
Vol.:(0123456789)

Proceedings of the Indian National Science Academy (2025) 91:333–342 
https://doi.org/10.1007/s43538-024-00297-8

                     RESEARCH PAPER 

 Algebra of quaternions and octonions involving higher order 
Mersenne numbers 

                                                       Munesh     Kumari   1,2   ·  Kalika     Prasad   1,2       ·  Rabiranjan     Mohanta   2  

 Received: 9 January 2024 / Accepted: 24 March 2024   / Published online: 6 May 2024
©   Indian National Science Academy      2024  

                     Abstract 
 In this article, we investigate the algebra of quaternions and octonions with components as the higher order Mersenne 

numbers. We examine the inter-relations of these newly introduced sequences with the Mersenne numbers and their 

quaternions and octonions counterparts. Moreover, we obtain the Binet type formula, recurrence relation, Catalan’s identity, 

d’Ocagne’s identity, Vajda’s identity, Honsberger’s identity, generating functions, summations formulas, etc. of them. 
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      Introduction 

 In number theory, a number of the form   2n − 1     is known as 

Mersenne number   {Mn}     and a number of the form   2n + 1     

is known as Mersenne-Lucas number   {mn}     . For   n ≥ 0     , the 

Mersenne numbers   {Mn}     are given by the recurrence relation 

(Catarino et al.  2016 ),

      

The Mersenne–Lucas numbers   {mn}     satisfy the same 

recurrence relation ( 1 ) but with initial condition 

  m0 = 2, m1 = 1.     The characteristic equation for the 

recurrence relation ( 1 ) is

      

Note that, the roots of ( 2 ) are   𝜆1 = 2     and   𝜆2 = 1     , thus, the 

Binet’s formulas for the Mersenne and Mersenne-Lucas 

numbers are given by

      

Recently, Soykan ( 2021 ,  2022 ) proposed and studied the 

generalized Mersenne numbers with arbitrary initial val-

ues and enumerated many interesting properties of them. 

Dasdemir and Bilgici ( 2019 ) studied the Gaussian form and 

application in quaternions. Uysal et al. ( 2025 ) presented a 

study on the octonions with Mersenne numbers.  Kumari 

et al. ( 2024 ) defi ned and studied the variants of the Mersenne 

polynomials in generalized form. 

 Among others, one of the generalization of the Mersenne 

numbers is the higher order Mersenne numbers   {M(s)
n
}n≥0     

that is defi ned as (Prasad et al.  2023 )

      

For example,   M
(s)

0
= 0, M

(s)

1
= 1,     and   M

(s)

2
= 2s + 1     , etc. are 

higher order Mersenne numbers. 

 The Binet’s formula for the higher order Mersenne num-

bers is

      

 (1)

Mn+2 = 3Mn+1 − 2Mn, n ≥ 0, with M0 = 0, M1 = 1.

 (2)𝜆2 − 3𝜆 + 2 = 0.

 (3)Mn = 2n − 1 and mn = 2n + 1.

 (4)M(s)
n

=
Msn

Ms

, n = 0, 1, 2,… .

 (5)M(s)
n

=
(2s)n − 1

2s − 1
.
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A study on higher order numbers begins with the earlier work 

of Randić et al. ( 1996 ) where authors proposed the higher 

order Fibonacci numbers and presented its algebraic proper-

ties and showed application in chemistry. Kızılateş and Kone 

( 2021a ,  2021b ) extended the study in quaternion algebra and 

hyper complex plane for the higher order Fibonacci numbers. 

 In 1963, Horadam ( 1963 ) defi ned the quaternion sequence 

with the components as Fibonacci and Lucas numbers. For 

  n ≥ 0     , the Fibonacci quaternion   {Qn}     and Lucas quaternion 

  {Tn}     are defi ned as

       

where   {e0 = 1, i, j, k}     is the quaternion basis satisfying

       

Quaternions are treated as an expansion of complex numbers 

which are non-commutative. As per W.R. Hamilton who 

fi rst discovered the quaternions in 1843, a quaternion is the 

division of two oriented lines in 3D space, or the division 

of two equivalent vectors (Hamilton  1866 ). Quaternions are 

mainly used in physics, applied mathematics, diff erential 

geometry, quantum physics, engineering, etc. 

 Recently, Özkan and Uysal extended this study for the higher 

order Jacobsthal ( 2023 ) and Jacobsthal-Lucas ( 2022 ) numbers. 

Kumari et al. ( 2023 ) studied the k-Fibonacci spinors arise from a 

linear and injective correspondence between the quaternions and 

spinors. Polatli et al. ( 2016 ) investigated the split k-Fibonacci 

and k-Lucas quaternions. Özimamoğlu ( 2023 ) investigated 

hyper complex numbers with the higher order Pell numbers. 

 Motivated by these works on quaternions, here we inves-

tigate quaternions with the components as higher order 

Mersenne numbers. We evaluate their several algebraic 

properties and then in the next section we defi ne and inves-

tigate the octonions with the higher order Mersenne numbers 

as components. 

    Higher order Mersenne quaternions 

   Defi nition 1     For   s ∈ ℕ     , the higher order Mersenne quater-

nion denoted by   Q(s)
n

     is defi ned as

       

  If we take   s = 1     in ( 6 ), we get the Mersenne quaternions. 

The higher order Mersenne quaternion ( 6 ) can be rewritten 

as sum of scalar ( S ) and vector ( u ) quantity i.e. as follows:

Qn = Fne0 + Fn+1i + Fn+2j + Fn+3k

= (Fn, Fn+1, Fn+2, Fn+3),

and Tn = Lne0 + Ln+1i + Ln+2j + Ln+3k

= (Ln, Ln+1, Ln+2, Ln+3),

i2 = j2 = k2 = −1, ij = −ji = k,

jk = −kj = i, and ki = −ik = j.

 (6)Q(s)
n

= M(s)
n

+ M
(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k.

