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Abstract

In this article, we investigate the algebra of quaternions and octonions with components as the higher order Mersenne
numbers. We examine the inter-relations of these newly introduced sequences with the Mersenne numbers and their
quaternions and octonions counterparts. Moreover, we obtain the Binet type formula, recurrence relation, Catalan’s identity,
d’Ocagne’s identity, Vajda’s identity, Honsberger’s identity, generating functions, summations formulas, etc. of them.
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Introduction

In number theory, a number of the form 2" — 1is known as
Mersenne number {M, } and a number of the form 2" + 1
is known as Mersenne-Lucas number {m, }. For n > 0, the
Mersenne numbers {M,, } are given by the recurrence relation
(Catarino et al. 2016),

M

w2 =3M,  —2M,, n>0, with My=0, M, =1.
(D
The Mersenne—Lucas numbers {m,} satisfy the same
recurrence relation (1) but with initial condition
my =2, m; = 1. The characteristic equation for the

recurrence relation (1) is

A2—31+2=0. )
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Note that, the roots of (2) are 4; =2 and 4, = 1, thus, the
Binet’s formulas for the Mersenne and Mersenne-Lucas
numbers are given by

M,=2"-1 and m, =2"+1. 3)

Recently, Soykan (2021, 2022) proposed and studied the
generalized Mersenne numbers with arbitrary initial val-
ues and enumerated many interesting properties of them.
Dasdemir and Bilgici (2019) studied the Gaussian form and
application in quaternions. Uysal et al. (2025) presented a
study on the octonions with Mersenne numbers. Kumari
et al. (2024) defined and studied the variants of the Mersenne
polynomials in generalized form.

Among others, one of the generalization of the Mersenne
numbers is the higher order Mersenne numbers {M%®}, .
that is defined as (Prasad et al. 2023)

M
s) _ Msn
MY = T

N

n=0,1,2,.... 4)

For example, M((]” =0, Mﬁ” =1,and Mg) =25+ 1, etc. are
higher order Mersenne numbers.

The Binet’s formula for the higher order Mersenne num-
bers is

@5y -1

M’(:) = T ®)
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A study on higher order numbers begins with the earlier work
of Randi¢ et al. (1996) where authors proposed the higher
order Fibonacci numbers and presented its algebraic proper-
ties and showed application in chemistry. Kizilates and Kone
(2021a, 2021b) extended the study in quaternion algebra and
hyper complex plane for the higher order Fibonacci numbers.

In 1963, Horadam (1963) defined the quaternion sequence
with the components as Fibonacci and Lucas numbers. For
n > 0, the Fibonacci quaternion {Q, } and Lucas quaternion
{T,} are defined as

O, =Fey+F, i+F,,j+F,;k

( n+1’ n+2’ n+3)
and Tn=LneO+Ln+lz+Ln+2]+Ln+3k

= (Ln’ Ln+1 ’ Ln+2’ Ln+3)’
where {e, = 1,1, ], k} is the quaternion basis satisfying
F=7=kK=-1,
Jk=—kj =1,

ij = —ji = k

and ki =—ik=}.
Quaternions are treated as an expansion of complex numbers
which are non-commutative. As per W.R. Hamilton who
first discovered the quaternions in 1843, a quaternion is the
division of two oriented lines in 3D space, or the division
of two equivalent vectors (Hamilton 1866). Quaternions are
mainly used in physics, applied mathematics, differential
geometry, quantum physics, engineering, ec.

Recently, Ozkan and Uysal extended this study for the higher
order Jacobsthal (2023) and Jacobsthal-Lucas (2022) numbers.
Kumari et al. (2023) studied the k-Fibonacci spinors arise from a
linear and injective correspondence between the quaternions and
spinors. Polatli et al. (2016) investigated the split k-Fibonacci
and k-Lucas quaternions. Ozimamoglu (2023) investigated
hyper complex numbers with the higher order Pell numbers.

Motivated by these works on quaternions, here we inves-
tigate quaternions with the components as higher order
Mersenne numbers. We evaluate their several algebraic
properties and then in the next section we define and inves-
tigate the octonions with the higher order Mersenne numbers
as components.

