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Abstract

A variant of the first-order shear deformation theory is presented for the flexure of shear deformable linear isotropic plates
undergoing small deformations. The principle of stationary potential energy is utilized to obtain governing differential equa-
tions and variationally consistent boundary conditions. Unlike the Mindlin’s plate theory, the presented variant involves two
coupled governing partial differential equations involving two unknown functions. This reduction will result in saving of
the computational time involved for the plate boundary value problem, especially when external forces acting on the plate
are variable/non-linear in nature. Solutions for the flexure of shear deformable isotropic plates by utilizing Lévy’s method
are obtained using analytical and numerical techniques. The fourth-order Runge—Kutta technique is utilized for obtaining
numerical solutions. The effect of the plate thickness-to-length ratio on the flexure of shear deformable isotropic plates with
two opposite edges simply-supported and remaining two edges having different combinations of boundary conditions are
presented. These results are compared with corresponding results available in the literature.

Keywords First-order shear deformation plate theory - Lévy’s method - Shear correction factor - Runge—Kutta Technique -

Analytical solutions

Introduction

Well known classical plate theory (CPT) gives reasonably
accurate results only for thin plates. However, the CPT does
not take into consideration effects of the transverse shear in
plate deformations. Hence it underestimates results pertain-
ing to static deformations of shear deformable plates (Wang
et al. 2000; Ghugal and Shimpi 2002).
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Various first-order shear deformation plate theories
(FSDTs) have tried to address drawbacks of the CPT. The
Ressiner’s plate theory (Reissner 1945) (stress-based FSDT)
and Mindlin’s plate theory (Mindlin 1951) (displacement-
based FSDT) mark the beginning of first-order theories.
Displacement-based FSDTs assume displacement field
which results in constant transverse shear strains through the
plate thickness. Hence displacement-based FSDTs require a
shear correction factor (Mindlin 1951) in order to approxi-
mately satisfy constitutive relations between transverse shear
stresses and corresponding strains. The Mindlin’s plate the-
ory (Mindlin 1951) involves three coupled governing equa-
tions involving three unknown functions.

Recently Shimpi et al. (2007) have developed two new
first-order shear deformation plate theories (NFSDT-I and
NFSDT-II). Both the theories involve only two governing
partial differential equations having two unknown functions.
Governing equations of the NFSDT-I are elastically uncou-
pled but are inertially coupled. Whereas governing equations
of the NFSDT-II are elastically coupled but are inertially
uncoupled. Senjanovic et al. (2013) have utilized key con-
cepts of the NFSDT-I to develop a FSDT involving a single
variable for vibrations of shear deformable isotopic plates.
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Shimpi et al. (2018) have also utilized key concepts of the
NFSDT-1 to derive a single variable FSDT for the flexure of
shear deformable isotopic plates.

Displacement-based FSDTs (Mindlin 1951; Shimpi et al.
2007, 2018; Senjanovic¢ et al. 2013) are based on linear
strain—displacement relations and linear constitutive rela-
tions. Whereas there exists another class of FSDTs, geo-
metrically non-linear FSDTs, which are based on non-linear
strain—displacement relations as utilized by the von Karman
plate theory and linear constitutive relations. Pica et al.
(1980), Azizian and Dawe (1985), Kam and Sher (1995),
Malekzadeh and Karami (2006), Malekzadeh and Setoodeh
(2007), Setoodeh et al. (2011), Heydari et al. (2014, 2015),
Kumar et al. (2017), Sladek et al. (2017) have reported the
work on geometrically non-linear FSDTs based on the plate
kinematics of the Mindlin’s plate theory and contain five
unknown functions. Recently Shimpi et al. (2020) have pro-
posed the geometrically non-linear FSDT based on the plate
kinematics of the NFSDT-I and contains only three unknown
functions.

A variant of new first-order shear deformation theory,
based on the NFSDT-II by Shimpi et al. (2007), for the flex-
ure of shear deformable linear isotropic plates undergoing
small deformations is presented in this paper. Analytical as
well as numerical solutions pertaining to the flexure of shear
deformable isotropic plates with two opposite edges simply-
supported and remaining two edges having different com-
binations of variationally consistent boundary conditions
are presented. The fourth-order Runge—Kutta technique is
utilized for obtaining numerical solutions. Obtained results
are compared with corresponding results reported in the lit-
erature for proving the efficacy of presented methods.

It should be noted that the work in the field of first-order
shear deformation plate theories is active (Bellifa et al. 2016;
Senjanovié et al. 2016; Park and Choi 2018; Shimpi et al.
2018, 2020). The present work needs to be construed in this
context.

Assumptions

Assumptions pertaining to the presented variant, which
is based on the NFSDT-II by Shimpi et al. (2007), are as
follows:

1. Assumptions involved concerning the plate under con-
sideration are as follows:

a. Geometry and material of the plate: the plate considered
(Fig. 1) has a uniform thickness /. Right-handed Car-
tesian co-ordinate system O—x—y—z is used in the paper.
The undeformed plate has mid-surface Q(x, y) and it is
enclosed by a boundary curve y(x,y). The mid-surface
of undeformed plate coincides with xy-plane. The origin

@ Springer

q(z,y)

h/2
h/2 . (N

Boundary curve U(z,y)

Fig. 1 The plate geometry and co-ordinate system

O can be placed at a convenient point on the mid-surface
of the undeformed plate. The plate is made of linearly
elastic, homogeneous, isotropic material for which
G = E/[2(1 + u)] where G, E and u represent the shear
modulus, Young’s modulus and Poisson’s ratio of the
material respectively.

b. Loading on the plate: Distributed transverse loading
q(x,y) acts on the plate surface z = —h/2. The loading
is assumed to be positive when it acts in the positive
z-direction.

c. Boundary conditions of the plate: At any point H on
the boundary curve, local co-ordinate system n—s—z' can
be specified such that n is normal, s is tangential to the
boundary curve at point H and 7’ is along z-axis. Direc-
tion cosines of n are n, and n, with respect to x-axis and
y-axis, respectively. On the plate boundary curve, vari-
ationally consistent boundary conditions can be speci-
fied in terms of the local co-ordinate system.

