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                                   Abstract 
 In this paper, we propose a new radical third root functional equation and determine its solution in the domain of positive real 

numbers. Also, we validate the stability of this equation in modular and β-homogenous spaces pertinent to Ulam stability 

theory. We provide few counter-examples to invalidate the stability results for singular cases. A simple occurrence of this 

equation in real-life application is also presented. 

   Keywords     Functional equation    ·  Radical functional equation    ·  Ulam–Hyers stability    ·  Modular space    ·  β-homogenous space  

      Introduction 

 A mathematical equation is said to be stable if any approxi-

mate solution satisfying the equation is very close to the 

exact solution of that equation. This idea is posed as a ques-

tion in Ulam ( 1960 ) and subsequently a brilliant response 

is presented in Hyers ( 1941 ). Since then several mathemati-

cians have dealt stabilities of various forms of functional 

equations (FEs) and functional inequalities (FIs), with 

interesting and stimulating results. For more information, 

one can refer to Aoki ( 1950 ), Bodaghi and Senthil Kumar 

( 2017 ), Gavruta ( 1994 ), Kim et al. ( 2017 ), Rassias ( 1982 , 

 1978 ), Ravi et al. ( 2010 ), Ravi and Senthil Kumar ( 2010 ), 

Senthil Kumar and Dutta ( 2018 ), Senthil Kumar and Dutta 

( 2019a ,  b ), Senthil Kumar et al. ( 2019 ). Other motivating 

results associated with the stabilities of diff erent functional 

equations are available in Rassias ( 1989 ,  1992 ,  1994 ,  2001 ). 

The stability results of various other forms of radical func-

tional equations are obtained by many mathematicians in 

Almahalebi and Chahbi ( 2019 ), Fassi and Rassias ( 2019 ), 

Khodaei et al. ( 2012 ), Kim et al. ( 2012 ), Ravi and Senthil 

Kumar ( 2014 ), Senthil Kumar et al. ( 2016 ). 

 Modulars and modular spaces were generalized by initi-

ating metric spaces in Nakano ( 1950 ). Then it is followed 

by many mathematicians in Luxemburg ( 1955 ), Mazur and 

Orlicz ( 1958 ), Musielak and Orlicz ( 1959a ,  b ) to extend its 

notions and applications comprehensively. At present, the 

study of modular spaces plays signifi cant role relevant to 

interpolation theory and Orlicz spaces. 

 Many radical functions occurring in various fi elds such 

as to measure current fl owing through an electric circuit, 

to determine kinetic energy of a moving object, to fi nd the 

dimensions of a cube shaped container, to calculate Fermi 

energy when the number of conduction electrons per unit 

volume is known. These phenomena motivated us to intro-

duce a new radical third root FE in the following form

     

where   cr    is a mapping. We attain the solution of ( 1.1 ) and 

then investigate various fundamental stabilities of ( 1.1 ) in 

the framework of modular and   𝛽   -homogenous spaces associ-

ated with the classical stability conjecture of equations. Few 

counter-examples are illustrated to show that Eq. ( 1.1 ) is not 

stable for critical cases. We also present simple application 

of ( 1.1 ). 
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 In the entire study, unless specifi ed, let us assume that 

  ℕ    and   ℝ    represent respectively, the sets of natural numbers 

and real numbers. Let us assume that   A    to be a vector space 

over   ℝ.    Also, suppose if   p    is convex then   Ap    is a   p   -complex 

modular space. For easy computation, let us defi ne a diff er-

ence operator   Δcr
∶ A × A → Ap    as

      

 for all   u, v ∈ A   . 

    Preliminaries 

 In the sequel, we provide the defi nition of third root mapping 

to obtain our main results. 

   Defi nition 2.1     Assume that   cr ∶ ℝ → ℝ    is a mapping. Then 

  cr    is said to be a third root mapping if it satisfi es ( 1.1 ) for 

all   u, v ∈ ℝ   . 

    Remark 2.1     In view of the algebraic identity: 

  
3

√
u + v + 3u

2

3 v
1

3 + 3u
1

3 v
2

3 = 3
√

u + 3
√

v,    the mapping   cr    is called 

third root mapping and it satisfi es the following functional 

equations

     

     

for all   u ∈ ℝ    and   m ∈ ℕ   . 

    Theorem 2.2      Let a third root mapping    cr ∶ ℝ → ℝ     satisfi es  
( 1.1 ) . Then the general functional equations  ( 2.1 ) and ( 2.2 ) 
 are satisfi ed by    cr     for all    u ∈ ℝ     and    m ∈ ℕ    .  