      

The conjugate of the higher order Mersenne quaternion   Q(s)
n

     

is denoted by   Q
(s)
n      and is defi ned as

       

   Theorem 2.1     For   n ≥ 0     , we have

        
    Proof     The result follows from ( 7 ) and ( 8 ).       ◻     

    Theorem 2.2     For the higher order Mersenne quaternions, 
we have

       

    Proof     Using ( 6 ) and ( 8 ), we write

       

      ◻     

    Theorem 2.3     For   n ≥ 0     , the norm of the quaternion   Q(s)
n

     is 
given as

        

    Proof     Since   N(Q(s)
n
) =

√
Q

(s)
n Q

(s)
n      , so from ( 9 ), we have

       

      ◻     

 (7)
Q(s)

n
= S + u, where S = M(s)

n

andu = M
(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k.

 (8)Q
(s)
n = S − u.

Q(s)
n

+ Q
(s)
n = 2M(s)

n
.

 (9)

Q(s)
n

Q
(s)
n =

(
M(s)

n

)2

+

(
M

(s)

n+1

)2

+

(
M

(s)

n+2

)2

+

(
M

(s)

n+3

)2

.

Q(s)
n Q(s)

n =

(
M(s)

n + M(s)
n+1

i + M(s)
n+2

j + M(s)
n+3

k
)(

M(s)
n − M(s)

n+1
i − M(s)

n+2
j − M(s)

n+3
k
)

=

(
M(s)

n

)2

−

(
−

(
M(s)

n+1

)2

−

(
M(s)

n+2

)2

−

(
M(s)

n+3

)2)

=

(
M(s)

n

)2

+

(
M(s)

n+1

)2

+

(
M(s)

n+2

)2

+

(
M(s)

n+3

)2

.

N(Q(s)
n
) =

√
(2s)2n

∑3

r=0
(2s)2r − 2(2s)n

∑3

r=0
(2s)r + 4

2s − 1
.

(
N(Q(s)

n
)

)2

=

3∑
r=0

(M
(s)
n+r)

2

=

3∑
r=0

(
(2s)n+r − 1

2s − 1

)2

=
1

(2s − 1)2

3∑
r=0

[
(2s)2(n+r) − 2(2s)(n+r) + 1

]

=
(2s)2n

∑3

r=0
(2s)2r − 2(2s)n

∑3

r=0
(2s)r + 4

(2s − 1)2
.
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    Theorem 2.4     The higher order Mersenne quaternions satisfy 
the following identity:

        
    Proof     From ( 6 ), we write

       

      ◻     

    Theorem 2.5     The Binet type formula for the higher order 
Mersenne quaternions is

      
where   ̂𝛼 = 1 + 2si + 22sj + 23sk     and   𝛽 = 1 + i + j + k    . 

    Proof     From ( 6 ) and ( 5 ), we have

       

      ◻     

    Theorem 2.6     The following recurrence relation holds true:

        

(
Q(s)

n

)2
= 2M(s)

n
Q(s)

n
− Q(s)

n
Q

(s)
n .

(
Q(s)

n

)2
=

(
M(s)

n
+ M

(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k

)
(

M(s)
n

+ M
(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k

)

=

(
M(s)

n

)2

−

(
M

(s)

n+1

)2

−

(
M

(s)

n+2

)2

−

(
M

(s)

n+3

)2

+ 2M(s)
n

(
M

(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k

)

= −

(
M(s)

n

)2

−

(
M

(s)

n+1

)2

−

(
M

(s)

n+2

)2

−

(
M

(s)

n+3

)2

+ 2M(s)
n

(
M(s)

n
+ M

(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k

)

= −

[(
M(s)

n

)2

+

(
M

(s)

n+1

)2

+

(
M

(s)

n+2

)2

+

(
M

(s)

n+3

)2]

+ 2M(s)
n

Q(s)
n

= −Q(s)
n

Q
(s)
n + 2M(s)

n
Q(s)

n
(from (9)).

 (10)Q(s)
n

=
(2s)n𝛼̂ − 𝛽

2s − 1
,

Q(s)
n

= M(s)
n

+ M
(s)

n+1
i + M

(s)

n+2
j + M

(s)

n+3
k

=
(2s)n − 1

2s − 1
+

(2s)n+1 − 1

2s − 1
i +

(2s)n+2 − 1

2s − 1
j +

(2s)n+3 − 1

2s − 1
k

=
1

2s − 1

[
(2s)n(1 + 2si + 22sj + 23sk) − (1 + i + j + k)

]

=
(2s)n𝛼̂ − 𝛽

2s − 1
.

Q
(s)

n+1
= msQ

(s)
n

− 2sQ
(s)

n−1
.

    Proof     Using ( 10 ) and ( 3 ), we have

       

      ◻     

    Theorem 2.7     The following identities are verifi ed:

      

      
where   ̂𝛼 = 1 + 2si + 22sj + 23sk     and   𝛽 = 1 + i + j + k    . 

    Proof     From ( 3 ) and using the values of   ̂𝛼     and   𝛽      , we have

       

and

       

      ◻     

    Theorem 2.8     (Generating function) For the higher order 
Mersenne quaternions, we have

Q
(s)

n+1
=

(2s)n+1𝛼̂ − 𝛽

2s − 1

=
1

2s − 1

[
2s(2s)n𝛼̂ − 2s𝛽 + 2s𝛽 − 𝛽

]

=
1

2s − 1

(
(2s)n𝛼̂ − 𝛽

)
2s +

1

2s − 1

(
2s𝛽 − 𝛽

)

= 2sQ(s)
n

+
1

2s − 1

(
2s𝛽 − 𝛽

)

= Q(s)
n
(2s + 1) − Q(s)

n
+

1

2s − 1

(
2s𝛽 − 𝛽

)

= msQ
(s)
n

+
1

2s − 1

(
𝛽 − (2s)n𝛼̂ + 2s𝛽 − 𝛽

)

= msQ
(s)
n

+
1

2s − 1

(
2s𝛽 − (2s)n𝛼̂

)

= msQ
(s)
n

−
2s

2s − 1

(
(2s)n−1𝛼̂ − 𝛽

)
= msQ

(s)
n

− 2sQ
(s)

n−1
.