2. The plate in-plane displacement u(x, y, z) along x-direc-
tion, in-plane displacement v(x, y, z) along y-direction
and plate transverse displacement w(x, y) along z-direc-
tion are small in comparison to the plate thickness.
Hence strains developed are infinitesimal and linear
strain—displacement relations as reported by Shimpi
et al. (2018) are applicable.

3. Straight line which is perpendicular to the mid-surface
of the unloaded plate remains straight but may or may
not remain perpendicular to the mid-surface of the plate
after the loading.

4. In general, in comparison with plate direct stresses o,
(along x-direction) and o, (along y-direction), transverse
normal stress o, (along z-direction) is negligible.
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Displacements, strains, stresses and stress
resultants

Displacements

By taking a cue from the new first-order shear deforma-
tion theory-1II by Shimpi et al. (2007), it is possible to write
expressions for the plate in-plane and transverse displace-
ments as follows:

99

u(x,y,z) = —z 5 (1)
0

X, y,2) =2 a—f 2)

wx, y) =w 3)

where ¢ is a function of x and y.
Strains
As aresult of assumption 2, the plate direct strains €,, €, and

plate shear strains Yiys Yz Yox CAN be expressed in terms of
plate displacement components u, v and w as follows:

ST

CooxT Y oy’

Lo ou v o _ou o

Yoox o ooy dy oz ' 0z 0x
4)

Utilizing the expressions for plate displacement functions
as given by Eqgs. (1) through (3) into strain—displacement
relations as given by Eq. (4), expressions for €, Eys Vays Vyz
and y,, of the present theory are obtained.

£, =-2 (()327? Q)
€y =2 (;27? (6)
Yy = —22 ;j;’; ™
5 ®
ra= 2 -2 ©)

It is evident from Egs. (8) and (9) that y,, and y,, remain
constant through the plate thickness which is in tune with
the assumption 3. Hence as is the case with other first-order
shear deformation plate theories, a shear correction factor
is required in the present variant in order to approximately
satisfy constitutive relations pertaining to transverse shear
stresses and transverse shear strains.

Stresses

As a result of assumption 3 and 4, plate normal stresses o,
o, and plate shear stresses Tyys Tygs Ty CAN be related to the
plate direct strains ¢,, &, and plate shear strains y,,, ., ¥,

for linear elastic, isotropic material as follows:

=TT (e, + me,) (10
0y =1 _Eﬂz (e, + ne,) (11
0= Gy = 7 T (12)
Ty = Kear G¥ye = Zﬁk—i”) V2 (13)
t =k Gy = Zﬁk—im o (14)

Substituting strains as given by Eqgs. (5)—(9) in constitu-
tive relations as given by Eqs. (10)—(14), expressions for o,

Oy Tyys Ty, and 7, of the present variant are obtained.
Ez (0°¢ ¢
= — _ + —_—
T TT D y2<ax2 H 5y (15)
Ez (0% 0*¢p
= — — 4y —
Oy 1 — /42<ay2 ) (16)
R By B ) a7
v =TT 2 T oxay
= Ekshear (1 _ M) <0_W _ %) 18
yz 2 (l _ /”2) ay ay ( )
T.. = M 1 - p 0_w _ %
ST -y P\ T (19)
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Stress resultants

Plate bending moments per unit length (M, and
ing moment per unit length (

My), twist-
M,,) can be defined as follows:

z=h/2

M.X O-.)C
M, »= o, ¢2dz (20)
M, =h/2 | T

Substituting expressions for stresses 6,, 0, and 7, as given
by Egs. (15)—(17) respectively in Eq. (20) express1ons for
M,, M, and M,, are obtained.

z h/2
1
Strain — ///z—h/Z 2

<t o e+ 17,7,t1 7T,

2Vt Ty yu] dzdxdy

_ 60k DA = ) (0w 9¢

Q.= h2 < ox  ox > (26)
_ 0k D = ) (0w 3¢

0= h? ( dy  dy > 7

Equilibrium equations and boundary
conditions

In general, the expression for the strain energy of shear
deformable plate is given as follows:

(28)

% 0% Utilizing expressions for the strains as given by Eqgs.
M, = D< o2 +u 6_y2> (21)  (5)-(9) and expressions for stresses as given by Egs.
(15)—(19) in Eq. (28), the expression for IIg,,;, for the pre-
sent variant is obtained.
[0\ (0%’ ¢\ 20\ (PP ] |
— ) +{—) +20 - — ] + 2 — )| =
l( 0x? > 0y? ( “ 0x0y A\ o 0y?
D 6k3 ear(l - H)
HStram E / /Q + hTX dxdy 29)
) 2 2 2
(a_w> + ()_W + % + % -2 dW ad’ dw 0(15
ox dy ox dy ox ox ay dy
M =D 2% 0% In general, the expression for the work done by distrib-
v gy tH o2 (22)  yted transverse loading applied on shear deformable plate
is given as follows:
02¢)
Mxy =-D (1 - ) EYEW (2’3) HExternal work — C]de dy (30)
Q
where D is the plate rigidity and is given as follows: Equation (30) also represents the expression for the work
done by distributed transverse loading in case of the present
ER®
= —— 24) variant.
12(1 - /‘2) The principle of stationary potential energy (Reddy 2002)

