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                     Abstract 
 In this paper, we have performed accurate, high-lying theoretical calculations of the resonance energies and quantum defects 

of several series of autoionizing Rydberg resonances of the  Ne 2+  ion of interest to astrophysics and plasma physics via the 

modifi ed atomic orbital theory (MAOT) method. The calculated resonance energies are in very good agreement with exist-

ing experimental data from the Advanced Light Source (ALS), and the discrepancies between theoretical calculation values 

and experimental data are minimal. In addition, this study calculates and compares all the uncertain energy positions in 

the ALS measurements. This comparison provides greater confi dence in the ALS data and the new extrapolated results for 

astrophysical applications. 

   Keywords     MAOT    ·  Ne III    ·  Photoionization    ·  Rydberg series  

      Introduction 

 Ne III lines have been observed in numerous astrophysical 

and astronomical objects such as planetary nebulae (Rubin 

et al.  2001 ,  2004 ; Dance et al.  2013 ; Shure et al.  1984 ) and 

galaxies (Ho and Keto  2007 ). In plasma physics, these Ne 

III lines are very useful for diagnosing the temperature and 

density of photoionized nebular plasma (Nahar  2019 ). How-

ever, apart from previous experimental and/or theoretical 

work (Nahar  2019 ; Pradhan  1979 ,  1980 ; Nahar et al.  2019 ; 

Sakho  2022 ), accurate and reliable atomic photoionization 

(PI) data for this atomic system are still rare in the literature. 

Indeed, until now, this ion of great interest in astrophysics 

and plasma physics has been the subject of very few detailed 

PI studies. 

 The motivation for the present study is to provide accu-

rate Ne III photoionization data to interpret, clarify, com-

plement and extend the high-resolution single-photon 

photoionization measurements of Ne III performed at the 

Advanced Light Source (ALS) synchrotron radiation facil-

ity in Berkeley, California by Nahar et al. ( 2019 ), over the 

photon energy range from the ground-state ionization energy 

up to 92 eV. Numerous autoionizing Ryderg resonance series 

from the lower  2s 2 2p 4  ( 3 P 2,1,0 ,  
1 D 2  and  1 S 0 ) and  2s2p 5 3 P °  

2  

states of Ne III were identifi ed in the spectra, and the ener-

gies of most of these resonances were given. Although very 

good agreements have been obtained by these authors, we 

note that most of the PI spectra obtained show numerous 

peaks due to Rydberg series resonances, some of which 

strongly overlap, making many measured energy values 

uncertain or even missing. In the present work, we intend to 

calculate the energetic positions of all these Rydberg series 

resonances found in the PI spectra of Ne III, and to com-

pare the results obtained with the ALS experimental meas-

urements (Nahar et al.  2019 ). Such a comparison will, on 

the one hand, clarify any uncertainties in the experimental 

data and, on the other, give greater confi dence in the cur-

rent ALS experimental and theoretical data for astrophysical 

applications. An extension of the available results to more 

excited states involving higher principal quantum number 

values will also be carried out. To achieve these goals, we 

use the Modifi ed Atomic Orbital Theory (MAOT) method. 

This MAOT method is known to accurately reproduce high-

resolution experimental measurements and to predict new 

theoretical photoionization data up to very high energy 

levels. In our previous papers (Sakho  2014 ; Gning et al. 

 2023 ; Gning & Sakho  2023 ,  2024 ), my team and I reported 

accurate and high resonance energies using the MAOT for-

malism. Among the advantages of the MAOT method is 
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the simplicity of the formalism presented, which makes it 

possible to obtain very precise values of resonance ener-

gies up to highly excited Rydberg states, with a virtually 

constant quantum defect up to  n  = 100. In contrast to the 

MAOT method, the most sophisticated experimental and 

theoretical methods are unable to obtain values of these 

energies beyond  n  = 30 due to overlapping photoionization 

cross-section peaks for high values of  n . These overlaps are 

generally due to the low resolution used, or to interference 

between identifi ed and unidentifi ed Rydberg series. Moreo-

ver, the most sophisticated theoretical methods, such as the 

 R -matrix approach, MCDF and MCDHF, rely on complex 

calculation codes, whereas with the MAOT method, it is 

possible to obtain precise values of resonance energies of 

multi-electron atomic systems without the need for complex 

mathematical formalism or a specifi c calculation code via a 

tedious computer program. 

    Theory and methods 

   Brief description of the MAOT formalism 

 In the framework of the Modifi ed Atomic Orbital Theory 

(MAOT), the total energy of   (𝜈𝓁)    -given orbital is expressed 

in the form (Sakho  2010a ,  2010b ,  2014 )

       

 In Eq. ( 1 ), σ is the screening constant relative to the elec-

tron occupying the   (𝜈𝓁)    -orbital,   𝓁     denotes the orbital quan-

tum number, ν stands for the principal quantum number and 

Z represents the atomic number. 

 For an atomic system of several electrons  M , the total 

energy is given by (in Rydbergs):

       

 As a general rule, doubly excited states in two-electron 

systems are represented by the notation   
(
N𝓁, n𝓁

′
)2S+1

L
𝜋     . 

This notation indicates that  N  and  n  correspond to the princi-

pal quantum numbers of the inner and outer electrons, while 

  𝓁     and   𝓁′     represent their respective orbital quantum numbers. 

 S  denotes the total spin,  L  the total angular momentum and 

 π  the parity of the system. 

 According to MAOT theory, the total energy of the dou-

bly excited states   
(
N𝓁, n𝓁

′
)2S+1

L
𝜋     of an atomic system with 

several  M  electrons can be expressed as follows:

 (1)E(𝜈𝓁) = −
[Z − 𝜎(𝓁)]

2

𝜈
2

 (2)E = −

M∑

i=1

[
Z − 𝜎

i
(𝓁)

]2

𝜈
2

i

       

    MAOT resonance energy 

 For photoionization studies of atomic systems within the 

framework of MAOT theory, the resonance energy  E   n   (in 

Ryderg) for a given ( 2S+1  L  J ) nl -Rydberg series is deter-

mined by the general expression ( 4 ).

