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Abstract

In this study, we define the Copper Fibonacci and Copper Lucas polynomials, and some terms of these polynomials are
given, including the relationship of the ratio of the biggest to the smallest of two consecutive terms of these polynomials.
In addition, we provide important relations among the positive and negative index terms, and the sum of the squares of two
consecutive terms is related to these polynomials. We apply Catalan transformations to these polynomials and obtain some
of their terms. We also relate the terms of the Hankel transformation of the Catalan Copper Fibonacci polynomials with the
classical Fibonacci numbers. Finally, we define the application of the Copper Fibonacci and Copper Lucas polynomials to

hyperbolic quaternions.
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Introduction

In mathematics, sequences have an important place in
understanding a problem that occurs under certain condi-
tions more clearly. The most famous of these problems is
the Rabbit problem in Leonardo Fibonacci's famous book
Liber Abaci. Using the outputs of the rabbit problem,
the Fibonacci sequence is defined and the relationships
between consecutive terms of this sequence are obtained.

The most famous number sequences are the Fibonacci
and Lucas sequences. These sequences have attracted the
attention of scientists for centuries. Fibonacci sequences
have been applied in various fields such as Engineering
(Oliveira and Alves 2019), Chemistry (Otto 2022), Bio-
mathematics (Avazzadeh et al. 2023), Phylotaxis (Turner
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et al. 2023), Cryptology (Aydinyiiz and Asct 2023), etc.
Scientists have done many studies on the generalization of
the Fibonacci sequence. Examples of studies carried out
are Fermat, k-Chebyshev, k-Jacobsthal-Lucas, Narayana,
Pell, Padovan sequences, etc. (see for details in Ozkan et al.
2017; Akkus et al. 2024, 2021, Ozkan and Akkus 2023;
Hoggatt 1969).

For n € N, the Fibonacci numbers F),, Bronze Fibonacci
number BF,, Lucas numbers L, and Bronze Lucas number
BL, are defined by the recurrence relations,

F+2 =Fn+l +Fn’BFn+2 = 33Fn+l +BFn’

n

L,,=L,,+L, and BL,,, = 3BL,,, + BL,,

withFy=0,F, =1,BF;=0,BF, =1,Ly=2,L, =1, and
BL,=2,BL, =3.

For F,, BF,, L,, and BL,, the Binet formulas are
ki —k; m} —m

F = 1 BF =
n kl_kz n

— n — n n
o —mz’L" = k| +k}, and BL, = m! + m}.

where k, = % = 1,618033988749894 ..., k, = “T‘E

my = Y8~ 3302775638 .., and m, = 2V are the

roots of the characteristic equations k> —k—1 =0 and
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m? —3m—1=0. The k;, and m, numbers here are the
golden ratio and bronze ratio, respectively, from the metal-
lic ratios.

Some of the identities between Fibonacci and Lucas
sequences are as follows (For more identities see in Akkus
et al. 2021; Koshy 2019).

) 5F5 =L,, -2(-1)", () F,,L,— L, F,=2(-1),

(i) L,L, — Ly,y; = (1), (iv) Lﬁ =L,, +2(-1)",

) Ln = Fn+l + Fn—l’ (vi) F3n = FZnLn - Fn(_l)n’

(Vi) F,_F,,, — F,,F,_, = 2(=1)", (viii) FF_ - LL_ = K;J

The Cassini formulas for Fibonacci and Lucas sequences

F

n

aFp - F2=(-D"and L, L, , - L>=5(-1)".

One of the interesting applications of the Cassini identity is
its use in geometric paradoxes (see for details in Koshy 2019,
pp- 100-108).

For n € N, the Copper Fibonacci numbers CF, and
Copper Lucas numbers CL,, are defined by the recurrence
relations,

CF,,,=4CF, +CF,and CL,,, =4CL, ,+CL,
withCFy,=0,CF, =1landCLy =2,CL, = 4.
For CF, and CL,, the Binet formulas are

K" —0"

K —

CF, =

n

and CL, = k" +0".

wherex =2 + 1/5 = 4.23606797749979 ..,andd = 2 — /5
are the roots of the characteristic equation r> —4r — 1 = 0.
The number « here is the copper ratio from metallic ratios.

In Ozkan and Akkus (2024), Ozkan and Akkus defined
the Copper Fibonacci CF, and Copper Lucas CL, numbers.
In addition, they obtained the following properties of these
sequences. Form,n € N,

(i) CF = CF,,,CF,,, + CF,CF,,

n+m+1 —

(i) CL,,, ., = CL,,,,CF,., + CL,CF,,

n+m+1 —

(iii) 6" = %(2\/5_ K>\/§ _ S
) g2 = Py /5 Cl
(iv) k> = = x5 Bt

4
() CF,,,,CF,_, — CF? = (=1)""™*'CF2,
(vi)CL,,,,CL,_,,

— CL? = 20(—1)"""CF2.

With the help of the recurrence relation of the Fibonacci
sequence, Fibonacci polynomials were presented and these
polynomials had a significant place in algebra and number
theory. Fibonacci and Lucas polynomials have applications
in different scientific fields like Chemistry, (Avaroglu et al.
2020), Cryptology (Ali et al. 2021), Medicine (Heydari et al.
2021), etc.

Forn € N, the Fibonacci polynomials f;,(x) and Lucas poly-
nomials /,(x) are defined by the recurrence relations,

Jnon ) = Xf 1 () + f,(x) and [, ,(x) = xl,, (%) + [, (x),

@ Springer

with the initial conditions f,(x) = 0, f;(x) = Land [;(x) = 2,
L (x)==x.
For f,(x) and [,(x), the Binet formulas are

n n
s1 =55 .
f,x) = and [,(x) = s} +55.
S1 =52
214 /214
where s, = % and s, = )% are the roots of the
characteristic equation s> — xs — 1 = 0.