Plate shearing forces per unit length (Q, and Q,) can be
defined as follows:

z=h/2
O | _ Tox
{ Qy } B / { T)’Z }dz (25)
z=—h/2

Substituting expressions for transverse shear stresses
7,, and 7,, as given by Eqgs. (18) and (19) respectively in
Eq. (25), expressions for Q, and Q, are obtained.
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is utilized to derive governing equations of the present vari-
ant. The total potential energy (IT) for the plate is given as
follows:

I = 1II Strain —_ 11 External work (3 1)

Mathematical statement for the principle of stationary
potential energy can be stated as follows:
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I =0 (32) e
. o M, = 0,2dz = niMx + niMy +2n.n,M,,
where 6 in Eq. (32) denotes the variational operator. A
Equilibrium equations =
M, = / T,,2d7 = —nxny(Mx - My) + (ni - ni) M,,

In the present variant, w and ¢ are the primary unknowns. =—h/2
In order to derive governing equations, Egs. (29) and (30) oM, oM,
are substituted in Eq. (32) and then the standard calculus of Va= on +2 Os
variation procedure is performed as per Reddy (2002). op 9P 0P

First equilibrium equation is obtained by collecting coef- on Enx a_yny
ficients of 6w, which is as follows: =h/2
Pw | Pw  0*p 0P h? q 0, = Ty,dz=n0, + n,0,.
w "o T T T Gk - D =2

(33)
Similarly, second equilibrium equation is obtained by col-
lecting coefficients of 6¢b, which is as follows:
64 64 4 6k. 1 —
_¢ + d) + 0 d) + shear( ,bl)
0x2dy> h?

ot oyt
0w + iw ¢ B ¢

0x? 0y? 0x? 0y?

(34)

With regard to equilibrium equations as given by Egs.
(33) and (34), the following features can be noted:

1. Equation (33) is of second-order. Whereas Eq. (34) is of
fourth-order.

2. Similar to the case of the Mindlin’s plate theory (Mind-
lin 1951), equilibrium equations of the present variant
are coupled.

3. Asopposed to the Mindlin’s plate theory (Mindlin 1951)
which involves three governing equations, the present
variant involves only two governing equations.

Boundary conditions

While obtaining governing equations by using the princi-
ple of stationary potential energy, variationally consistent
boundary conditions of the present variant are also obtained
(Reddy 2002), which are as follows:

Q,=0 or wis specified (35)

V,+0,= 0 or ¢isspecified (36)
5]

M,=0 or —¢ is specified 37
on

where

Here direct stress o, as well as shearing stresses 7,, 7,
are with respect to the local co-ordinate system n — s — z'.

In case of a closed smooth curve, the starting and end-
ing points coincide (Fig. 1). Due to this reason the integral
involved in calculating Q, and therefore Q,, itself evaluates
to be zero (Shimpi et al. 2007).

On the contrary in case of a polygonal plate, the start-
ing and ending points do not coincide for any of its edges.
The above-mentioned term in such cases represents corner
forces. For example in the case of a rectangular plate, the
magnitude of a corner force evaluates to be “2M,”. This
reasoning is on similar lines as discussed by Shames and
Dym (1975), for the case of classical plate theory.

However, while evaluating deformation behaviour of a
polygonal plate acted upon by an externally applied load
(such as a shear deformable isotropic square plate having
all edges simply-supported and acted upon by a uniformly
distributed transverse load) by formulating a boundary value
problem using the proposed theory, consideration of the cor-
ner forces is not needed. Such a boundary value problem can
be solved and overall information regarding the deformed
configuration of the plate can be obtained by just consider-
ing governing differential equations and configuration-spe-
cific plate edge boundary conditions of the proposed theory.
Corner forces must be considered for satisfying the force
balance in the plate transverse direction. This point has also
been highlighted by Shames and Dym (1975), where the
deformation behaviour of a thin isotropic simply-supported
plate is evaluated using Navier’s approach. Corner forces
have been considered only when force balance in the plate
transverse direction has to be performed.
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h/2
Fig.2 Rectangular plate co-ordinate system

It is possible to define commonly occurring plate edge
boundary conditions using Egs. (35)-(37).

Simply-supported edge conditions: w = ¢ = M, = 0.

Clamped edge conditions: w = ¢ = % =0

Free edge conditions: M, = Q, =V, =0.

Similar to the Mindlin’s plate theory (Mindlin 1951), it
is necessary to prescribe three boundary conditions at each
plate edge in the present variant.

This completes the formulation of the present variant of
the NFSDT-II. In next sections, illustrative examples are
discussed in order to perform the analytical and numerical
investigation.

lllustrative examples and solution
procedures

In this section, illustrative examples for static bending of
shear deformable isotropic square plates with two opposite
plate edges simply-supported and remaining two plate edges
having a different combination of variationally consistent
boundary conditions are presented along with their analyti-
cal and numerical investigation.

@ Springer

lllustrative examples

Plate geometry considered in illustrative examples is as
shown in Fig. 2. Plate is acted upon by uniformly distrib-
uted transverse load (g,) on plate surface z = — h/2. These
example problems are solved using Lévy type solution
method. Following illustrative examples are presented:

Example 1: Plate with edges x =0, y =b/2, x = a and
y = —b/2 are all simply-supported (SSSS).