     Proof      First, replacing   (u, v)    by   (0, 0)    in Eq. ( 1.1 ), we get 

  cr(0) = 0    . Now, substituting   v = u    in ( 1.1 ), we acquire 

      

for all   u ∈ ℝ    . Now, considering   u    as   23u    in ( 2.3 ) and then 

utilizing ( 2.3 ) in the resultant, we fi nd 

       

Δcr
(u, v) = cr

(
u + v + 3u
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))
− cr(u) − cr(v)

 (2.1)cr

(
23mu

)
= 2mcr(u)

 (2.2)and cr

(
2−3mu

)
= 2−mcr(u)

 (2.3)cr

(
23u

)
= 2cr(u)

 (2.4)cr

(
26u

)
= 22cr(u)

for all   u ∈ ℝ    . Proceeding further with the similar arguments 

and using induction hypothesis, we obtain ( 2.1 ). At the same 

time, shifting   (u, v)    to   
(
2−3u, 2−3u

)
    , one fi nds that

     

for all   u ∈ ℝ    . Now, again substituting   u    by   2−3u    in ( 2.5 ), 

we obtain   cr

(
2−6u

)
= 2−2cr(u)    , for all   u ∈ ℝ    . Hence using 

induction method, one can arrive at ( 2.2 ). 

    Solution of Equation ( 1.1 ) 

 In this section, we solve ( 1.1 ) for its solution in the domain 

of real numbers. 

   Theorem 3.1      Assume a function    cr ∶ ℝ → ℝ    . Then the func-
tion    cr     is a solution of  ( 1.1 )  if and only if there exists an iden-
tity function    I ∶ ℝ → ℝ     with    cr(u) =

3
√

I(u)     for all    u ∈ ℝ    .  

     Proof      Suppose the mapping   cr    is a solution of Eq. ( 1.1 ). 

Then   cr    is a third root mapping and hence we have, 

  cr(u) =
3
√

u    for all   u ∈ ℝ    . If   I    is an identity mapping, then 

  3
√

I(u) = 3
√

u = cr(u)    for all   u ∈ ℝ   . 

  On the other hand, assume that there exists an identity 

function   I ∶ ℝ → ℝ    such that   cr(u) =
3
√

I(u)    for all   u ∈ ℝ    . 

Hence

      

for all   u, v ∈ ℝ   . 

    Stability of Equation ( 1.1 ) in modular spaces 

 The required notions associated with modular spaces and 

convex modular are available in many published papers 

(Musielak and Orlicz  1959a ,  b ; Nakano  1950 ). We establish 

the generalized H-U-R stability of ( 1.1 ) in modular spaces. 

   Theorem 4.1      Let a mapping    𝜙 ∶ A × A → [0,∞)     satisfi es 

     
 for all    u, v ∈ A    . Assume that a function    cr ∶ A → Ap     satisfi es 
the following inequality  
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 for all    u, v ∈ A    . Then there exists a unique third root map-
ping    T ∶ A → Ap     such that 

     

 where the function    T(u)     is given by 

     

 for all    u ∈ A    .  

    Proof      First, switching   (u, v)    to   (u, u)    in ( 4.2 ) and then divid-

ing by 2, we fi nd

     

for all   u ∈ A    . Employing induction procedure, we have 

       

 for all   u ∈ A    . It is clear that when   n = 1    , the result directly 

follows from ( 4.5 ). Assume that ( 4.6 ) is valid for   n ∈ ℕ    . 

Then, it leads to the following inequality

      

 for all   u ∈ A    . Hence ( 4.6 ) is valid for every positive integer 

  n    . Let   m, n > 0    be integers with   m < n    . Then, we have

     

 for all   u ∈ A    . In virtue of ( 4.1 ) and ( 4.7 ), the sequence 

  

{
1

2n
cr(8

nu)
}

    turns out to be Cauchy in   Ap    . Also, owing to 

completeness of   Ap    , the sequence   

{
1

2n
cr(8

nu)
}

    is convergent. 

This implies to defi ne a mapping   T ∶ A → Ap    as

 (4.3)p
(
cr(u) − T(u)
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 for all   u ∈ A    . Next is to show that   T     satisfi es ( 1.1 ). To show 

this, replacing   (u, v)    by   (8nu, 8nv)    in ( 4.2 ), and then multiply-

ing with   2−n    , we obtain

     

 for all   u, v ∈ A    . Letting   n    to   ∞    in ( 4.9 ), we observe that ( 1.1 ) 

is satisfi ed by   T     . Next is to prove the uniqueness of   T     . To 

prove this, let us consider   T ′    is another third root mapping 

which also satisfi es ( 1.1 ) and the inequality ( 4.3 ). Obviously 

  T ′    and   T     satisfy ( 4.3 ) and ( 4.4 ) and as a result, we get

     

for all   u ∈ A    . Allowing limit   n    to   ∞    in ( 4.10 ) and then 

employing ( 4.1 ), we fi nd that   T     is unique, which completes 

the proof. 

