l+
(T e

n—1
1 1 i Qi
_ c,(u)> <5 ; b8 (4.6)

NS

+ %(ﬁ(u, i)

(c,(Su) - 26,(M))> <

T(u) =p- lim cr(8”u)

n—oo

4.8)

for all u € A. Next is to show that T satisfies (1.1). To show
this, replacing (u, v) by (8"u, 8"v) in (4.2), and then multiply-
ing with 27", we obtain

27"p(A, (8"u,8"v)) < 27"p(8"u,8"v) (4.9)
for allu,v € A. Letting n to oo in (4.9), we observe that (1.1)
is satisfied by T'. Next is to prove the uniqueness of 7. To
prove this, let us consider 7’ is another third root mapping
which also satisfies (1.1) and the inequality (4.3). Obviously
T’ and T satisfy (4.3) and (4.4) and as a result, we get

p(T' () — T(w)) =27"p(T'(8"u) — T(8"w))
<27(p(T'(8"u) — ¢, (8"w)) + p(c,(8"u) — T(8"u)))

S ZO 2n+l ¢(8n+t 8n+iu)
(4.10)

for all u € A. Allowing limit n to oo in (4.10) and then
employing (4.1), we find that T is unique, which completes
the proof.

In the following results, letc, : A - A, be a mapping.

p(cr(S"u) — cr(Su)) + %p(cr(Su) - ZCr(u))

N | —

for allu € A. Hence (4.6) is valid for every positive integer
n. Let m,n > 0 be integers with m < n. Then, we have

cr(S"u) c,.(8u) 1 C(Smu) m
(55250 o35 -oem))

Z (8m+t u, 8m+t )
=0

L

2m+

l\)l'—‘

< L.
=2

n—m—1

Il
(ST
IS 3

n—1

m+i m+i _1 1
(8" u, 8" i) = E;ﬂ?‘b(gk”’gk”)

Corollary 4.1 Suppose there exists a constant ¢ > 0 not
depending on the values of u,v. Assume that c, satisfies the

A7)

for all u € A. In virtue of (4.1) and (4.7), the sequence
1 . .

{ 2—ncr(8"u)} turns out to be Cauchy in A,. Also, owing to
completeness of A, the sequence{ 21—ncr(8nu) } is convergent.

This implies to define a mapping7 : A — A, as

@ Springer

following inequality

P(Ac,("" v)) <c
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for all u,v€A. Then, T:A—A, defined by
T(u) = lim Le (8"u) is a unique third root mapping satisfy-

n—oco 2"

ing (1.1) and

r

p(cr(u) - T(u)) <c

for all u € A.

Proof The proof directly follows by taking ¢(u,v) = ¢ in
Theorem 4.1.

Corollary 4.2. Let ¢; > 0 be fixed and p # % If c, satisfies
the following inequality

p(A. ) < c;(Jul” + v])

forallu,v € A, then there exists a unique third root mapping
T : A - Ajsatisfying (1.1) and

p@wrﬂw»sz%;ww

forallu € X.

Proof The proof follows by
¢, v) = c;(|ul? + |v|?) in Theorem 4.1.

considering

Corollary 4.3 Suppose the constants a,b exist such that
p=a+b# % and ¢, 2 0. If c, satisfies the following
inequality

(A, ) < cylul|v]?

forallu,v € A, then there exists a unique third root mapping
T : A — A, satisfying (1.1) and

Pl = Tw) < 3= lul’

forallu € A.

Proof The proof is obtained by replacing ¢p(u, v) = ¢, |u|*|v|
in Theorem 4.1.

Corollary 4.4 Let c; > 0 and a > 0 be fixed and a # 1/6. If
c, satisfies the following inequality

P(A, ) < e5(ulv|* + (ul* + [v[*)

forallu,v € A, then there exists a unique third root mapping
T : A — A, satisfying (1.1) and

qu—Tw»sz?;mM“

for all u € A.

Proof Taking ¢(u,v) = c5(|u|*[v|* + (Jul** + [v|**)) in
Theorem 4.1.

Stability of Equation (1.1) in S-homogenous
spaces

Definition 5.1 A rule ||| : A - [0, 0] is an F-norm if it
satisfies the ensuing axioms:

(Al) |lul]| = 0if and only ifu =0,

(A2) ||pu|| = ||u|| for every u € A and every u with |u| =1,
(A3) |lu+v|| < |lu]l + ||v| for all u,v € A,

(A4) ||,unu|| — 0 provided u, — 0,

(A5) ||uu,|| = O provided u, — 0.