In Hoggatt (1973), Hoggatt and Bicknell worked on the
roots of Fibonacci polynomials. In addition, they found many
properties of these roots. Smajlovic et al. (2024) studied new
relations between Chebyshev, Fibonacci, and Lucas polyno-
mials. Also, they obtained new relations on the trigonomet-
ric sum formulas. In Kishore and Verma (2023), Kishore
and Verma obtained some identities on the sums of finite
products of Fibonacci, Chebyshev, and Pell polynomials.
Kuloglu et al. investigated Fibonacci and Lucas polynomials
on n-genes and reached very interesting results (Kuloglu et al.
2023). Florez et al. calculated the identities of the general-
ized Fibonacci polynomial and related the results b to these
polynomials (Flérez et al. 2017). Ozkan and Kuloglu defined
Narayana polynomials with the help of the generalization of
Fibonacci polynomials and they made many applications of
these polynomials (Ozkan and Kuloglu 2021). Ozkan and
Tastan (2020) introduced the Gauss Fibonacci polynomials
and made many applications related to these polynomials.

The quaternions were first used by Hamilton in 1843. In
addition, quaternions are used to control rotational move-
ments, especially in Chemistry (Sveier et al. 2019), Eule-
rian angles (Cariow et al. 2020), mechanics (Danielewski
and Sapa 2020), 3D games (Ozgoren 2019), and kinemat-
ics (Senjean et al. 2021). In Horadam (1963), Horadam
defined Fibonacci quaternions and Complex Fibonacci
numbers, and some properties were found. Dagdeviren
(2023) worked on the generalization of hyperbolic qua-
ternions. He also found interesting consequences of these
generalizations.

An important feature of the algebra of hyperbolic qua-
ternions is that it is an algebra that has no relation to its
elements defined on the set of real numbers.

q =xiy +yiy +2i3 + tiy,x,y,2,t €R

Kosal (2018) examined the g components whose proper-
ties are given in Table 1. In addition, he found some features.
In Macfarlane (1902), Macfarlane did a lot of work on
hyperbolic quaternions and the properties of these quater-
nions. The general form for these quaternions is as follows:

Here, 7, h,, h;, h, are the terms of the sequence and
i1, Iy, 13,1, are hyperbolic quaternions. Akkus and Ozkan
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Table 1 Hyperbolic quaternions

units h b i -
i i iy i3 iy
L b iy —i3
i3 i3 —ly i iy
iy iy i3 —i, i

related the generalized k-Leonardo numbers to quaterni-
ons and found many of their properties (Akkus and Ozkan
2024a). In Dagdeviren (2023), Dagdeviren, worked on the
generalization of binary, complex and hyperbolic quater-
nions. Studies on hyperbolic quaternions and their appli-
cations have been done in the literature (see for details in
Ozdemir and Ekmekci 2022; Akkus and Ozkan 2024b;
Yagmur 2020; Ozdemir and Ceyhan 2024).

As can be seen from the studies carried out so far,
many generalizations of the Fibonacci and Lucas
sequences have been studied so far. In this study, we pre-
sent a new generalization inspired by the Copper Fibo-
nacci sequence and Fibonacci polynomials. We call these
sequences the Copper Fibonacci polynomials and Cop-
per Lucas polynomials and denote them as CF,(x), and
CL,(x), respectively.

Copper Fibonacci and Copper Lucas
polynomials

In this chapter, we define the Copper Fibonacci and Cop-
per Lucas polynomials, and some terms of these polyno-
mials are given. Then there are many properties of these
polynomials.

Definition 2.1. For n € N, the Copper Fibonacci polynomi-
als CF,(x) and Copper Lucas polynomials CL,(x) are defined
by, respectively,

CF,1,(x) = 4xCF, ., (x) + CF,(x) 2.1)
with CFy(x) = 0 and CF(x) = 1,
CL, ,(x) =4xCL, ,(x) + CL,(x) (2.2)

with CLy(x) = 2 and CL,(x) = 4x.

Note that when x = 1, the Copper Fibonacci and Cop-
per Lucas sequences are obtained [see for details in Koshy
(2019).

The characteristic equation of the Copper Fibonacci poly-

nomials is
?—dxc—1=0. (2.3)

The roots of this equation

¢ =2x+ V4 +1land ¢, =2x — V4x? + 1.

Next, we give the relationships between these roots
below:

ey =4x,c,—c, =2Vax2 +1,¢cic, = -1,

and c% + cg = 16x* + 2.

Some terms of the CF, (x) and CL,,(x) polynomials are
0,1,4x, 16x> + 1,64x° + 8x,256x* + 48x>

+1,1024x° +256x° + 124, ...
and

2,4x,16x% + 2, 64x° + 12x,256x* + 64x>
+2,1024%° + 320x3 + 20x, ...

respectively.

Also, the terms of the CF,(x), and CL, (x) polynomials
can be found with the help of the following relations. These
relations are called the closed format of the family of poly-
nomials. Let n € N*:

5]
CF,0)= ) < " 511 —4 >(4x)"—1—2q and CL, (x)
q=0

15

— n n—gq 4 n—2q‘
;n_q< . )(x)

Next, the Binet formulas of the CF,(x), and CL,(x) are
expressed.

Theorem 2.1. Ler n € N. We have

(i) CF, () = =2,
(i) CL,(x) = c] + c}.
Proof. (i) The following general form is used to find
equality:
CF,(x) = kc| + mc))
k and m values are obtained by solving the equation obtained

by giving different values to the above equation. For n = 0,
CFy(x) =0 and for n=1, CF;(x) =1. So, k= L and

C1—C
—1 .
m= . Thus, we obtain
C1—Cy

n__ .n
GG
CF,(x) = .
=0

Other proof is shown in a similar way.
O
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In the following theorems, we find the relationships
among the roots of the characteristic equation of these
polynomials and these polynomials.