 In the following results, let   cr ∶ A → Ap    be a mapping. 

   Corollary 4.1      Suppose there exists a constant    c ≥ 0     not 
depending on the values of    u, v    . Assume that    cr     satisfi es the 

following inequality 

      

 (4.8)T(u) = p − lim
n→∞

cr(8
nu)

2n

 (4.9)2−np
(
Δcr

(8nu, 8nv)
)
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 for  a l l     u, v ∈ A    .  Then,     T ∶ A → Ap      de f ined by 
   T(u) = lim

n→∞

1

2n
cr(8

nu)     is a unique third root mapping satisfy-
ing  ( 1.1 )  and  

        

for all   u ∈ A   . 

    Proof      The proof directly follows by taking   𝜙(u, v) = c    in 

Theorem 4.1. 

    Corollary 4.2.      Let    c1 ≥ 0     be fi xed and    p ≠
1

3
    . If    cr     satisfi es 

the following inequality 

      
 for all    u, v ∈ A    , then there exists a unique third root mapping 
   T ∶ A → Ap     satisfying  ( 1.1 )  and  

        

for all   u ∈ X   . 

    P r o o f       T h e  p r o o f  fo l l ows  b y  c o n s i d e r i n g 

  𝜙(u, v) = c1(|u|p + |v|p)    in Theorem  4.1 . 

    Corollary 4.3      Suppose the constants    a, b     exist such that 
   𝜌 = a + b ≠

1

3
     and    c2 ≥ 0    . If    cr     satisfies the following 

inequality 

      
 for all    u, v ∈ A    , then there exists a unique third root mapping 
   T ∶ A → Ap     satisfying  ( 1.1 )  and  

        

for all   u ∈ A   . 

    Proof      The proof is obtained by replacing   𝜙(u, v) = c2|u|a|v|b    
in Theorem  4.1 . 

    Corollary 4.4      Let    c3 ≥ 0     and    𝛼 > 0     be fi xed and    𝛼 ≠ 1∕6    . If 
   cr     satisfi es the following inequality 

      
 for all    u, v ∈ A    , then there exists a unique third root mapping 
   T ∶ A → Ap     satisfying  ( 1.1 )  and  

        

for all   u ∈ A   . 

p
(
cr(u) − T(u)

)
≤ c

p
(
Δcr

(u, v)
)
≤ c1(|u|p + |v|p)

p
(
cr(u) − T(u)

)
≤

2c1

2 − 8p
|u|p

p
(
Δcr

(u, v)
)
≤ c2|u|a|v|b

p
(
cr(u) − T(u)

)
≤

c2

2 − 8𝜌
|u|𝜌

p
(
Δcr

(u, v)
)
≤ c3(|u|𝛼|v|𝛼 + (|u|2𝛼 + |v|2𝛼))

p
(
cr(u) − T(u)

)
≤

3c3

2 − 82𝛼
|u|2𝛼

    Proof      Taking   𝜙(u, v) = c3(|u|𝛼|v|𝛼 + (|u|2𝛼 + |v|2𝛼))    in 

Theorem  4.1 . 

     Stability of Equation ( 1.1 ) in   ̌    -homogenous 
spaces 

   Defi nition 5.1     A rule   ‖⋅‖ ∶ A → [0,∞]    is an   F   -norm if it 

satisfi es the ensuing axioms: 

        (A1)        ‖u‖ = 0    if and only if   u = 0,      

     (A2)        ‖𝜇u‖ = ‖u‖    for every   u ∈ A    and every   𝜇    with   |𝜇| = 1,      

     (A3)        ‖u + v‖ ≤ ‖u‖ + ‖v‖    for all   u, v ∈ A,      

     (A4)        ‖‖𝜇nu‖‖ → 0    provided   𝜇n → 0,      

     (A5)        ‖‖𝜇un
‖‖ → 0    provided   un → 0.        

 Suppose if   d    is a complete metric, then the linear metric 

space   (A, d)    with   d(u, v) = |u − v|    is called as an   F   -space. 

 An   F   -norm is said to be a   𝛽   -homogeneous   (𝛽 > 0)    if 

  ‖tu‖ = |t|𝛽‖u‖    for all   u ∈ A    and   t ∈ ℂ    . A   𝛽   -homogeneous 

  F   -space is called a   𝛽   -homogeneous complex Banach space. 

   Theorem 5.1      Let    B     be a    𝛽    -homogeneous complex Banach 
space    (0 < 𝛽 ≤ 1)    . Let a mapping    𝜙 ∶ A × A → (0,∞]     
satisfi es 

     
 for all    u, v ∈ A    . Assume that a mapping    cr ∶ A → B     satisfi es  

       

  for all    u, v ∈ A    . Then there exists a unique third root map-
ping    T ∶ A → B     with  

      

and

     

 for all    u ∈ A   . 

