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                     Abstract 
 We have explored a saturated (   ∼ 10

−6     cm) superfl uid   4He     fi lm adsorbed on a nano pore substrate material. We have considered 

a weak and localized superfl uid fl ow into the porous substrate and investigated its eff ect on the shock wave dynamics at the 

surface. The free surface wave dynamics of the superfl uid fi lm follows forced Korteweg de Vries (KdV) equation. For a spe-

cifi c choice of nontrivial boundary condition at   z = 0     , the nonlinear evolution equation turns into Korteweg de Vries-Burger 

equation having a shock wave solution. Such kind of analytical treatment using shallow water superfl uid hydrodynamics is 

new in this fi eld and may generate further research. 

   Keywords     Superfl uid helium    ·  Thin fi lm    ·  Solitary wave    ·  Shock wave    ·  Korteweg-de vries equation  

      Introduction 

 Superfl uid helium, which is a quantum fl uid, can be pro-

duced when liquid helium is cooled down below a certain 

temperature   ∼     2.2 K (Novel Superfl uids  2013 ). Being a state 

of matter having zero viscosity, it has been an important 

topic of research starting from its discovery. Landau (Landau 

 1941 ) proposed a popular two fl uid model for superfl uidity, 

having two components one of which is the ‘superfl uid’, that 

moves irrotationally, and the other being the normal New-

tonian fl uid having fi nite viscosity. For certain cases, where 

the third dimension of the system is very small compared 

to the other two dimensions, a thin Helium fi lm (Sreeku-

mar and Nandakumaran  1989 ; Huberman  1978 ) adsorbed 

on a solid substrate is considered instead of bulk superfl uid 

(Ancilotto et al.  2018 ). For the low-temperature range; the 

evaporation rate, entropy of elementary excitations etc for 

the fi lm become very small (Nakajima et al.  1980a ,  b ) and 

the system turns to be well described by classical shallow 

water hydrodynamics (Lakshmanan and Rajasekar  2003 ). 

Atkins ( 1959 ) fi rst predicted the propagation of such small 

amplitude long wave, which is very similar to shallow water 

wave, on the surface of superfl uids. Such mode of propa-

gation is usually called third sound (Johnson  1984 ) where 

the normal fl uid remains stationary and only the superfl uid 

moves. First sound refers to the ordinary density wave or 

sound wave in a classical fl uid whereas the second sound is 

relevant for the superfl uids only (Johnson  1984 ). 

 In such superfl uid fi lm, a small density perturbation can 

be developed to solitons, which are the special kind of 

nonlinear waves having localized structure (Lakshmanan 

and Rajasekar  2003 ). Solitons are basically the exact solu-

tions of certain nonlinear integrable systems (Lakshmanan 

and Rajasekar  2003 ) that emerge if the nonlinearity and 

dispersion of the system balances each other (Lakshmanan 

and Rajasekar  2003 ). The research on solitons in super-

fl uid   4He     fi lm started in the end of last decade. The non-

linearity of such thin fi lm system comes from Van der 

Waals force term of material of the substrate (Sreekumar 

and Nandakumaran  1989 ). Huberman ( 1978 ) showed the 

existence of gap-less solitons as the solution of integra-

ble Korteweg de-Vries (KdV) equation (Korteweg and de 

Vries  1895 ), for a monolayer superfl uid   4He     fi lm (   ∼ 10
−7     

cm). Nakajima et al. ( 1980a ) also obtained KdV equa-

tion using the famous Landau-two fl uid model (Landau 

 1941 ). In Nakajima et al. ( 1980b ), they considered satu-

rated   4He     fi lm (   ∼ 10
−6     cm) where the surface tension is an 

important factor. Thereafter, many research works were 

followed on the fi eld of nonlinear wave and soliton propa-

gation in superfl uid heluim fi lm. Biswas and Warke ( 1980 ) 
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showed the existence of superfl uid solitons from a specifi c 