Example 2: Plate with edges x = 0, x = a are simply-sup-
ported and edges y = b/2,y = — b/2 are clamped (SCSC).

Example 3: Plate with edges x =0, x = a are simply-
supported and edges y = b/2,y = — b/2 are free (SFSF).

Example 4: Plate with edges x =0, x = a are simply-
supported; edge y = b/2 is clamped and edge y = —b/2
is simply-supported (SCSS).

Example 5: Plate with edges x =0, x = a are simply-
supported; edge y = b/2 is free and edge y = —b/2 is
clamped (SFSO).

Example 6: Plate with edges x = 0, x = a are simply-
supported; edge y = b/2 is free and edge y = —b/2 is
simply-supported (SFSS).

Analytical and numerical solutions of various non-dimen-
sional quantities pertaining to plate deformation for just-
mentioned illustrative examples are presented. Numerical
solutions are presented in order to highlight the efficacy of
numerical solution technique (Fourth-order Runge-Kutta
method) to obtain results pertaining to plate deformation
for cases where analytical solutions are difficult to obtain.

Solution procedures

In order to solve Egs. (33) and (34) using Lévy’s method
for above-mentioned illustrative examples, solutions for pri-
mary unknown functions w and ¢ are assumed in the form of
single trigonometric series which satisfy simply-supported
boundary conditions at plate edges x = 0 and x = a which
are as follows:

Y (W0 @,0). 0,) sin(a, )
m=1,3,5,..
(38)

{W’ ¢’ qo} =

Here a,, = ((m )/a)) and Q,, = 1, CD 2

Using Eq. (38), partial differential Eqrg.ﬂ(33) and (34) get
converted into ordinary differential equations which are as
follows:

d*® d*®
—" 42 +at @, = % (39)
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a>w o 2
£ Zm_ 2m +ar2nWm—ar2n<I)m:—h—%
s 2 =2 2 2 = dy dy 6kshear(1 - ”) D
E = 2553 @0
g 8682838 ¢ . .
s et A< << Equations (39) and (40) are then solved analytically and
e numerically.
a
2
) Analytical solutions
N | < < o
= The general solution for @,, is obtained by first solving
g Eq. (39) which is as follows:
a8 3R é
N'|< << <o 44, a* (e ) (a )
=——— + A, cosh(e, y)+ B,sinh (a, y
m m m m m
E o m’ D
E + Cm(am y) sinh (am y) + Dm((xm y) cosh (am y)
— ol fan) <
N|[<<<<S (4D
Solution for ¢ is obtained by substituting the expression
for @, as given by Eq. (41), in Eq. (38), which is as follows:
© - & oa F 5 4
N| << < <N 44,4
0 > m®> D
R b= m:%i.. + A, cosh (a,, y) + B, sinh (a,, ¥) sin (a, x)
% e e 4w + C,(a, y) sinh (a,, y) + D, (a,, ) cosh (a,, y)
N[ < << <N 42)
o) . . . .
2 The general solution for W, is obtained by substituting
E the expression for @, as given by Eq. (41), in Eq. (40) and
< . . . . .
g o =722 2oy :
E gl EESS solving the resulting equation which is as follows
9 gg 2q,a [R2m> W + 6ky,,a* (1 —w| C
22311 : e e G
5 5 2 3 g 3 m kg D(1 — p) 2
a 28 EEZ . D, .
o N|[]oc oo oo + C,(a, y) sinh (a, y)—Tsmh(amy)
i A~ )
s = —ag ?é ?é = + D,,(a, y) cosh (a,, y) + E, cosh (a, y) + F,,sinh (a, y)
= 3 z
= 2775 3)
2 28884 . . . i .
a NS 3S 3 S Solution for w is obtained by substituting the expression
E - 229 - for W, as given by Eq. (43), in Eq. (38), which is as follows:
= g g E E g 2 2 .2 12 2 ]
g e 22228 2q,a [P m? W + 6 kgypar a> (1 — p)]
g < 8 8 82 Smd
i N|ococooo 372 m> Kspear D (1 = 1)
'% "’q_o: "U_O: @ @ g _ < - %cosh ((xm y) + Cm(am y) sinh (am y) .
EERE L ) sin (a2
= 222222 m=135.. .
= £2%¢% % - Tmsmh(am y) + D, (a, y)cosh (a,, y)
L N|c oo =0 .
& A s AT + E,cosh(a, y) + F,sinh(a, y)
= la ERCI - - T
g |3 EEEE S (44)
E | 2 2 2 2 2 . .
& | 2 5 2 2 8 It should be noted that values of illustrative example
2|2 N[oc~cU specific integration constants A,,, B,,, C,,, D,,, E,, and F,,
g < 23233 1;) appearing in Eqs. (41)—(44) can be obtained by utilizing
Z|2 g g g g E variationally consistent boundary conditions for the edges
ElE | |ggss8s y= —b/2andy=b/2.
£ |5 N|o — o o U
g
F
@ g
o [S]
o — N Nt
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Numerical solutions

Ordinary differential equations as given by Eqgs. (39) and
(40) are coupled in unknown functions W,, and ®@,,. Equa-
tions (39) and (40) are of fourth and second-order respec-
tively. These equations are first reduced into the set of first-
order ordinary differential equations (Reddy et al. 1987)
which are as follows:

(Z), = %{Z}m = [Clow 1Z)ea + o (45)

with

(2} = [2,2,2, 2, Zs ZG]T

Oy _ 20,0 +m]

{f} B F E kshear h

Cpp=Cp=0Cy=C5=Cs=1
Cy3 =2Cq = =2C¢5 = 2a?