    Proof      First, letting   v = u    in ( 5.2 ), we get

     

for all   u ∈ A    . By the application of induction method on a 

positive integer   n    and using ( 5.5 ), it is easy to arrive at 

 (5.1)𝜙̂(u, v) =
1

2𝛽

∞∑
i=0

1

2𝛽i
𝜙(8iu, 8iv) < ∞

 (5.2)
‖‖‖Δcr

(u, v)
‖‖‖ ≤ 𝜙(u, v)

 (5.3)‖‖cr(u) − T(u)‖‖ ≤ 𝜙̂(u, u)

 (5.4)T(u) = lim
n→∞

cr(8
nu)

2n

 (5.5)‖‖cr(8u) − 2cr(u)
‖‖ ≤ 𝜙(u, u)
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 for all   u ∈ A    . Let   m, n > 0    be integers with   m < n    . Then in 

view of ( 5.6 ), we obtain

     

 for all   u ∈ A    . Allowing   n    to   ∞    in the above inequality, we 

fi nd that the sequence   

{
1

2n
cr(8

nu)
}

    is Cauchy in   B    . Owing 

to the completeness of   B    , the sequence converges to a map-

ping   T ∶ A → B    defi ned by

     

 for all   u ∈ A    . Taking   m → 0    and letting the limit   n    to   ∞    in 

( 5.7 ), we fi nd that ( 5.3 ) holds. Next, assume that   S ∶ A → B    

is another third root mapping satisfying ( 5.3 ) and ( 5.4 ). 

Therefore, we have

       

 Applying ( 5.1 ) in the above inequality, we observe that   T     

is unique and this completes the proof. 

   Corollary 5.1      Suppose there exists a constant    c4 ≥ 0    , not 
depending on the values of    u, v     such that the following 
inequality  

  Therefore, we have

      

  holds for all    u, v ∈ A    . Then    T ∶ A → B     defined by 
   T(u) = lim

n→∞

1

2n
cr(8

nu)     is a unique third root mapping satisfy-
ing  ( 1.1 )  and 

      

  for all    u ∈ A    .  

    Proof      It is easy to prove this corollary by taking   𝜙(u, v) = c4    

in Theorem  5.1 . 

 (5.6)
‖‖‖‖cr(8

nu)

2n
− cr(u)

‖‖‖‖ ≤
1

2𝛽

n−1∑
i=0
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2i𝛽
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2m
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1
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2i𝛽
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1
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1
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𝜙
(
8iu, 8iu

)

 (5.8)T(u) = lim
n→∞

cr(8
nu)

2n

‖T(u) − S(u)‖ ≤
‖‖‖‖T(8nu) − cr(8

nu)

2n

‖‖‖‖ + ‖‖‖‖cr(8
nu) − S(8nu)

2n

‖‖‖‖
≤

1

2𝛽

∞∑
i=0

1

2(i+n)𝛽
𝜙(8n+iu, 8n+iu) ≤

1

2𝛽

∞∑
i=k

1

2i𝛽
𝜙
(
8iu, 8iu

)
.

‖‖‖Δcr
(u, v)

‖‖‖ ≤ c4

‖‖cr(u) − T(u)‖‖ ≤
c4

2𝛽 − 1

    Corollary 5.2      Let    c5 ≥ 0     be fi xed and    p ≠
𝛽

3
    . If    cr     satisfi es the 

following inequality 

      

 for all    u, v ∈ A    , then there exists a unique third root mapping 
   T ∶ A → B     satisfying  ( 1.1 )  and  

        

 for all    u ∈ A   . 

    P r o o f       T h e  p r o o f  fo l l ows  b y  c o n s i d e r i n g 

  𝜙(u, v) = c5(|u|p + |v|p)    in Theorem 5.1. 

    Corollary 5.3      If there exist    a, b ∶ 𝜌 = a + b ≠
𝛽

3
     and    c6 ≥ 0     

such that 

      
 holds for all    u, v ∈ A    , then a unique third root mapping 
   T ∶ A → B     exists and satisfi es  ( 1.1 )  with  

        

 for all    u ∈ A   . 

    Proof      The required result is obtained by letting 

  𝜙(u, v) = c6|u|a|v|b    in Theorem  5.1 . 

    Corollary 5.4      Let    c7 ≥ 0     and    𝛼 > 0     be fi xed fi xed constants, 
and    𝛼 ≠

𝛽

6
    . If    cr     satisfi es the following inequality 

      
 for all    u, v ∈ A    , then there exists a unique third root mapping 
   T ∶ A → B     satisfying  ( 1.1 )  and  

‖‖‖Δcr
(u, v)

‖‖‖ ≤ c5(|u|p + |v|p)

‖‖cr(u) − T(u)‖‖ ≤
2c5

2𝛽 − 8p
|u|p

‖‖‖Δcr
(u, v)

‖‖‖ ≤ c6|u|a|v|b

‖‖cr(u) − T(u)‖‖ ≤
c6

2𝛽 − 8𝜌
|u|𝜌

‖‖‖Δcr
(u, v)

‖‖‖ ≤ c7(|u|𝛼|v|𝛼 + (|u|2𝛼 + |v|2𝛼))
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 for all    u ∈ A   . 