       

 In this Eq. ( 4 ),  m  and  q  ( m  <  q ) denote the principal 

quantum numbers of the ( 2 S +1  L  J ) nl -Rydberg series of the 

considered atomic system used in the empirical determina-

tion of the  σ   i   ( 2S+1  L   J  )-screening constants,  s  represents the 

spin of the  nl -electron ( s  = 1/2),  E  ∞  is the energy value of 

the series limit generally derived from the reference values 

listed in the NIST atomic database,  Z  represents the 

nuclear charge of the considered element and   
∑ 1

f (n,m,q,s)
     is 

a corrective term introduced to stabilize expression ( 4 ). 

The only problem that one may face by using the MAOT 

formalism is linked to the determination of the 

  
∑

f (n, m, q, s)    -term. The correct expression of this term is 

determined iteratively by imposing the general Eq. ( 4 ) to 

provide accurate data with nearly constant or slightly vary-

ing quantum defect values along all considered series as 

the principal quantum number  n  increases. The value of  α  
is generally fi xed to 1 and or 2 during the iteration. 

 From general Eq. ( 4 ), specifi c expressions are itera-

tively determined to calculate the resonance energies of 

the diff erent Rydberg series of Ne III  (Ne 2+ ) considered in 

this work with quantum defects constant with increasing 

principal quantum number  n , as illustrated in the follow-

ing Tables  1 – 5 . These semi-empirical expressions can be 

written as follows 

       

 In Eq. ( 5 ),  σ  1  and  σ  2  are screening constants and  m  cor-

responds to the lowest level of the Rydberg series con-

sidered. Detailed steps for calculating  σ  1  and  σ  2  are given 

below. 

 The quantum defect ( δ   n  ) of a specifi c level can be used 

to determine the energy levels of a particular Rydberg 

series, using Eq. ( 5 ). 

 (3)E = −

M∑

i=1

[
Z − 𝜎

i

(
2S+1

L
𝜋
)]2

𝜈
2

i

 (4)

En = E∞ −
1

n2

{
Z − 𝜎1(

2S+1
LJ) − 𝜎2(

2S+1
LJ)

×
1

n
− 𝜎

𝛼

2
(2S+1

LJ) × (n − m) × (n − q)
∑ 1

f (n, m, q, s)

}2

 (5)

E
n
= E∞ −

1

n2

{
Z − 𝜎1 −

𝜎2

n
− 𝜎

2

2
× (n − m)×

[
1

(n+m)3
+

1

(n+m)4
+

1

(n+m)5

]}2
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    Quantum defect of MAOT 

 In general, resonance energies are analyzed from the 

standard quantum-defect expansion formula
       

 (6)E
n
= E∞ −

RZ
2

core

(
n − 𝛿

n

)2

  Table 1       Resonance energies ( E   n  , eV), quantum defects ( δ   n  ) and 

eff ective nuclear charge (Z*) of  Ne 2+  Rydberg series due to  (2s 2 2p 4 ) 

 1 S 0  →  (2s 2 2p 3 )  2 P 1/2,3/2  and  (2s 2 2p 4 )  1 D 2  →  (2s 2 2p 3 )  2 D 5/2  transitions. 

The present results (MAOT) are compared to the Advanced Light 

Source (ALS) experiments of Nahar et  al., ( 2019 ). |Δ E   n  | denotes 

the energy diff erence between the MAOT calculations and the ALS 

measurements. ALS values tabulated within brackets are uncertain  

   n     Ne 2+   (2s 2 2p 4 )  1 S 0  →  Ne 3+   (2s 2 2p 3 )  2 P 1/2,3/2       Ne 2+   (2s 2 2p 4 )  1 D 2  →  Ne 3+   (2s 2 2p 3 )  2 D 5/2   

   σ  2  =  − 0.049 ± 0.016,  m  = 11     σ  2  =  − 0.080 ± 0.052,  m  = 8  

  MAOT    ALS      MAOT    ALS    MAOT    MAOT    ALS      MAOT    ALS    MAOT  

   E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*        E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*   

  8     −      −      −        −      −      −       63.406    63.406    0.000      0.03    0.03    3.010  

  9     −      −      −        −      −      −       63.811    63.812    0.001      0.03    0.02    3.009  

  10     −      −      −        −      −      −       64.101    64.101    0.000      0.03    0.03    3.008  

  11    63.238    63.238    0.000      0.02    0.02    3.004      64.315    64.316    0.001      0.03    0.02    3.007  

  12    63.400     −      −       0.02     −     3.004      64.478    64.487    0.009      0.03    −0.04    3.007  

  13    63.527     −      −       0.02     −     3.004      64.604    64.608    0.004      0.03    −0.01    3.006  

  14    63.627    63.629    0.002      0.02    −0.01    3.003      64.705    64.708    0.003      0.03    −0.01    3.006  

  15    63.708    63.711    0.003      0.02    −0.03    3.003      64.786    64.789    0.003      0.03    −0.02    3.005  

  16    63.774    (63.778)    (0.004)      0.02    (−0.06)    3.003      64.852    64.854    0.002      0.03    −0.01    3.005  

  17    63.878    63.877    0.001      0.02    −1.05    3.003      64.907    64.913    0.006      0.03    −0.10    3.005  

  18    63.874          0.02      3.003      64.953    (64.956)    (0.003)      0.03    (−0.05)    3.004  

  19    63.913          0.02      3.003      64.992    (64.995)    (0.003)      0.03    (−0.06)    3.004  

  20    63.946          0.02      3.002      65.025    (65.029)    (0.004)      0.03    (−0.10)    3.004  