 (11)𝛼̂ − 𝛽 = (2s − 1)

(
i + msj + (m2s + 2s)k

)

 (12)𝛼̂ − 2s𝛽 = (2s − 1)

(
− 1 + 2sj + 2smsk

)
,

𝛼̂ − 𝛽 = (1 + 2si + 22sj + 23sk) − (1 + i + j + k)

= (1 − 1) + (2s − 1)i + (22s − 1)j + (23s − 1)k

= (2s − 1)

(
i + msj + (m2s + 2s)k

)
,

𝛼̂ − 2s𝛽 = (1 + 2si + 22sj + 23sk) − (2s + 2si + 2sj + 2sk)

= (1 − 2s) + 2s(2s − 1)j + 2s(22s − 1)k

= (2s − 1)(−1 + 2sj + 2smsk).
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    Proof     Let   G(s)(x) =

∑∞

n=0
Q(s)

n
xn     be the generating function 

for the sequence   Q(s)
n

     . Then from ( 10 ), we write

       

Thus on using ( 11 ) and ( 12 ), we have

       

      ◻     

    Theorem 2.9     The exponential generating function of the 
higher order Mersenne quaternions   Q(s)

n
     is

        
    Proof     Let   U(s)(x) =

∑∞

n=0
Q(s)

n

xn

n!
     be the exponential generat-

ing function for   Q(s)
n

     , then using ( 10 )

       

      ◻     

    Some additional identities 

   Theorem 2.10     The following identities hold true.

G(s)(x) =

[
i + msj + (m2s + 2s)k

]
+
[
1 − 2sj − 2smsk

]
x

1 − msx + 2sx2
.

∞∑
n=0

Q(s)
n

xn =
1

2s − 1

∞∑
n=0

𝛼̂(2s)nxn −
1

2s − 1

∞∑
n=0

𝛽xn

=
𝛼̂

2s − 1

∞∑
n=0

(2s)nxn −
𝛽

2s − 1

∞∑
n=0

xn

=
𝛼̂

2s − 1

1

1 − 2sx
−

𝛽

2s − 1

1

1 − x

=
𝛼̂ − 𝛼̂x − 𝛽 + 𝛽2sx

(2s − 1)(1 − 2sx)(1 − x)

=
(𝛼̂ − 𝛽) − (𝛼̂ − 𝛽2s)x

(2s − 1)(1 − msx + 2sx2)
.

∞∑
n=0

Q(s)
n xn =

(2s − 1)[i + msj + (m2s + 2s)k] − (2s − 1)(−1 + 2sj + 2smsk)x
(2s − 1)(1 − msx + 2sx2)

=
[i + msj + (m2s + 2s)k] − (−1 + 2sj + 2smsk)x

1 − msx + 2sx2

=
[i + msj + (m2s + 2s)k] + (1 − 2sj − 2smsk)x

1 − msx + 2sx2
.

∞∑
n=0

Q(s)
n

xn

n!
=

𝛼̂e2sx − 𝛽ex

2s − 1
.

U(s)(x) =

∞∑
n=0

(
(2s)n𝛼̂ − 𝛽

2s − 1

)
xn

n!

=
1

2s − 1

[
𝛼̂

∞∑
n=0

(2s)n

n!
xn − 𝛽

∞∑
n=0

1

n!
xn

]

=
1

2s − 1

[
𝛼̂e2sx − 𝛽ex

]

=
𝛼̂e2sx − 𝛽ex

2s − 1
.

      

      
where   A = 1 − 2s − 22s − 23s + msi + m2sj + m3sk        and   
  B = 22si − 2smsj + 2sk.     

    Proof     Using values of   ̂𝛼     and   𝛽      from Theorem  2.5 , we have

       

and

       

      ◻     

    Theorem 2.11     (Catalan’s identity) For   n ≥ r     , we have

       
    Proof     Using Binet’s formula ( 10 ) and identities ( 13 ) and 

( 14 ), we have

 (13)𝛼̂𝛽 = A − MsB

 (14)and 𝛽𝛼̂ = A + MsB,

𝛼̂𝛽 = (1 + 2si + 22sj + 23sk)(1 + i + j + k)

= (1 − 2s − 22s − 23s) + (1 + 2s + 22s − 23s)i

+ (1 − 2s + 22s + 23s)j

+ (1 + 2s − 22s + 23s)k

= (1 − 2s − 22s − 23s) + (ms + 22s − 23s)i

+ (m2s − 2s + 23s)j + (m3s + 2s − 22s)k

= 1 − 2s − 22s − 23s + msi + m2sj

+ m3sk − 22s(2s − 1)i + 2s(2s − 1)(2s + 1)j

− 2s(2s − 1)k

= A − Ms(2
2si − 2smsj + 2sk)

= A − MsB

𝛽𝛼̂ = (1 + i + j + k)(1 + 2si + 22sj + 23sk)

= (1 − 2s − 22s − 23s) + (1 + 2s − 22s + 23s)i

+ (1 + 2s + 22s − 23s)j

+ (1 − 2s + 22s + 23s)k

= (1 − 2s − 22s − 23s) + (ms − 22s + 23s)i

+ (m2s + 2s − 23s)j + (m3s − 2s + 22s)k

= 1 − 2s − 22s − 23s + msi + m2sj

+ m3sk + 22s(2s − 1)i − 2s(2s − 1)(2s + 1)j

+ 2s(2s − 1)k

= A + Ms(2
2si − 2smsj + 2sk)

= A + MsB.

 (15)Q(s)
n−r

Q
(s)
n+r −

(
Q(s)

n

)2

= −(2s)n−rM(s)
r

[
M(s)

r
A + mrsB

]
.
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      ◻     

    Corollary 2.12     (Cassini’s identity) For every positive integer 
n, we have

        
    Proof     Substituting   r = 1     in ( 15 ) gives the required result.    