Higher order Mersenne quaternions

Definition 1 For s € N, the higher order Mersenne quater-
nion denoted by Q% is defined as

Y =M + MY i+ MY j+M") k. 6)

If we take s = 1in (6), we get the Mersenne quaternions.
The higher order Mersenne quaternion (6) can be rewritten
as sum of scalar (S) and vector (1) quantity i.e. as follows:

@ Springer

0Y =58+u, where S =M
7
andu = M(é) i+ M(°)2] + M’(fi3 @

The conjugate of the higher order Mersenne quaternion Qﬁf)

is denoted by QS) and is defined as

=S —u. 3

Theorem 2.1 Forn > 0, we have

09 + Q0 = 2MY),
Proof The result follows from (7) and (). O

Theorem 2.2 For the higher order Mersenne quaternions,
we have

_ 2 2 2 2
O — (s) (5) (5) (s)
Qns Q" - <MnY > + <Mn+1> + <Mn+2> + <Mn+3> :

©
Proof Using (6) and (8), we write
000 = (M L) (M M M)
2 2 2 2
_ (s) (s) (s) ()
= () = (- () = () - () )
2 2 2
— ) (s) (s) (s)
- <Mr(z ) + (Mn+l) + <Mn+2) <Mn+3> :
O

Theorem 2.3 For n > 0, the norm of the quaternion QS) is

given as
\/(25)2}1 zi’zo(zs)zr —2(25)n Zi’zo(zs)r +4

25 —1

Proof Since N(QW) = 1/ W oY , so from (9), we have
<N(fo>)> 2<M,<;+>,
Z (25)n+r -1
B 2

— . 1 1)2 Z [(23)2(n+r) _ 2(23)(n+r) + 1

NQY) =

2
_& Y @)Y =22y (2 +4
(2 -1
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Theorem 2.4 The higher order Mersenne quaternions satisfy
the following identity:

(Q<s>)2 = 2MWQW Q(s)Qo).

Proof From (6), we write

n+3

()7 = (M + 2,14 T+ 1

n+3

2 2 2
— (5) (s) (s)
- <Mn > <Mn+1> <Mn+2>

2
(s) (s) (s) (s) (s)
—(Mn+3> +2MY<M i+M; 2]+Mn+3k>

2 2 2 2
_ (s) (s) (s) (s)
<Mns > <Mn+1 > (Mn+2> <Mn+3>

+2MY <M“> + MY i+ MO j+MC k >

<M(S) + MY i+ MY+ MO k>

n+3
2 2 2 2
- _ (s) (s) (s) (s)
- |:<Mns > + (Mn+1> <Mn+2> <Mn+3> ]
() ()
+ 2Mns Qns

_QS)QS) + 2M£S)Q£ls) (from (9)).

O

Theorem 2.5 The Binet type formula for the higher order
Mersenne quaternions is

w_ @ya-p 10
o T (10)
where@ =14 251+ 2%j+ 2%k and f=1+i+j+k.
Proof From (6) and (5), we have

s) _ s (s) - (s) - ()

Q;) - Mt(z '+ Mn+ll + Mn+2] + Mn+3k
B (2.v)n -1 (2.;)n+1 -1 N (2 )n+2 -1 (2s)n+3 -1
To— 25— 1 25— 1 25— 1
=5 1 | @Y A+ 2022+ 20— (L +i+j+ )
_@yra-§
2—1

O

Theorem 2.6 The following recurrence relation holds true:

Q,(,:_ = m, les) X Q( O)

Proof Using (10) and (3), we have

©) _ (2s)n+1/\ _ ﬁ
25 —1

1 SS\ILA, sA spA_ A
2_1[2&) ~2f+2p ﬂ]

1 S\ A A s 1 sA A
=23_1<(2)a—ﬁ>2 +25_1<2ﬂ—ﬂ>
s (2i-9)

=092 +1)— QY + — 1<2S/§—/?)