    Proof      It is easy to prove this corollary by taking 

  𝜙(u, v) = c3(|u|𝛼|v|𝛼 + (|u|2𝛼 + |v|2𝛼))    in Theorem  5.1 . 

     Counter-examples for singular cases 

 In this section, we present counter-examples to prove that the 

functional equation ( 1.1 ) is not stable for singular cases in 

Corollaries  4.1 ,  4.2  and  4.3 . Using the idea of Gajda ( 1991 ), 

we construct the following counter-example to prove that the 

Corollary  4.1  is false for   p = 1∕3   . 

 Defi ne a mapping   s ∶ ℝ → ℝ    by

     

for all   u ∈ ℝ    , where the function   𝜙 ∶ ℝ → ℝ    is given by 

       

 Then the function   s    serves as a counter-example for 

  p = 1∕3    which is presented in the following theorem. 

   Theorem 6.1      The mapping    s     defi ned above satisfi es 

     

 for all    u, v ∈ A    . Therefore there do not exist a third root map-
ping    cr ∶ ℝ → ℝ     and a constant    𝛽 > 0     such that  

       

for all   u ∈ ℝ   . 

    Proof        |s(u)| ≤ ∞∑
n=0

|𝜙(8nu)||2n| ≤

∞∑
n=0

𝜇

2n
= 𝜇

(
1 −

1

2

)−1

= 2𝜇.    

‖‖cr(u) − T(u)‖‖ ≤
3c7

2𝛽 − 82𝛼
|u|2𝛼

 (6.1)s(u) =

∞∑
n=0

𝜙(8nu)

2n

 (6.2)𝜙(u) =

{
𝜇 3
√

u, for all u, v ∈ (0, 1)

𝜇, otherwise.

 (6.3)

||||s
(

u + v + 3
3
√

uv( 3
√

u + 3
√

v)
)
− s(u) − s(v)

|||| ≤ 12𝜇

(
3
√|u| + 3

√|v|)

 (6.4)||s(u) − cr(u)
|| ≤ 𝛽

3
√|u|

   Hence   s    is bounded by   2𝜇    . If   |u| 1

3 + |v| 1

3 ≥ 1,    then the 

left-hand side of ( 6.3 ) is less than   6𝜇    . Now, suppose that 

  0 < |u| 1

3 + |v| 1

3 < 1.    Then there exists a positive integer   k    

such that

     

 Hence   |u| 1

3 + |v| 1

3 <
1

2k
    implies

      

 and consequently

      

 Therefore, for each value of   n = 0, 1, 2,… , k − 1    , we obtain

      

 for   n = 0, 1, 2,… , k − 1    . Using ( 6.5 ) and the defi nition of 

  s    , we obtain

       

 Therefore, the inequality ( 6.3 ) holds true. We claim equa-

tion ( 1.1 ) is not stable for   p = 1∕3    in Corollary  4.1 . Assume 

that there exists a third root mapping   cr ∶ ℝ → ℝ    satisfying 

( 6.4 ). Therefore, we have

      

 However, we can choose a positive integer   m    with 

  m𝜇 > 𝛽 + 1    . If   u ∈
(
0, 81−m

)
    , then   8nu ∈ (0, 1)    for all 

  n = 0, 1, 2,…m − 1    and therefore

      

which contradicts ( 6.6 ). Therefore, the third root functional 

equation ( 1.1 ) is not stable for   p =
1

3
    in Corollary 4.1. 

 The following example illustrates that the equation ( 1.1 ) 

is not stable when   𝜌 = a + b =
1

3
    in Corollary  4.2 . Inspired 

by the counter-example provided in (Gavruta  1999 ), we pre-

sent the following example which proves that the results of 

Corollary  4.2  fail for   𝜌 = a + b =
1

3
   . 

 Defi ne a mapping   s ∶ ℝ → ℝ    by

 (6.5)
1

2k+1
≤ |u| 1

3 + |v| 1

3 <
1

2k
.

8
k

3 |u| 1

3 + 8
k

3 |v| 1

3 < 1 or 8
k

3 u
1

3 + 8
k

3 v
1

3 < 1 or 8
k−1

3 u
1

3 < 1, 8
k−1

3 v
1

3 < 1

8k−1(u), 8k−1(v), 8k−1(u + v + 3u
1

3 v
1

3 (u
1

3 + v
1

3 )) ∈ (0, 1).