Theorem 2.2. Let n € N. We have
(i) 2= L2 \/ax2 4 - L

" n CF,,(x
(if) 2 = 2”(2 4x2+1—c,)\/§—

2+l _ _ CFh (™) ) CLy, (%)
(iii) (e - Vax?+1+c¢ —
CIQ»H—I(X)
0 4x

CLy,_,(x)
4x ’

(iv) ! = —CF;’C(X) 42+ 11—

(v) 2V/4x2 + 1CF,(x) + CL,(x) =
(vi) 2V/4x2 + 1CF(x) — CL,(x) = —

Proof. Binet formulas are used for proofs. We have

(i) Cl”ZZH(X)C1 Nl CL2Z—](X)
X

2n 2n 2n 1 2n—1
cm—c +c;
1 2 /
= 4.x2 1- T
2)c(cl - cz)
2n+1 _ 2n _ 2n—1 _ .2n—1
< €6y = ¢ c
4x
2n 1 2n 1
c"lep — — c'l—cp — =
! < ! €1 ) + 2 ( ! Cz)
4x
=
Other proofs are shown in a similar way. O

Theorem 2.3. The relationship between two consecutive
terms of CF,(x) and CL,(x) polynomials is as follows:

lim CFr1 )

CL, (%)
————— =¢; and lim =
n—c CF, (x)

—————— Cl-
n—o  CL,(x)

Proof. Binet formulas are used for proofs. We obtain

4l _ ot +1 o\
G 9 Crll 1—(—2)

. n+1 (X) 1= . °

hm = ——— = lim m

G
c1—Cy 1 ¢

Thus, we obtain
CF,) ()

im ———— =¢,.
n—oo CFn(x)

Similarly, we have

. CL,,,(»)
lim ———— =¢,.
n—c0 CL,(x)
O

Theorem 2.4. Let s =c, or s = ¢, and n,k,m,p € N. We
obtain

@ Springer

(i) 8" = sCF,,(x) + CF,_, (%),
(ii) 1 + 4xs + s227'+) = 2Q@HDCL,,, (x).
(iii) s = s"CL, (x) — (=1)",

(iV) P = s"CF,,(x) CF”(F )

CF,(x) - (=" TCRW
(V) 8" = $°CF,_1 (1) + 871 CF,_ (%),

(Vi) CF @) = "™ CF  (x) + S"*CF,,, (x),

Proof. (i) Fors = c,, we have

1 1
=c’1“ (c +1) oy (c1c2+1) o
) "
For s = ¢,, we have
= c’l'_] - cg_l
SCF,(x)+ CF,_(x) =c, +
] D ]
1
cr (clcz+1)—c<c2+ ) .
= =c).
] ?
Other proofs are shown in a similar way. O

In the next theorems, we obtain special relations between
the CF,(x), and CL, (x) polynomials.

Theorem 2.5. Let n € N. The following equations are
satisfied:

(i) CF,(x) = ——CL,,,(x) — —=—CL, (),

8x 2+2 4x 2+1

(ii) CL,(x) = 2CF,, , (x) — 4xCF,(x)

Proof. (i) The following relation is used for proofs;
CF,(x) = axCL,(x) + bxCL,(x).

For these n values, we obtain;

CFy(x) = axCL,(x) + bxCL(x),

CF,(x) = axCL,(x) + bxCL,(x).
We find

X
=————and b= ——7T"—.
8x2 42 4x2 + 1

Other proof is shown in a similar way.

Theorem 2.6. Let m,n € N, and n > m. We have
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() CF 410 = CF, 1 (X)CF,, (%) + CF,(x)CF, (x),

(ii) CL,,, 01 (%) = CL,, . ,(X)CF,, ,(x) + CL,, (x)CF,(x),

(iii) CF,,(x) = CF_n(x)<\/4x2 F1CF(x) — %CLG(x)>,
(iv) CL,(x) = <22 (CL2(x) = CL,,(x)),
(") CL2(x) + CL2 | (x) = CLy,(x) + CLy, 5 (),
(vi) CFX(x) + CF2, | (x) = CF,,;, (%).

Proof. Binet formulas are used for proofs. We obtain

(i) CF,,(x)CF,,,(x) + CF,(x)CF,,(x)

n+l _ n+l m+l _ m+l n_ .no,m_ .m
! G G ) =66 6
L o) L o) =6 C—0
n+m+1 n+m+1
_aqm e —a) =M e o)
- 2
(e =)
Cn+m+l _ Cn+m+l
_ 4 2
¢ —Cy
= CFramn )
5 o ¢,
(iii)) CF_,(x) = =—-——L121 = n(nx) So, we get
—Cy (cl—cz)K"H" ciey
non _ CF_n(x)
192 = :
CF,(x)
Then we find
==l A2 —2cct
I 1 2 1“2
CF(x) = =

Cp=C ¢ — 0

- (Cl _02)(C1 _Cz)

g
2v4x2 + 1 Vaxz +1

Thus, we obtain
CF,(x) = CF_n(x)<\/4x2 +1CF () — %CLG(x)).

Other proofs are shown in a similar way.

Theorem 2.7. Letk,m,n € N, and k > m,n. We obtain

(i) CFpin = CLCL,CF, + {CFCL,CL, + ;CL,CF, CL,+
+(4x* + 1)CFCF,,CF,,

(ii) CLyymin = %CLkCLmCL,, + (4* + 1)CL,CF,,CF,+
(4x*> + 1)CF,CL,,CF, + (4x* + 1)CF,CF,,CL,.

The proof of these relations is shown in the same way as
the proof of the previous theorem.

In the following theorem, we examine the relationships
among CF,(x), CL,(x), F,,, and L,.