   ◻     

    Theorem 2.13     (d’Ocagne’s identity) For   m > n     , we have

        
    Proof     Using Binet’s formula ( 10 ) and identities ( 13 ) and 

( 14 ), we have

       

      ◻     

    Theorem 2.14     (Vajda’s identity) For integers   n, m, r ≥ 0     , we 
have

        

Q(s)
n−r

Q
(s)
n+r −

(
Q(s)

n

)2

=
1

M2
s

[(
(2s)n−r 𝛼̂ − 𝛽

)(
(2s)n+r 𝛼̂ − 𝛽

)
−

(
(2s)n𝛼̂ − 𝛽

)2]

=
1

M2
s

[
− (2s)n−r 𝛼̂𝛽 − (2s)n+r𝛽𝛼̂ + (2s)n𝛼̂𝛽 + (2s)n𝛽𝛼̂

]

=
1

M2
s

[(
(2s)n − (2s)n−r

)
𝛼̂𝛽 +

(
(2s)n − (2s)n+r

)
𝛽𝛼̂

]

=
(2s)n−r

M2
s

[(
(2s)r − 1

)
(A − MsB) +

(
(2s)r − (2s)2r

)
(A + MsB)

]

=
(2s)n−rM

(s)
r

Ms

[
A − MsB − (2s)r(A + MsB)

]

= −(2s)n−rM(s)
r

[
M(s)

r
A + mrsB

]
.

Q
(s)

n−1
Q

(s)

n+1
−

(
Q(s)

n

)2

= −2(n−1)s

[
A + msB

]
.

Q
(s)

n+1
Q(s)

m
− Q(k)

n
Q

(s)

m+1
= 2ns

[
M(s)

m−n
A + m(m−n)sB

]
.

Q(s)
n+1

Q(s)
m − Q(k)

n Q(s)
m+1

=
1

M2
s

[(
(2s)n+1𝛼̂ − 𝛽

)(
(2s)m𝛼̂ − 𝛽

)
−

(
(2s)n𝛼̂ − 𝛽

)(
(2s)m+1𝛼̂ − 𝛽

)]

=
1

M2
s

[
− (2s)n+1𝛼̂𝛽 − (2s)m𝛽𝛼̂ + (2s)n𝛼̂𝛽 + (2s)m+1𝛽𝛼̂

]

=
1

M2
s

[
− (2s)n𝛼̂𝛽(2s − 1) + (2s)m𝛽𝛼̂(2s − 1)

]

=
1

M2
s

[
(2s − 1)

(
(2s)m𝛽𝛼̂ − (2s)n𝛼̂𝛽

)]

=
1

Ms

[(
(2s)m − (2s)n

)
A +

(
(2s)m + (2s)n

)
MsB

]

= 2ns
[

M(s)
m−nA + m(m−n)sB

]
.

Q
(s)
n+mQ

(s)
n+r − Q(s)

n
Q

(s)
n+m+r = 2nsM(s)

m
(M(s)

r
A + mrsB).

    Proof     From Binet’s formula ( 10 ) and substitution using ( 13 ) 

and ( 14 ), we get

       

      ◻     

    Theorem 2.15     (Honsberger’s identity) For any positive inte-
ger  p , we have

        
    Proof     By using Binet’s formula ( 10 ) and identities ( 13 ) and 

( 14 ), we have

       

      ◻     

Q(s)
n+mQ(s)

n+r − Q(s)
n Q(s)

n+m+r

=
1

M2
s

[(
(2s)n+m𝛼̂ − 𝛽

)(
(2s)n+r 𝛼̂ − 𝛽

)
−

(
(2s)n𝛼̂ − 𝛽

)(
(2s)n+m+r 𝛼̂ − 𝛽

)]

=
1

M2
s

[
− (2s)n+m𝛼̂𝛽 − (2s)n+r𝛽𝛼̂ + (2s)n𝛼̂𝛽 + (2s)n+m+r𝛽𝛼̂

]

=
1

M2
s

[
(2s)n

(
− (2s)m𝛼̂𝛽 − (2s)r𝛽𝛼̂ + 𝛼̂𝛽 + (2s)m+r𝛽𝛼̂

)]

=
2ns

M2
s

[
− 𝛼̂𝛽

(
(2s)m − 1

)
+ (2s)r𝛽𝛼̂((2s)m − 1)

]

=
2ns

M2
s

[
((2s)m − 1)

(
(2s)r𝛽𝛼̂ − 𝛼̂𝛽

)]

=
2nsM(s)

m

Ms

[
(2s)rA + (2s)rMsB − A + MsB

]

=
2nsM(s)

m

Ms

[
((2s)r − 1)A + ((2s)r + 1)MsB

]

= 2nsM(s)
m (M(s)

r A + mrsB).

Q(s)
p−1

Q(s)
n + Q(s)

p Q(s)
n+1

=
1

M2
s

[
m2s(2

s)p+n−1𝛼̂2 − ms

(
(2s)p−1 + (2s)n

)
A

+ ms

(
(2s)p−1 − (2s)n

)
MsB + 2𝛽2

]
.