  21    63.975          0.02      3.002      65.054          0.03      3.004  

  22    64.000          0.02      3.002      65.078          0.03      3.004  

  23    64.021          0.02      3.002      65.100          0.03      3.003  

  24    64.040          0.02      3.002      65.119          0.03      3.003  

  25    64.057          0.02      3.002      65.136          0.03      3.003  

  26    64.072          0.02      3.002      65.150          0.03      3.003  

  27    64.085          0.02      3.002      65.164          0.03      3.003  

  28    64.097          0.02      3.002      65.176          0.03      3.003  

  29    64.107          0.02      3.002      65.186          0.03      3.003  

  30    64.117          0.02      3.002      65.196          0.03      3.003  

  31    64.125          0.02      3.002      65.204          0.03      3.003  

  32    64.133          0.02      3.002      65.212          0.03      3.002  

  33    64.140          0.02      3.001      65.219          0.03      3.002  

  34    64.147          0.02      3.001      65.226          0.03      3.002  

  35    64.153          0.02      3.001      65.232          0.03      3.002  

  36    64.158          0.02      3.001      65.237          0.03      3.002  

  37    64.163          0.02      3.001      65.242          0.03      3.002  

  38    64.168          0.02      3.001      65.247          0.03      3.002  

  39    64.172          0.02      3.001      65.251          0.03      3.002  

  40    64.176          0.02      3.001      65.255          0.03      3.002  

    ⋮        …    …            …      …    …            …  

  ∞    64.253    64.253            3.000      65.332    65.332            3.000  
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 In this Eq. ( 6 ),  R  = 13.60569 eV,  E  ∞ ,  Z   core   and  δ   n   are the 

Rydberg constant, the converging limit, the electric charge 

of the core ion and the quantum defect, respectively. From 

( 6 ), the quantum defect  δ   n   is calculated as follows:

       

 In addition, introducing the eff ective nuclear charge Z*, 

Eq. ( 4 ) can be rewritten in the form of Eq. ( 6 ) as follows

       

 With Z* given by

       

 When  n  tends toward infi nity, Eq. ( 9 ) tends to the limit

      

where  Z  core  is directly obtain by the photoionization pro-

cess from an atomic  X p+  system according to the following 

scheme

       

 We fi nd then  Z  core  =  p  + 1. 

 Thus, for the  Ne 2+  (Ne III) ion considered in this work, 

Eq. ( 11 ) gives

       

 Thus, according to Eq. ( 10 ) and the results ( 12 ), we have 

for the atomic species considered in this work

       

 The other parameter σ 2  ( 
2S+1  L  J ) in the general Eq. ( 5 ) 

is determined empirically from certain experimental data 

and corresponds to the lowest resonance for the Rydberg 

series under consideration. The details of the calculation 

are clearly explained in our previous original papers (Sakho 

 2014 ; Gning et al.  2023 ; Gning and Sakho  2023 ,  2024 ). 

 In addition, using Eqs. ( 6 ) and ( 8 ), we get

       

which means

 (7)𝛿
n
= n − Z

core

√
R(

E∞ − E
n

)

 (8)E
n
= E∞ −

Z
∗2

n2
R

 (9)

Z∗ =

{
Z − 𝜎1(

2S+1LJ) − 𝜎2(
2S+1LJ) ×

1

n
− 𝜎

𝛼

2
(2S+1LJ)

×(n − m) × (n − q)
∑ 1

f (n, m, q, s)

}

 (10)

Z
∗

lim
= Z − 𝜎1

(
2S+1

L
J

)
= Z

core
⇒ 𝜎1

(
2S+1

L
J

)
= Z − Z

core

 (11)X
p+ + h𝜈 → X

(p+1)+ + e
−

 (12)Ne
2+ + h𝜈 → Ne

3+ + e
−
⇒ Z

core
= 3

 (13)𝜎1

(
2S+1

LJ

)
= 10 − 3 = 7

(Z∗)
2

n2
=

Z
2

core

(n − 𝛿
n
)
2

       

 Using ( 14 ), one gets the MAOT-procedure for the analy-

sis of resonance energies

       

 A new feature of the MAOT method is the ability to 

assess the accuracy of measured or calculated energy posi-

tions in terms of satisfying the analysis conditions ( 15 ). In 

addition, these conditions demonstrate that Z* calculation 

can directly predict the sign of the quantum defect, without 

the need for additional calculation or measurement. 

     Results and discussions 

 Tables  1 ,  2 ,  3 ,  4  and  5  present the results obtained in this 

study for the resonance energies ( E   n  ), quantum defects ( δ   n  ) 
and eff ective nuclear charges (Z*) of the diff erent Rydberg 

series of the  Ne 2+  ion. Comparisons have been made with 

recent experimental data by Nahar et al. ( 2019 ) from ALS 

and with theoretical data by Sakho ( 2022 ) from SCUNC 

(Screening Constant per Unit Nuclear Charge).     

 Table  1  shows the energy resonances, quantum defect and 

eff ective nuclear charge for the autoionizing Rydberg series 

of Ne III resulting from the  (2s 2 2p 4 )  1 S 0  →  (2s 2 2p 3 )  2 P 1/2,3/2  

and  (2s 2 2p 4 )  1 D 2  →  (2s 2 2p 3 )  2 D 5/2  transitions. Resonance 

energies are calculated using analytical expressions ( 16 ) and 

( 17 ) from general Eq. ( 5 ) above.

    •  For the  2s 2 2p 4 1 S 0  →  2s 2 2p 3   2 P j  transitions (j = 1/2, 3/2) 

     For this series, the lowest certain resonance level 

corresponds to  m  = 11, giving  σ  2  =  − 0.049 ± 0.016 

(Table  1 ). Consequently, Eq. ( 5 ) is written as follows.

        

   •  For the  2s 2 2p 4 1 D 2  →  2s 2 2p 3 2 D 5/2  transitions 

     For this series,  m  = 7 and  σ  2  =  − 0.080 ± 0.052, so 

Eq. ( 5 ) becomes

          

 (14)
Z
∗ =

Z
core(

1 −
𝛿

n

n

) .

 (15)

⎧
⎪
⎨
⎪⎩

Z
∗ ≥ Z

core
if 𝛿

n
≥ 0

Z ∗≤ Z
core

if 𝛿
n
≤ 0

lim Z
∗

n→∞
= Z

core

.