Hamiltonian mentioned in Rutledge et al. ( 1978 ), Condat 

and Guyer ( 1982 ) showed “troughlike” and “bumplike” 

solitons in a mixture of   4He     fi lms, Johnson ( 1984 ) derived 

Burgers equation and discussed corresponding solutions 

for far-fi eld region, Gopakumar and Sreekumar ( 1994 ) 

studied soliton collisions. In these studies, all the models 

that have been discussed are in (1+1) dimension. Biswas 

and Warke ( 1983 ) derived (2+1) dimensional Kadomtsev 

Petviashvili (KP) equation (Biswas and Warke  1983 ) for 

surface density perturbation in superfl uid   4He     fi lm. Later 

Sreekumar and Nandakumaran ( 1985 ) showed two-soliton 

resonances, large amplitude “quasi-solitons” (Sreekumar 

and Nandakumaran  1990 ) in (2+1) dimensional super-

fl uid fi lm. In Sreekumar and Nandakumaran ( 1989 ), they 

considered saturated two-dimensional superfl uid   4He     fi lm 

where the thickness of the fi lm   ∼ 10
−6     cm. The surface 

tension of the fi lm becomes an important factor that is 

generally ignored in very thin fi lms (   ∼ 10
−7     cm); hence 

the dynamics of the surface wave fl uctuations of the fi lm 

also becomes relevant. The surface tension decreases the 

velocity of the soiton to make it easily detectable. Shock 

wave, which is another important nonlinear wave, is also 

discussed using the conservation equations of superfl uid 

mechanics (Moody and Sturtevant  1984 ) to show temper-

ature shock, pressure shock etc. In bulk superfl uid   4He     , 

shock waves are experimentally observed in Buelna et al. 

( 2019 ). The nanoscale time dynamics of shock waves 

in superfl uid helium has been discussed in Garcia et al. 

( 2016 ). 

 For saturated fi lms (Nakajima et al.  1980b ; Sreekumar 

and Nandakumaran  1989 ) where the dynamics of fi lm thick-

ness is taken into consideration, it is generally assumed that 

the vertical velocity of the superfl uid at   z = 0     is zero (Sree-

kumar and Nandakumaran  1989 ), i.e the fl uid does not fl ow 

into the substrate medium. But there might be substrate 

materials having nanoscale (   ∼ 10
−9     cm) pore size (Guyon 

and Rudnick  1968 )-(Lazarowich and Toborek  2006 ). In 

such condition, there might exist a weak yet fi nite leak-

age of superfl uid on the substrate. Since, the fi lm thickness 

  ∼ 10
−6cm ≫     the pore size (   ∼ 10

−9cm     ), the surface wave 

dynamics would happen very fast compared to such leak-

age dynamics; hence the fi lm height will remain almost con-

stant. The nontrivial boundary condition at the fi lm substrate 

interface would introduce a dissipation term to the nonlinear 

evolution equation of the free surface (Mukherjee  2020 ). 

In our paper (Mukherjee  2020 ), we have shown the eff ect 

of nontrivial boundary condition at the substrate surface, 

on the lump wave dynamics. In the present work, we con-

sider a weak and localized superfl uid fl ow into the substrate, 

and investigate its eff ect on the shock wave dynamics at the 

free surface of the fi lm, which has not been explored for 

saturated superfl uid   4He     fi lm as far as our study goes. We 

will show that for a specifi c choice of the nontrivial bound-

ary condition at the fi lm substrate interface would actually 

induce the shock wave at the free surface. Our analytical 

treatment, which is based on superfl uid hydrodynamics may 

seem crude because it neglects the microscopic details of the 

system. Our work is based on a simple analytic calculation 

showing how the boundary condition at the bottom aff ects 

the surface wave dynamics; hence it can be refi ned later tak-

ing other fi ner details of the system. 

 This article is presented in the following way. In section-

II, the dynamical equation of the film surface in (1+1) 

dimension has been derived taking nontrivial fi xed bound-

ary condition at   z = 0     . Exact shock wave solutions and per-

turbative solitary wave solutions are discussed in section-

III. conclusive remarks are stated in section-IV followed by 

acknowledgement and bibliography. 

    Dynamical equation of the free surface 
of the   4He     fi lm under the changed boundary 
condition at the bottom 

           In this section, we explore the temporal evolution of the 

thickness of a saturated (   ∼ 10
−6     cm) superfl uid   4He     fi lm 

adsorbed on a substrate of nanometer sized pore struc-

ture. For very thin fi lm   ∼ 10
−7     cm, the surface tension is 

ignored, hence the surface wave dynamics is not relevant. 