8n(u), 8n(v), 8n(u + v + 3u
1

3 v
1

3 (u
1

3 + v
1

3 )) ∈ (0, 1) and

𝜙

(
8n(u + v + 3u

1

3 v
1

3 (u
1

3 + v
1

3 ))
)
− 𝜙(8nu) − 𝜙(8nv) = 0

||||s
(

u + v + 3u
1

3 v
1

3

(
u

1

3 + v
1

3

))
− s(u) − s(v)

||||
=

∞∑
n=0

1

2n

||||𝜙
(

8n
(

u + v + 3u
1

3 v
1

3

(
u

1

3 + v
1

3

)))
− 𝜙(8nu) − 𝜙(8nv)

||||
≤

∞∑
n=k

1

2n

||||𝜙
(

8n
(

u + v + 3u
1

3 v
1

3

(
u

1

3 + v
1

3

)))
− 𝜙(8nu) − 𝜙(8nv)

|||| ≤
∞∑

n=k

3𝜇

2n
≤

12𝜇

2k+1
≤ 12𝜇

(|u| 1

3 + |v| 1

3

)
.

 (6.6)|s(u)| ≤ (𝛽 + 1)|u| 1

3 .

|s(u)| = ∞∑
n=0

𝜙(8nu)

2n
≥

m−1∑
n=0

2n𝜇 3
√

u

2n
= m𝜇

3
√

u > (𝛽 + 1) 3
√

u
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 Then the function   s    defi ned in ( 6.7 ) turns out to be a coun-

ter-example for   𝜌 =
1

3
    as proved in the following theorem. 

   Theorem 6.2      Let    a     be such that    0 < a <
1

3
    . Then there is a 

function    s ∶ ℝ → ℝ     and a constant    c2 > 0     satisfying 

     

 for all    u, v ∈ A     and  

       

for every third root mapping   cr ∶ ℝ → ℝ   . 

    Proof      From the relation ( 6.9 ), it follows that

       

  We have to prove ( 6.8 ) is true. 

  Case 1  If   u = v = 0    in ( 6.8 ), then

       

  Case 2  If   u, v > 0    , then the left-hand side of ( 6.8 ) 

becomes 

       

 We have to prove that there exists a constant   c2 > 0    such 

that

 (6.7)s(u) =

{
3
√

u ln |u| if u ≠ 0

0 if u = 0.

 (6.8)

|||s(u + v + 3
3
√

uv( 3
√

u + 3
√

v)) − s(u) − s(v)
||| ≤ c2|u|a|v|( 1

3
−a

)

 (6.9)sup
u≠0

|s(u) − cr(u)|
u

1

3

= +∞

sup
u≠0

|s(u) − cr(u)|
u

1

3

≥ sup
n∈ℕ,n≠0

|s(n) − cr(n)|
n

1

3

= sup
n∈ℕ,n≠0

|n| 1

3 ln |n| − n
1

3 cr(1)

u
1

3

= sup
n∈ℕ,n≠0

||ln |n| − cr(1)
|| = ∞.

|s(0) − s(0) − s(0)| = |s(0)| = 0.

|||s(u + v + 3
3
√

uv( 3
√

u + 3
√

v)) − s(u) − s(v)
|||

=
(

u + v + 3
3
√

uv( 3
√

u + 3
√

v)
)

ln(u + v + 3u
1

3 v
1

3 (u
1

3 + v
1

3 ))

− u
1

3 ln(u) − v
1

3 ln(v)

=
(

u
1

3 + v
1

3

)
ln(u + v + 3u

1

3 v
1

3 (u
1

3 + v
1

3 )) − u
1

3 ln(u) − v
1

3 ln(v)

= u
1

3 ln

(
u + v + 3u

1

3 v
1

3 (u
1

3 + v
1

3 )

u

)

+ v
1

3 ln

(
u + v + 3u

1

3 v
1

3 (u
1

3 + v
1

3 )

v

)

= u
1

3 ln

(
1 +

v

u
+ 3

(
v

u

) 1

3

+ 3

(
v

u

) 2

3

)
+ v

1

3 ln

(
1 +

u

v
+ 3

(
u

v

) 1

3

+ 3

(
u

v

) 2

3

)
.

     

for all   u, v > 0    . With   
v

u
= t    , the inequality ( 6.10 ) is equivalent 

to the inequality

      

 By using L’Hospital rule,

      

and

      

and since the function

      

is continuous on   (0,∞)    , it follows that there is a constant 

  c2 = c2(a) > 0    such that

     

If we replace   t    by   
1

t
    and   a    by   

1

3
− a    in ( 6.12 ), it follows that

     

From ( 6.12 ) and ( 6.13 ), we conclude that

      

That is, ( 6.11 ) holds and hence ( 6.8 ) holds. 