Q
(s)

p−1
Q(s)

n
+ Q(s)

p
Q

(s)

n+1

=
1

M2
s

[(
(2s)p−1𝛼̂ − 𝛽

)(
(2s)n𝛼̂ − 𝛽

)

+

(
(2s)p𝛼̂ − 𝛽

)(
(2s)n+1𝛼̂ − 𝛽

)]

=
1

M2
s

[(
(2s)p+n−1 + (2s)p+n+1

)
𝛼̂2 −

(
(2s)p−1 + (2s)p

)
𝛼̂𝛽

−

(
(2s)n + (2s)n+1

)
𝛽𝛼̂ + 2𝛽2

]

=
1

M2
s

[
m2s(2

s)p+n−1𝛼̂2 − ms(2
s)p−1

(
A − MsB

)

− ms(2
s)n

(
A + MsB

)
+ 2𝛽2

]

=
1

M2
s

[
m2s(2

s)p+n−1𝛼̂2 − ms

(
(2s)p−1 + (2s)n

)
A

+ ms

(
(2s)p−1 − (2s)n

)
MsB + 2𝛽2

]
.
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    Theorem 2.16     For any positive integer s, we have

        
    Proof     Using Binet’s formula ( 10 ), we have

       

      ◻     

      Octonions involving higher order Mersenne 
numbers 

 Let   O     denotes the set of octonions and if   x ∈ O     then it is 

of the form

       

Here   {e0, e1, e2, e3, e4, e5, e6, e7}     is the octonion basis 

given as   {e0 = 1, e1 = i, e2 = j, e3 = k, e4 = e, e5 = ie, e6 = je, e7 = ke}     and 

follows a special multiplication rule (Tian  2000 ) given in 

Table  1 .  

 Note that the octonions   O     form an 8-dimensional 

non-commutative, non-associative, and normed division 

algebra over   ℝ     

 In recent years, numerous articles appeared on octo-

nions with an integer sequence. For example, Octonions 

with Fibonacci numbers (Keçilioğlu and Akkus  2015 ; 

Ünal et al.  2017 ), with Mersenne numbers (Uysal et al. 

 2025 ; Kumari et al.  2022 ), with Leonardo numbers (Prasad 

n∑
j=0

Q
(s)

j
=

M(s)
n
𝛼̂ − (n + 1)𝛽

Ms

.

n∑
j=0

Q
(s)

j
=

n∑
j=0

(2s)j𝛼̂ − 𝛽

2s − 1

=
1

Ms

(
𝛼̂

n∑
j=0

(2s)j − 𝛽

n∑
j=0

1

)

=
1

Ms

(
𝛼̂
(2s)n − 1

2s − 1
− 𝛽(n + 1)

)

=
1

Ms

(
M(s)

n
𝛼̂ − (n + 1)𝛽

)
.

x = x0e0 + x1e1 + x2e2 + x3e3 + x4e4 + x5e5 + x6e6 + x7e7, where x′i s ∈ ℝ.

et al.  2023 ), with Jacobsthal numbers (Çimen and Ipek 

 2017 ), with Horadam numbers (Karataş and Halici  2017 ), 

etc. 

 Motivated by these works on octonions, here we defi ne 

the higher order Mersenne octonions where components 

are higher order Mersenne numbers and investigate their 

algebraic properties. 

   Defi nition 2     Let   s ∈ ℕ     , then the higher order Mersenne octo-

nions   {MO
(s)
n
}n≥0     are defi ned by

        

  Defi nition  2  can be also written as

       

Note that, for   s = 1     , Definition  2  gives the Mersenne 

octonion and some properties of this octonion in generalized 

form has been studied by Kumari et al. ( 2022 ). 

 The conjugate of the higher order Mersenne octonion, 

denoted by   MO
(s)
n

     is defi ned as

       

Let   S(MOn)     denote the scalar part and   V(MOn)     denote the 

vector part of an octonion   MOn     then higher-order Mersenne 

octonions can be re-written as

       

where

       

Thus,

       

MO
(s)
n

=

7∑
r=0

M
(s)
n+rer.

MO
(s)
n

=

⟨
M(s)

n
, M

(s)

n+1
, M

(s)

n+2
, M

(s)

n+3
, M

(s)

n+4
, M

(s)

n+5
, M

(s)

n+6
, M

(s)

n+7

⟩
.

MO
(s)
n

= M(s)
n

e0 −

7∑
r=1

M
(s)
n+rer.

MOn = S(MOn) + V(MOn),

S(MOn) = M(s)
n

and S(MOn)

=

⟨
M

(s)

n+1
, M

(s)

n+2
, M

(s)

n+3
, M

(s)

n+4
, M

(s)

n+5
, M

(s)

n+6
, M

(s)

n+7

⟩
.

MO
(s)
n

= S(MOn) − V(MOn).

  Table 1       The multiplication rule 

for the basis of   O      
  .    1      e1          e2          e3          e4          e5          e6          e7      

  1    1      e1          e2          e3          e4          e5          e6          e7      

    e1          e1          −1          e3          −e2          e5          −e4          −e7          e6      

    e2          e2          −e3          −1          e1          e6          e7          −e4          −e5      

    e3          e3          e2          −e1          −1          e7          −e6          e5          −e4      

    e4          e4          −e5          −e6          −e7          −1          e1          e2          e3      

    e5          e5          e4          −e7          e6          −e1          −1          −e3          e2      

    e6          e6          e7          e4          −e5          −e2          e3          −1          −e1      

    e7          e7          −e6          e5          e4          −e3          −e2          e1          −1      
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Also,

       

Since, the norm of an octonion  x  is defi ned as

       

Thus,

       

   Theorem 3.1     For   n ≥ 0     , norm of the octonion   MO
(s)
n

     is 
given by

        
    Proof     From ( 16 ), we have

       

      ◻     

  In order to prove various identities for the higher order 

Mersenne octonions {   MO
(s)
n

     }, the closed form formula 

of   MO
(s)
n

     plays an important role. Thus the following 

theorem. 

   Theorem 3.2     (Binet type formula) For   n ≥ 0     , we have

      
where   𝛼∗ =

∑7

r=0
2srer     and   𝛽∗ =

∑7

r=0
er.     

    Proof     Using Binet’s formula of the higher order Mersenne 

number, we write

MO
(s)
n

+ MO
(s)
n

= 2S(MOn) and MO
(s)
n

− MO
(s)
n

= 2V(MOn).

N(x) =
√

xx̄ =
√

x̄x.

 (16)

N(MO
(s)
n
)

=

√
MO

(s)
n

MO
(s)
n

=

√√√√ 7∑
r=0

(M
(s)
n+r)

2.