But for saturated fi lms, free surface wave dynamics becomes 

important which is considered in Sreekumar and Nandaku-

maran ( 1990 ); Nakajima et al. ( 1980b ); Mukherjee ( 2020 ) 

for both (1+1) and (2+1) dimension. Here, we consider a 

small amplitude, nonlinear wave propagating on the surface 

of the fi lm as shown in Fig.  1 . In our earlier work (Mukher-

jee  2020 ), we have considered a similar system in (2 + 1) 

dimension considering a small fl ow of superfl uid into the 

fi lm substrate. Such changed boundary condition at   z = 0     

  Fig. 1       Diagram of small amplitude, (1 + 1) dimensional nonlinear 

wave propagating on the surface of a saturated (   ∼ 10
−6     cm) superfl uid 

  4He     fi lm on porous substrate  
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may occur when the substrate material contain nanopores 

inside it. We have shown in Mukherjee ( 2020 ), how this 

condition at the fi lm substrate interface, may aff ect the (2+1) 

dimensional lump wave solutions at the free surface. In this 

brief work, we tend to explore the eff ect of such changed 

boundary condition on the free surface shock wave dynam-

ics. More specifi cally, a defi nite choice of such boundary 

condition actually induces the shock wave at the free surface 

of the fi lm. Such kind of analytical treatment using super-

fl uid hydrodynamics has not been done yet, as far as our 

study goes. 

   Assumptions 

 For the sake simplicity in the calculations, we have assumed 

certain conditions for the system. 

   1.      We assume the superfl uid to be in-compressible and 

fl ow to be irrotational. The surface tension of the satu-

rated fi lm plays an important role to the dynamics of the 

system. The eff ect of nonlinearity comes from Van der 

Waals force term of the substrate material (Sreekumar 

and Nandakumaran  1989 ).   

  2.      The eff ect of acceleration caused by fi nite tempera-

ture gradient as discussed in Rutledge et al. ( 1978 ) is 

neglected since it gives an additive correction term.   

  3.      Following reductive perturbation method (Lakshmanan 

and Rajasekar  2003 ; Sreekumar and Nandakumaran 

 1989 ), free surface amplitude  a  and the equilibrium fi lm 

height  d  are chosen in such a manner that   a∕d ≪ 1.       

  4.      We consider that the superfl ow velocity is so weak that 

important surface wave dynamics happens in a faster 

timescale; hence the equilibrium thickness  d  is assumed 

to remain nearly constant.     

    Basic hydrodynamic equations 

 We will now consider the fundamental equations of such 

hydrodynamic system. The condition of incompressibility 

and irrotational fl ow will give

      

from the continuity equation where   𝜙(x, z, t)     is the velocity 

potential (Nakajima et al.  1980b ; Sreekumar and Nandaku-

maran  1989 ). Now, in order to solve the problem, we need 

three boundary conditions two at the free surface and one at 

the bottom respectively (Lakshmanan and Rajasekar  2003 ). 

Since, a small downward superfl ow exists at   z = 0     due to 

the existence of nanoscale pores, the corresponding bottom 

boundary condition (Sreekumar and Nandakumaran  1989 ) 

will be

 (1)▽2𝜙(x, z, t) = 0,

      

where the velocity term  S ( x ,  t ) is localized such that van-

ishes when   x ⟶ ±∞     . At the free surface, we consider an 

arbitrary point  p  where

      

Hence, the two nonlinear variable boundary conditions 

(Lakshmanan and Rajasekar  2003 ; Sreekumar and Nanda-

kumaran  1989 ) at that point on the free surface are

      

and

      

where   𝜌     and   𝜎     are the density and surface tension respec-

tively. The last two terms in equation ( 5 ) arises as we expand 

the Van der Waals force term (Nakajima et al.  1980b ; Sree-

kumar and Nandakumaran  1989 ) with   g
1
=

3𝛼

d4
     and   g

2
=

12𝛼

d4
     , 

where   𝛼     is the Van der Waals constant. Any nonlinear bound-

ary value problem in fl uid dynamics requires few boundary 

conditions for its solution. In this problem of superfl uid 

hydrodynamics, the two boundary surfaces are the free sur-

face of the fi lm and the fi lm substrate interface, respectively. 