Theorem 2.8. Let n € N. We have

F,

n

(i) CF,(x) = CF_n(x)<M)’

(”) CLn(x) CL—n(x)( n n+1 L2n+l)’

(i) CL2() = (162% +4) CF2(x) = 4( 2ot — Lo )

2F, 2L,

Proof. Binet formulas are used for proofs. We obtain

o _ b _ _CR®
(1) CF_,(x) = o = T loayer = o . Thus, we get
CF,(x) = =CF_, (x)(—1)"
F, —F, L
— CF_n(.X) 3n 2n*=n
Fn
= CF_ (%) Fy, = Fy,(Fopy + Fy)
n F
(i) CL_,(x) = ¢]" + )" = cY:ig = an]()x) Thus, we have
6 -

CL,(x) = CL_,(x)(=1)"
- CL—n(x)( n n+1 L2n+1)'
CL3(x) — (16x* + 4)CF2(x)

no_ N\ 2
GG
15 =)

Il n_n
+2clc2

— () = (168 +4)<

2n

=C%n+C +2c{c) — ¢

L
(i) = 4cc)

= 4(-1y"
=4 FZnFn+1 _ FZnLn+1
2F, 2L, )

O

Next, we find the sum formulas of the CF,(x), and CL,(x)
polynomials. Also, we give binomial formulas of these
polynomials.

Theorem 2.9. Let m, n, p, r € N. We obtain

=CF 1y +H(=1) CF,,,(0)+CF,_,(x)+CF, (x)

n , Ifp<r
(i) > CF,,,,(x)= =1 =CL ) o
mpX) =Y —CF,,,.,H=1) CF,,.,()+CF,_,()+CF,(x) .
m=0 , otherwise
1+(=1) =CL,(x)
., —CLy 44, W)+(=1) CL,,,,()=CL,_,(x)+CL, <x>’ ifp<r
(11) Z CL ( )_ 14+(=1)"—=CL,(x)
i X) =Y (1) CLy 1, 9= CLy ()L, ()=CL 14, () o
m=0 , otherwise
1+(=1) =CL,(x)

Proof. (i) Binet formulas are used for proofs. We have
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n n rm+p rm+p Cp n n
c —-c
1 2 1 m 2 m
2 CFop@ = = 2 ()"~ (c3)
P _ _ 1 _ 2
0 = ‘74 12 B e 15 B e
nr+r nr+r
_ & -1 ~ -1
cp—c¢ cf—1 cp—¢ ;-1
—CFp4r4p@X)+(=1) CF,,, ,()+CF,_,()+CF,(x) .
_ 1+(-1)"~CL,(x) S ifp<r
- —CF, nr+r+p(x)+( 1) CFn,+p(x)+CF (x)+CFp(x)

1+(=1)'=CL,(x)

, otherwise

Other proof is shown in a similar way.
O

Corollary 2.1. The special sum formulas of CF,(x) and
CL,,(x) polynomials are as follows:

n
J CF,; )+CF, (x)-1
(@) m§0 CF,(x) = HT’
n
(i) Z CL,(x) = %}W’
CFyp (0)—1
(”l) Z CFZm( )— A,
m=0
CLyyyy () +4
(@) Z CLy,(x) = M’
CFp()
©) z CF2m+1( x) = 2—2)6’
S CL ()2
. o
0 X Clay ) = 5=

Proof.i. In theorem 2.9., if p = 0 and r = 1, we obtain.

- CF + CF, -1
S ey = Lo+ CFO 1
o 4x

Theorem 2.10. Letn € N. We get
(i) 20 (;‘ >(4x)’C17j(x) = CF,,(x),
J=
i) 3 <’7>(4x)fCLj(x) = CL,,(x),
j=0 \J
(iif) 2 <;’ >(—1)7CF2j(x) = (—4x)"CF, (%),
Jj=0

() Z < >( 1Y CLy(x) = (=4x)" CL, ().

Proof. (i) With the help of Eq. (2.3), the following relation
is obtained:

@ Springer

c? =4xc; + 1 and cg =4xc, + 1.

<r.l>(4x)jCI7j(x) - 2 < >(4x)’ < )
=\ =R
n
j

1 o [ n - -
01_02]-20'<j> : Z()( >(4XYC]

[(1 +4xc1)n -

. (1 + 4xc2)n]

= [(@) = ()]

L — 0

= CF,,(x).

Other proofs are shown in a similar way.
O

Next, we obtain special generating functions of the
CF,(x), and CL,(x) polynomials.

Theorem 2.11. Letr,n,p € N, and p > r, we obtain.

CF,(x)~1(=1)'CF,_,(x)

(o]
. n —
(@) Z CFrn+p(x)t T 1—CL.(x)+ (=12

n=0

(ii) Z CLy (0" =

(lll) Z CFm(X)

- . >
! c1—Cy

(lV) Z CLm(X)
n=|

CL,(x)=(=1)"CL,_,(x)
1-tCL, ()12

reooor

_ e]!_er‘2)‘
c't cht

=e1 +e.

Proof. Binet formulas are used for proofs. We obtain
o rntp Crn+p

i; CF iy = ) C‘C—zr”

71=0 176
4L 4 &
_ 1 r o\ 2 o\
) T o Z(Clt)_c_c Z(Czt)
(1 1752 n=0 1752 =
I S T
= l—cit ¢ —cl1=cyt

CF,(x) — t(=1)'CF,_,(x)
1 —1CL )+ (-1
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c + Crn

Other proofs are shown in a similar way.
O

Corollary 2.2. The generating functions of CF,(x) and CL,(x)
polynomials are as follows:

) f() = X CF,001" =

(i) () = §j CL,(x0)" = =2
n=0

1—dxt—12"
Proof. (i) Intheorem 2.11.,if p = 0 and r = 1, we obtain

t

() = z:;) CF," = —— .

O

In the following theorems, we calculate the some identi-
ties of the CF,(x), and CL,(x) polynomials.

