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                     Abstract 
 This work examines the hydrostatic dynamics of a rectangular nanoplate in contact with a confi ned fl uid. This problem was 

mathematically modeled using modifi ed couple stress (MCS) theory and classical plate assumptions. The motion diff erential 

equation and the boundary conditions have been derived via Hamilton's principle. A velocity potential function is also 

derived using boundary conditions and compatibility conditions for an incompressible, nonviscous, and nonrotating fl uid. A 

Rayleigh–Ritz technique is then utilized to determine the natural frequencies of nanoplates. It was found that the results of the 

frequencies of the microplate in contact with the fl uid were very similar to those of the previous research and that there was 

a good agreement between the two. The eff ect of diff erent factors such as the thickness-to-scale parameter ratio, the length-

to-thickness ratio, the length-to-width ratio, and the boundary conditions on natural frequencies has been examined using 

the obtained results. It has been observed that for a plate with a low thickness, the diff erence between the natural frequencies 

expected by the classical as well as MCS theories is large, but this diff erence disappears as the plate thickness increases. 

   Keywords     Vibration analysis    ·  Nanoplate    ·  Viscous fl uid    ·  Modifi ed couple stress    ·  Natural frequencies  

      Introduction 

 Recently, researchers have studied vibrations in structures 

with nanoscale dimensions as one of their topics. There is 

a signifi cant increase in the study of micro and nanostruc-

tured objects as a result of their wide range of applications 

in nanotechnology. An example of this phenomenon can be 

found in the vibrations of nanostructures, such as nanobeams 

and nanoplates (Zhang et al.  2022 ; Talebizadehsardari et al. 

 2022 ; Shariati et al.  2022 ). 

 As demonstrated by experimental tests and research, the 

mechanical behavior of nanoscale structures diff ers from that 

of macroscale structures due to the presence of discontinui-

ties relative to the dimensions of the structure. Alternatively, 

classical continuous medium theories cannot describe size-

dependent behavior as they do not contain scale parameters. 

This parameter is a constant quantitative length scale and is 

one of the mechanical characteristics of the material that can 

be determined experimentally and in the laboratory. Due to 

this, it is essential to use non-classical continuous medium 

mechanics theories rather than classical continuous medium 

mechanics theories. Micropolar, strain gradient, strain gradi-

ent theory, couple stress, and MCS theory are some of the 

non-classical theories that have been presented by research-

ers in recent years (Salehipour et al.  2022 ; Uzun et al.  2023 ; 

Hosseini et al.  2023 ). Due to the fact that these theories 

include a scale parameter, they can take into account the 

infl uence of size. 

 Couple stress theory was presented in the 1962s by Men-

delin and Tirsten ( 1962 ). This theory also has two scale 

parameters, furthermore to the Lamé coeffi  cients. One of 

the advantages of this theory is that it has two additional 

parameters, as compared to the micropolar theory, which has 

four additional parameters, and the strain gradient theory, 

which has fi ve additional parameters (Eremeyev et al.  2023 ). 

The MCS theory was proposed by Yang et al. (  2022 ). In 

this theory, which is derived by adding the couple stress 

balance equation to the balance equations of forces and 

moments, only one scale parameter is considered. Addi-

tionally, considering the application of nanostructures in 

MEMS equipment, it is crucial to analyze nanostructures 

in interaction with fl uids. Currently, no reports have been 

published on the dynamic analysis of nanoplates in fl uid 
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contact. The following are some reports that have been pub-

lished regarding the macro and micro examination of plates 

in contact with fl uid. Bakhsheshy and Khorshidi (  2015 ) 

investigated the vibrations of rectangular nanosheets in a 

thermal ambiance. The infl uence of geometrical and envi-

ronmental characteristics on the frequencies of the nanoplate 

is studied in their work. Ansari et al. ( 2015 ) examined the 

instability and vibrations of microshells through which the 

fl uid fl ow also passes. They used the MCS theory to consider 

the size impact and the classical shear deformation theory 

to model the shell. Based on the Rayleigh–Ritz method, 

Zhao and Chang (  2000 ) examined the vibrational proper-

ties of a fl uid-immersed plate. According to their study, the 

fl uid is located in a rectangular frame and is assumed to be 

unlimited in the longitudinal direction. Uğurlu et al. ( 2008 ) 

have examined the dynamic behavior of plates placed on an 

elastic bed and in contact with a confi ned and static fl uid 

without the eff ects of surface waves. The semi-analytical 

free vibrations of an isotropic rectangular sheet in contact 

with a confi ned fl uid were also investigated by Khorshid and 

Farhadi ( 2013 ). Based on the Rayleigh–Ritz method, they 

were able to obtain the frequencies of the plate by using a 

set of allowed functions that satisfy the geometric bound-

ary conditions. A precise resolution to the three-dimen-

sional free dynamics of a plate immersed in fl uid has been 

developed by Segura et al. ( 2022 ). A fl uid column interacts 

with a plate via the framework developed by Pagano et al. 