Suppose if d is a complete metric, then the linear metric
space (A, d) with d(u, v) = |u — v|is called as an F-space.

An F-norm is said to be a f-homogeneous (f > 0) if
llzu]l = |t|?||u]| for all u € A and t € C. A p-homogeneous
F-space is called a f-homogeneous complex Banach space.

Theorem 5.1 Let B be a f-homogeneous complex Banach

space (0< f <1). Let a mapping ¢ : AXA — (0, 0]
satisfies

B, v) = % ; %4:(8"”, 8') < oo .0

forallu,v € A. Assume that a mapping c, : A = B satisfies

for all u,v € A. Then there exists a unique third root map-
pingT . A - Bwith

(5.2)

A, )| < pluv)

lle.) = T@)|| < P, u) (5.3)
and

. c(8"u)
T(w = lim (5.4)
forallu € A.
Proof First, letting v = u in (5.2), we get
||cr(8u) - ZCr(u)” < ¢(u, u) (5.5)

for all u € A. By the application of induction method on a
positive integer n and using (5.5), it is easy to arrive at
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¢,(8"u) = (8‘u 811)
- c,(u)H <5 20, (5.6)

for allu € A. Let m,n > 0 be integers with m < n. Then in

view of (5.6), we obtain

c,(8"u) ¢, (8"u) 1 ( ¢®) (8’”)) ‘
2m\ 2n-
1

o m

1 n-m= (8l+mu 81+m
S5y Z;‘ T

Corollary 5.2 Let c5 > 0 be fixed and p # g If c, satisfies the
following inequality

<es(lul” + [vIP)

(5.7)

n—1
i 21*[2‘2’134) ugt)

for all u € A. Allowing n to oo in the above inequality, we
{ %cr(8”u) }
to the completeness of B, the sequence converges to a map-
ping T : A — B defined by

find that the sequence is Cauchy in B. Owing

T(u) = lim

n—-oo

c,(8"u
o - ) (5.8)
for all u € A. Taking m — 0 and letting the limit n to co in

(5.7), we find that (5.3) holds. Next, assume that S : A - B

is another third root mapping satisfying (5.3) and (5.4).

Therefore, we have

¢, (8"u) — S(8"u)

forallu,v € A, then there exists a unique third root mapping
T : A - Bsatisfying (1.1) and

e = T@| < 5 lul”
forallu € A.
Proof The proof follows by considering

@(u,v) = cs(|ul” + |v|?) in Theorem 5.1.

Corollary 5.3 If there exista,b : p=a+b # g and cg > 0

T(8"u) — c,(8"u)
170 = st < | == -
< L i ¢(8n+iu 8n+iu) < L i L(l)(S’u 811/[)
) pars 2(i+n)p ’ — 28 ~ 2if ’
Applying (5.1) in the above inequality, we observe thatT  such that

is unique and this completes the proof.
Corollary 5.1 Suppose there exists a constant ¢, > 0, not
depending on the values of u,v such that the following

inequality

Therefore, we have

<y

holds for all u,v€A. Then T : A — B defined by
T(u) = lim 217cr(8”u) is a unique third root mapping satisfy-
ing (1.1) and

llex) = TG <

4
26 —1

forallu € A.

Proof It is easy to prove this corollary by taking ¢(u, v) = ¢,

in Theorem 5.1.

@ Springer

< cglul®[v)”

holds for all u,v € A, then a unique third root mapping
T : A — B exists and satisfies (1.1) with

[l () = Tw)|| <

Sl

forallu € A.

Proof The required result is obtained by letting
@(u,v) = cglul®|v|” in Theorem 5.1.

Corollary 5.4 Let ¢; > 0 and a > 0 be fixed fixed constants,
and o # g. If ¢, satisfies the following inequality

|

forallu,v € A, then there exists a unique third root mapping
T : A - Bsatisfying (1.1) and

< e (lul“vI* + (e + [v]*))
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T < 3c7

| |2a
— 2«

lexGey =

forallu € A.

Proof 1t is easy to prove this corollary by taking
du,v) = c3(Jul®|v|* + (|u|** + |v|**)) in Theorem 5.1.