Theorem 2.12. (i) (Cassini Identity) Let n € N. We get
e CF, ,(0CF,_(x)— CF(x) = (-1,

o CL, (0)CL,_;(x) = CLA(x) = 4(4x* + 1)(=1)""".
(i) (Halton Identity) Let n,i,j € N, and i,j < n. We get

° I‘H—l(x)c ()C) - n+](x)C ()C)

1 i} y
= ————[(=1)"7CLy(x) = (=1)""CLy (%),
4(42 +1) (=" CLy ) = (=1 CLy(0)]

o CL(0)CL, (x) = CL,;(x)CL,_;(x)

= (=1)""CLy(x) - (—1)”_JCL2j(x).
(iii) (D’ ocagne Identity) Let n,i € N, and i < n. We get

e CF,, (x)CF;(x) — CF,(x)CF,,,(x) = (=)' CF,_,(x),

o CL, (x\)CL(x) — CL,(x)CLy,,(x) = 4(4x* + 1)(—=1)'CF,_,(x).

(iv) (Vajda Identity) Let n,i,j € N, and i,j < n. We get
o F i 00CF, () = CF,(0)CF, ,1,;(x) = (=1)" CF,(x)CF;(x),

e CL,;(0CL,,;(x) = CL,(x)CL,,(x)
= 4(4x + 1)(=1)""' CF,(x)CF ().

(v) (Catalan Identity) Let n,i € N, andi < n. We get

o CF, (x)CF,_j(x) - CFX(x) = (-1)""™"'CF}(x),

. CL,,(x)CL,_(x) — CL2(x) = 4(4x> + 1)(=1)""'CF}(x).

(vi) (Gelin-Cesaro Identity) Let n € N. We get

o CF,,(0)CF,,;(X)CF,_;(x)CF,_(x) = CF,(x)

1 1
- CL
4(4x2 +1) <(—1)"-3 2n43)

L
( 1)}1—2

——CL,, ,(x) + CLy(x) + (+

CLy,,(0) + ( CL4(x)

_1)2n—3

CLZn—4 (x)

= 1)”

= 1)" iy T )

e CL,,x)CL,, (x)CL,_;(x)CL,_,(x)—

1
- (_1)"-2

+ 1
(_1)211 3

1
+ W Ly(x)(x) + =

1
( 1)n 2
(vii) (Padilla Identity) Let n € N. We get

CL'(x)

1
CLyy4(X) + F CLyy42(%)

Le(x) + ———CLy, »(x)
(- l) 2n-2
CL2n 4(X)

——CL,,(x) —

o CF2,(x) + CF>_ (x) = 3CF,(x)CF, ;(1)CF, ,,(x)

1

=——(CF;,,4(x) =3CF;3,,5(x) + CF;,_,(x
4(4x2+1)( 3046 (%) =3CF3,,3(x) + CF,_3(x)
+3CFy,,3(x) = 3CF,,(x) + 3CF, (%)),

o CL,(0)+CL_,(x) = 3CL,(x)CL,, ;(x)CL, ,,(x)
= CLy,,4(x) + 3CL,,,(x) + CL;,_5(x)
+3CL,_;(x) + (4(4x* + 1)) (=CF3,,3(x)
—3CF,_,(x) 4+ 3CF | (X)+3CFy,3(x)).

(viii) (Melham Identity) Let n € N. We get

L] n+l(x)CFn+2(x)CFn+6(x)

1
=——(cF — CF,(x)—-———
4(4x2+1)< o) = CF ) (—1y*!

CF(x)

CF,p ()

_WCF'H’S(X) + mCFn(x) - WCFn—S(X))s
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° CLn+l(x) CLn+2 ()C) CLn+6 (x) - CLi (x)

= CLy,,9(x) — CLy,(x) + ( 11 CLy 7 (%)
1

+ WCL}WHS(}C) - 1)nC (%)
1

+ WCLH_3(X).

Proof. Binet formulas are used for proofs. We have.

2
CF, . (X)CF,_;(x) — CF,(x)
n+1 n+l n—1 n—1 n .n n
e e e I Bk R Bk
(S ) 1S =) =6~
2n n+l _n—1 n+l n—1 2n 2n
e N e +c; _ —2cc +c;
() (¢ =) (c; — )
n—cl n—cz
CciCy) — cicy) —2
B ( 1 2) o ( 1 2) o 2(cicp)"
(c; =) (c1 =) (e =)
(=D"

CL,,()CL,_,(x) — CL2(x)
= (e ) (e o)~ () (6 + )
="+ ST T T G = e = 2di — "
=4(4% + 1) (-1

Other proofs are shown in a similar way. O

Applications

This section includes two applications of the Copper Fibo-
nacci and Copper Lucas polynomials. The first of these
applications is the Catalan transformation of these poly-
nomials, and the second is the hyperbolic quaternions of
these polynomials.

Catalan transformation

In this section, we apply the Catalan transformation to these
polynomials and find their first few terms. In addition, we

CCF, (x) 1 CF,(x) CCL,(x)

CCF,(x) 11 CF,(x) CCL,(x)

CCFyx) |=|2 2 1 CF5(x) |and | CCL,(x)
5531

CCF,(x) CF,(x) CCL,(x)

obtain some properties of the Catalan transformation of these
polynomials. Moreover, the Hankel transform is applied to the
Catalan transformation of these polynomials. Moreover, very
interesting results are obtained with the terms of the Hankel
transformation.