( 1994 ) to extend the classical elasticity solution. Sheykhi 

et al. ( 2023 ) have examined the vibrations of a nanobeam in 

contact with fl uid. A Navier–Stokes relationship is used to 

determine the interaction loads between a fl uid and a nano-

beam. A weighted residuals Galerkin technique is employed 

to resolve the motion equation, as well as natural frequen-

cies in diff erent fl uids are obtained, taking into account the 

infl uence of viscosity. 

 The general mode shape of fl uid-plate vibrations can be 

divided into two categories. During sloshing modes, the 

fl uctuation of the fl uid surface due to the rigid motion of 

the structure plays an important role. Secondly, there are 

bulging modes, which are produced by the vibrations of 

fl exible structures, which cause the fl uid to move. 

   Literature gaps 

 Examining literature gaps in this fi eld helps to better and 

more accurately understand the research topic. This work 

prevents repetition and interference of research and provides 

new directions for future research. Therefore, in this section, 

according to the work done in this fi eld, the existing gaps 

have been examined and an attempt has been made to answer 

them as much as possible in this article.

    •   Lack of Application of MCS Theory to Nanoplates in 
Fluid Environments:  Previous studies have not applied 

MCS theory to the vibration analysis of nanoplates in 

contact with fl uid. Most existing research focuses on 

nanoplates in non-fl uid environments or uses classical 

plate theories that fail to account for size-dependent 

eff ects crucial at the nanoscale.  

   •   Insuf f icient Consideration of Fluid–Structure 
Interaction in Nanoscale Analysis:  While there are 

numerous studies on the vibration of plates in contact 

with fl uid at the macroscale, there is a lack of research 

addressing fluid–structure interactions specifically 

for nanoplates. The interaction between fluid and 

nanostructures, especially under modifi ed couple stress 

theory, has not been thoroughly explored.  

   •   Limited Exploration of Nonlocal Eff ects on Vibration 
Characteristics:  Although nonlocal theories and 

modifi ed couple stress theory have been discussed in 

the literature, there is a limited examination of their 

eff ects on the vibration behavior of nanoplates in fl uid 

environments. The impact of nonlocal parameters on 

both lower and higher vibration modes requires further 

investigation.  

   •   Absence of Comprehensive Parameter Sensitivity 
Analysis for Nanoplates in Fluid:  Previous research 

lacks a detailed parameter sensitivity analysis that 

investigates the infl uence of various factors such as 

thickness-to-scale ratio, length-to-thickness ratio, 

length-to-width ratio, as well as boundary conditions 

on the natural frequencies of nanoplates in f luid 

environments.  

   •   Inadequate Validation of Theoretical Models with 
Experimental Data:  The manuscript highlights a gap in 

the validation of theoretical models with experimental 

data, especially for nanoplates in fl uid environments. 

Most studies compare their results with other 

theoretical fi ndings rather than experimental results, 

which limits the practical applicability and verifi cation 

of the models.  

   •   Minimal Use of Advanced Mathematical Techniques 
in Nanoscale Vibrational Analysis:  The application of 

advanced mathematical techniques like the Rayleigh–

Ritz method for solving complex vibration problems at 

the nanoscale is sparse. There is a need for more studies 

employing such techniques to enhance the accuracy of 

natural frequency predictions.  

   •   Overemphasis on Macroscale Plate Studies:  Existing 

literature is heavily focused on the analysis of 

macroscale plates rather than nanoplates. This focus 

overlooks the unique behaviors and characteristics of 

nanoplates, which are infl uenced by factors such as size 

eff ects and fl uid interactions that are not signifi cant at 

the macroscale.    
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    Novelty and contributions 

 Considering the work done in this article, presenting the 

novelty of the work and its contributions can help clarify 

the importance of the work done in this article. Therefore, 

in the continuation of the work, these items are specifi ed 

as bullet points:

    •   Application of MCS Theory in Nanoplates:  The work 

applies the MCS theory to the vibration analysis 

of a rectangular nanoplate immersed in a viscous 

fl uid. MCS theory, which incorporates a single scale 

parameter to account for size eff ects, is crucial for 

accurate analysis at nanoscale dimensions, where 

classical theories fall short.  

   •   Incorporation of Fluid–Structure Interaction:  The study 

includes the eff ects of fl uid interaction on the nanoplate, 

a signifi cant advancement given that previous studies 

primarily focused on plates in non-fl uid environments. 

This incorporation is critical for applications in 

nanotechnology and MEMS devices where such 

interactions are prevalent.  

   •   Mathematical Modelling and Analysis:  The research 

presents a comprehensive mathematical model using 

Hamilton's principle to obtain the boundary conditions 

and motion diff erential equations for the nanoplate. The 

use of a velocity potential function to address the fl uid's 

incompressibility and non-viscous nature is another key 

aspect.  

   •   Use of Rayleigh–Ritz Technique:  The application of 

the Rayleigh–Ritz technique to determine the natural 

frequencies of the nanoplate is noteworthy. This method 

helps in obtaining accurate frequency predictions, 

especially when dealing with the complexities introduced 

by the fl uid–structure interaction.  