_ 4
Cy=a.

000

All other elements of [C] are 0.
Where primary variables are as follows:

Z, =0, 2,=2 ;2,=2;
Z, =2, 3 Zs=W, ; Zg=Z,;

Set of first-order ordinary differential equations as given
by Eq. (45) represent two-point boundary value problem
(BVP) wherein half of the boundary conditions are known at
the plate edge y = — b/2 (starting edge) and the remaining

Table 2 Non-dimensional
plate transverse displacement
pertaining to Example 1 (SSSS
plate, Fig. 2) obtained by
utilizing the present variant

Theory

Non-dimensional plate transverse displacement
w=(w D)/(qa a4) atx =a/2, y=0witha/b = 1(val-
ues in parenthesis indicate percentage difference)®

of the NFSDT-II and its
comparison, p=0.3

h/a=0.01 h/a=005 h/a=0.10 h/a=020
Present” (analytical) 0.00406 0.00411 0.00427 0.00490
Present” (numerical) 0.00406 0.00411 0.00427 0.00490
(0.00%) (0.00%) (0.00%) (0.00%)
CPT (Shimpi et al. 2018) 0.00406 0.00406 0.00406 0.00406
(0.00%) (1.22%) (4.92%) (17.14%)
Mindlin plate theory® (Lee et al. 2002) 0.00406 0.00411 0.00427 0.00490
(0.00%) (0.00%) (0.00%) (0.00%)
Single variable NFSDT® (Shimpi et al. 2018) 0.00407 0.00412 0.00427 0.00490
(0.25%) (0.24%) (0.00%) (0.00%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

Table 3 Non-dimensional
plate bending moment per unit
length pertaining to Example

1 (SSSS plate, Fig. 2) obtained
by utilizing the present variant

Theory

Non-dimensional plate bending moment per unit length
M,=M,/(q,a*)atx=a/2, y=0witha/b = 1(values
in parenthesis indicate percentage difference)®

of the NFSDT-II and its
comparison, p=0.3

h/a=0.01 h/a=0.05 h/a=0.10 h/a =020
Present” (analytical) 0.0479 0.0479 0.0479 0.0479
Present® (numerical) 0.0479 0.0479 0.0479 0.0479
(0.00%) (0.00%) (0.00%) (0.00%)
CPT (Shimpi et al. 2018) 0.0479 0.0479 0.0479 0.0479
(0.00%) (0.00%) (0.00%) (0.00%)
Mindlin plate theory® (Lee et al. 2002) 0.0479 0.0479 0.0479 0.0479
(0.00%) (0.00%) (0.00%) (0.00%)
Single variable NFSDT® (Shimpi et al. 2018) 0.0479 0.0479 0.0479 0.0479
(0.00%) (0.00%) (0.00%) (0.00%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized
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Table 4 Non-dimensional
plate shearing force per unit
length pertaining to example

1 (SSSS plate, Fig. 2) obtained
by utilizing the present variant
of the NFSDT-II and its
comparison, p=0.3

Table 5 Non-dimensional
plate transverse displacement
pertaining to example 2 (SCSC
plate, Fig. 2) obtained by
utilizing the present variant

of the NFSDT-II and its
comparison, p=0.3

Table 6 Non-dimensional
plate transverse displacement
pertaining to example 3 (SFSF
plate, Fig. 2) obtained by
utilizing the present variant

of the NFSDT-II and its
comparison, p=0.3

Theory

Non-dimensional plate shearing force per unit length
0, = QX/(qo a) atx =0, y=0witha/b = 1(values in
parenthesis indicate percentage difference)?

h/a=001 h/a=005 h/a=0.10 h/a=0.20
Present® (analytical) 0.334 0.334 0.334 0.334
Present® (numerical) 0.325 0.325 0.325 0.325
(2.70%) (2.70%) (2.70%) (2.70%)
CPT (Shimpi et al. 2018) 0.338 0.338 0.338 0.338
(1.20%) (1.20%) (1.20%) (1.20%)
Mindlin plate theory® (Lee et al. 2002) 0.333 0.333 0.333 0.333
(0.30%) (0.30%) (0.30%) (0.30%)
Single variable NFSDT® (Shimpi et al. 2018) 0.334 0.334 0.334 0.334
(0.00%) (0.00%) (0.00%) (0.00%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

Theory

Non-dimensional plate transverse displacement

Ww=(wD)/(q,a*)atx=a/2, y=0witha/b=1(val-
ues in parenthesis indicate percentage difference)®

h/a=001 h/a=005 h/a=0.10 h/a=0.20
Present® (analytical) 0.00192 0.00197 0.00213 0.00276
Present” (numerical) 0.00192 0.00197 0.00213 0.00276
(0.00%) (0.00%) (0.00%) (0.00%)
CPT (Shimpi et al. 2018) 0.00192 0.00192 0.00192 0.00192
(0.00%) (2.54%) (9.86%) (30.44%)
Mindlin plate theory® (Lee et al. 2002) 0.00192 0.00199 0.00221 0.00302
(0.00%) (1.02%) (3.76%) (9.42%)
Single variable NFSDT>¢ (Shimpi et al. 2018)  0.00192 0.00199 0.00222 0.00308
(0.00%) (1.02%) (4.23%) (11.59%)