(ﬁ—asmzsﬁ—ﬁ)

=75 Q(s)

1
2 — 1

1 .
- () 2954 _ (254
m, Q! +2S_1< f-( >a>

=m QS) +

s 2° s\n—1 A A s s
=msQ;(1)_25_l<(2A) 1 _ﬁ>=mSQ;) Q()
O
Theorem 2.7 The following identities are verified:
A—B:(zs—1)<i+msj+(m2S+23)k> an
&—2Sﬁ=(23—1)<—1+25j+23msk>, (12)
where @ = 14+ 251 +2%j + 2%k and f = 1 + i +j + k.
Proof From (3) and using the values of @ and ﬁ , we have
a—f=0+2+2%+2%) - +i+j+k)
=(1-D+Q -Di+Q*-1)j+@Q* -k
=2'-1) <i +mgj + (my, + 2“‘)k>,
and
G =20 =(1+2%+2%+2%k) — (2 + 2% + 2% + 2°k)
=(1=2)+2°2 = 1)j +2°Q% = Dk
= (2' = (=1 +2% + 2*m.k).
O

Theorem 2.8 (Generating function) For the higher order
Mersenne quaternions, we have
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[i + mg + (my, + 290k + [1 = 2% — 2mk]x

() =
¢H = 1 —mx +25x2

Proof Let G®(x) = Y™  OWx" be the generating function
for the sequence Q. Then from (10), we write

[~

S) N 1 °°A S\ 1 °°A
2,00 = 5 LAY 5y 2 Y

n=0
~ (s8] o ﬁ’\ (s8] .
:25‘(1_12::4)(2) _23‘_12;))6

n

a 1 o1
2—11-2x 2—11-x
G- ax—f+p2x
@2 = D1 =25%)(1 —x)
(@—p)—(@—p2o)x
(25 = 1)(1 —mgx + 25x2)

Thus on using (11) and (12), we have

oo

$ go = @ = Dli+mg+ Er;z: +1 )Z(I)k_J ;,(j+ - 1 ;2()—1 +25 4+ 2 m k)
i mg + (my, 4 29K — (=1 425 + 2m k)x

1 — mgx + 222
i+ my, 29K + (1= 2% — 2m ko

B 1 —mx+25x2

n=0

O

Theorem 2.9 The exponential generating function of the
higher order Mersenne quaternions ij) is

iQ(”ﬁ _ ae?x —ﬂAe"
o SR 25—1 °

Proof LetU®(x) =Y, ij)fl—’: be the exponential generat-
ing function for O, then using (10)

o xa (@)ya—p\x
U()(x)_2< 21 )E

n=0

R B PR N L S I
_zs—l[“;::; IR n_!x]

Some additional identities

Theorem 2.10 The following identities hold true.

@ Springer

af =A—-MB (13)

and  fa=A+MpB, (14)

where A=1-=25—=2% =23+ mi+m,j+myk
B = 2% — 2mj + 2°%.

and

Proof Using values of @ and /? from Theorem 2.5, we have
af =+ 25+ 2%+ 2% +i+j+k)
=(1-2°=2%-2%)+ (1 +2° +2% - 2%)i

+(1-2°+2% +2%)

+ (1425 =242k

= (1 =25 —2% —2%) 4 (m, + 2% = 2%)i

+ (my, — 2° +2%)j + (my, +2° = 2%)k
=1-2"=2% 2% y mi+m,j

+myk =222 — 1)i +2°(2° = D(2° + 1)j

—25(2° = Dk
=A — M,(2%i - 2°m_j + 2°k)
=A- MvB

and
fa=(1+i+j+k)(1+ 2% +2%] +2%k)
=(1-2 =27 =2+ (142 =2 +2%)
+ (1425 +2% = 2%);
+(1 -2 +2% +2%)%
=(1-2 =25 =2%) + (m, = 2% +2%);
+(myy + 20 =22 + (ma, — 27+ 22k
=1-2"=2% 2%+ mi+m,j
Fmyk +272° - 1)i - 2°(2° — 1)(2° + 1))

+25(2° = Dk
= A+ M,2%i — 2°mgj + 2°k)
=A+ MB.

Theorem 2.11 (Catalan’s identity) For n > r, we have
2
() _ -
Q;sernY_H _ <Q£ls)> = —(2%)" rMﬁs) [M£S)A + mrsB]' (15)

Proof Using Binet’s formula (10) and identities (13) and
(14), we have
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2
(s)
QEzslrQrwr - <Q515)>

2
1 S\I—F A A S\I+F A 3 S\I A A
WK(Z) —ﬂ><(2)+ﬂt—ﬂ>—<(2) —ﬂ)]

1
M
5

A;Z [<(25)n (25)n7r>&ﬂ" + <(2S))l _ (2:)n+r>ﬂ"&:|

_ (zv)n r [((23

MZ
(23))1 r M(A)
= T

s

[ _ (2S)n—r&ﬂ‘ _ (23)n+rﬁ“& + (25))1&ﬁ + (2S)nﬁ&]

— 1>(A - MB)+ <(2S)’ - (25)2’> A+ M,YB)]
[A MB — (2°)" (A + MSB)]

=-2""M® [MS)A + mmB].