   •   Comparison with Classical Theories:  The work 

compares the results obtained from MCS theory with 

classical plate theories, highlighting the discrepancies 

and demonstrating the necessity of using MCS theory 

for nanoplates. This comparison shows that the classical 

theories signifi cantly underestimate the frequencies for 

thin plates.  

   •   Parameter Sensitivity Analysis:  The study investigates the 

eff ects of various parameters, such as thickness-to-scale 

ratio, boundary conditions, length-to-thickness ratio, 

and length-to-width ratio, on the natural frequencies of 

the nanoplate. This comprehensive analysis provides 

valuable insights for the design and optimization of 

nanoscale structures in practical applications.  

   •   Validation and Novel Observations:  The results are 

validated by comparing them with existing literature on 

macro plates, ensuring the credibility of the fi ndings. 

The observation that fluid interaction significantly 

alters the mode shapes and reduces the natural 

frequencies, especially in lower modes, is a novel 

contribution.  

   •   Inf luence of Nonlocal Parameters:  The research 

identifies that nonlocal parameters have a greater 

infl uence on higher modes, and the impact of fl uid 

on natural frequencies increases with the nonlocal 

parameter in all vibration modes. This insight is critical 

for future studies and applications involving nanoscale 

structures.    

 This paper makes the following key contributions to the 

fi eld of vibration analysis of nanoplates:

    •   Novel Application of MCS Theory:  The study applies 

the MCS theory to the vibration analysis of rectangular 

nanoplates, addressing the limitations of classical plate 

theories that fail to capture size-dependent eff ects at the 

nanoscale.  

   •   Integration of Fluid–Structure Interaction:  For the 

fi rst time, this research incorporates fl uid–structure 

interaction in the analysis of nanoplates using 

MCS theory. This inclusion is critical for practical 

applications in nanotechnology and MEMS devices.  

   •   Advanced Mathematical Modeling:  The paper presents 

a comprehensive mathematical model utilizing the 

Rayleigh–Ritz technique and Hamilton's principle to 

derive motion differential equations and boundary 

conditions, providing a robust framework for analyzing 

nanoplate vibrations in fl uid environments.  

   •   Extensive Parameter Analysis:  The eff ects of various 

parameters, such as thickness-to-scale ratio, boundary 

conditions, length-to-thickness ratio, as well as 

length-to-width ratio, on the natural frequencies of the 

nanoplate are thoroughly investigated, off ering valuable 

insights for optimizing nanoscale structures.  

   •   Validation and New Insights:  The results are validated 

against existing literature on macro plates, ensuring 

reliability. Novel observations include the signifi cant 

impact of fl uid interaction on mode shapes and natural 

frequencies, particularly in lower modes.  

   •   Infl uence of Nonlocal Parameters:  The study identifi es 

the greater infl uence of nonlocal parameters on higher 

vibration modes and demonstrates how fl uid interaction 

effects increase with the nonlocal parameter, 

contributing to a new understanding of the behavior of 

nanoscale structures.    

 This work signifi cantly advances the understanding and 

analysis of nanoplates in fl uid environments, providing 

a robust framework for future research and practical 

applications in nanotechnology and MEMS devices. 
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     Problem formulation 

   Modifi ed couple stress theory 

 Yang et  al. ( 2002 ) first proposed the ambiance theory. 

Based on this theory, the strain energy for a linear isotropic 

nanoplate with volume Λ is expressed as Eq. ( 1 ):

       

 In which,   ⃖⃗𝜀     is strain tensor,   ⃖⃗𝜎     is stress tensor,   ⃖⃖⃗m     stands 

deviatoric part of couple stress tensor and:

      

      

      

       

 In the above relations, the displacement vector is   ⃖⃗u     , the 

length scale parameter is   𝓁     , and the Lame constants are μ 

and λ. 

    Formulation of nanoplate 

 Figure  1  displays a schematic of a rectangular nanoplate 

with a width of  b , a thickness of  h , and a length of  a . This 

plate is a part of the vertical wall of the solid tank containing 

fl uid. The tank has width  c  and the fl uid in this tank has den-

sity  ρ  and depth  b  1 . The fl uid is supposed as incompressible, 

non-viscous, and non-rotating.         

 (1)U =
1

2 ∫ Λ

(
⃖⃗𝜎 ∶ ⃖⃗𝜀 + ⃖⃖⃗m ∶ ⃖⃗x

)
dΛ

 (2)⃖⃗𝜎 = 𝜆tr
(
⃖⃗𝜀
)
⃖⃗I + 2𝜇⃖⃗𝜀

 (3)⃖⃗𝜀 =
1

2

[
∇⃖⃗u +

(
∇⃖⃗u
)T
]

 (4)⃖⃖⃗m = 2𝓁2𝜇⃖⃗x

 (5)⃖⃗x =
1

2

[
∇⃖⃗𝜃 +

(
∇⃖⃗𝜃
)T
]

 Using the plates' classical theory, the plate's displacement 

in Cartesian coordinates is written in the form of Eq. ( 6 ):

      

where  u ,  v,  and  w  denote the displacements of the nanoplate. 