 (6.10)

u
1

3 ln

(
1 +

v

u
+ 3

(
v

u

) 1

3

+ 3

(
v

u

) 2

3

)

+ v
1

3 ln

(
1 +

u

v
+ 3

(
u

v

) 1

3

+ 3

(
u

v

) 2

3

)
≤ c2|u|a|v|( 1

3
−a

)

 (6.11)

1

t

(
1

3
−a

) ln(1 + t + 3t
1

3 + 3t
2

3 )

+ ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)
≤ c2, t > 0.

lim
t→0

ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)
= 0

lim
t→∞

ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)
= 0

t → ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)

 (6.12)ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)
≤ c2(a), t > 0.

 (6.13)

1

t

(
1

3
−a

) ln

(
1 + t + 3t

1

3 + 3t
2

3

)
≤ c2

(
1

3
− a

)
, t > 0.

1

t

(
1

3
−a

) ln

(
1 + t + 3t

1

3 + 3t
2

3

)
+ ta ln

(
1 +

1

t
+

3

t
1

3

+
3

t
2

3

)

≤
c2

3
≤ c2, t > 0.
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 In order to show that Eq. ( 1.1 ) is not stable if   𝛼 = 1∕6    in 

Corollary  5.4 , consider the functions   s    and   𝜙    defi ned by ( 6.1 ) 

and ( 6.2 ) respectively. Then the function   s    defi ned in ( 6.1 ) 

becomes a counter-example for   𝛼 = 1∕6    as presented in the 

following theorem. 

   Theorem 6.3      The mapping    s     defi ned in  ( 6.1 )  satisfi es the 
inequality 

      

 for all    u, v ∈ ℝ    . Therefore there do not exist a third root 
mapping    cr ∶ ℝ → ℝ     and a constant    𝛽 > 0     such that  

        

 for all    u ∈ ℝ    .  

    Proof      The proof is analogous to the proof of Theorem  6.1 . 

     An occurrence of Equation ( 1.1 ) in real-life 
application 

 We fi nd up this investigation with an occurrence of equa-

tion ( 1.1 ) to fi nd the shoulder heights of African elephants. 

Suppose the shoulder height of a male African elephant is 

  h    centimeters. Then the biologists have established that the 

shoulder height of an African elephant is given by an equa-

tion involving cube root function as follows:

      

where   t    (years) is the age of the elephant. The sum of shoul-

der heights of two African elephants could be modeled as a 

functional equation through ( 1.1 ). 

    Conclusion 

 In this investigation, we have introduced a new functional 

equation ( 1.1 ). We have solved Eq. ( 1.1 ) for its solution and 

obtained it as a third root function. We have also proved its 

various classical stability results in modular spaces and   𝛽

   -homogenous spaces pertinent to Ulam’s problem. We have 

fi nd that the stability results of ( 1.1 ) are still valid in these 

new modern spaces. To disprove the results fails for sin-

gular cases, we have provided suitable counter-examples. 

We close this investigation with an application that the sum 

of shoulder heights of African elephants could be modeled 

using Eq. ( 1.1 ). 

|||s(u + v + 3
3
√

uv( 3
√

u + 3
√

v)) − s(u) − s(v)
||| ≤ 12𝜇

(|u| 1

6 |v| 1

6 +
(|u| 1

3 + |v| 1

3

))

||s(u) − cr(u)
|| ≤ 𝛽|u| 1

3

h(t) = 62.5t
1

3 + 75.8

       Acknowledgement     The authors are grateful to the learned refer-

ees for their constructive comments and suggestions to improve the 

manuscript.  

  References 

                                       Almahalebi, M., Chahbi, A.: Approximate solution of P-radical func-

tional equation in 2-Banach spaces. Acta Math. Sci.  39 , 551–566 

(2019)  

                               Aoki, T.: On the stability of the linear transformation in Banach spaces. 

J. Math. Soc. Japan  2 , 64–66 (1950)  

                                       Bodaghi, A., Senthil Kumar, B.V.: Estimation of inexact reciprocal-

quintic and reciprocal-sextic functional equations. Mathematica 

 49 , 3–14 (2017)  

                                       Fassi, I.E., Rassias, J.M.: Stability and non-stability of generalized 

radical cubic functional equation in quasi–Banach spaces. Tbilisi 

Math. J.  12 , 175–190 (2019)  

                               Gajda, Z.: On the stability of additive mappings. Int. J. Math. Math. 

Sci.  14 , 431–434 (1991)  

                               Gavruta, P.: A generalization of the Hyers-Ulam-Rassias stability of 

approximately additive mapppings. J. Math. Anal. Appl.  184 , 
431–436 (1994)  

   Gavruta P.: An answer to a question of J .M. Rassias concerning the 

stability of Cauchy functional equation. In: J.M. Rassias (ed.). 