Corollary 2.12 (Cassini’s identity) For every positive integer

n, we have

2
- <Q§;‘>> = s [A + msB].

() )
Q Qn+1

Proof Substituting r = 1in (15) gives the required result.

Theorem 2.13 (d’Ocagne’s identity) For m > n, we have

(5) ks _

Proof Using Binet’s formula (10) and identities (13) and

(14), we have

02y =00,

! ((25)"“(3 - ﬁ) ((T)’"a - ﬁ) - <(2f)"a - ﬁ) <(2°')’"+‘a - ﬂ)]
—@yHaf - @) fa+ @ )af + @y ﬁa]

—@Y'@B@ - 1)+ @) a2’ - 1)]

s|@ - 1)((2‘*‘>mﬁa - (2-“>"a/?>]

1 S\ S\ S\m S\1
7 ((2) —(2)>A+<(2) +(2)>MAB]

— s (5)
=2" [Mm‘_nA + m(m_n)xB] .

Theorem 2.14 (Vajda’s identity) For integers n,m,r > 0, we

have
0,00, = OVON,,.., = 2°MY MDA + m, B).

Proof From Binet’s formula (10) and substitution using (13)
and (14), we get

(s) (s) (s) ()
OQrim@nir — Qn Orimir

M2 [<(2 )n+m A ﬁ) <(2.\')n+r& _ B‘) _ <(2.r)n& — ﬂ‘) <(2J)n+m+ra _ ﬁ)]

A;Z [ Q@YY af — QT+ (25 af + (2J)n+m+rﬁ&:|
= W [(N( ~@)"af - @Y fa+ap+ (23)”'“/?&)]

= [— ap (m’" - 1) + @y ey - 1)]

- 2—2 [((T)m - 1)((2‘*‘)% - aﬁ)

2nyM<V)
T [(2 YA+ (2 MB - A+MB]

zan(S)

O [((25)' = DA+(2) + )M, B]
= 2'”Mf,‘:> (MPA +m,B).

O

Theorem 2.15 (Honsberger’s identity) For any positive inte-
ger p, we have

Q(A) Q(S‘)+Q(t Q(\) -

p-1 n+l

D MZ |:m2‘(2 )/)+n 122 ‘<(2.r)p—l + (2“)">A
+m, ((N’*‘ - <25)")M.YB + 2ﬁ2] ‘

Proof By using Binet’s formula (10) and identities (13) and
(14), we have

0,0+ 90,

() s
+ ((W@c - ﬁ) ((2S>"“a - ﬂ)]

A;z |:<(25)p+n— + (25)p+n+1> <(23)p 1 + (23)p>&ﬂ'\

- <(2s)" + @y ) pa + 2/3”2]

1

M2 |:m23(2S)P+n 1A 2 ms(zs)p—l <A _ MSB>

—m(2°)" <A + MSB> + 2/3”2]
O

A} [m%(z yriat - s<(2~‘)f’“ +(2s>">A

ms<(2s)p—1 _ (2Y)n>MYB + 2B2
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Theorem 2.16 For any positive integer s, we have

i 0 MYa - (n+ 1)f
= M,

Proof Using Binet’s formula (10), we have

Yor-3 et
( J_ZOW ﬁgg >

2 =1 4
<a—2s T p(n+ 1)>

= <M§j>a —(n+ 1);?).

§|~

s

g|- X|-

Octonions involving higher order Mersenne
numbers

Let O denotes the set of octonions and if x € O then it is
of the form

X =Xgey + X8| + Xy + X33 + X4e4 + X5 + Xgeq + X7€7,  Where xl’,s eR.

Here {¢), €|, e,, e3, e,, €5, €, €5} is the octonion basis
given as fe=le =ie;=jes=k es=e es=ie, ¢ =je, e; =ke} and
follows a special multiplication rule (Tian 2000) given in
Table 1.