N(MO
(s)
n
) =

22sn
∑7

r=0
22sr − 2sn+1

∑7

r=0
(2s)r + 8

(2s − 1)2
.

(
N(MO

(s)
n
)

)2

=

7∑
r=0

(M
(s)
n+r)

2

=

7∑
r=0

(
(2s)n+r − 1

2s − 1

)2

=
(2s)2n

∑7

r=0
22sr − 2(2s)n

∑7

r=0
(2s)r + 8

(2s − 1)2
.

 (17)MO
(s)
n

=
2sn𝛼∗ − 𝛽∗

2s − 1
,

       

      ◻     

    Theorem 3.3     Recurrence relation for higher order Mersenne 
octonions is given by

        
    Proof     From ( 17 ), we have

       

      ◻     

    Theorem 3.4     For   𝛼∗ =
∑7

r=0
2srer     and   𝛽∗ =

∑7

r=0
er     , the fol-

lowing identities hold:

      

      

MO
(s)
n

=

7∑
r=0

M
(s)
n+rer

=

7∑
r=0

(
(2s)n+r − 1

2s − 1

)
er

=
1

2s − 1

[
(2s)n

7∑
r=0

(2s)rer −

7∑
r=0

er

]

=
2sn𝛼∗ − 𝛽∗

2s − 1
.

MO
(s)

n+1
= msMO

(s)
n

− 2s
MO

(s)

n−1
.

MO
(s)

n+1
=

(2s)n+1𝛼∗ − 𝛽∗

2s − 1

=
2s(2s)n𝛼∗ − 2s𝛽∗ + 2s𝛽∗ − 𝛽∗

2s − 1

=
((2s)n𝛼∗ − 𝛽∗)2s

2s − 1
+

2s𝛽∗ − 𝛽∗

2s − 1

= 2s
MO

(s)
n

+
(2s𝛽∗ − 𝛽∗)

2s − 1

= MO
(s)
n
(2s + 1) − MO

(s)
n

+
(2s𝛽∗ − 𝛽∗)

2s − 1

= msMO
(s)
n

+
(𝛽∗ − (2s)n𝛼∗ + 2s𝛽∗ − 𝛽∗)

2s − 1

= msMO
(s)
n

+
(2s𝛽∗ − (2s)n𝛼∗)

2s − 1

= msMO
(s)
n

−
2s((2s)n−1𝛼∗ − 𝛽∗)

2s − 1

= msMO
(s)
n

− 2s
MO

(s)

n−1
.

 (18)𝛼∗ − 𝛽∗ = (2s − 1)

(
e1 +

7∑
r=2

ur

)

 (19)𝛼∗ − 2s𝛽∗ = 2s(2s − 1)

(
e2 −

1

2s
+

7∑
r=3

vr

)
,
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where   ur = (1 + 2s + ... + 2s(r−1))er     and   vr = (1 + 2s + ...+

 2s(r−2))er   . 

    Proof     Using the values of   𝛼∗     and   𝛽∗    ,

       

and

       

      ◻     

    Theorem 3.5     The generating function for the octonions 
  MO

(s)
n

     is

        
    Proof     Let   Gs(x) =

∑
n=0 MO

(s)
n

xn     be the generating function 

for the higher-order Mersenne octonions. Then using Binet’s 

formula ( 17 ), we write

       

      ◻     

    Theorem 3.6     The exponential generating function of the 
octonions   MO

(s)
n

     is

𝛼∗ − 𝛽∗ =

7∑
r=0

(2sr − 1)er

= (2s − 1)

(
e1 +

7∑
r=2

(1 + 2s + ... + 2s(r−1))er

)

= (2s − 1)

(
e1 +

7∑
r=2

ur

)

𝛼∗ − 2s𝛽∗ =

7∑
r=0

(2sr − 2s)er

= 2s

7∑
r=0

(2s(r−1) − 1)er

= 2s(2s − 1)

(
e2 −

1

2s
+

7∑
r=3

vr

)
.

Gs(x) =
(𝛼∗ − 𝛽∗) − (𝛼∗ − 𝛽∗2s)x

(2s − 1)(1 − msx + 2sx2)
.

∞∑
n=0

MO
(s)
n

xn =
1

2s − 1

∞∑
n=0

𝛼∗(2s)nxn −
1

2s − 1

∞∑
n=0

𝛽∗xn

=
𝛼∗

2s − 1

∞∑
n=0

(2s)nxn −
𝛽∗

2s − 1

∞∑
n=0

xn

=
𝛼∗

2s − 1

(
1

1 − 2sx

)
−

𝛽∗

2s − 1

(
1

1 − x

)

=
𝛼∗ − 𝛼∗x − 𝛽∗ + 𝛽∗2sx

(2s − 1)(1 − 2sx)(1 − x)

=
(𝛼∗ − 𝛽∗) − (𝛼∗ − 𝛽∗2s)x

(2s − 1)(1 − msx + 2sx2)
.

        
    Proof     Let   U(s)(x) =

∑∞

n=0
MO

(s)
n

xn

n!
     be the exponential gener-

ating function for   MO
(s)
n

     , then using ( 17 ), we have

       

      ◻     

    Some additional identities 

 In this subsection, we provide some well known identities for 

the higher order Mersenne octonions. 

   Theorem 3.7     (Catalan’s identity) For   n ≥ r     , we have

        
    Proof     From Binet’s formula ( 17 ), we have

       

      ◻     

    Corollary 3.8     (Cassini’s identity) For positive integer n, we 
have

        
    Theorem 3.9     (d’ Ocagne’s identity) For   m > n     , we have

∞∑
n=0

MO
(s)
n

xn

n!
=

𝛼∗e2sx − 𝛽∗ex

2s − 1
.

U(s)(x) =

∞∑
n=0

(
(2s)n𝛼∗ − 𝛽∗

2s − 1

)
xn

n!