 (16)

E
n
= 64.253 −

1

n2

{
10 − 7 −

0.049

n
+0.049

2 × (n − 11)

×

[
1

(n+11)3
+

1

(n+11)4
+

1

(n+11)5

]}2

× 13.60569

 (17)

E
n
= 65.332 −

1

n2

{
10 − 7 −

0.080

n
+0.080

2

×(n − 7) ×

[
1

(n+7)3
+

1

(n+7)4
+

1

(n+7)5

]}2

× 13.60569
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 Comparison of the resonance energies listed in Table  1  

shows excellent matches between MAOT energy reso-

nances and ALS measurements up to  n  = 17 for the series 

of  2s 2 2p 4 1 S 0  →  2s 2 2p 3 2 P j  transitions (j = 1/2, 3/2) and up 

to  n  = 20 for the series of  2s 2 2p 4 1 D 2  →  2s 2 2p 3 2 D 5/2  transi-

tions, with an absolute deviation (Δ E   n  ) generally less than 

0.009 eV or 0.014% in percent. This excellent agreement 

boosted confi dence in the experimental data by clarifying 

  Table 2       Resonance energies ( E   n  , eV), quantum defects ( δ   n  ) and 

eff ective nuclear charge (Z*) of  Ne 2+  Rydberg series due to  (2s 2 2p 4 ) 

 1 D 2  →  (2s 2 2p 3 )  2 P 1/2,3/2  and  (2s 2 2p 4 )  3 P 2  →  (2s 2 2p 3 )  2 D °  
5/2  transitions. 

The present results (MAOT) are compared to the Advanced Light 

Source (ALS) experiments of Nahar et al. ( 2019 ). |Δ E   n  | denotes the 

energy diff erence between the MAOT calculations and the ALS 

measurements. ALS values tabulated within brackets are uncertain  

   n     Ne 2+   (2s 2 2p 4 )  1 D 2  →  Ne 3+   (2s 2 2p 3 )  2 P 1/2,3/2       Ne 2+   (2s 2 2p 4 )  3 P 2  →  Ne 3+   (2s 2 2p 3 )  2 D °  
5/2   

   σ  2  =  − 0.205 ± 0.069,  m  = 7     σ  2  =  − 0.177 ± 0.013,  m  = 5  

  MAOT    ALS      MAOT    ALS    MAOT    MAOT    ALS      MAOT    ALS    MAOT  

   E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*        E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*   

  5     −      −      −        −      −      −       63.522    63.522    0.000      0.06    0.06    3.035  

  6    64.483    (64.487)    (0.004)      0.07    (0.06)    3.034      65.067    65.069    0.002      0.06    0.06    3.030  

  7    65.414    65.414    0.000      0.07    0.07    3.029      65.995    65.998    0.003      0.06    0.05    3.025  

  8    66.016    (66.019)    (0.003)      0.07    (0.06)    3.026      66.594    66.586    0.008      0.06    0.08    3.022  

  9    66.427    66.428    0.001      0.07    0.07    3.023      67.004    67.006    0.002      0.06    0.05    3.020  

  10    66.721    66.721    0.000      0.07    0.07    3.021      67.297    67.292    0.005      0.06    0.08    3.018  

  11    66.937    67.111    0.174      0.07    −1.00    3.019      67.513    67.506    0.007      0.06    0.10    3.016  

  12    67.102    (67.221)    (0.119)      0.07    (−0.86)    3.017      67.677    (67.673)    (0.004)      0.06    (0.09)    3.015  

  13    67.230    (67.335)    (0.105)      0.07    (−0.97)    3.016      67.805          0.06      3.014  

  14    67.331          0.07      3.015      67.906          0.06      3.013  

  15    67.413          0.07      3.014      67.987          0.06      3.012  

  16    67.480          0.07      3.013      68.054          0.06      3.011  

  17    67.535          0.07      3.012      68.109          0.06      3.010  

  18    67.581          0.07      3.011      68.156          0.06      3.010  

  19    67.620          0.07      3.011      67.297          0.06      3.018  

  20    67.654          0.07      3.010      68.228          0.06      3.009  

  21    67.683          0.07      3.010      68.257          0.06      3.008  

  22    67.707          0.07      3.009      68.282          0.06      3.008  

  23    67.729          0.07      3.009      68.303          0.06      3.008  

  24    67.748          0.07      3.009      68.322          0.06      3.007  

  25    67.765          0.07      3.008      68.339          0.06      3.007  

  26    67.780          0.07      3.008      68.354          0.06      3.007  

  27    67.793          0.07      3.008      68.367          0.06      3.007  

  28    67.805          0.07      3.007      68.379          0.06      3.006  

  29    67.816          0.07      3.007      68.390          0.06      3.006  

  30    67.825          0.07      3.007      68.399          0.06      3.006  

  31    67.834          0.07      3.007      68.408          0.06      3.006  

  32    67.842          0.07      3.006      68.416          0.06      3.006  

  33    67.849          0.07      3.006      68.423          0.06      3.005  

  34    67.856          0.07      3.006      68.430          0.06      3.005  

  35    67.862          0.07      3.006      68.436          0.06      3.005  

  36    67.867          0.07      3.006      68.441          0.06      3.005  

  37    67.872          0.07      3.006      68.446          0.06      3.005  

  38    67.877          0.07      3.005      68.451          0.06      3.005  

  39    67.881          0.07      3.005      68.455          0.06      3.005  

  40    67.885          0.07      3.005      68.459          0.06      3.004  

    ⋮        …    …            …      …    …            …  

  ∞    67.962    67.962            3.000      68.536    68.536            3.000  
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many uncertain ALS data. In addition, all the missing energy 

levels for  n  = 12 and 13 in the ALS measurements have been 

clearly calculated, and much higher energy levels, for which 

experimental values are not currently available, are predicted 

in this table with constant quantum defects up to  n  = 40. It’s 

also worth mentioning that for resonances  n  = 12 and 13, 

for which there are no ALS data, the MAOT energies are 

63.400 eV and 63.527 eV respectively, in perfect agreement 

  Table 3       Resonance energies ( E   n  , eV), quantum defects ( δ   n  ) and 

eff ective nuclear charge (Z*) of  Ne 2+  Rydberg series due to  (2s 2 2p 4 ) 