In Barry (2005), for n € N*, the Catalan numbers and the
generating function of the Catalan numbers are

C(2n,n) 1—V1-—4t
= and c(f) = ————.
n+1 2t

Using the definition of the Catalan transformation, the
Catalan transformation of the Copper Fibonacci and Copper
Lucas polynomials are defined as follows:

c i 2n —
CCF,(x) = : (
g;‘ 2n—i\ n—
and
CCL,(x) = Z i ( 2n =
" & on—i\ n-

Next, the first five values of CCF,(x), and CCL,(x) are
given below:

)CF (x),n € N* with CCF,(x) =

; >CL (x),n € NT with CCL(x) =

CCF,y(x) = 0,CCF,(x) = 1, CCF,(x)
=4x+ 1,CCF5(x) = 16x* + 8x + 3,
CCF,(x) = 64x° + 48x* + 28x + 8, CCF5(x)
= 256x* +256x> + 192x* + 88x + 24,
and
CCLy(x) = 0, CCL,(x) = 4x, CCL,(x) = 16x* + 4x + 2,
CCL4y(x) = 64x> + 32x> + 20x + 4, CCL,(x)
= 256x* + 192x> + 144x? 4 56x + 12,
CCLs(x) = 1024x° + 1024x* + 896x° + 480x” + 184x + 36.

We can write CCF, (x) and CCL,,(x) as the product of nx1
type CF,(x) and CL,(x)’s of the lower triangular Catalan
matrix C:

CL,(x)
CL,(x)
CL;(x) |
CL4(x)

PN T NS YN
e NN =
DR OSI

—
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So,
[ 1 1 1

dx+1 11 4x

1632 + 8x + 3 =221 16x2+1 |and
64x3 +48x% +28x + 8 5531 64x> + 8x
[ 4y 1
16x2 +4x+2 11

64x3 + 32x% + 20x + 4 =221 ..

256x* 4+ 192x3 + 144x2 + 56x + 12 5531 ..

Vi Vo V3 Vn
Vo vz iV,
H,=det|vy; ¢ v, :
v, &
Y, e e e Van_i

Here {v|, v,, v3, ... } are the elements of the sequence.

4x
16x% +2
64x> + 12x

256x* + 64x% + 2

Next, we obtain the generating functions of the Catalan
transformation of these polynomials.

Theorem 3.1.1. We get

. 1-v/1-4
NF({t) = ————,
(@) F() 1+2t—4x-+(1-41)\/ 141

—2-4+/1-4t
1+2—4x+(1-40V/1-41

Proof. (i)
The following equations are used for proof:

(i) L(t) =

F(t) = CCF, (1) = CCF, (t * c(t)).

Thus, we obtain

1—+/1-4¢

F(t) = .
1+2t—4x+ (1 —-40)V1 -4t
Other proof is shown in a similar way. O

In Layman (2001), for n € N*, the Hankel transform H, of
the terms of this sequence was defined as follows:

CCF,(x) CCF,(x) CCF;(x)
HCCF4(x) = det| CCF,(x) CCF5(x) CCF,(x)
CCF;(x) CCF,(x) CCF(x)

1 dx+1

= det| dx+ 1 16x% + 8x+3

Next, we apply Hankel’s work to the Catalan Copper Lucas
CCL,,(x) polynomials and Copper Fibonacci CCF ,,(x) polyno-
mials, respectively. We obtain

HCCL,(x) = H, = det|CCL,(x)| = det[4x] = 4x = CL,(x),

HCCL,(x) =H, = det[ CCL (%) CCLz(x)]

CCL,(x) CCL;(x)

4x 16x% +4x +2

= del] 1632 4 dx 42 642° + 3207 +20x +4

= —4 = —2CL,(),

CCL,(x) CCL,(x) CCLy(x)
HCCL4(x) = Hy = det| CCL,(x) CCLy(x) CCL,(x)
CCL,(x) CCL,(x) CCL5(x)

= —64x> — 64x> — 32x — 16
= —CL4(x) — 4CLy(x) — 5CL,(x) — 2CLy(x),

and

HCCF,(x) = det|CCF ()| = def[1] = 1,

HCCF, (x) = det[ CCF,(x) CCFz(x)]

CCF,(x) CCF5(x)

1 4x+1

=det[4x+1 16x2+8x+3] =2

16x% + 8x + 3
64x> + 48x% +28x+ 8

16x% + 8x + 3 64x> + 48x% + 28x + 8 256x* + 256x3 + 192x% + 102x + 15
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CCF,(x) CCF,(x) CCF;(x) CCF4(x) v _
HCCE 0 = CCF,(x) CCF4(x) CCF,(x) CCF5(x) " O CF,(x) = CF,(x)i; + CF,, (x)i, + CF, ,(x)i3 + CF, 3(x)
ST CCF5(x) CCFy(x) CCF5(x) CCFg(x) : = (CF,(x), CF,4,(x), CF,»(x), CF, 5(x))
CCF,(x) CCF5(x) CCF¢(x) CCF,(x)
and
In the next theorem, we obtain important feature. v
QCL,(x) = CL,(x)i; + CL,,(x)iy + CL, ,,(x)iz + CL,  3(x)i,

Theorem 3.1.2. For n € N*t, When the Hankel transforma-
tion is applied to the Catalan transformation of Copper
Fibonacci polynomials, the relation that relates the results
obtained to the classical Fibonacci sequence is as follows:

HCCF ,(x) = F,_,-

Proof. HCCF,(x)# 0Oand let wus write it as
HCCEF ,(x) = detK,detM,,. Here, the properties of K, and
M, matrices are as follows.

K, is the nxn type lower triangular matrix, the first column
{CCF,(x), CCF,(x), CCF5(x), ... }, and the matrix with the
principal diagonal {1, 1, 1, ... }. M, the nxn type upper trian-
gular matrix, the firstrow { CCF | (x), CCF,(x), CCF5(x), ... },

2513

and is the matrix with the principal diagonal {1, 2, > 5

3% }. Thus, we obtain

= (CL,(x), CL,,(x), CL,,(x), CL, ,5(x))

where CF, (x) is n'" Copper Fibonacci polynomials, CL,,(x)
is n Copper Lucas polynomials, and i, i, i; and i, are the
quaternion units in Table 1.

\' Vv
The first two values of Q CF,,(x) and Q CL, (x) are as fol-
lows, respectively,

\%
o HCFy(x) =iy +4xis + (16x* + 1)y,

®  HCF() =iy +4xi, + (162 + 1)iy + (642 + 82)iy,

Vv
®  HCLy(x) =2i) +4xiy + (1657 +2)i3 + (64x° + 12x)iy,

E, 3_4,...