Adv. Equ. Inequ. Hadronic Press Math Ser 67–71 (1999)  

                               Hyers, D.H.: On the stability of the linear functional equation. Proc. 

Natl. Acad. Sci. USA  27 , 222–224 (1941)  

                                                       Khodaei, H., Gordji, M.E., Kim, S.S., Cho, Y.J.: Approximation of 

radical functional equations related to quadratic and quartic map-

pings. J. Math. Anal. Appl.  395 , 284–297 (2012)  

                                       Kim, S.O., Senthil Kumar, B.V.: Bodaghi A (2017) Stability and non-

stability of the reciprocal-cubic and reciprocal-quartic functional 

equations in non-Archimedean fi elds. Adv. Diff er. Equ.  1–2 , 3–13 

(2017)  

                                               Kim, S.S., Cho, Y.J., Gordji, M.E.: On the generalized Hyers-Ulam-

Rassias stability problem of radical functional equations. J. Inequ. 

Appl.  186 , 1–13 (2012)  

   Luxemburg W A J (1955) Banach Function Spaces, Ph. D. Thesis, 

Delft University of Technology, Delft, The Netherlands.  

                                       Mazur, S., Orlicz, W.: On some classes of linear spaces. Studia Math. 

 17 , 97–119 (1958)  

                                       Musielak, J., Orlicz, W.: On modular spaces. Studia Math.  18 , 591–597 

(1959)  

                                       Musielak, J., Orlicz, W.: Some remarks on modular spaces. Bull. Acad. 

Polon. Sci. Sr. Math. Astron. Phys.  7 , 661–668 (1959)  

                         Nakano, H.: Modulared Semi-Ordered Linear Spaces. Maruzen, Tokyo 

(1950)  

                               Rassias, J.M.: On approximately of approximately linear mappings by 

linear mappings. J. Funct. Anal.  46 , 126–130 (1982)  

                               Rassias, J.M.: Solution of a problem of Ulam. J. Approx. Theory.  57 , 
268–273 (1989)  

                               Rassias, J.M.: On the stability of the Euler-Lagrange functional equa-

tion. Chinese J. Math.  20 , 185–190 (1992)  

   Rassias. J.M.: On the stability of a multi-dimensional Cauchy type 

functional equation.  in: Geometry, Analysis and Mechanics.  
World Scientifi c Publishing Company, pp. 365–376 (1994)  

                               Rassias, J.M.: Solution of the Ulam stability problem for cubic map-

pings. Glasnik Matematicki Ser III  36 , 63–72 (2001)  



56 Proceedings of the Indian National Science Academy (2021) 87:48–56

1 3

                               Rassias, T.M.: On the stability of the linear mapping in Banach spaces. 

Proc. Am. Math. Soc.  72 , 297–300 (1978)  

                                               Ravi, K., Rassias, J.M., Senthil Kumar, B.V.: Ulam stability of gener-

alized reciprocal functional equation in several variables. Int. J. 

Appl. Math. Stat.  19 , 1–19 (2010)  

                                       Ravi, K., Senthil Kumar, B.V.: Ulam-Gavruta-Rassias stability of Ras-

sias reciprocal functional equation  Global . J. Appl. Math. Sci.  3 , 
57–79 (2010)  

                                       Ravi, K., Senthil Kumar, B.V.: Fuzzy stability of generalized square 

root functional equation in several variables: A fixed point 

approach. Int. J. Anal. Appl.  5 , 10–19 (2014)  

                                               Senthil Kumar, B.V., Kumar, A., Narasimman, P.: Ulam stability of 

radical functional equation in the sense of Hyers, Rassias and 

Gavruta. Int. J. Stat. Appl. Math.  1 , 6–12 (2016)  

                                       Senthil Kumar, B.V., Dutta, H.: Non-Archimedean stability of a gener-

alizedreciprocal-quadratic functional equation in several variables 

by direct and fi xed point methods. Filomat  32 , 3199–3209 (2018)  

                                       Senthil Kumar, B.V., Dutta, H.: Fuzzy stability of a rational functional 

equation and its relevance to system design. Int. J. Gen. Syst.  48 , 
157–169 (2019)  

                                       Senthil Kumar, B.V., Dutta, H.: Approximation of multiplicative 

inverse undecic and duodecic functional equations. Math. Meth. 

Appl. Sci.  42 , 1073–1081 (2019)  

                                               Senthil Kumar, B.V., Dutta, H., Sabarinathan, S.: Approximation of a 

system of rational functional equations of three variables. Int. J. 

Appl. Comput. Math.  5 , 1–16 (2019)  

                         Ulam, S.M.: A Collection of Mathematical Problems. Interscience 

Publishers, Inc., New York (1960)    



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-06-15T22:25:27+0530
	Preflight Ticket Signature