 3 P 1  →  (2s 2 2p 3 )  2 D °  
5/2,3/2  and  (2s 2 2p 4 )  3 P 0  →  (2s 2 2p 3 )  2 D °  

5/2,3/2  transi-

tions. The present results (MAOT) are compared to the Advanced 

Light Source (ALS) experiments of Nahar et al. ( 2019 ). |Δ E   n  | denotes 

the energy diff erence between the MAOT calculations and the ALS 

measurements. ALS values tabulated within brackets are uncertain  

   n     Ne 2+   (2s 2 2p 4 )  3 P 1  →  Ne 3+   (2s 2 2p 3 )  2 D °  
5/2,3/2       Ne 2+   (2s 2 2p 4 )  3 P 0  →  Ne 3+   (2s 2 2p 3 )  2 D °  

5/2,3/2   

   σ  2  =  − 1.514 ± 0.128;  m  = 11     σ  2  =  − 0.138 ± 0.034;  m  = 7  

  MAOT    ALS      MAOT    ALS    MAOT    MAOT    ALS      MAOT    ALS    MAOT  

   E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*        E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*   

  5    62.612    (63.463)    (0.851)      0.50    0.09    3.299       −      −      −        −      −      −   

  6    64.544    (64.995)    (0.451)      0.50    0.12    3.250      64.968    (64.956)    (0.012)      0.05    (0.06)    3.023  

  7    65.667    (65.908)    (0.241)      0.50    0.17    3.215      65.890    65.890    0.000      0.05    0.05    3.020  

  8    66.375    (66.508)    (0.133)      0.50    0.23    3.188      66.477    66.475    0.002      0.05    0.07    3.017  

  9    66.851     −      −       0.50     −     3.168      67.195    67.188    0.007      0.05    −0.96    3.015  

  10    67.185    (67.221)    (0.036)      0.50    0.35    3.151      67.396    67.398    0.002      0.05    −0.94    3.014  

  11    67.429    67.429    0.000      0.50    0.48    3.138      67.402          0.05      3.013  

  12    67.602    (67.600)    (0.002)      0.50    0.56    3.126      67.565          0.05      3.012  

  13    67.734    67.731    0.003      0.50    0.67    3.117      67.692          0.05      3.011  

  14    67.865          0.50      3.109      67.793          0.05      3.010  

  15    67.954          0.50      3.101      67.874          0.05      3.009  

  16    68.027          0.50      3.095      67.941          0.05      3.009  

  17    68.087          0.50      3.090      67.996          0.05      3.008  

  18    68.136          0.50      3.085      68.042          0.05      3.008  

  19    68.178          0.50      3.080      68.081          0.05      3.007  

  20    68.214          0.50      3.076      68.114          0.05      3.007  

  21    68.245          0.50      3.073      68.143          0.05      3.007  

  22    68.271          0.50      3.070      68.168          0.05      3.006  

  23    68.294          0.50      3.067      68.190          0.05      3.006  

  24    68.314          0.50      3.064      68.209          0.05      3.006  

  25    68.332          0.50      3.061      68.225          0.05      3.006  

  26    68.348          0.50      3.059      68.240          0.05      3.005  

  27    68.362          0.50      3.057      68.253          0.05      3.005  

  28    68.374          0.50      3.055      68.265          0.05      3.005  

  29    68.385          0.50      3.053      68.276          0.05      3.005  

  30    68.395          0.50      3.051      68.286          0.05      3.005  

  31    68.404          0.50      3.049      68.294          0.05      3.004  

  32    68.413          0.50      3.048      68.302          0.05      3.004  

  33    68.420          0.50      3.046      68.309          0.05      3.004  

  34    68.427          0.50      3.045      68.316          0.05      3.004  

  35    68.433          0.50      3.044      68.322          0.05      3.004  

  36    68.439          0.50      3.043      68.327          0.05      3.004  

  37    68.444          0.50      3.041      68.332          0.05      3.004  

  38    68.449          0.50      3.040      68.337          0.05      3.004  

  39    68.453          0.50      3.039      68.341          0.05      3.004  

  40    68.457          0.50      3.038      68.345          0.05      3.003  

    ⋮        …    …            …      …    …            …  

  ∞    68.536    68.536            3.000      68.422    68.422            3.000  
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with Sakho’s ( 2022 ) SCUNC energies of 63.400 eV and 

63.527 eV respectively for these same levels, confi rming 

the accuracy of current MAOT calculations. 

 The resonance energies ( E   n  ), quantum defect ( δ   n  ) 
and eff ective charge (Z*) for the  Ne 2+  Rydberg series 

corresponding to the  2s 2 2p 4 1 D 2  →  2s 2 2p 3 2 P 1/2,3/2  and 

 2s 2 2p 4 3 P 2  →  2s 2 2p 3 2 D °  
5/2  transitions are listed in Table  2 . 

Using Eq. ( 5 ), we can fi nd the semi-empirical formulas 

( 18 ) and ( 19 ) used to calculate resonance energies.

  Table 4       Resonance energies ( E   n  , eV), quantum defects ( δ   n  ) and 

eff ective nuclear charge (Z*) of  Ne 2+  Rydberg series due to  (2s 2 2p 4 ) 

 3 P 2  →  (2s 2 2p 3 )  2 P °  
1/2,3/2  and  (2s 2 2p 4 )  3 P 1  →  (2s 2 2p 3 )  2 P °  

1/2,3/2  transi-

tions. The present results (MAOT) are compared to the Advanced 

Light Source (ALS) experiments of Nahar et al. ( 2019 ). |Δ E   n  | denotes 

the energy diff erence between the MAOT calculations and the ALS 

measurements. ALS values tabulated within brackets are uncertain  

   n     Ne 2+   (2s 2 2p 4 )  3 P 2  →  Ne 3+   (2s 2 2p 3 )  2 P °  
1/2,3/2       Ne 2+   (2s 2 2p 4 )  3 P 1  →  Ne 3+   (2s 2 2p 3 )  2 P °  