The fi xed boundary condition (2) at   z = 0     depicts a weak yet 

fi nite leakage of superfl uid into the nanopore substrate. The 

other two boundary conditions come from the dynamics of 

the free surface of the fi lm. Boundary condition (4) comes 

from the derivative of the free surface displacement given 

by equation (3). The other boundary condition (5) comes 

from the momentum conservation equation of the fl uid sys-

tem. These boundary conditions are needed to determine the 

evolution equation of the free surface. 

    Perturbation technique 

 We expand the velocity potential   𝜙(x, z, t)     in a power series 

form Lakshmanan and Rajasekar ( 2003 ); Sreekumar and 

Nandakumaran ( 1989 ) as

      

Substituting ( 2 ) in ( 6 ) we get the relation:

      

Hence, the fi rst component of the velocity potential   𝜙(x, z, t)     

is related to the leakage velocity  S ( x ,   t ). Now using a 

 (2)
𝜕𝜙

𝜕z
|z=0

= S(x, t),

 (3)zp(x, t) = d + ap(x, t).

 (4)
𝜕zp

𝜕t
+

(
𝜕𝜙

𝜕x

)
p

𝜕zp

𝜕x
− (

𝜕𝜙

𝜕z
)p = 0,

 (5)

(
𝜕𝜙

𝜕t

)
p

+ (1∕2)(▽𝜙)2
p
−

𝜎

𝜌

𝜕2ap

𝜕x2
+ g

1
ap − (1∕2)

g
2

d
a

2

p
= 0

 (6)𝜙(x, z, t) =

∞∑
n=0

𝜙n(x, t)z
n
.

 (7)𝜙
1
(x, t) = S(x, t).
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recursion relation (Lakshmanan and Rajasekar  2003 ; Sree-

kumar and Nandakumaran  1989 ), the velocity potential 

  𝜙(x, z, t)     can also be expressed as a function of  S ( x ,  t ) as

      

      

Now, we expand   𝜙
0
     ,   ap     and  S  in powers of a small perturba-

tion parameter   𝜖     as

      

      

      

We can see the higher powers of small parameter   𝜖     on the 

expression of  S ( x ,   t ), because it has very weak yet fi nite 

magnitude. 

    Free surface evolution equation 

 Using the Galilean transformation (Sreekumar and Nanda-

kumaran  1989 ) as

      

where   C
3
     is the frame velocity and the stretching of coor-

dinates as

      

we can formulate equations at diff erent perturbation orders 

  𝜖3∕2     and   𝜖5∕2     from equations ( 4 ) and ( 5 ) respectively as:

      

      

      

 (8)𝜙(x, z, t) =

∞∑
n=0

(−1)
n

2n!
𝜙
(02n)z

2n
+

∞∑
n=0

(−1)
n

(2n + 1)!
S

2nz
2n+1

,

 (9)𝜙
(02n) =

𝜕2n𝜙
0

𝜕x2n
, S

2n =

𝜕2nS

𝜕x2n
.

 (10)ap(x, t) = 𝜖a
1
(x, t) + 𝜖2

a
2
(x, t) + O(𝜖3

),

 (11)𝜙
0
(x, t) = 𝜖1∕2𝜙

(1)

0
(x, t) + 𝜖3∕2𝜙

(2)

0
(x, t) + O(𝜖

5

2 ),

 (12)S(x, t) = 𝜖5∕2
S
(1)
(x, t) + 𝜖7∕2

S
(2)
(x, t) + O(𝜖

9

2 ).