    Fluid formulation 

 As mentioned, there are two modes in fl uid-plate structure. 

Therefore, the total fl uid velocity potential is written as 

Eq. ( 7 ):

      

where   𝜙B     and   𝜙s     are the velocity potential for bulging modes 

and slashing modes, respectively. According to Eq. ( 7 ), the 

velocity potential can be split into deformation potential 

(which is independent of time) and harmonic time function 

according to the following equation:

       

 Since the fl uid is supposed to be incompressible, the fl uid 

velocity potential must satisfy the three-dimensional Laplace 

equation:

       

 According to Fig.  1 , the boundary conditions on vertical 

walls and the bottom of the tank are expressed as Eq. ( 10 ):

       

 Since there is no bulging mode in the free surface of the 

fl uid, the boundary condition of the free surface and the 

consistency condition at the contact point of fl uid with the 

plate are also expressed as Eq. ( 11 ):

       

 In which,  w ( x , y , z ) stands the transversal displacement of 

the nanoplate. The condition of linear slashing in the free 

surface of the fl uid is as follows:

       

 In which,  g  denotes the gravity acceleration and  ω  is the 

rotational frequency of the nanoplate. 

 (6)u = −z
𝜕

𝜕x
w, v = −z

𝜕

𝜕y
w, w = w(x, y, t)

 (7)𝜙O = 𝜙B + 𝜙s

 (8)𝜙O(x, y, z, t) = Ṫ(t)𝜙0(x, y, z) = i𝜔ei𝜔t𝜑0(x, y, z)

 (9)∇2𝜑O = ∇2𝜑B + ∇2𝜑S = ◦ → ∇2𝜑B = ◦,∇2𝜑S = ◦

 (10)

𝜕2𝜙B

𝜕x

|||||x=◦,a

= ◦,
𝜕𝜙B

𝜕y

||||y=◦ = ◦,
𝜕𝜙B

𝜕z

||||z=c

= ◦

𝜕2𝜙B

𝜕x

|||||x=◦,a

= ◦,
𝜕𝜙B

𝜕y

||||y=◦ = ◦,
𝜕𝜙B

𝜕z

||||z=◦,c

= ◦

 (11)𝜙B
||y=b1

= ◦,
𝜕𝜙B

𝜕z

||||z=◦ = 𝜕w

𝜕t

 (12)
𝜕2𝜙o

𝜕y

|||||y=b1

=
𝜔2

g
𝜙o

||||y=b1

Rigid Tank
Free Surface

Flexible Nanoplate

Fluid
b1

c

a

b

  Fig. 1       Rectangular nanoplate immersed in fl uid  
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 Upon substituting Eqs. ( 24 ), ( 25 ), and ( 26 ) into Hamil-

ton's principle, the following is achieved:

       

 Using the basic lemma of the calculus of variations and 

integration, with the exception of the boundary conditions 

and the equations of motion component, which are gained 

as:

      

      

      

      

where   ni(x, y)     is a vector perpendicular to the boundary of 

the middle plane. To obtain the equation of motion in terms 

of the transverse displacement component of the plate, the 

stress will be:

 (26)

Tp =
1

2 ∫ ∫ ∫
V

𝜌
(
u̇2 + v̇2 + ẇ2

)
dV,

𝛿Tp = ∫
A

−
h
2

∫
−

h
2

𝜌(u̇𝛿u̇+ v̇𝛿v̇+ ẇ𝛿ẇ)dzdA= ∫
A

[
I
◦
w𝛿w+ I2

(
𝜕w
𝜕x

𝛿
𝜕w
𝜕x

+
𝜕w
𝜕y

𝛿
𝜕w
𝜕y

)]
dA

 (27)

∫
t

0

(
𝛿Tp + 𝛿Tf − 𝛿Up

)
dt = ∫

t

0

[
∫A

[
I0ẇ𝛿ẇ+ I2

(
𝜕ẇ
𝜕x

𝛿
𝜕ẇ
𝜕x

+
𝜕ẇ
𝜕y

𝛿
𝜕ẇ
𝜕y

)
+Mx

𝜕2w
𝜕x2

+ My
𝜕2w
𝜕y2

+ 2Mxy
𝜕2w
𝜕x𝜕y

+ Mxy𝛿
𝜕Υy

𝜕y
nx −

1

2
Υx𝛿

𝜕2w
𝜕x𝜕y

−
1

2
Υx𝛿

𝜕2w
𝜕x𝜕y

+ Υxy𝛿

(
𝜕2w
𝜕y2

−
𝜕2w
𝜕x2

)
+ Υy𝛿

𝜕2w
𝜕x𝜕y

−
1

2
𝜌F ∫

a

0
∫

b

0

(
𝜙B + 𝜙s

)|||z=0

(
𝜕

𝜕t
𝛿w
)

dxdy
]
= 0

 (28)

