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Abstract

Let (P});»0 be the sequence of Padovan numbers and (R;);- be the sequence of Perrin numbers. In this paper, we solve the
equations R, — R,, = x, P, — P,, = x“, and R, = x“ where n, m, a, x are nonnegative integers,1 <aand2 < x < 10.
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Introduction

Let n be an algebraic number of degree d with minimal
polynomial

d
apX +a X'+ +a, = aOH(x - n(i)) € Z[x],

i=1

where the a;’s are relatively prime integers with a; > 0 and
the #®’s are conjugates of 7. Then

d
h(n) = é(logao + Z log (max { ||, 1}))
i=1

is called the logarithmic height of #. In particular, if n = a/b
is a rational number with gcd(a,b) =1 and b > 1, then
h(n) = log (max {[al, b}).

We give some properties of the logarithmic height whose
proofs can be found in Bugeaud (2018):

h(n £ v) < h(n) + h(y) +log 2,
h(n™="y*™) < |rl - h(n) + |m]| - h(y).

Suppose that
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are the roots of the characteristic equation x> —x — 1 = 0.
Let (P;);5( be the sequence of Padovan numbers given by

Py=P, =P, =1,P, =P, ,+P,_;

and (R, ), be the sequence of Perrin numbers given by
RO - 3, Rl = O,R2 = 2’Rk = Rk—2 +Rk—3

for k > 3. The Binet formula for these numbers are
Pk=t-ak+s-ﬂk+r-ykande:ak+ﬂk+yk
where

23t=Ta’*+a +3,23s=f+7p*+3,r=5

and the minimal polynomial of ¢ over Z is given by
23x3 — 23x% + 6x — 1. Zeros of this equation are t, s, . More-
over, with simple calculation, it can be shown that
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1.32 < a < 1.33,
0.86 < |B] = |yl =a"'/? < 0.87,

h(t) < %log 23,

and

0.24 < |s| = |r] < 0.25.

Let

e(k) :=Pk—t-ak =s-ﬂk+r‘yk
and

e(k) =R, — a* = g+ 4",
Then, it follows that

le@] = |s-p* 4+ 77| < sl 18I+ 171 - 171" < 0.5a772,

(H

and
"ol = | gk Kl < a1k k2—k/2

W] = [+ | < 181+ 11" < 2a @)
for k > 1.1t can be seen that
a2 <R, <d*'fork>2 3)
and
a2 <P < fork> 1,k #3, )

by induction method. Let F' := Q(a, f). Then it follows
that |Gal(F/Q)| =[F : Q] =6, Gal(F/Q) ~ {(1), (ap),
(ay), (By), (aBy), (ayp)} ~ S;and [Q(a) : Q] =3.

Some authors have investigated generalized Fibo-
nacci numbers, which are any multiple of the generalized
Fibonacci or Lucas numbers under special assumptions.
They use the congruence, linear forms in logarithms,
and properties of the Legendre symbol. In Bugeaud
et al. (2006), the authors determined that the perfect
powers that are Fibonacci numbers are F, €{0, 1,8, 144}
and Lucas numbers are L, € {1, 4}. In Bugeaud et al.
(2008), the authors found all nonnegative integer solu-
tions of the equations F, + 1 = y” with p > 2. In Keskin
and Demirtiirk (2011), Keskin and Demirtiirk showed
that there has no solution to the equation L, = L,, - L, - x*
under some assumptions. In Keskin and Siar (2013),
Keskin and Siar solved the equations of V, =V, -V,
V,=V. .V, -x*and U, = U, - U, where U, is general-
ized Fibonacci number and V, is generalized Lucas
number, under some assumptions. Some authors investi-
gated the equations like U, (P, Q) = x>, U,(P,Q) = k - X,