 (13)𝜉 = x + C
3
t, 𝜏 → t,

 (14)x̄ = 𝜖1∕2𝜉, t̄ = 𝜖3∕2𝜏

 (15)C
3

𝜕a
1

𝜕x̄
+ d

𝜕2𝜙
(1)

0

𝜕x̄2
= 0,

 (16)g
1

𝜕a
1

𝜕x̄
+ C

3

𝜕2𝜙
(1)

0

𝜕x̄2
= 0,

 (17)

C
3

𝜕2𝜙
(2)

0

𝜕x̄2
−

1

2
C

3
d

2
𝜕4𝜙

(1)

0

𝜕x̄4
+

𝜕

𝜕t̄

𝜕𝜙
(1)

0

𝜕x̄

+

1

2

𝜕

𝜕x̄
(

𝜕𝜙
(1)

0

𝜕x̄
)
2
−

𝜎

𝜌

𝜕3a
1

𝜕x̄3
+ g

1

𝜕a
2

𝜕x̄
−

g
2

d
a

1

𝜕a
1

𝜕x̄
= 0,

      

At   𝜖3∕2     order, we get the frame velocity

      

where it is assumed that   a
1
,𝜙

(1)

0
     vanishes at space infi ni-

ties. Finally at   𝜖5∕2     order, we get the free surface evolution 

equation as

      

which is nothing but a forced KdV equation where the forc-

ing function   A
3
S(1)     depends on the superfl uid velocity at 

  z = 0     . The sign of the coeffi  cients appearing in ( 20 ) depends 

on the superfl uid fi lm thickness. We can write the expression 

of   A
1
= (

g
2

2C
3

−

3C
3

2d
) =

C
3

2d
> 0     using ( 19 ). Also,   A

2
     changes 

its sign at   dc =

√
𝜌𝛼

𝜎
∼ 10

−7     cm. For a saturated fi lm (   ∼ 10
−6     

cm),   d > dc     ; hence the surface tension becomes an important 

factor making   A
2
> 0     . Thus, the coeffi  cients   A

1
− A

3
     appear-

ing in ( 20 ) are all positive for the system that we have 

considered. 

     Solutions 

 If we use the transformation

      

to the equation ( 20 ), we would get a more familier constant 

coeffi  cient form as

      

Thus, we can see from the forced KdV equation ( 22 ) that 

the forcing function  f ( X ,  T ) of such system comes from the 

vertical velocity of the superfl uid at   z = 0     . Also, there exists 

no generalized exact solution of ( 22 ) due to the presence of 

the term  f ; hence the integrability and exact solvability of 

the system are also lost. Also for certain special situation, 

the equation ( 22 ) retains its integrability and the general-

ized exact solutions are possible (Kundu  2008 ; Kundu et al. 

 2009 ). If the function  f  of ( 22 ) follows the constraint:

      

 (18)

C
3

𝜕a
2

𝜕x̄
+

𝜕a
1

𝜕t̄
+ d

𝜕2𝜙
(2)

0

𝜕x̄2
−

1

6
d

3
𝜕4𝜙

(1)

0

𝜕x̄4

+

𝜕a
1

𝜕x̄

𝜕𝜙
(1)

0

𝜕x̄
+ a

1

𝜕2𝜙
(1)

0

𝜕x̄2
= S

(1)
.

 (19)C
2

3
= g

1
d,

 (20)

𝜕a
1

𝜕t̄
+ A

1
a

1

𝜕a
1

𝜕x̄
+ A

2

𝜕3a
1

𝜕x̄3
= A

3
S
(1)

,

A
1
=

(
g

2

2C
3

−

3C
3

2d

)
, A

2
=

d

2

(
𝜎

𝜌C
3

−

dC
3

3

)
, A

3
=

1

2
,

 (21)U =

(
A

1

6A
2

)
a

1
, X = x̄, T = A

2
t̄, f = (

A
3

A
2

)S
(1)

,

 (22)UT + 6UUX + UXXX = f .

 (23)fXXX + 4UfX + 2UXf = 2b(T)UX ,
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then the system of equations ( 22 ) and ( 23 ) together turns 

into an integrable system, where  b ( T ) is an arbitrary func-

tion (Kundu  2008 ; Kundu et al.  2009 ). This system ( 22 ), 

( 23 ) possesses an exact accelerated soliton solution where 

the velocity of the soliton (dependent on b(T)) changes with 

time instead of remaining constant. It should be noted that 

in real physical situation, the downward superfl uid velocity 

or the function  f  can’t always follow such constraint condi-

tion ( 23 ). Hence, the existence of exact accelerated solitons 

that we have mentioned, is also rare for our system. Some 

approximate solutions are possible when the function  f  is 

very weak. This condition is explored for the case of surface 

lump solutions of saturated superfl uid fi lm in Mukherjee 

( 2020 ), where  f  is space dependent, time dependent and both 

space-time dependent function respectively. 