=
1

2s − 1

[
𝛼∗

∞∑
n=0

(2s)n

n!
xn − 𝛽∗

∞∑
n=0

1

n!
xn

]

=
1

2s − 1

[
𝛼∗e2sx − 𝛽∗ex

]

=
𝛼∗e2sx − 𝛽∗ex

2s − 1
.

MO
(s)
n−r

MO
(s)
n+r −

(
MO

(s)
n

)2

=
(2s)n−rM(s)

r

Ms

[
𝛼∗𝛽∗ − (2s)r𝛽∗𝛼∗

]
.


(s)
n−r

(s)
n+r −

(


(s)
n

)2

=
1

(2s − 1)2

[(
(2s)n−r𝛼∗ − 𝛽∗

)(
(2s)n+r𝛼∗ − 𝛽∗

)
−

(
(2s)n𝛼∗ − 𝛽∗

)2]

=
1

M2
s

[
− (2s)n−r𝛼∗𝛽∗ − (2s)n+r𝛽∗𝛼∗ + (2s)n𝛼∗𝛽∗ + (2s)n𝛽∗𝛼∗

]

=
1

M2
s

[(
(2s)n − (2s)n−r

)
𝛼∗𝛽∗ +

(
(2s)n − (2s)n+r

)
𝛽∗𝛼∗

]

=
(2s)n−r

M2
s

[(
(2s)r − 1

)
𝛼∗𝛽∗ +

(
(2s)r − (2s)2r

)
𝛽∗𝛼∗

]

=
(2s)n−rM(s)

r
Ms

[
𝛼∗𝛽∗ − (2s)r𝛽∗𝛼∗

]
.

MO
(s)

n−1
MO

(s)

n+1
−

(
MO

(s)
n

)2

=
(2s)n−1

Ms

[
𝛼∗𝛽∗ − 2s𝛽∗𝛼∗

]
.
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    Proof     From Binet’s formula ( 17 ), we have

       

      ◻     

    Theorem 3.10     (Vajda’s identity) For integers   n, m, r ≥ 0     , we 
have

        
    Proof     From Binet’s formula ( 17 ), we have

       

      ◻     

    Theorem 3.11     (Honsberger’s identity) Let  p  be a positive 
integer, then

        
    Proof     The proof is very similar to Theorem   3.10  using 

Binet’s formula ( 17 ).       ◻     

    Theorem 3.12     (Finite sum) We have

MO
(s)

n+1
MO

(s)
m

− MO
(k)
n

MO
(s)

m+1
=

(2s)m𝛽∗𝛼∗ − (2s)n𝛼∗𝛽∗

(2s − 1)
.


(s)
n+1


(s)
m −

(k)
n 

(s)
m+1

=
1

(2s − 1)2

[(
(2s)n+1𝛼∗ − 𝛽∗

)(
(2s)m𝛼∗ − 𝛽∗

)

−

(
(2s)n𝛼∗ − 𝛽∗

)(
(2s)m+1𝛼∗ − 𝛽∗

)]

=
1

(2s − 1)2

[
− (2s)n+1𝛼∗𝛽∗ − (2s)m𝛽∗𝛼∗ + (2s)n𝛼∗𝛽∗ + (2s)m+1𝛽∗𝛼∗

]

=
1

(2s − 1)2

[
− (2s)n𝛼∗𝛽∗

(
2s − 1

)
+ (2s)m𝛽∗𝛼∗

(
2s − 1

)]

=
1

(2s − 1)2
(2s − 1)

(
(2s)m𝛽∗𝛼∗ − (2s)n𝛼∗𝛽∗

)

=
(2s)m𝛽∗𝛼∗ − (2s)n𝛼∗𝛽∗

(2s − 1)
.


(s)
n+m

(s)
n+r −

(s)
n 

(s)
n+m+r = M(s)

m

[
(2s)n+r𝛽∗𝛼∗ − (2s)n𝛼∗𝛽∗

2s − 1

]
.


(s)
n+m

(s)
n+r −

(s)
n 

(s)
n+m+r

=
1

(2s − 1)2

[(
(2s)n+m𝛼∗ − 𝛽∗

)(
(2s)n+r𝛼∗ − 𝛽∗

)

−

(
(2s)n𝛼∗ − 𝛽∗

)(
(2s)n+m+r𝛼∗ − 𝛽∗

)]

=
1

(2s − 1)2

[
− (2s)n+m𝛼∗𝛽∗ − (2s)n+r𝛽∗𝛼∗ + (2s)n𝛼∗𝛽∗ + (2s)n+m+r𝛽∗𝛼∗

]

=
1

(2s − 1)2

[
(2s)n

(
− (2s)m𝛼∗𝛽∗ − (2s)r𝛽∗𝛼∗ + 𝛼∗𝛽∗ + (2s)m+r𝛽∗𝛼∗

)]

=
2ns

(2s − 1)2

[
− 𝛼∗𝛽∗

(
(2s)m − 1

)
+ (2s)r𝛽∗𝛼∗

(
(2s)m − 1

)]

=
2ns

(2s − 1)2

(
(2s)m − 1

)(
(2s)r𝛽∗𝛼∗ − 𝛼∗𝛽∗

)

= M(s)
m

[
(2s)n+r𝛽∗𝛼∗ − (2s)n𝛼∗𝛽∗

2s − 1

]
.


(s)
p−1


(s)
n +

(s)
p 

(s)
n+1

=
1

(2s − 1)2

[
(2s)p+n−1m2s(𝛼

∗)2 −

(
(2s)p−1𝛼∗𝛽∗ + (2s)n𝛽∗𝛼∗

)
ms + 2(𝛽∗)2

]
.

        
    Proof     Proceeding with the Binet’s formula in LHS we get

       

      ◻     

      Conclusion 

 In summary, we introduced and investigated the higher 

order Mersenne quaternions and octonions associated with 

higher order Mersenne numbers. Here, we presented various 

algebraic properties of these newly introduced sequences 

like Binet type formula, recurrence relation, Catalan’s 

identity, generating functions, etc. 

       Funding     No funding was received for conducting this study.  