4% difference is calculated by utilizing Eq. (47)
bShear correction factor of 5/6 is utilized
“Results reported for clamp type 1 in Shimpi et al. (2018)

Theory

Non-dimensional plate transverse displacement

w=(w D)/(qa a4) atx=a/2, y=0witha/b = 1(val-
ues in parenthesis indicate percentage difference)®

h/a=0.01 h/a=005 h/a=0.10 h/a=020
Present” (analytical) 0.01310 0.01318 0.01345 0.01452
Present” (numerical) 0.01310 0.01318 0.01345 0.01452
(0.00%) (0.00%) (0.00%) (0.00%)
CPT (Shimpi et al. 2018) 0.01309 0.01309 0.01309 0.01309
(0.08%) (0.68%) (2.67%) (9.85%)
Mindlin plate theory® (Lee et al. 2002) 0.01310 0.01319 0.01346 0.01454
(0.00%) (0.08%) (0.07%) (0.14%)
Single variable NFSDT® (Shimpi et al. 2018) 0.01310 0.01318 0.01342 0.01441
(0.00%) (0.00%) (0.22%) (0.76%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized
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Table 7 Non-dimensional
plate transverse displacement
pertaining to example 3 (SFSF
plate, Fig. 2) obtained by
utilizing the present variant

Theory

Non-dimensional plate transverse displacement
w=(w D)/(qo a4) atx=a/2, y=>b/2witha/b=1
(values in parenthesis indicate percentage difference)®

h/a=001 h/a=005 h/a=0.10 h/a=020

of the NFSDT-II and its

comparison, p=0.3 Present” (analytical)

0.01504 0.01513 0.01540 0.01647

Present® (numerical) 0.01501 0.01510 0.01537 0.01644
(0.20%) (0.20%) (0.19%) (0.18%)
CPT (Shimpi et al. 2018) 0.01501 0.01501 0.01501 0.01501
(0.20%) (0.79%) (2.53%) (8.87%)
Mindlin plate theory® (Lee et al. 2002) 0.01504 0.01522 0.01560 0.01690
(0.00%) (0.60%) (1.30%) 2.61%)
Single variable NFSDT® (Shimpi et al. 2018) 0.01501 0.01508 0.01530 0.01616

(0.20%) (0.33%) (0.65%) (1.88%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

Table 8 Non-dimensional
plate transverse displacement
pertaining to example 4 (SCSS
plate, Fig. 2) obtained by
utilizing the present variant

Theory

Non-dimensional plate transverse displacement
w=Mw D)/(qa a4) atx=a/2, y=0witha/b=1
(values in parenthesis indicate percentage difference)?

h/a=0.001 hja=0.04 h/a=0.10 hja=0.20

of the NFSDT-II and its

comparison, p=0.3 Present” (analytical)

Present” (numerical)

0.00279 0.00282 0.00300 0.00363
0.00279 0.00282 0.00300 0.00363

(0.00%) (0.00%) (0.00%) (0.00%)
CPT* (Timoshenko and Woinowsky-Krieger 1959)  0.00279 0.00279 0.00279 0.00279
(0.00%) (1.06%) (7.00%) (23.14%)

Mixed plate theory? (Zenkour 2003)

0.00279 0.00283 0.00306 0.00383
(0.00%) (0.36%) (2.00%) (5.51%)

Single variable NFSDT®® (Shimpi et al. 2018) 0.00279 0.00283 0.00307 0.00387

(0.00%) (0.36%) (2.33%) (6.61%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

“Results are calculated by the present authors
dResults reported by the Mixed plate theory (Zenkour 2003) are divided by 100 in order to facilitate the

comparison

“Results are calculated by the present authors by utilizing clamp type 1 boundary conditions reported

in Shimpi et al. (2018)

half are known at the plate edge y = b/2 (final edge). Using
the technique as reported by LomtePatil et al. (2018), this
BVP is transformed into an initial value problem (/VP) by
bringing boundary conditions of the plate edge y = b/2
to the plate edge y = —b/2. For the sake of brevity, this
technique is explained for the plate with all edges simply-
supported (example 1) and summarised in Table 1.

1. The particular solution of Eq. (45) with load term ( {f'} )

intact. As per boundary conditions of the starting edge,
known values of primary variables (Z;, Z; and Zj)

@ Springer

for example 1 are utilized as it is. Whereas unknown
primary variables (Z,, Z, and Zg) for example 1 are
assumed to be zero. Fourth-order Runge-Kutta method
is then utilized to obtain values of primary variables (Z;
to Zg) at the final edge.

Now, n/2 number of complimentary solutions of
Eq. (45) (where n is the number of primary variables)
with load term ( {f} ) excluded are obtained. For each
of the n/2 steps, one of the unknown primary variables
is assumed to be unity whereas remaining primary vari-
ables are assumed to be zero at the starting edge. Fourth-
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Table 9 Non-dimensional
plate transverse displacement
pertaining to example 5 (SFSC
plate, Fig. 2) obtained by
utilizing the present variant

Theory

Non-dimensional plate transverse displacement
w=(w D)/(qo a4) atx=a/2, y=0witha/b=1
(values in parenthesis indicate percentage difference)®

of the NFSDT-II and its
comparison, p=0.3

h/a=0.001 h/a=0.04 h/a=0.10 h/a=0.20
Present® (analytical) 0.00567 0.00571 0.00594 0.00678
Present® (numerical) 0.00567 0.00571 0.00594 0.00678
(0.00%) (0.00%) (0.00%) (0.00%)
CPT* (Timoshenko and Woinowsky-Krieger 1959) 0.00567 0.00567 0.00567 0.00567
(0.00%) (0.70%) (4.55%) (16.37%)
Mixed plate theory! (Zenkour 2003) 0.00567 0.00574 0.00607 0.00714
(0.00%) (0.53%) 2.19%) (5.31%)
Single variable NFSDT © (Shimpi et al. 2018) 0.00567 0.00573 0.00605 0.00712
(0.00%) (0.35%) (1.85%) (5.02%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

“Results are calculated by the present authors
dResults reported by the Mixed plate theory (Zenkour 2003) are divided by 100 in order to facilitate the

comparison

“Results are calculated by the present authors by utilizing clamp type 1 boundary conditions reported

in Shimpi et al. (2018)

order Runge-Kutta method is utilized to obtain values of
primary variables at the final edge.