 We can understand that the function  f  is dependent on the 

superfl uid velocity at   z = 0     , which may also depend on the 

wave itself i.e, on  U . Hereafter, we will discuss the dynamics 

of the fi lm surface when  f  is a function of  U  or its deriva-

tives. Approximate solitary wave solutions are calculated for 

certain cases when  f  is weak. We will also see that the exact 

shock wave solution can be possible when  f  has a defi nite 

functional dependence on  U . 

   Approximate solitary wave solutions 

           If the forcing function  f  of ( 22 ) is localized and very weak, 

we can use an analytic approximation method (Ghosh  2011 ) 

to fi nd the solitary wave solutions for various functional 

dependence of  f  on  U . Then the amplitude of the solitary 

wave of the superfl uid fi lm would change very slowly with 

time depending on the smallness of  f . If we multiply eq. ( 22 ) 

by  U  and integrate over the whole space, we would get

      

We assume that both  U  and it’s derivatives are localized, 

hence   U ⟶ 0     for   X ⟶ ±∞     . If we assume the forcing to 

be weak, we can write   f (X, T) = 𝜇f̃ (X, T)     , where   𝜇     is a small 

parameter. We can write an approximate solution (Ghosh 

 2011 ) as

      

where  B ( T ) is the slowly varying amplitude. As discussed 

before, suppose  f  depends on the wave profi le  U  and its 

derivatives such that   ̃f = f̃ (U, UX , UXX , ....)     . We can show 

that for diff erent functional dependencies of  f  on  U , we 

would get diff erently varying solitary wave solutions. 

   1.      For   ̃f = −U     , we would get 

 (24)
𝜕

𝜕T ∫
∞

−∞

U
2
dX = ∫

∞

−∞

2UfdX.

 (25)U(X, T) = B(T) sech
2
[

√
B(T)

2
{X − 2 B(T) T}],

      

 after using eq. ( 25 ) on eq. ( 24 ). Thus we understand 

from ( 26 ) that  B ( T ) of the wave ( 25 ) varies slowly with 

time depending on   𝜇     as 

      

 where  B (0) is the initial amplitude at   T = 0     . Now if we 

change the sign of the forcing as   ̃f = −U     , the amplitude 

of the solitary wave will increase. This is because of the 

fact that the leakage of superfl uid occurs in the opposite 

direction, which actually increases the amplitude of the 

surface wave.   

  2.      For the choice of   ̃f = UX     or   ̃f = UUX     , we obtain KdV 

equation having exact soliton solutions. Hence, this 

choice of   ̃f      preserves the integrability and exact solv-

ability of the equation.   

  3.      For the choice of   ̃f = UXX ,     we would get 

      

 following the same procedure as discussed before. This 

will give the amplitude of the solitary wave as 

      

 where  B (0) is the initial amplitude at   T = 0    .   

  4.      For the choice,   ̃f = UXUXX     , using the same method we 

will get, 

      

giving an exact solitary wave solution. Similar case 

may arise for the choice   ̃f = U2UX .     Basically, for these 

choices of the forcing function, the equation turns into 

extended KdV equation having exact solution.   

  5.      For the choice:   ̃f = U2

X
UXX     we get, 

      

 which would give the amplitude as 

           

 The variation of the amplitude  B ( T ) of the solitary wave 

( 25 ) with time  T  for diff erent functional forms of weak and 

localized  f  are shown in Fig.  2 . We have used simple poly-

nomial dependence of the forcing function   ̃f      on  U  and its 

derivatives for the sake of mathematical simplicity. For more 

 (26)
d

dT
(B

2
) = −2𝜇B

2
,

 (27)B(T) = B(0)e
−𝜇T

 (28)
dB(T)

dT
= −

(
8

15
𝜇

)
B(T)

2
,

 (29)
B(T)

B(0)
=

(
1 +

T

T
0

)
−1

; T
0
=

15

8𝜇B(0)
,

 (30)
dB(T)

dT
= 0,

 (31)
dB(T)

dT
= −(0.11 𝜇) B(T)

5
.