V.(P,Q) =2, V,(P,Q) =k-x*,U,(P,Q) = k- U,(P,0) - 2,
V,.(P,O)=k -V, (P,Q0) - x* under some assumptions P,
Q, and k. For more detailed information, see (Farrokhi
2007; Keskin and Demirtiirk 2011; Keskin and Siar 2013;
Karaatli and Keskin 2018; Baker and Davenport 1969;
Banks and Luca 2005; Rihane et al. 2022; Ribenboim
and McDaniel 1998, 2001; Giiney Duman et al. 2018).
In Rihane and Togbé (2021), the authors determined
that Padovan numbers are Pell or Pell-Lucas numbers
and Perrin numbers are Pell or Pell-Lucas numbers. In
Luca and Patel (2018), Luca and Patel showed all per-
fect powers that are sums of two Fibonacci numbers. In
Bitim and Keskin (2019), Erduvan and Keskin (2019),
Siar and Keskin (2020), Tiebekabe and Diouf (2021b),
the authors find the perfect power of 2, 3, 5 as difference
of two Fibonacci numbers. In Bravo and Luca (2016),
the authors find the perfect power of 2 as the sum of two
Fibonacci numbers. In Tiebekabe and Diouf (2021a), the
authors find the perfect power of 2 as the difference of
two Lucas numbers. In Patel et al. (2023), the authors
find the perfect power of an odd prime p as a sum or dif-
ference of two Lucas numbers with p < 10°. Let n, x, a,
m are non-negative integers, a > 1and 2 < x < 10. In this
work, firstly, the perfect power, which is a Perrin num-
ber, was examined and denoted as R, € {2,3,5,7,10}. To
find these solutions, the Diophantine equation

R, = x* &)

is solved. Later, the perfect power, which is the difference
of the two Padovan numbers, were examined and denoted
as R, e {2, 3,5,7, 10, 12, 17, 22, 29, 39, 51}. To find
these solutions, the Diophantine equation

R —R_ =x*° (6)

is solved. Moreover, the perfect power, which is the differ-
ence of two Padovan numbers was examined and denoted
asP,e{3,4,5,7,09, 12, 16, 21, 28, 37, 65, 86, 114, 200,

265, 2513}. To find these solutions, the Diophantine
equation

P,—P, =x" (7)
is solved.

Preliminaries

Lemma 1 (Legendre 1798) Let N be a nonnegative inte-
ger such that qy > M. Let T be an irrational number
with = =laga,ay.a3....1.  Po/4o-P1/41:P2/ - --- be
all the convergent of the continued fraction expansion
of T and M, r and s be positive integers. Then putting
a(M) := max {al- :i=0,1,2,... ,N}, the inequality
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>_ L
(a(M) + 2)s?

’ r
-1

s
holds for all pairs (r, s) with0 < s < M.

The following lemma is given from Corollary 2.3 of Mat-
veev (2000) [also see Theorem 9.4 in Bugeaud et al. (2006)].

Lemma 2 Assume that y,,y,,...,y, are positive real
algebraic numbers in a real algebraic number field
K of dlfgree bD, by,b,...,b, are nonzero integers, and
A=yt oy, = 1#0.Then

|A| > exp (—1.4 30" - 17 - A|A, ... A, - D*(1 + log D)(1 + log B)),

where max {|b;|} < Band max {Dh(y,),|logy,],0.16} <A,
foralli=1,2,...,t.

Lemma 3 (De Weger 1989) Let a,x € R. If0 < a < 1 and
|x| < a, then

_1 1_
llog(1 + )| < y-m
and
¢ = 1] —2— > |x|.
1—e

The following lemma is a different version of the lemma
given in Dujella and Petho (1998) and is also found in Bravo
et al. (2016).

Lemma4 Let A, B, u be some real numbers with A > 0 and
B> 1.Let M, u, v and w be positive integers, let p/q be a
convergent of the continued fraction of the irrational number
y such that g > 6M. Lete = ||uq|| — M||yql|- If e > O, then
there exists no solution to the inequality

0<|uy—v+ul <AB™,

with

log(Ag/e€) .

u<Mandw >
logB

Main theorems

We will assume that a is a positive integer. In this section,
we will give three theorems.

@ Springer

Theorem 5 Let 2 < x < 10 be an integer. If the equation
R, = x* has a solution, then

R, € {2,3,5,7,10}.

Proof Suppose that the equation R, = x* is valid. Suppose
that n < 100. We find

(R,.n,x,0) € {(3,0,3,1),(2,2,2,1),(3,3,3,1),(2,4,2, 1),
(5,5,5,1),(5,6,5,1),(7,7,7,1), (10,8, 10, 1)}

with a simple computer calculation. Now, suppose that
n > 100. By (6), we write

R,=a"+p"+y"=x"
We will use this equation by arranging it as
a’ —x ="+ ).

We take the absolute value of this equation, then we can
write

n n /
eyl _lewl 2

-n.a
|(Z X = 1| a al — q3n/2 (8)

by using (2). To apply Lemma 2, we take

xa
A, v15 12,01, b)) 1= (;—l,a,x,—n,a)- )

It can be shown that A # 0. Since the logarithmic height for
Y1, 7o are

loga
hn) 1= h(@) := =2~ h(r) = logx,
we can choose
(A,Ay) :=(loga, logx?). (10)

Also, since
>R, = x> 20> o,

B > max {| — n|, a}, we can choose B : = n.By using Lemma
2,(8), (9) and (10), we give

2072 > |Ay| > exp
(-1.4-30°-2*%.9- (1 +1og3) - loga - logx® - (1 + logn))
ie.,

(3n/2)loga —log2 < 2.83 - 10'° . (1 + logn). (11)

So, we find n < 1.97 - 102, Now, assume that
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z:=n-loga—a-logx.