Counter-examples for singular cases

In this section, we present counter-examples to prove that the
functional equation (1.1) is not stable for singular cases in
Corollaries 4.1, 4.2 and 4.3. Using the idea of Gajda (1991),
we construct the following counter-example to prove that the
Corollary 4.1 is false for p = 1/3.

Define a mapping s : R — R by

s(u) = 2 P ©.1)

for all u € R, where the function ¢ : R — R is given by

s<u+ v+ 3u%vé (u% + v%>> —s(u) — s(v)

1

=y Lg(s W (uf +01)) - o8 — s
_;Z"'d)(S (u+v+3u v (u +v ))) d(8"u) — p(8"v)

A S (ad i) - o "
S;E'([)(S (u+v+3u v (u +v ))) B8 1) — P(8"™)

Hence s is bounded by 2u. If |u|§ + |v|§ > 1, then the
left-har}d sidelof (6.3) is less than 6. Now, suppose that
0 < |u|3 + |v|3 < 1. Then there exists a positive integer k
such that

1
o7 < lul’

1 1
+lE < (6.5)
1 1
Hence |u|3 + |v|3 < z—lkimplies
koL ko £l kL [ (S
83|ul3 +83|v|]5 <lor8us +85v3i<lor8s3us <1,83v3i<l
and consequently

k=1 k=1 k=1 LI D T
8 (), 8 (), 8 (u+v+3usvi(us +v3)) € (0,1).

Therefore, for each value of n =0, 1,2, ...,k — 1, we obtain

8"(u), 8"(v), 8"(u + v + 3uTv3 (s +v3)) € (0,1) and
¢<8”(u Sy 43UV + v%))) — P(8"1) — (8" =

forn=0,1,2,...
s, we obtain

,k — 1. Using (6.5) and the definition of

12/4 1 1
< Z 2k+1 < 12;4(|u|3 + |v|3 >

forall u,v € (0, 1)
otherwise.

b(u) = { e

Then the function s serves as a counter-example for
p = 1/3 which is presented in the following theorem.

(6.2)

Theorem 6.1 The mapping s defined above satisfies

s(u +v+ BW(W+ %)) —s(u) —s(v)| < 12M<W+ m)
(6.3)

forallu,v € A. Therefore there do not exist a third root map-
ping ¢, : R = Rand a constant § > 0 such that

|s(u) = c,w)| < pv/Iul

forallu € R.

6.4)

[s5) "u (o] _1
Proof |s(u)| < Y ¢|(§"I)l <y zl = ,4<1 — %) =2u.
n=0 n=0

Therefore, the inequality (6.3) holds true. We claim equa-
tion (1.1) is not stable for p = 1/3in Corollary 4.1. Assume
that there exists a third root mapping ¢, : R — R satisfying
(6.4). Therefore, we have

Is()] < (B + Dlul5. (6.6)

However, we can choose a positive integer m with
mu>p+1. If ue (0,81"”), then 8"u € (0,1) for all
n=0,1,2,...m— 1and therefore

-1
8" 2"
Is()I—Zd’( D Z M\/_—m,u3u>(ﬂ+1)\3/;

n=0

which contradicts (6.6). Therefore, the third root functional
equation (1.1) is not stable for p = % in Corollary 4.1.

The following example illustrates that the equation (1.1)
is not stable when p =a + b = % in Corollary 4.2. Inspired
by the counter-example provided in (Gavruta 1999), we pre-
sent the following example which proves that the results of
Corollary 4.2 failforp=a+b = %

Define a mapping s : R — R by
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ifu#0

if u=0. (6.7)

s(u)={ (\;/Eln|u|

Then the function s defined in (6.7) turns out to be a coun-
ter-example for p = % as proved in the following theorem.

Theorem 6.2 Let a be such that 0 < a < % Then there is a
function's ©: R = R and a constant ¢, > 0 satisfying

’s(u +v+ 3W(W+ \3/;)) —s(u) - s(v)‘ < c2|u|“|v|<%_a)
(6.8)
forallu,v € A and

[s(u) — c,.(u)]
sup ———— =+

6.9
u#0 u% ( )

for every third root mappingc, : R = R.