1/2,3/2   

   σ  2  =  − 0.230 ± 0.035;  m  = 7     σ  2  =  − 0.230 ± 0.035;  m  = 7  

  MAOT    ALS      MAOT    ALS    MAOT    MAOT    ALS      MAOT    ALS    MAOT  

   E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*        E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*   

  7    68.611    68.611    0.000      0.08    0.08    3.033      68.531    68.531    0.000      0.08    0.08    3.033  

  8    69.215    69.215    0.000      0.08    0.08    3.029      69.135    69.134    0.001      0.08    0.08    3.029  

  9    69.627    69.628    0.001      0.08    0.07    3.026      69.547    69.548    0.001      0.08    0.07    3.026  

  10    69.922    69.924    0.002      0.08    0.07    3.023      69.842    69.844    0.002      0.08    0.07    3.023  

  11    70.139    70.141    0.002      0.08    0.06    3.021      70.059    70.061    0.002      0.08    0.06    3.021  

  12    70.304    (70.307)    (0.003)      0.08    (0.05)    3.019      70.224    70.226    0.002      0.08    0.06    3.019  

  13    70.432    (70.433)    (0.001)      0.08    (0.07)    3.018      70.352    (70.355)    (0.003)      0.08    (0.05)    3.018  

  14    70.533    (70.538)    (0.005)      0.08    (0.03)    3.016      70.453          0.08      3.016  

  15    70.615          0.08      3.015      70.535          0.08      3.015  

  16    70.682          0.08      3.014      70.602          0.08      3.014  

  17    70.737          0.08      3.014      70.657          0.08      3.014  

  18    70.784          0.08      3.013      70.704          0.08      3.013  

  19    70.823          0.08      3.012      70.743          0.08      3.012  

  20    70.857          0.08      3.012      70.777          0.08      3.012  

  21    70.885          0.08      3.011      70.805          0.08      3.011  

  22    70.910          0.08      3.010      70.830          0.08      3.010  

  23    70.932          0.08      3.010      70.852          0.08      3.010  

  24    70.951          0.08      3.010      70.871          0.08      3.010  

  25    70.968          0.08      3.009      70.888          0.08      3.009  

  26    70.983          0.08      3.009      70.903          0.08      3.009  

  27    70.996          0.08      3.009      70.916          0.08      3.009  

  28    71.008          0.08      3.008      70.928          0.08      3.008  

  29    71.019          0.08      3.008      70.939          0.08      3.008  

  30    71.028          0.08      3.008      70.948          0.08      3.008  

  31    71.037          0.08      3.007      70.957          0.08      3.007  

  32    71.045          0.08      3.007      70.965          0.08      3.007  

  33    71.052          0.08      3.007      70.972          0.08      3.007  

  34    71.059          0.08      3.007      70.979          0.08      3.007  

  35    71.065          0.08      3.007      70.985          0.08      3.007  

  36    71.070          0.08      3.006      70.990          0.08      3.006  

  37    71.075          0.08      3.006      70.995          0.08      3.006  

  38    71.080          0.08      3.006      71.000          0.08      3.006  

  39    71.084          0.08      3.006      71.004          0.08      3.006  

  40    71.088          0.08      3.006      71.008          0.08      3.006  

    ⋮        …    …            …      …    …            …  

  ∞    71.165    71.165            3.000      71.085    71.085            3.000  
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  Table 5       Resonance energies ( E   n  , eV), quantum defects ( δ   n  ) and 

eff ective nuclear charge (Z*) of  Ne 2+  Rydberg series due to  (2s 2 2p 4 ) 

 3 P 0  →  (2s 2 2p 3 )  2 P °  
1/2,3/2  and  (2s2p 5 )  3 P °  

2  →  (2s2p 5 )  4 P transitions. The 

present results (MAOT) are compared to the Advanced Light Source 

(ALS) experiments of Nahar et  al. ( 2019 ). |Δ E   n  | denotes the energy 

diff erence between the MAOT calculations and the ALS measure-

ments. ALS values tabulated within brackets are uncertain  

   n     Ne 2+   (2s 2 2p 4 )  3 P 0  →  Ne 3+   (2s 2 2p 3 )  2 P °  
1/2,3/2       Ne 2+   (2s2p 5 )  3 P °  

2  →  Ne 3+   (2s2p 5 )  4 P  

   σ  2  =  − 0.230 ± 0.035;  m  = 7     σ  2  =  − 1.584 ± 0.128;  m  = 7  

  MAOT    ALS      MAOT    ALS    MAOT    MAOT    ALS      MAOT    ALS    MAOT  

   E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*        E   n       E   n      |Δ E   n  |       δ   n       δ   n       Z*   

  4     −      −      −        −      −      −       76.447    76.446    0.000      0.47    0.47    3.396  

  5     −      −      −        −      −      −       80.323    80.321    0.002      0.48    0.46    3.321  

  6     −      −      −        −      −      −       82.254    82.259    0.005      0.49    0.46    3.270  

  7    68.497    68.497    0.000      0.08    0.08    3.033      83.383    83.384    0.001      0.50    0.47    3.233  

  8    69.101    69.100    0.001      0.08    0.08    3.029      84.081    84.083    0.002      0.51    0.49    3.204  

  9    69.513    69.515    0.002      0.08    0.07    3.026      84.553    84.552    0.001      0.52    0.52    3.182  

  10    69.808    (69.810)    0.002      0.08    (0.07)    3.023      84.892          0.52      3.164  