3. The system of n/2 simultaneous linear equations are
obtained which is as follows:

Ay Az A || G Ay 0
Asy Asz3 Asy 3 Co p+9A4s1 (=10 (46)
Agy Az Ags || C3 Ag) 0

where C,, C, and C; are the values of unknown primary
variables at the starting edge whose values are obtained
by solving Eq. (46).

4. Obtained values of primary variables in step 3 along
with already known values of primary variables at the
starting edge are utilized to solve Eq. (45) with load
term ( {f} ) intact. Fourth-order Runge-Kutta method is
utilized to obtain values of primary variables (Z, to Z)
at any desired location of the plate.

Results by analytical and numerical method

In this section, results for the present variant obtained using
analytical and numerical method are presented in a tabular
format.

Various non-dimensional parameters are defined as
follows:

w = (wD)/(q, a*): Non-dimensional plate transverse
displacement.

M,=M,/(q,a*): Non-dimensional plate bending
moment per unit length.

0, = Qx/(qa a): Non-dimensional plate shearing force
per unit length.

In this subsection, numerical results pertaining to flex-
ure of SSSS, SCSC, SFSF, SCSS, SFSC and SFSS plates
(Example 1 through 6 respectively) for various values
of plate thickness-to-length ratio (k/a) are tabulated in
Tables 2 through 10. In order to investigate these results,
they are compared with corresponding results of CPT
(Shimpi et al. 2018; Timoshenko and Woinowsky-Krieger
1959) and other first-order shear deformation plate theo-
ries (single variable new first-order shear deformation
plate theory by Shimpi et al. (2018), Mindlin plate theory
by Lee et al. (2002) and mixed plate theory by Zenkour
(2003)) already reported in the literature.

Following points are considered while obtaining results
which are presented in Tables 2 through 10:

1. Poisson’s ratio (u) for the plate material is taken as 0.3.

2. Shear correction factor (kg,,,,) for the plate is taken as
5/6 (Shimpi et al. 2018; Lee et al. 2002).

3. In Tables 2 through 10, percentage difference quoted
in parentheses against results reported by the particular
theory is calculated as follows:
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Table 10 Non-dimensional plate transverse displacement pertaining to example 6 (SFSS plate, Fig. 2) obtained by utilizing the present variant of
the NFSDT-II and its comparison, p=0.3

Theory Non-dimensional plate transverse displacement w = (w D)/ (qo a4) atx =a/2, y =0 with
a/b = 1 (value in parenthesis indicate percentage difference)?
h/a =0.001 hfa=0.04 h/a =0.10 h/a =020
Present” (analytical) 0.00793 0.00798 0.00821 0.00904
Present® (numerical) 0.00793 0.00798 0.00821 0.00904
(0.00%) (0.00%) (0.00%) (0.00%)
CPT* (Timoshenko and Woinowsky-Krieger 1959) 0.00793 0.00793 0.00793 0.00793
(0.00%) (0.63%) (3.41%) (12.28%)
Mixed plate theory? (Zenkour 2003) 0.00793 0.00798 0.00822 0.00907
(0.00%) (0.00%) (0.12%) (0.33%)
Single variable NFSDT™ ¢ (Shimpi et al. 2018) 0.00793 0.00797 0.00819 0.00898
(0.00%) (0.13%) (0.24%) (0.66%)

4% difference is calculated by utilizing Eq. (47)

bShear correction factor of 5/6 is utilized

“Results are calculated by the present authors

dResults reported by the Mixed plate theory (Zenkour 2003) are divided by 100 in order to facilitate the comparison

The result reported by

the particular theory
% difference = | 1 —

The corresponding analytical

result by the present

variant of the NFSDT - II
47

Discussion on results

In this section, discussion pertaining to results for flexure
of shear deformable isotropic plates (Tables 2 through 10)
are presented.

1.

Observations with regard to the SSSS plate (example 1,
Tables 2 though 4):

a. wand M, obtained analytically (Tables 2 and 3) are
exactly the same as corresponding results reported
by the Mindlin plate theory and single variable
NFSDT for h/a = 0.01 through h/a = 0.20.

b. Q, obtained analytically (Table 4) are in quantitative
agreement with corresponding results reported by
the Mindlin plate theory and single variable NFSDT
for h/a = 0.01 through i/a = 0.20 (Percentage dif-
ference of 0.30% for all &/a in case of the Mindlin
plate theory, percentage difference of 0.00% for all
h/ain case of single variable NFSDT).

c. w obtained analytically (Table 2) are in quantita-
tive agreement with corresponding results obtained
numerically for #/a = 0.01 through 4/a = 0.20.

@ Springer

d. M, and Q, obtained analytically (Tables 3 and 4)
are in quantitative agreement with corresponding
results obtained numerically for #/a = 0.01 through
h/a = 0.20.