Proof From the relation (6.9), it follows that

1 2
u§1n<1+z+3(3>3 +3<3>3>
u u u
1 1 2 1
+v3 ln<1 +4 +3<Z>3 +3<E>3> SCZIMI“IvI(T“)
v v v

forallu,v > 0. Withﬁ = t, the inequality (6.10) is equivalent
to the inequality

(6.10)

In(1+17+ 3t§ + 3t§)

(i

+t“1n<1+%+il+%>gc2, t>0.
13 13

6.11)

By using L’Hospital rule,

NER
13

—|w

limt"ln(l + 1 +
t—0 t

~
wl

1 1
- — 3] —n3ic,(1
sup |'s(ue) lc,(u)l > |s(r) 1c,(n)l _ |n|3 nInIl nic, () _ sup |in ] = ¢,(1)] = oo,
u#0 us neN,n#0 ns neN,n#0 3 neN,n#0
We have to prove (6.8) is true. and
Case 1 Ifu =v =0in (6.8), then
. 1 3 3
[5(0) — s(0) — s(0)| = [s(0)] = 0. lim #“1n 1+;+—1+—z =0
13 13

Case 2 If u,v > 0, then the left-hand side of (6.8)
becomes

|5t + v+ 3/ + /) = ) = )
= <u+v+3W(W+ {/C))ln(u+v+3u%v%(u§ +v3)
— w5 Inu) — v In(v)

= <u% + v% ) In(u +v+ 3u%v%(u% + v%)) - u% In(u) — v% In(v)

1 1 1 1
L (u+v+3u3w(u3 +v3)>
=u3In

u

1 1 1 1
1 u+v+3usvi(us +v3)
+v3ln

v
1 ! 2
=u31n<1+3+3<3)3 +3(K>3)
u u u
] 1 2
+V31n(1+2+3(2>3 +3<Z>3>.
v v 1%

We have to prove that there exists a constant ¢, > 0 such
that

@ Springer

and since the function

is continuous on (0, ), it follows that there is a constant
¢, = cy(a) > 0such that

t“ln<l+l+il+%>§c2(a), t>0.
t 1 Z
13 13

6.12)

If we replace 7 by + and a by 3 — @ in (6.12), it follows that

t>0.

In (14430 +31) Scz(%—a>,

1
z(é_“)
From (6.12) and (6.13), we conclude that

1 1n<1+t+3t§+3t§)+taln<l+l+il+%>
t(a—“) ' 8
<

C
_ZSC27
3

t>0.

That is, (6.11) holds and hence (6.8) holds.
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In order to show that Eq. (1.1) is not stable if « = 1/6 in
Corollary 5.4, consider the functions s and ¢ defined by (6.1)
and (6.2) respectively. Then the function s defined in (6.1)
becomes a counter-example for « = 1/6 as presented in the
following theorem.

Theorem 6.3 The mapping s defined in (6.1) satisfies the
inequality

Acknowledgement The authors are grateful to the learned refer-
ees for their constructive comments and suggestions to improve the
manuscript.
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st + v+ 39/t + /) = ) = 50| < 12ﬂ(|u|é|v|% + (|u|% + |v|§>)

for all u,v € R. Therefore there do not exist a third root
mapping ¢, : R = R and a constant f > 0 such that

|su) — ¢, )] < Blul’

forallu € R.

Proof The proof is analogous to the proof of Theorem 6.1.

An occurrence of Equation (1.1) in real-life
application

We find up this investigation with an occurrence of equa-
tion (1.1) to find the shoulder heights of African elephants.
Suppose the shoulder height of a male African elephant is
h centimeters. Then the biologists have established that the
shoulder height of an African elephant is given by an equa-
tion involving cube root function as follows:

h(t) = 62,515 +75.8

where ¢ (years) is the age of the elephant. The sum of shoul-
der heights of two African elephants could be modeled as a
functional equation through (1.1).

Conclusion

In this investigation, we have introduced a new functional
equation (1.1). We have solved Eq. (1.1) for its solution and
obtained it as a third root function. We have also proved its
various classical stability results in modular spaces and f
-homogenous spaces pertinent to Ulam’s problem. We have
find that the stability results of (1.1) are still valid in these
new modern spaces. To disprove the results fails for sin-
gular cases, we have provided suitable counter-examples.
We close this investigation with an application that the sum
of shoulder heights of African elephants could be modeled
using Eq. (1.1).
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