  Data availability     Data sharing is not applicable to this article as no 

special data is used during the current study.  

  Declarations    

   Conflict of interest     The authors declare that they have no Confl ict of 

interest.   

  References 

                                               Catarino, P., Campos, H., Vasco, P.: On the Mersenne sequence. Ann. 

Math. Inform.  46 , 37–53 (2016)  

                                       Çimen, C.B., Ipek, A.: On Jacobsthal and Jacobsthal–Lucas octonions. 

Mediterran. J. Math.  14 , 1–13 (2017)  

                                          Dasdemir, A., Bilgici, G.: Gaussian Mersenne numbers and Mersenne 

quaternions. Not. Num. Theory Disc. Math.  25 (3), 87–96 (2019)  

                         Hamilton, W.R.: Elements of Quaternions. Green & Company, Long-

mans (1866)  

                                  Horadam, A.F.: Complex Fibonacci numbers and Fibonacci quaterni-

ons. Am. Math. Mon.  70 (3), 289–291 (1963)  

   Karataş, A., Halici, S.: Horadam octonions. Analele ştiinţifi ce ale 

Universităţii" Ovidius" Constanţa. Seria Matematică  25 (3), 

97–106 (2017)  

                                       Keçilioğlu, O., Akkus, I.: The Fibonacci octonions. Adv. Appl. Cliff ord 

Algebras  25 , 151–158 (2015)  

                                    Kızılateş, C., Kone, T.: On higher order Fibonacci hyper complex num-

bers. Chaos Solit. Fract.  148 , 111044 (2021)  

n∑
j=0

MO
(s)

j
=

M(s)
n
𝛼∗ − (n + 1)𝛽∗

Ms

.

n∑
j=0

MO
(s)

j
=

n∑
j=0

(2s)j𝛼∗ − 𝛽∗

2s − 1

=
1

Ms

(
𝛼∗

n∑
j=0

(2s)j − 𝛽∗
n∑

j=0

1

)

=
1

Ms

(
𝛼∗ (2

s)n − 1

2s − 1
− 𝛽∗(n + 1)

)

=
1

Ms

(
M(s)

n
𝛼∗ − (n + 1)𝛽∗

)
.



342 Proceedings of the Indian National Science Academy (2025) 91:333–342

                                             Kızılateş, C., Kone, T.: On higher order Fibonacci quaternions. 

J. Anal.  29 (4), 1071–1082 (2021).   https:// doi. org/ 10. 1007/ 

s41478- 020- 00295-1      

   Kumari, M., Prasad, K., Mahato, H.: On the   k    -Mersenne and 

k-Mersenne–Lucas octonions. TWMS J. App. Eng. Math. 14 (4) 

(2024) (to appear)  

                                                     Kumari, M., Prasad, K., Frontczak, R.: On the k-Fibonacci and k-Lucas 

spinors. Not. Num. Theory Discr. Math.  29 (2), 322–335 (2023). 

  https:// doi. org/ 10. 7546/ nntdm. 2023. 29.2. 322- 335      

                                                  Kumari, M., Prasad, K., Tanti, J.: On the generalization of Mersenne 

and Gaussian Mersenne polynomials. J. Anal.  32 , 931–947 

(2024).   https:// doi. org/ 10. 1007/ s41478- 023- 00666-4      

                               Özimamoğlu, H.: On hyper complex numbers with higher order Pell 

numbers components. J. Anal.  31 , 2443–2457 (2023)  

                                          Özkan, E., Uysal, M.: On quaternions with higher order Jacobsthal 

numbers components. Gazi Univ. J. Sci.  36 (1), 336–347 (2023)  

                                               Polatli, E., Kizilates, C., Kesim, S.: On split k-Fibonacci and k-Lucas 

quaternions. Adv. Appl. Cliff ord Algebras  26 , 353–362 (2016)  

   Prasad, K., Kumari, M., Mohanta, R., Mahato, H.: The sequence of 

higher order Mersenne numbers and associated binomial trans-

forms (2023). arXiv preprint arXiv:2307.08073.  

   Prasad, K., Mahato, H., Kumari, M., Mohanty, R.: On the generalized 

Leonardo Pisano octonions. Natl. Acad. Sci. Lett., 1–7 (2023). 

  https:// doi. org/ 10. 1007/ s40009- 023- 01291-2      

                                               Randić, M., Morales, D.A., Araujo, O.: Higher-order Fibonacci num-

bers. J. Math. Chem.  20 , 79–94 (1996)  

                                  Soykan, Y.: A study on generalized Mersenne numbers. J. Progress. 

Res. Math.  18 (3), 90–108 (2021)  

                                  Soykan, Y.: On generalized p-Mersenne numbers. Earthline J. Math. 

Sci.  8 (1), 83–120 (2022)  

                                  Tian, Y.: Matrix representations of octonions and their applications. 

Adv. Appl. Cliff ord Algebras  10 (1), 61–90 (2000)  

                                               Ünal, Z., Tokeşer, Ü., Bilgici, G.: Some properties of dual Fibonacci 

and dual Lucas octonions. Adv. Appl. Clifford Algebras  27 , 
1907–1916 (2017)  

                                       Uysal, M., Özkan, E.: Higher-order Jacobsthal–Lucas quaternions. 

Axioms  11 (12), 671 (2022)  

   Uysal, M., Kumari, M., Kuloglu, B., Prasad, K., Özkan, E.: On the 

hyperbolic k-Mersenne and k-Mersenne–Lucas octonions. Kragu-

jevac J. Math.  49 (05), 765–779 (2025).   https:// doi. org/ 10. 46793/ 

KgJMa t2504. 615P       

 Springer Nature or its licensor (e.g. a society or other partner) holds 

exclusive rights to this article under a publishing agreement with the 

author(s) or other rightsholder(s); author self-archiving of the accepted 

manuscript version of this article is solely governed by the terms of 

such publishing agreement and applicable law.  



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2025-04-25T10:50:37+0530
	Preflight Ticket Signature