Mx
𝜕2w
𝜕x2

+ My
𝜕2w
𝜕y2

+ 2Mxy
𝜕2w
𝜕x𝜕y

−
𝜕2Υx

𝜕x𝜕y

+Υy
𝜕2w
𝜕x𝜕y

+
𝜕2Υxy

𝜕x2
−

𝜕2Υxy

𝜕y2
+

1

2
𝜌F
(
𝜙B + 𝜙s

)|||z=0

= I0ẅ− I2

(
𝜕2ẅ
𝜕x2

+
𝜕2ẅ
𝜕y2

)

 (29)

𝜕Mx

𝜕x
nx +

𝜕My

𝜕y
ny +

𝜕Mxy

𝜕x
ny +

𝜕Mxy

𝜕y
ny −

1

2

𝜕Υy

𝜕y
nx −

1

2

𝜕Υx

𝜕x
ny

+
1

2

𝜕Υy

𝜕x
ny +

1

2

𝜕Υy

𝜕y
nx + I2

(
𝜕ẅ
𝜕x

ny +
𝜕ẅ
𝜕y

nx

)

 (30)

Myny + Mxynx −
1

2
Υxnx +

1

2
Υynx + Υxynxy = 0 or 𝛿

𝜕w

𝜕y
= 0

 (31)

Myny + Mxynx −
1

2
Υxnx +

1

2
Υynx − Υxynxy = 0 or 𝛿

𝜕w

𝜕y
= 0

       

 The following is one way to write the equation of motion:

       

 And by defi ning   D =
Eh2

12(1−v2)
     as the bending stiff ness of the 

sheet and ignoring the rotational inertia   I2     , Eq. ( 34 ) is obtained:

       

    Solving method 

 Assuming that the response to the transverse displacement of 

the sheet in harmonic motion is as follows:

      

      

where the unidentifi ed constants are  W   mn  . and  X   m   and  Y   n   are 

the allowed functions in the  x  and  y  directions, respectively. 

It should be noted that these functions must meet the 

requirements for geometric boundary conditions. To 

 (32)

⎧⎪⎨⎪⎩
Mx

My

Mxy

⎫⎪⎬⎪⎭ =
Eh3

12
(
1 + v2

)⎡⎢⎢⎣
1 v ◦

v 1 ◦

◦ ◦
(1−v)

2

⎤⎥⎥⎦
⎧⎪⎨⎪⎩

−
𝜕2w

𝜕x𝜕y

−
𝜕2w

𝜕x𝜕y

−2
𝜕2w

𝜕x𝜕y

⎫⎪⎬⎪⎭

 (33)

I0ẅ − I2∇
4ẅ +

[
Eh3

12
(
1 − v2

) +
Eh𝓁2

1 + v

]
∇4w −

1

2
𝜌F

(
𝜙̇B + 𝜙̇S

)|||z=0
= 0

 (34)ẅ +
[
D + 𝜇h𝓁2

]
∇4w −

1

2
𝜌F

(
𝜙̇B + 𝜙̇S

)|||z=0
= 0

 (35a)w(x, y, t) = W(x, y)ei𝜔t

 (35b)W(x, y) =

∞∑
m=1

∞∑
n=1

WmnX
m
(x)Yn(y) = WmnX

m
(x)Yn(y)
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compute these functions, the shape of the vibration modes 

of Euler–Bernoulli beams is considered:

       

 Following the application of boundary conditions at both 

ends, the eigenvalues (β) as well as the vectors ( A, B, C, D ) 
can be calculated. Diff erent boundary conditions are written 

as Eq. ( 37 ) to Eq. ( 41 ): 

 Simple-Simple:

       

 Clamped–Clamped:

       

 Simply-Clamped:

       

 Clamped-Free:

       

 Simply-Free:

       

 With a process similar to what is done for beams, the 

shape of the beam modes can be obtained in the form of 

relations ( 42 )–( 46 ): 

 Simple—Simple:

       

 Clamped–Clamped: 

       

 Simply-Clamped:

 (36)

X(x) = A cosh (𝛽x) + C cos (𝛽x) + B sinh (𝛽x) + D sin (𝛽x)

 (37)
Xm(0) = 0, X′′

m
(0) = 0

Xm(a) = 0, X′′
m
(a) = 0

 (38)
Xm(0) = 0, X′

m
(0) = 0

Xm(a) = 0, X′
m
(a) = 0

 (39)
Xm(a) = 0, X′

m
(a) = 0

Xm(0) = 0, X′′
m
(0) = 0

 (40)
X′′

m
(a) = 0, X′′′

m
(a) = 0

Xm(0) = 0, X′′
m
(0) = 0

 (41)
X′′

m
(0) = 0, Xm(0) = 0

X′′
m
(a) = 0, X′′′

m
(a) = 0

 (42)Xm(x) = sin
(
𝛽mx

)

 (43)

Xm(x) = cosh
(
𝛽mx

)
− cos

(
𝛽mx

)
+

cos 𝛽m − cos 𝛽m

sin 𝛽m − sin 𝛽m

(
sinh

(
𝛽mx

))
− sin

(
𝛽mx

)

       

 Clamped-Free:

       

 Simply-Free:

       

 Also, the fi rst four eigenvalues are calculated and listed in 

Table  1 .  