2. Observations with regard to the SCSC plate (Example 2,

Table 5):

w obtained analytically are in quantitative agreement
with corresponding results reported by the Mindlin
plate theory and single variable NFSDT for h/a = 0.01
through i/a = 0.10 (Percentage difference of 3.76% for
h/a = 0.10 in case of the Mindlin plate theory, percent-
age difference of 4.23% for h/a = 0.10 in case of the sin-
gle variable NFSDT). It should be noted that percentage
difference involved in predicting w for #/a = 0.20 is
relatively higher.

Point 1.c also holds true for this case.

Observations with regard to the SFSF plate (Example 3,
Tables 6 and 7):

w obtained analytically are in quantitative agree-
ment with corresponding results obtained by utilizing
the Mindlin plate theory and single variable NFSDT for
h/a = 0.01through i/a = 0.20 (Percentage difference of
2.61% for h/a = 0.20 in case of the Mindlin plate theory,
percentage difference of 1.88% for h/a = 0.20 in case of
the single variable NFSDT).

Point 1.c also holds true for this case.

Observations with regard to the SCSS plate (Example 4,
Table 8):

w obtained analytically are in quantitative agree-
ment with corresponding results obtained by utilizing
the Mixed plate theory and single variable NFSDT for
h/a = 0.001 through i/a = 0.10 (Percentage difference
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of 2.00% for h/a = 0.10 in case of the Mixed plate the-
ory, percentage difference of 2.33% for h/a = 0.10 in
case of the single variable NFSDT). It should be noted
that percentage difference involved in predicting w for
h/a = 0.20 is relatively higher. Point 1.c also holds true
for this case.

5. Observations with regard to the SFSC plate (Example 5,
Table 9):

w obtained analytically are in quantitative agree-
ment with corresponding results obtained by utilizing
the Mixed plate theory and single variable NFSDT for
h/a = 0.001 through i/a = 0.10 (Percentage difference
of 2.19% for h/a = 0.10 in case of the Mixed plate the-
ory, percentage difference of 1.85% for h/a = 0.10 in
case of the single variable NFSDT). It should be noted
that percentage difference involved in predicting w for
h/a = 0.20 is relatively higher.

Point 1.c also holds true for this case.

6. Observations with regard to the SFSS plate (Example 6,
Table 10):

w obtained analytically are in quantitative agree-
ment with corresponding results obtained by utilizing
the Mixed plate theory and single variable NFSDT for
h/a = 0.001 through i/a = 0.20 (Percentage difference
of 0.33% for h/a = 0.20 in case of the Mixed plate the-
ory, percentage difference of 0.66% for h/a = 0.20 in
case of the single variable NFSDT).

Point 1.c also holds true for this case.

7. Observations with regard to results of plate flexure
obtained using the CPT presented in Tables 2, 5 through
10:

As the CPT does not take into account plate trans-
verse shear deformation effects, percentage difference
involved in predicting w increases significantly with an
increase in the plate thickness-to-length ratio.

8. Even though for the SCSC, SCSS and SFSC plates
(Tables 5, 8 and 9 respectively), percentage difference
involved in predicting w for 4/a = 0.20 is relatively
higher, the following points should be noted:

a. Itis possible to debate on whether the square plate
having #/a = 0.20 qualifies as a plate or a stubby
object (Shimpi et al. 2018).

b. Results of w as reported by Shimpi et al. (2018),
Mindlin plate theory by Lee et al. (2002) and Mixed
plate theory by Zenkour (2003) which are utilized
for comparison purpose do not mention three-
dimensional elasticity solutions for flexure of the
SCSC, SCSS and SFSC plates. The authors are also
unaware of such exact solutions for just-mentioned
cases of plates. This restricts the comparison of
results obtained with corresponding results reported

by other ad-hoc assumption-based plate theories
reported in the literature.

Concluding remarks

In this paper, a variant of displacement-based two vari-
able new first-order shear deformation theory for flexure
of linear elastic isotropic plates undergoing small deforma-
tions is presented. With regard to this, the following points
should be noted:

1. The present variant consists of only two unknown func-
tions. Coupled governing differential equations and vari-
ationally consistent boundary conditions are obtained by
utilizing the principle of stationary potential energy.

2. For the purpose of analytical and numerical investiga-
tions, flexure of shear deformable isotropic square plates
with two opposite edges simply-supported and remain-
ing two plate edges having different combinations of
variationally consistent boundary conditions with the
plate under the action of uniformly distributed transverse
load are solved using Lévy’s solution technique. With
regard to this, following points should be noted:

a. The fourth-order Runge—Kutta numerical technique is
utilized to solve governing differential equations of the
present variant. Obtained numerical results are com-
pared with corresponding analytical results.

The numerical solution technique is presented in
order to highlight its capability to match with the
analytical solution technique. This will be further
emphasized in ongoing research on composite
plates for which analytical solutions are difficult
to obtain.

b. The results obtained analytically and numerically are
compared with corresponding results of other first-order
shear deformation plate theories reported in the litera-
ture and are in quantitative agreement.

In conclusion, the presented analytical and numerical
investigations suggest that the accuracy of results obtained
is affected minimally by reducing the number of unknown
primary variables. However, this reduction may contrib-
ute to an improvement in the computational cost. It is the
opinion of authors that this reduction in the computational
cost will be more pronounced when external forces acting
on the plate are variable/non-linear in nature and when
boundary value problem needs to be solved iteratively.
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