  11    70.025          0.08      3.021      85.139          0.52      3.150  

  12    70.190          0.08      3.019      85.324          0.52      3.137  

  13    70.318          0.08      3.018      85.467          0.53      3.127  

  14    70.419          0.08      3.016      85.579          0.53      3.118  

  15    70.501          0.08      3.015      85.669          0.53      3.110  

  16    70.568          0.08      3.014      85.742          0.53      3.103  

  17    70.623          0.08      3.014      85.802          0.53      3.097  

  18    70.670          0.08      3.013      85.853          0.53      3.091  

  19    70.709          0.08      3.012      85.895          0.53      3.087  

  20    70.743          0.08      3.012      85.931          0.53      3.082  

  21    70.771          0.08      3.011      85.962          0.53      3.078  

  22    70.796          0.08      3.010      85.988          0.53      3.075  

  23    70.818          0.08      3.010      86.011          0.53      3.071  

  24    70.837          0.08      3.010      86.032          0.53      3.068  

  25    70.854          0.08      3.009      86.049          0.53      3.066  

  26    70.869          0.08      3.009      86.065          0.54      3.063  

  27    70.882          0.08      3.009      86.079          0.54      3.061  

  28    70.894          0.08      3.008      86.092          0.54      3.058  

  29    70.905          0.08      3.008      86.103          0.54      3.056  

  30    70.914          0.08      3.008      86.113          0.54      3.055  

  31    70.923          0.08      3.007      86.122          0.54      3.053  

  32    70.931          0.08      3.007      86.130          0.54      3.051  

  33    70.938          0.08      3.007      86.138          0.54      3.049  

  34    70.945          0.08      3.007      86.145          0.54      3.048  

  35    70.951          0.08      3.007      86.151          0.54      3.047  

  36    70.956          0.08      3.006      86.157          0.54      3.045  

  37    70.961          0.08      3.006      86.162          0.54      3.044  

  38    70.966          0.08      3.006      86.167          0.54      3.043  

  39    70.970          0.08      3.006      86.171          0.54      3.042  

  40    70.974          0.08      3.006      86.175          0.54      3.041  

    ⋮        …    …            …      …    …            …  

  ∞    71.051    71.051            3.000      86.254    86.254            3.000  
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    •  For the  2s 2 2p 4 1 D 2  →  2s 2 2p 3 . 2 Pj transitions (j = 1/2, 3/2) 

     For this series, the lowest certain resonance corre-

sponds to level  m  = 7 and  σ  2  =  − 0.205 ± 0.069, so Eq. ( 5 ) 

becomes (in eV)

        

   •  For the  2s 2 2p 4 3 P 2  →  2s 2 2p 3 2 D °  
5/2  transitions 

     For this series,  m  = 5 and  σ  2  =  − 0.177 ± 0.013, so 

Eq. ( 5 ) becomes (in eV)

          

 MAOT and ALS data (Nahar et  al.  2019 ) for reso-

nance energies are in very good agreement. The MAOT 

formulas ( 18 ) and ( 19 ) perfectly reproduce the ALS data 

for  n  = 5 − 13, with the exception of  n  = 11, 12 and 13 

for the  2s 2 2p 4 1 D 2  →  2s 2 2p 3 2 P 1/2,3/2  series where nega-

tive ALS quantum defects are obtained (−1.00, −0.86 

and −0.97 respectively) whereas positive quantum defects 

were expected according to the analysis conditions ( 15 ) for 

Z ≥  Z core . For levels  n  = 11, 12 and 13, MAOT energies at 

66.937 eV, 67.102 eV and 67.230 eV with a quantum defect 

of 0.07 are preferable to ALS data at 67.111 eV, 67.221 eV 

and 67.335 eV. 

 Table   3  compares the results of the  Ne 2+  Rydberg 

ser ies for the  2s 2 2p 4 3 P 1  →   2s 2 2p 3 2 D °  
5/2,3/2  and 

 2s 2 2p 4 3 P 0  →  2s 2 2p 3 2 D °  
5/2,3/2  transitions with the ALS exper-

imental data of Nahar et al. ( 2019 ).

    •  For the  2s 2 2p 4 3 P 1  →  2s 2 2p 3 2 D °  
5/2,3/2  transitions 

     For this series, the lowest certain resonance cor-

responds to level  m  = 11 and  σ  2  =  − 1.514 ± 0.128, so 

Eq. ( 5 ) becomes (in eV)

        

   •  For the  2s 2 2p 4 3 P 0  →  2s 2 2p 3 2 D °  
5/2,3/2  transitions 

     For this series,  m  = 7 and  σ  2  =  − 0.138 ± 0.034, so 

Eq. ( 5 ) becomes (in eV)
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 Here too, the semi-empirical MAOT formulas ( 20 ) 

and ( 21 ) perfectly reproduce the ALS data. For the  n  = 9 

level of the  2s 2 2p 4 3 P 1  →  2s 2 2p 3 2 D °  
5/2,3/2  series, the MAOT 

energy position at 66.851 eV corresponds well to that of 

Sakho’s SCUNC (2022) at 66.847 eV. For  n  = 9 – 10 of the 

 2s 2 2p 4 3 P 0  →  2s 2 2p 3 2 D °  
5/2,3/2  series, negative ALS quantum 

defects are observed where positive values are expected 

(Z ≥  Z core ). 

 Table  4  compares the MAOT and ALS resonance ener-

gies ( E   n  ) and quantum defect ( δ   n  ) for the  Ne 2+  Rydberg 

series corresponding to the  2s 2 2p 4 3 P 2  →  2s 2 2p 3 2 P °  
1/2,3/2  

and  2s 2 2p 4 3 P 1  →  2s 2 2p 3 2 P °  
1/2,3/2  transitions. The MAOT 

resonance energies are calculated using the following semi-

empirical formulae ( 22 ) and ( 23 ). For these two states, the 

lowest certain resonance is level  m  = 7 and the screening 

constants are respectively  σ  2  =  − 0.230 ± 0.035 for the fi rst 

series and  σ  2  =  − 0.230 ± 0.035 for the second series. Thus, 

Eq. ( 5 ) gives.

    •  For the  2s 2 2p 4 3 P 2  →  2s 2 2p 3 2 P j . 
°  transitions (j = 1/2,3/2)    

        

     •  For the  2s 2 2p 4 3 P 1  →  2s 2 2p 3 2 P j . 
°  transitions (j = 1/2,3/2)    

        

 For both series, comparisons show excellent agreement 

between MAOT and ALS data. Moreover, for  n  = 7 – 14, 

MAOT energy deviations from ALS data are less than or 

equal to 0.005 eV, demonstrating that the semi-empirical 

MAOT formulas reproduce experimental data perfectly. 