 The above relations for the form of plane mode along 

the  y  direction (   Yn(y)     ) are also written simply and similarly 

to   Xm(x)     . As a result, the vibration response of the plate 

as   W(x, y) = WmnXm(x)Yn(y)     it is possible to rewrite the 

expressions related to energies and conditions. Equation ( 36 ) 

inserted into Eqs. ( 25 ), ( 26 ), and ( 24 ) yields:

      

      

      

 (44)

Xm(x) = cosh
(
𝛽mx

)
− cos

(
𝛽mx

)
+

cos 𝛽m − cos 𝛽m

sin 𝛽m − sin 𝛽m

(
sinh

(
𝛽mx

))
− sin

(
𝛽mx

)

 (45)

Xm(x) = cos
(
𝛽mx

)
− cosh

(
𝛽mx

)
+

cos 𝛽m − cos 𝛽m

sin 𝛽m + sin 𝛽m

(
sin

(
𝛽mx

))
− sinh

(
𝛽mx

)

 (46)

Xm(x) = cos
(
𝛽mx

)
− cosh

(
𝛽mx

)
+

cos 𝛽m + cos 𝛽m

sin 𝛽m + sin 𝛽m

(
sin

(
𝛽mx

))
+ sinh

(
𝛽mx

)

 (47)

Upmax
=

1

2

a

∫
0

b

∫
0

[(
{2𝜇 + 𝜆}

h3

12
+ 𝜇𝓁2h

)
WmnX

′′
mYnX′′

i Yj

+

(
{2𝜇 + 𝜆}

h3

12
+ 𝜇𝓁2h

)
WmnXmY′′

n XiY
′′
j

+2

(
𝜆

h3

12
− 𝜇𝓁2h

)
WmnX

′′
mYnXiY

′′

+4

(
𝜆

h3

12
+ 𝜇𝓁2h

)
WmnX

′
mYWij X

′
i Y

′
j

]
dydx

 (48)TPmax
= 𝜔2 1

2

a

∫
0

b1

∫
0

WmnXmYnWijXi
Yjdydx

 (49)
TfBmax

= −
1

2

a

∫
◦

b

∫
◦

i𝜔A
𝓁k cos

(
𝓁𝜋

a
x

)
cos

(
(2k + 1)𝜋

2b1

)(
1 + e2c𝜎

)
i𝜔WmnXmYndxdy

  Table 1       The fi rst four eigenvalues are related to beams with various 

boundary conditions  

  Boundary Condition    β 1     β 2     β 3     β 4   

  Simply-Simply    9.86    39.45    88.62    157.91  

  Clamped–Clamped    22.38    61.02    120.94    199.52  

  Simply -Clamped    15.46    48.97    102.45    178.35  

  Clamped-Free    3.52    22.04    62.85    121.52  

  Simply-Free    0.0    15.42    49.65    105.65  
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 This article utilizes the Rayleigh–Ritz method to fi nd 

the vibration characteristics of the structure. Based on this 

technique, the diff erence of kinetic energies and maximum 

potential is obtained and by minimizing this value, the 

unknown constants of the problem are obtained. As a result, 

the following is obtained:

      

where in:

       

 Equation ( 52 ) requires a connection for the unknown 

coefficient   Bij     in order to be solved. Therefore, adding 

Eq. ( 13 ) to Eq. ( 52 ) yields:

      

where in:

 (50)Π =
∑

StrainEnergymax −
∑

KinecticEnergymax

 (51)
𝜕Π

𝜕q
= ◦

 (52)
(
Kp

)
Wmn − 𝜔2

[(
Mp + MfB

)
Wmn + MfSBij

]
= ◦

 (53)

KP =
𝜕2Upmax

𝜕qi𝜕qj

=
𝜕2Upmax

𝜕Wmn𝜕Wij

MP =
𝜕2TfSmax

𝜕qi𝜕qj

=
1

𝜔2

𝜕2TfSmax

𝜕Wmn𝜕Bij

MfB =
𝜕2TfSmax

𝜕qi𝜕qj

=
1

𝜔2

𝜕2TfSmax

𝜕Wmn𝜕Bij

MfS =
𝜕2TfSmax

𝜕qi𝜕qj

=
1

𝜔2

𝜕2TfSmax

𝜕Wmn𝜕Bij

 (54)

[
KP ◦

K𝜙B K𝜙S

]{
Wmn

Bij

}
− 𝜔2

[
MP + MfB MfS

◦ M𝜙S

]{
Wmn

Bij

}
= ◦

       

 It is clear that Eq. ( 54 ) is a standard equation related to 

eigenvalues, which can be solved to calculate eigenvalues 

(frequency ω) and eigenvectors,   
{

Wmn, Bij

}T
    . 