Note that the octonions O form an 8-dimensional
non-commutative, non-associative, and normed division
algebra over R

In recent years, numerous articles appeared on octo-
nions with an integer sequence. For example, Octonions
with Fibonacci numbers (Kecilioglu and Akkus 2015;
Unal et al. 2017), with Mersenne numbers (Uysal et al.
2025; Kumari et al. 2022), with Leonardo numbers (Prasad

et al. 2023), with Jacobsthal numbers (Cimen and Ipek
2017), with Horadam numbers (Karatag and Halici 2017),
etc.

Motivated by these works on octonions, here we define
the higher order Mersenne octonions where components
are higher order Mersenne numbers and investigate their
algebraic properties.

Definition2 Lets € N, then the higher order Mersenne octo-
nions { MOW}, ., are defined by

n+r r

MO® = Z M(s)

Definition 2 can be also written as

n+12 " n+2’ T 43’ T  n4+4’ T n+5 T n+6’ n+7>

Note that, for s = 1, Definition 2 gives the Mersenne
octonion and some properties of this octonion in generalized
form has been studied by Kumari et al. (2022).

The conjugate of the higher order Mersenne octonion,

denoted by MOY is defined as

_ 7
MOY = MWe, — ZM(S) e,.

r=1

Let S(MO,) denote the scalar part and V(MQO,) denote the
vector part of an octonion MO, then higher-order Mersenne
octonions can be re-written as

MO, =S(MO,) + V(MO,),
where
S(MO,) = M(‘” and S(MO,)
= (M ML M ML ML M M)

Thus,

MOY = S(MO,) = V(MO,).

Table 1 Tl}e multiplication rule . 1 e, e es e s e e

for the basis of O
1 1 e e, e; N es € e,
e e -1 e —e, es —ey —e; e
e, e, —e3 -1 e e e —ey —es
e e e, —e, -1 e —eg es —ey
N N —es —eg —ey -1 e e, e
es es ey —e; e —-e, -1 —e3 e,
e e e ey —es —e, e; -1 —e
e e —eg es e, —e —e, e -1
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Also, .
_— MOS) = z Mn:—r r
Mo(S) + Mo(S) r=0
- - s\n+r —
Z2SMO,)  and  MOY - MOY = 2V(MO,). _§:<@; 1 >@
Since, the norm of an octonion x is defined as 7
20" ) (2 e, - ]
N(x) = \/)F= Vxx. - [ g ;
2sno* ﬂ*

Thus, = —

us T

(s)

NMOY) O

(16)

=/ MOYMOY =

Theorem 3.1 For n >0, norm of the octonion MO® is
given by

22.m ZZ:O 22¥r 2m+1 Z 0(2 )r +8

(2 -1

NMO®) =

Proof From (16), we have
(oo 2<Mf;3r

Z (2s)n+r _ 2

B -1

_ (25)2n Zr=0 22sr _ 2(2s)n ZZ=0(2s)r +8
@ -1 ‘

O

In order to prove various identities for the higher order
Mersenne octonions {MOS)}’ the closed form formula
of MOS) plays an important role. Thus the following
theorem.

Theorem 3.2 (Binet type formula) For n > 0, we have

25t — B*
OV = ,
M . » 1 17

where a* = ZZ=0 2, and p* = Y’

r=0 e

Proof Using Binet’s formula of the higher order Mersenne
number, we write

Theorem 3.3 Recurrence relation for higher order Mersenne
octonions is given by

MOY = m MO —

N ()
e 2MO,” .
Proof From (17), we have

(2s)n+1a* _ ﬂ*

(5)
M0n+1 2s — 1
B 2‘V(2x)na* _ zcﬁ* + zcﬂ* _ ﬂ*
B 25 — 1
_ (@& =2 2=
25 —1 25 —1
— ZSMOE,S) (2 ﬂ lﬂ )
25 g% _ g
:Mowf+n—wmy+L§—§l
= m Mo 4 EF Z @)
. 25 -1
s syn—1 % __ p*
=msMO(S)—2((2) ot = %)
" 25 —1
=mMOY =22 MOY .
O
Theorem 3.4 Fora* = ZZ:O 25e, and f* = Zr—O ., the fol-

lowing identities hold:

7
—pr = - 1)<e1 +Zu> (18)
r=2

7
a*_zsl}*ZZS(23_1)<62—%+ZV,>, (19)

r=3
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where u, = (1 +2+ ...+ 20"We_and v, = (1 +2° + ..+
25(r—2))er.