HCCF, (x)
CCF,(x) 0 0 00 CCF,(x) CCFy(x) CCF;(x) CCFy(x) ...
CCF,(x) 1 0 00 0 2 :

=det|l CCF5(x) ... 1 0 0 |xdef|] O 0 2
CCFy(x) ... =~ 1 0 0 0 0 13

Thus, we obtain

HCCF,(x) = detK,detM,, = detM,, = {m11m22m33m44 mnn}
={1,2,5,13,34,89, ...}
= Fyy-

Hyperbolic Copper Fibonacci and Copper Lucas
quaternions

In this section, we introduce the application of these polyno-
mials hyperbolic to quaternions. For these quaternions, we
define hyperbolic Copper Fibonacci and Copper Lucas qua-
ternions. Moreover, we obtain many features like Binet for-
mulas. At the end of this section, the terms of these polyno-
mials are related with to their hyperbolic quaternion values.

Deﬁnltlon 3.2.1. For n € N, the hyperbolic Copper Fibo-

nacci Q CF,(x) and hyperbolic Copper Lucas Q CL,(x) qua-
ternions are defined by,

@ Springer

\%2
H CLy(x) = 4xij + (1627 +2)i, + (64x + 12x)i3
* + (256x* + 64x” +2)i,
Definition 3.2.2. For n € N, the norms of the hyperbolic
\%
Copper Fibonacci || Q CF, (x)|| and hyperbolic Copper Lucas
\%
[|Q CL, (x)|| quaternions are defined by,

0 CF,)|| = \/CP2( + CP2 )+ CF2 0 + CF2 o)
and
0L, = /e + L2, 0 + CL2 o) + CL2 (o)

Definition 3.2.3. For n € N, the conjugate of hyperbohc

Copper Fibonacci Q CF(x) and Copper Lucas Q CL;(x)
quaternions are defined by,

QCF(x) = CF,(x)i; — +1(x)i2

= (CF,(x),~CF, +1(x)

CF, +2(x)z3

Fon(X), —

CF, ;(x)i,
+3(x))
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and

Q CL!(x) = CL,(x)i; — CL,.(x)i, — CL,,,(x)i3 — CL, 3(x)i,
= (CL,(x), =CL,,,(x), =CL, 5 (x), =CL, 5(x)).

\% \%
Next, we find the relations among the Q CF,, QO CF7,
\% \
QCL,,andQCL".

Theorem 3.2.1. Letn € N. We obtain
\% \% \%

(i) OCF, ,(x) =4xQCF,,(x) + Q CF ,(x),
A\ \" Vv

(i) QCL,.»,(x) =4xQCL,, ,(x) + Q CL,(x),

(iii) O CF? ,(x) = 4x 0 CF, () + 0 CF*(x),

(iv) é CL, ,(x) =4x é CL* (x)+ é CL; (x).

n+1

Proof. (i) 1f the definition is used, we get

223
Thus, we obtain
\% \% \%
QCF?> =2CF,QCF, + (Q CF? - 2CF§>i].
Other proofs are shown in a similar way. O

Theorem 3.2.3. We obtain

v 2 \% v
(0 iiQCF,(x)—i,QCF,, (x) — i3 QCF, ,(x) — iy OCF, ;(x)
= 4x(CF,,5(x) = CF,,;(x))i,
v v v v
It iiQCL,(x) =iy QCL,;1(x) —i3 QCL, ,(x) —ig Q CL, 3(x)
= (16x>CL,14(x) + (4x — 1)CL,, 15 (x) + CL,, 1 (x) + CL,(x) )i
Proof. (i) If the definition and properties of quaternions are

used, we get

\2 \2
4x Q CF,,(x) + Q CF,,(x) = 4x(CF,.,(0)i, + CF, 2,(X)i, + CF, 3(x)i3 + CF,4,(x)i,)

+(CF, (i) + CF,,,(X)iy + CF, ,(x)i3 + CF, 3(x)iy)

= (4xCF,,(x) + CF,(x))i; + (4xCF, ;5 (x) + CF, (X)) iy + (4xCF,,3(x) + CF,,(x))i

+(4xCF, 4(x) + CF, 5(x))iy.

Since, CF,,,(x) = 4xCF, ,(x) + CF,(x). Thus, we obtain

OCF, »,(x) =4xQCF, (x)+ O CF,(x).

Other proofs are shown in a similar way.
Theorem 3.2.2. We obtain
\% \%
(i) QCF,(x) + Q CF}(x) = 2CF,(0)i},
. v \2 v
(if) Q CF2(x) = 2CF,(x) Q CF,(x) + (Q CF,(x)* - 2CF§(x)>il,
\% \%
(ii)) Q CL,(x) + Q CL:(x) = 2CL,(x)i,

(iv) éCLfl(x) =2CL,(x) 0 CL,(x) + <é CL,(x)* - 2CL§(x)> i

Proof. (ii) If the definition and properties of quaternions are
used, we obtain

i é CF,(x) — iy é CF,. (x) = i3 é CF,.,(x) =i, é CF, ;(x)
= (CF,(x) = CF,5(x) = CF, 4(x) + CF, ¢(x))i,
+ (CF,4(x) = CF, ., (x) — CF,,5(x) + CF, 5(x))i,
+ (CF, 4, (x) + CF,,4(x) = CF, ,(x) — CF,4(%))i3
+ (CF,5(x) = CF,;3(x) + CF,,3(x) — CF,3(%))i,
= (CF,(x) = CF,5(x) = CF, 4(x) + CF, ()i,
= 4x(CF,,5(x) = CF,,;())i,.

Other proof is shown in a similar way.
O

\%
Next, we express the Binet formulas of the Q CF,,,
Vi *

\" \
QCF», QCL,, and Q CL, quaternions.