    Results and discussion 

 As there is no reference for validating rectangular 

nanoplate in contact with fl uid, the problem is fi rst solved 

for rectangular macroplats in contact with incompressible 

fl uid, and the results are then validated. Firstly, the natural 

frequencies in the current research are compared with those 

in Reference (Uğurlu et al.  2008 ). A dimensionless natural 

frequency for an isotropic square macro plate in contact with 

a fl uid is presented in Tables  2  and  3 , respectively, with fully 

simple and fully clamped boundary conditions. Tables  2  and 

 3  show that the current results agree well with the reference 

data (Uğurlu et al.  2008 ). As can also be displayed, the 

dimensionless natural frequencies decrease as the depth ratio 

of the fl uid inside the tank increases.   

 Figure  2  illustrates some examples of nanoplate mode 

shapes for a  b  1 / b  of 0.6 and a completely clamped boundary 

condition. According to Fig.  2 , the contact between fl uid and 

solid has changed the shape of the nanoplate mode shapes, 

which is consistent with the results presented in reference 

(Khorshid and Farhadi  2013 ) for macro plates.         

 (55)

K𝜙B =
𝜕2U𝜙B

𝜕qi𝜕qj

=
𝜕2U𝜙B

𝜕Wmn𝜕Bij

K𝜙S =
𝜕2U𝜙S

𝜕qi𝜕qj

=
𝜕2U𝜙S

𝜕Wmn𝜕Bij

K𝜙B =
𝜕2T𝜙B

𝜕qi𝜕qj

=
𝜕2T𝜙B

𝜕Wmn𝜕Bij

  Table 2       Dimensionless natural 

frequencies (Ω = ω a  2  √(ρ h / D )) 
of a square plate immersed in 

fl uid and with fully clamped 

boundary conditions  

  Model Number    Method     b  1 / b   

  0    0.2    0.4    0.6    0.8  

  (1, 1)    Present    5.872    5.867    4.589    3.062    2.652  

  Ref. (Uğurlu et al.  2008 )    5.729    5.669    4.206    2.784    2.148  

  (2, 1)    Present    12.047    11.364    8.945    7.160    6.004  

  Ref. (Uğurlu et al.  2008 )    11.86    11.179    8.640    7.598    5.782  

  Table 3       Dimensionless natural 

frequencies (Ω = ω a  2  √(ρ h / D )) 
of a square macro plate in 

communication with the fl uid 

and with fully simple boundary 

conditions  

  Model Number    Method     b  1 / b   

  0    0.2    0.4    0.6    0.8  

  (1, 1)    Present    3.187    3.148    2.375    1.568    1.246  

  Uğurlu et al. ( 2008 )    3.165    3.059    2.168    1.489    1.312  

  (2, 1)    Present    7.914    7.156    5.874    4.986    3.895  

  Uğurlu et al. ( 2008 )    7.904    7.087    5.725    5.176    3.826  
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 A discussion of the eff ects of changes in diff erent param-

eters is presented in the second part, including the length-

to-thickness ratio of nanoplate  a / h ,  h / l , as well as the ratio 

of length to width of nanoplate  a / b . Assuming a nanoplate 

with four sides is clamped, the length scale parameter for 

the nanoplate is  l  = 17.6 nm. According to Fig.  3 , the fun-

damental frequency changes as a function of the ratio of 

the length to the thickness of the square nanoplate. The 

impact of the scale parameter's thickness ratio on the initial 

natural frequency is also illustrated in Fig.  4  using classi-

cal and size-dependent theories. In Fig.  4 , two points can 

be expressed: the fi rst is that the frequencies obtained from 

the MCS theory are always higher than those obtained from 

classical theory. This is due to the higher stiff ness of the 

model that is considered in the MCS theory. Another thing 

is that the diff erence between the ionizing frequencies con-

sidered by these two theories is large at very small thick-

nesses ( h / l  < 5) and as this ratio increases, their diff erence 

decreases. Therefore, classical theory cannot provide accu-

rate vibration characteristics for nanoplate with very small 

thicknesses.                 

 In Fig.  5 , the four primary frequencies of the square micro 

sheet are also shown in terms of  a / h  for  h  = 2 l . Accordingly, 

the natural frequency of nanoplate diminishes as the ratio of 

thickness to length rises. In general, it is expected that when 

the  a / h  is increased, the predicted frequency value as calcu-

lated by the MCS theory using Kirchhoff  assumptions will 

be equal to the frequency that is predicted via MCS theory 

using Mindlin assumptions.         

 Next, Table  4  illustrates the infl uence of the length scale 

parameter and the length-to-width of the nanoplate ratio on 

the natural frequencies. The thickness of the nanoplate is 

supposed to be  h  = 100 nm, and the  a / h  is thought to be ten. 

According to Table  4 , the natural frequency in all vibration 

(a)

(b)

  Fig. 2       Three modes of a fully clamped rectangular macro plate in contact (a) with air and (b) viscous fl uid  

  Fig. 3       First natural frequency according to the length-to-thickness 

ratio of nanoplate for fully clamped square nanoplate  
  Fig. 4       The impact of nanoplate thickness to the scale parameter ratio 

on the fundamental frequency of the fully clamped nanoplate accord-

ing to non-classical and classical theories  
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modes decreases when the scale parameter is decreased. 