Proof Using the values of a* and f*,
7
o« = =) 2" - De,
r=0

7
= - 1)<e1 + D (I+2+ .+ 2s(r_l))e,>

r=2

7
= (25— 1)<e, + u>
r=2

and
7
a* _ zvﬁ* — Z(zsr — 2S)er
r=0
7
=220 = De,
r=0

7
=22 - 1)<€2 - % + vr>.
r=3
O

Theorem 3.5 The generating function for the octonions
MO is
_ @ =p) = (@ = 2%

25 = (1 —mgx + 25x2)

G,(x)

Proof LetGy(x) =Y, _, MOS)x” be the generating function
for the higher-order Mersenne octonions. Then using Binet’s
formula (17), we write

;)Mofls)xn — 2Y1_ - goa*(ZS)nxn _ 2?1_ : ;ﬁ*xn
* - s\n ﬂ* - n
= 25“_1 §(2~)xn— 5T Z:(:)x

_at 1 _ 1
T s — 1\ 1 =25x 25— 1\ 1-x

_at—a'x— T+ 2

(25— D1 =250)(1 —x)

_ (@ =) — (@ =
25 = )(1 —mx + 25x2)

O

Theorem 3.6 The exponential generating function of the
octonions MOS) is

@ Springer

R n *2“x_ﬁ*ex
MOWE L€ P €
nz::f) "l 21

Proof LetU®(x) = Yo ) MOY ’r% be the exponential gener-
ating function for MOS), then using (17), we have

O 3 (Ere =B\
UOC)_Z( -1 )n

n=0

3 1 *°°(2s)nn *°° 1
_2s—1[“ Z:g PTI Zaﬁf
=2s1_1|:a*e2“x_ﬂ*ex:|

3 a*eZ“x _ ﬂ*ex

T -1

Some additional identities

In this subsection, we provide some well known identities for
the higher order Mersenne octonions.

Theorem 3.7 (Catalan’s identity) For n > r, we have
2 o R
25y VM(A)
MO® MO, — <Mo§;‘>> _ @M )M a [a*ﬁ* - (2“')'ﬂ*a*].
Proof From Binet’s formula (17), we have

2
M0, 0%, - (w100
2

_ # [ @Y B — QY a4 2+ 2 ,W]
-5 [((zx)n_(zx)n_ﬁa*ﬂq<(2x)n_ (29),L+,> [,*a*]

_ <2;"2-’ [((2“)' _ 1)(1* I <(2.\-), _ (Z.Y)zr> ﬂ*a*]

_ (2S)PI—VM£Y>
M,

s

[ - @]
O

Corollary 3.8 (Cassini’s identity) For positive integer n, we
have

B (Zs)n—l
= T

s

2
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MO MOF) | — <M0<n>> [a p* -2 ]

Theorem 3.9 (d’ Ocagne’s identity) For m > n, we have
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Proof From Binet’s formula (17), we have
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Theorem 3.10 (Vajda’s identity) For integers n,m,r > 0, we
have
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Proof From Binet’s formula (17), we have
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Theorem 3.11 (Honsberger’s identity) Let p be a positive
integer, then

(s) (s) (s) (5)
MOD, MO + MOV MO,

R i e @Y my (a*)? - <(2“)/”‘a*ﬁ* + (2‘Y)"ﬂ*a*>mx + 2(ﬁ*)2]‘

Proof The proof is very similar to Theorem 3.10 using
Binet’s formula (17). O

Theorem 3.12 (Finite sum) We have

u MOa* — (n + l)ﬂ*
() _
420 MOY =
J=

s

Proof Proceeding with the Binet’s formula in LHS we get

s 2Ya* - p
Smep = 3
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Conclusion

In summary, we introduced and investigated the higher
order Mersenne quaternions and octonions associated with
higher order Mersenne numbers. Here, we presented various
algebraic properties of these newly introduced sequences
like Binet type formula, recurrence relation, Catalan’s
identity, generating functions, etc.
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