Theorem 3.2.4. Letn € N. We have

\%

Q CF? = (CF,i, + CF,, iy + CF, i3 + CF, 3i,) (CF,i; + CF,, i, + CF, iy + CF, 3i,)
= (CF2 + CF?, + CF>,, + CF: )i, + (2CF,CF,, )i, + (2CF,CF,,,)is + (2CF,CF,;)i,
= 2CF,(CF,iy + CF, i, + CF, iy + CF, 3i,) + (~CF? + CF* , + CF?_, + CF2 )i,
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(1) O CF, () = —
C

(i) Q CL,(x) = ¢,c + ¢y,
(iii) Q CF* () = L4724

iii a0 ===,

\%

. % _ —% p
(V) QCL)(x)=c¢| c]+¢, cz,where
c =i +cip+ c%i3 + c?i4 = (l,cl,c%,c?), o =U,—c,, —cf,—c?),

—_ : 2. 3. _ 2 3
Cy =1+l + iyt oiy = (1,cz,c2,c2) and

—_—k

c, = (1, —Cy, —c%, —cg).

Proof. (i) The following general form is used to find equality:

\"
Q CF,(x) = Tc} + Sci.

T and S values are obtained by solving the equation
obtained by giving different values to the above equation.

\"

O CFy(x) = iy + 4xi; + (16)c2 + 1)i4 =T+S
and

\%

QCF,(x) = i| + 4xi, +

(]6)62 + 1)i3 + (64)63 + 8x)i4 = Tc, + Sc,.

Thus, we have

\% \
. , 2. 3. —
_OCFi(0) =, QCFy(x) Lt teoiztei, ¢
= cp—C cp =0
v v ) ) ). 3. _
_QCF(0)—¢; QCFy(x) L1 toh+oh+al  —o
_C1+C2 _(Cl _CZ) Cp—Cy
So, we obtain
v ¢ ¢ — )
QCF,(x) =
Cl - 02
Other proofs are shown in a similar way.
O

Next theorems, are the Copper Fibonacci and Copper
Lucas polynomials with hyperbolic quaternion values.

Theorem 3.2.5. Leta,b € N, and a < b. We get

\%
() O CF Lo § e, () - L2 ) CF, ),

ar2p(X) =
(ii) ¢ 1) L Clyp @ )
O CL ) = (2v/48 1) L2 O CF,, (0 - 9229 g 1, (v),
CF,
Zb(’f) QC () —

o VY \
(if0) Q CF 1) = 220 9 CF, (),

@ Springer

AN CFy® ) CFapp() )
(V) Q Ly () = 22 Q€L (0 — F228 0 CL, ).

Proof. Binet formulas are used for proofs. We get.

CF. C X
2”(” QCL () - L() oCL,m
iv) _ 1 C?b—éb D K it M
= Al_xﬁ(CICIJr e Eﬁ(clcl +05¢%)
aCTJrZh(Cf— %) _ac;uh(cg _ %)
- 4x(c; = ¢y)
. 1
Since, c3 = = = - and ¢; + ¢, = 4x. Thus, we obtain
1
\"
2b(x) Fpn(x) ¥
OCL,5,(x) = OCL,,(x) - ——— Q0 CL,(x).
Other proofs are shown in a similar way. O

Theorem 3.2.6. Leta,b,c,d € Nandc < a,b. We have.

(i) Q CF,,(x) = CF,(x) O CFy (1) + CF,_,(x) O CF ).
\"2
(i) Q CFy, ) (x) = CL,(x) Q CF, . ,(x) = (=1)* Q CF,(x),
ceey V
(iid) O CF,,, ) = L9 O CF, () = (=1 G O CF,(0).

CF,(0

\ \2 \2
(IV) (“1YCF gy (9) Q CF () = Q CF 10 g0)CF 3y (3) = Q CF gy o g (R)CF (),

Proof. Binet formulas are used for proofs. We obtain

CF, QCFb+]+C ]QCFZ7
(1) _ ¢ —c acﬁ’ +1 —Gch“ . cll”1 - c;’l ac’f —6012’
€ =G ) € =6 € =G
1 —a+h< 1) —a+h< 1)]
=————|¢/¢ ¢+ — ) +c5c o+ — )|
(cl —cz)(cl —c2) [ ! €l 2 )

Since, 1 —c, and L = —c;. Thus, we obtain
c c)
Q CF,.,(x) = CF,(x) Q CFy(x)+ CF,_ (x) Q CF,(x).
Other proofs are shown in a similar way. O

Conclusions

In this study, we defined the Copper Fibonacci and Copper
Lucas polynomials and gave some terms for them. Then we
presented some properties like the special summation for-
mulas, Binet formulas, etc. Also, we found special relations
between these polynomials and the roots of the characteristic
equations of these polynomials. We obtained the relationship
between the ratio of the biggest to the smallest of two consec-
utive terms of these polynomials. In addition, special relations
between the positive and negative index terms of these poly-
nomials are given, and it is seen that the sum of the squares
of two consecutive terms is related to these polynomials.
We calculated the important identities of these polynomials.
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Moreover, we find the relationships among the Fibonacci
and Lucas sequences of the polynomials. We applied Catalan
transformations to the polynomials and obtained some of their
terms. We found some features of the Catalan transformations
like generating functions. We applied the Hankel transform
to the Catalan transform to the polynomials. Furthermore,
with an interesting feature, we related the terms of the Hankel
transformation of the Catalan copper Fibonacci polynomi-
als to the classical Fibonacci numbers. Finally, we defined
the application of the Copper Fibonacci and Copper Lucas
polynomials to hyperbolic quaternions. For these hyperbolic
quaternions, we obtained many properties like Binet formulas.
We found the relationships between these quaternions. We
related Copper Fibonacci and Copper Lucas polynomials with
hyperbolic quaternion values.
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