The reason for this is that reducing the scale parameter will 

result in a reduction in the stiff ness of the nanoplate. As the 

 a / b  ratio increases, the natural frequencies of the system 

also increase. Table  5  presents the natural frequencies of 

the mentioned nanoplate under a range of boundary circum-

stances. In this case,  a  =  b  = 100 nm, the scale parameter of 

length  l  = 1.7 nm, thickness  h  = 0.7 nm is considered.   

 It is worth mentioning that in Tables  4  and  5 , the bound-

ary conditions are shown in the form of ABCD, and the 

letters C, B, A, and D represent the boundary conditions at 

x =  a , y =  b , x = 0, and y = 0, respectively. As can be seen 

from Table  5 , natural frequencies reduce with the increase 

of the fl uid depth, which is due to the increase of the equiva-

lent mass of the system. As shown in Fig.  6 , examples of 

mode shapes for nanoplate with basic boundary constraints 

in communication with air and limited fl uid are shown.         

  Fig. 5       The fi rst four frequencies of the square nanoplate in terms of 

the  a / h    

  Table 4       Changes of the 

fi rst three frequencies of the 

nanoplate for diff erent scale 

parameters and in diff erent 

boundary conditions  

  BC     h / l      a / b  = 1     a / b  = 2  

  ω 1     ω 2     ω 3     ω 1     ω 2     ω 3   

  CSCS    1    1.2355    2.3142    2.7824    3.4735    4.6207    5.8740  

  4    0.8725    1.8752    2.3240    2.8746    3.1425    3.8952  

  8    0.6514    1.2457    1.8742    1.7562    2.1782    2.9751  

  CFCF    1    0.7728    2.2452    2.2797    2.9497    3.7358    5.3254  

  4    0.4803    1.8670    1.4828    2.4782    2.7339    3.8056  

  8    0.2990    1.1378    1.3160    1.3514    1.8044    2.6028  

  SFSF    1    0.9809    1.8449    2.6301    3.2256    4.4943    5.6858  

  4    0.6908    1.6011    2.0522    2.8259    3.0589    3.7513  

  8    0.6489    0.9658    1.7930    1.5144    1.9687    2.6897  

  Table 5       Natural frequencies 

without dimensions of a square 

nanoplate submerged in a 

fl uid and subjected to various 

boundary conditions  

  Mode No    BC     b  1 / b   

  0    0.2    0.4    0.6    0.8  

  (1,1)    CSCS    4.7120    4.6683    4.6218    2.0285    1.5154  

  FCCC     3.9086    3.9693    3.5907    2.4311    1.7610  

  FSSS    2.8627    2.7011    2.1494    1.3101    0.5916  

  CFCF    1.8994    1.9097    1.5896    1.0882    0.8203  

  (2,1)    CSCS    11.3605    10.6510    8.1121    6.7423    4.6760  

  FCCC     10.4645    10.3878    7.9897    5.8953    5.0407  

  FSSS    6.6178    6.4612    4.8241    4.5184    3.7840  

  CFCF    4.4970    4.1783    3.0289    2.8275    2.3758  

  (2,2)    CSCS    21.1424    18.7033    16.0323    13.3719    10.5047  

  FCCC     19.1555    17.7910    14.1687    11.5059    10.3246  

  FSSS    12.4807    11.6752    9.3778    7.6866    6.5853  

  CFCF    9.6850    8.7096    7.4143    5.8208    5.0756  

  (3,1)    CSCS    22.8293    21.1531    18.3820    15.0319    11.5549  

  FCCC     20.2312    19.2860    15.7482    12.6289    11.5754  

  FSSS    15.3795    14.3852    12.3630    9.4834    8.9030  

  CFCF    14.6910    13.4424    10.3865    8.4518    7.5256  
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    Conclusion 

 According to the MCS theory, the vibrational analysis of 

isotropic rectangular nanoplate immersed in fl uid has been 

discussed in this study. This problem is analyzed and for-

mulated using Kirchhoff 's theory, as well as solved using 

the Rayleigh–Ritz method. Based on the MCS theory, it 

is demonstrated that, unlike the classical sheet theory, the 

model presented based on this theory can take into account 

the size effect when analyzing small-scale structures. 

These structures do not lend themselves to the application 

of classical theory. A reduction in the natural frequency 

of a sheet can be achieved by increasing the ratio of its 

length to its thickness, while an increase in the ratio of its 

width to its length may cause the natural frequency to rise. 

A lessening in the natural frequency can be achieved by 

adjusting the thickness to the length scale parameter, and 

vice versa. The solid–fl uid interaction changes the shape 

of the folded modes and it is also observed that the natural 

frequencies decrease with the rise of the depth of the fl uid 

inside the tank. 

 Fluids have the greatest influence on lower modes, 

while nonlocal parameters have the greatest infl uence 

on higher modes. Furthermore, the fl uid's impact on the 

natural frequencies grows with a rise in the nonlocal 

parameter in all vibration modes. In comparison to the 

classical case, at the nanoscale, it has a stronger impact on 

modifying the system's vibration behavior. 
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