What’s more, the MAOT quantum defect remains virtu-

ally constant up to  n  = 40, and compares very well with that 

of ALS. The eff ective nuclear charge (Z*) of MAOT also 

decreases correctly towards  Z core  = 3.000 as  n  tends towards 

infi nity, in agreement with the analytical conditions ( 15 ). 

 Table  5  shows the resonance energies, quantum defects 

and eff ective charge of the  Ne 2+  Rydberg series resulting 

from the  2s 2 2p 4 3 P 0  →  2s 2 2p 3 2 P °  
1/2,3/2  and  2s2p 5 3 P °  

2  →  2s2p 5 

4 P transitions. MAOT resonance energies are calculated 

using the following semi-empirical formulae ( 24 ) and ( 25 ).

    •  For the  2s 2 2p 4 3 P 0  →  2s 2 2p 3 2 P j . 
°  transitions (j = 1/2, 3/2) 

     For this series, the lowest certain resonance corre-

sponds to level  m  = 7 and  σ  2  =  − 0.230 ± 0.035, so Eq. ( 5 ) 

becomes (in eV) for this series
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   •  For the  2s2p 5 3 P °  
2  →  2s2p 5 4 P transitions 

     For this series,  m  = 4 and  σ  2  =  − 1.584 ± 0.128, so 

Eq. ( 5 ) becomes (in eV)

          

 Here, too, we can see that the comparisons clearly show 

that the resonance energies of MAOT and ALS are in excel-

lent agreement, as shown by the energy diff erences (Δ En ), 
which did not exceed 0.005 eV. This demonstrates once 

again that the MAOT formulas ( 24 ) and ( 25 ) reproduce 

the ALS experimental values very faithfully. In addition, 

the remarkably stable behavior of MAOT quantum defects 

should be emphasized, as they remain virtually constant and 

compare very reasonably with those of ALS. 

 In this study, it was noted that the theoretical MAOT 

eff ective nuclear charges (Z*) decrease for all Rydberg series 

examined as the principal quantum number  n  increases, 

converging towards the residual ion electric charge value 

Zcore = 3.000, as stipulated in conditions ( 15 ). However, 

it is important to note that for some series, the measured 

quantum defects are negative, whereas positive values were 

expected according to MAOT conditions ( 15 ). Despite this, 

the experimental energy positions remain accurate even in 

the presence of negative quantum defects. This major result 

underlines the fact that quantum defect theory is not always 

relevant to the analysis of experimental data. Henceforth, the 

MAOT procedure ( 15 ) may prove very useful for analyzing 

experimental and theoretical energy resonances related to 

photoionization processes of atoms and ions. 

 This work demonstrates once again that MAOT theory 

is an eff ective and practical method to help experimental-

ists analyze and interpret atomic data from PI spectra of 

atoms and ions. MAOT results, calculated with great accu-

racy using simple semi-empirical formulas ( 16 ) – ( 25 ), 

guarantee the reliability and credibility of our new predic-

tions. Many spectra show overlapping series of Rydberg 

resonances, making their identifi cation and precise meas-

urement of energy levels diffi  cult. 

 Before concluding the discussion, it is important to 

highlight the main advantages of the MAOT method in 

atomic physics. Among the various computational meth-

ods used in this fi eld, the  R -matrix approach is considered 

 (24)
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 (25)
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the most sophisticated and widely used (Liang et  al. 

 2013 ). According to McLaughlin and Ballance ( 2012 ), in 

 R -matrix theory, all photoionization (PI) cross-section cal-

culations require the generation of atomic orbitals based 

on the atomic structure of the residual ion. On the other 

hand, to calculate direct photoionization cross sections, 

Bizau et al. ( 2011 ) used Dirac–Fock multiconfi guration 

(MCDF) calculations with the code developed by Bruneau 

( 1984 ). These illustrations show that calculations or exper-

iments based on PI cross-section studies require at least:

   1.      The design of atomic orbitals based mainly on the 

atomic structure of the residual ion;   

  2.      To carry out these investigations, it is essential to use a 

complex computer program based on specifi c codes;   

  3.      Mathematical complexity of the formalism.     

 The MAOT formalism off ers the advantage of provid-

ing precise energy positions within a simple analytical 

formula, such as Eq. ( 5 ), for a given Rydberg series by 

modifying only the principal quantum number, without 

requiring the generation of atomic orbitals, the use of spe-

cifi c codes or mathematical complexity. Another important 

aspect to highlight is the limitation of the PI cross section 

for high-altitude states, even with high photon resolution. 

Indeed, as the principal quantum number  n  increases, the 

peaks of the eff ective cross-section become narrower and 

overlap for high values of  n  or for high photon energy. 

As a result, unresolved lines are observed and the cor-

responding energy positions cannot be determined theo-

retically or experimentally. The MAOT method does not 

encounter these problems, as precise energy positions can 

be obtained down to very high  n , as shown in this and 

our previous articles (Gning et al.  2023 ; Gning & Sakho 

 2023 ,  2024 ). 

    Conclusion 

 In the present paper, the results of calculation via the 

semi-empirical method (MAOT), of resonance energies 

and single photoionization quantum defects for several 

Rydberg series from the lower  2s 2 2p 4  ( 3 P 2,1,0 ,  
1 D 2  and 

 1 S 0 ) and  2s2p 5 3 P °  
2  states of Ne III are reported to clarify, 

complement and extend the experimental Advanced Light 

Source (ALS) data (Nahar et al.  2019 ). The main strength 

of the present work is that, thanks to the MAOT method, 

we provide greater confi dence in the experimental values 

of the ALS by computationally clarifying a number of 

uncertainties in the experimental data on the one hand, and 

on the other, missing experimental energy positions are 

also predicted. Accurate and reliable predictions are also 

achieved up to high-lying levels with principal quantum 
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numbers up to  n  = 40. With this article, we demonstrate 

once again that the MAOT method can be successfully 

applied to study the photoionization spectra of atomic sys-

tems with many valence electrons, but also to analyze and 

interpret experimental data as shown in this article. 
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