 (32)
B(T)

B(0)
=

(
1 +

T

T
0

)
−1∕4

;T
0
=

1

0.44 𝜇B(0)4
.
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  Fig. 2       The amplitude  B ( T ) of the solution ( 25 ) changes slowly with time  T , that depends on the smallness of   𝜇     . The vertical superfl uid velocity at 

  z = 0     is assumed to be weak, localized and dependent on the  U  and its derivatives  
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complicated dependencies on  U , numerical solutions have 

to be implemented. 

    Shock wave solutions 

                   Now, we have arrived at the most important topic of this 

article. In the previous subsection, we have assumed that 

the vertical velocity of the superfl uid at the substrate is a 

function of  U  and its derivatives. Here, we will see that, if 

the forcing function  f  of eq. ( 22 ) depends on  U  as

      

where   c
1
     is a constant, then eq. ( 22 ) turns into Korteweg 

de Vries Burger (KdVB) equation. This equation posses an 

exact shock wave solution (Kourakis et al.  2012 ) as

      

Such kind of choice of  f  like ( 33 ) has also been made in the 

previous subsection to fi nd the approximate solitary wave 

solution ( 29 ) of the superfl uid fi lm surface. But, here we will 

show the existence of nonlinear exact shock wave solution 

of ( 22 ) for the choice of ( 33 ). 

 Now if we assume that the shock wave   U ⟶ 0     as 

  X ⟶ +∞     , then the consistency condition must be of the 

form:

      

Hence the fi nal shock wave solution can be written as

 (33)f (X, T) = c
1
UXX ,

 (34)

U =

3c2

1

150
[1 − tanh

2 𝜒 − 2 tanh𝜒] +
V

6
, 𝜒 = 𝜅(X − V T).

 (35)V =

6c2

1

25
= 24𝜅2

, 𝜅 = ±

c
1

10
.

      

We can see from the expression of ( 36 ) that the kink shaped 

shock wave is always monotonic without having any oscilla-

tory, peak or bell shaped curve. Hence, a specifi c boundary 

condition ( 33 ) at   z = 0     actually generates the exact shock 

wave ( 36 ) at the free surface of the fi lm, that has not been 

 (36)U =

3c2

1

150
[4 − (1 + tanh𝜒)2], 𝜒 =

c
1

10
(X −

6c2

1

25
T).

  Fig. 3       The three dimensional plot of the solution ( 36 ) of the equa-

tion ( 22 ) for the choice of  f  as given in eq. ( 33 ) with   c
1
= 3     . We can 

see that the magnitude of the shock wave changes suddenly during its 

propagation  

  Fig. 4       We can see from the plots that the shock wave solution ( 36 ) 

with  X  at time   T = 0     for various values of   c
1
     suddenly changes its 

magnitude during its propagation  
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explored before as far as our study goes. The 3D and 2D 

plots of the shock wave solution ( 36 ) for diff erent values of 

  c
1
     are shown in Figs.  3 ,  4  respectively. 

     Conclusive remarks 

 In the present article, we have explored a saturated (   ∼ 10
−6     

cm) superfl uid   4He     fi lm adsorbed on a nano pore substrate. 

Due to surface tension, the fl uctuation dynamics of fi lm 

thickness becomes relevant which is neglected for very thin 

fi lm (   ∼ 10
−7     cm). We have considered a weak superfl ow 

into the substrate at   z = 0     and investigated its eff ect on the 

shock wave dynamics at the free surface using shallow water 

superfl uid hydrodynamics. To study a more accurate eff ect 

of the variation of the pore radius on the wave structure, the 

microscopic theories of the fi lm and the substrate need to be 

considered which are complicated. For the sake of simplic-

ity, we have considered a macroscopic function  f  that con-

tains all the information related to the pore size variation and 

the superfl ow into the substrate. Hence, the variation of the 

pore size might eff ect the functional form of  f , will aff ect the 

nonlinear wave structure. We have shown that for a specifi c 

choice of the nontrivial boundary condition at   z = 0     , shock 

wave would be induced at the free surface. Our analytical 

treatment may seem crude because it neglects the micro-

scopic details of the system. Our work is based on a simple 

analytic calculation showing how the boundary condition 

at the bottom aff ects the surface wave dynamics; hence it 

can be refi ned later taking other fi ner details of the system. 
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