Then, we obtain

e — 1] < <001.

a3n/2

We choose a := 0.01to use Lemma 3. Then, we write

2 log(100/99) “3n2
|z| < Py 001 <202 -«a (12)
and so
loga a 2.92
-=|< .
log x n| nadn/?
lo
We take y 1= lﬂ ¢ Q,and M :=1.97-10'2 > n. Then,
ogx
the denominator of the 32st convergent of y exceeds M. On
. a3n/? 3100/2
the o.ther hand, it can be seen that == > = So, we
obtain

292 _ 1
na3n/2? 2}’12‘

log a a
log x n
From the known properties of continued fraction, it can seen
that the rational number 3 is a convergent of 112%. Now let £

q,
. . 1

be r-th convergent of the continued fraction of % and¢ =&

x n 4q;

for some ¢. Then we have g3, > 7.3 - 10'2. Thus r € {0, 1,2
,-.» 32}. Furthermore, a,, = max{q;|i = 0,1, ...,32} = 241.
By Lemma 1, we obtain

loga P 1
logx gq,|  243n2’
So, we have

292 supy L
n 243n2

Then, we get

_ 292 292 1 1 _
14110718 > == —— > 5610716,
07> o 2 i 3aan ~ a37a om0 10
This is impossible. So the proof is completed. O

Theorem 6 Let 2 < x < 10 be an integer. If the equation
R, — R, = x* has a solution, then

R, €{2,3,5,7,10,12,17,22,29,39,51}.

Proof Suppose that the Eq. (6) is valid. Suppose thatn < 350.
We find

(R,,n,m,x,a) € {(3,0,1,3,1),(2,2,1,2,1),(3,3,1,3,1),(2,4,1,2,1),
(5,5,0,2,1),(5,5,1,5,1),(5,5,2,3,1),(5,5,3,2, 1),
(5,5,4,3,1),(5,6,0,2,1),(5,6,1,5,1),(5,6,2,3,1),
(5,6,3,2,1),(5,6,4,3,1),(7,7,0,2,2),(7,7,0,4,1),
(7,7,1,7,1),(1,7,2,5,1),(7,7,3,2,2),(7,7,3,4, 1),
(7,7,4,5,1),(1,7,5,2,1),(7,7,6,2,1),(10,8,0,7, 1),
(10,8,1,10,1),(10,8,2,2,3),(10,8,2,8,1),(10,8,3,7, 1),
(10,8,4,2,3),(10,8,4,8,1),(10,8,5,5,1),(10,8,6,5, 1),
(10,8,7,3,1),(12,9,0,3,2),(12,9,0,9, 1), (12,9, 2,10, 1),
(12,9,3,3,2),(12,9,3,9,1),(12,9,4, 10, 1), (12,9,5,7, 1),
(12,9,6,7,1),(12,9,7,5,1),(12,9,8,2,1),(17,10,7,10, 1),
(17,10,8,7,1),(17,10,9,5,1),(22,11,9, 10, 1),
(22,11,10,5,1),(29,12,2,3,3),(29,12,4,3,3),
(29,12,11,7,1),(39,13,0,6,2),(39,13,3,6,2),
(39,13,7,2,5),(39,13,9,3,3),(39,13,12, 10, 1),
(51,14,2,7,2),(51,14,4,7,2)}

with a computer calculation. Suppose that n > 350,
m=1. Then we have R, =x“ This is impossible by
Theorem 5. Since Ry =R; =3, R,=R, =2, we can
take m > 2. Suppose that n>350, n—m < 3. Since
R,=R,+x*>R,+2>R,,wefindn —m > 0.Then we
have

Rn _Rn—l = Rn—S =x4,
Rn _Rn—Z = Rn—3 = 'Xu’
Rn - Rn_3 = Rn_z = .xa.

These are impossible by Theorem 5. Now, suppose that
n >350,m > 2 and n — m > 4. By (6), we write

R,=a"+p"+y" " =a"+p" +y" +x°
We will use this equation by arranging it as
a' —x'=—-(p"+y")+R,,

and

o —a" —xt ="+ ") = (B + ).

Then, we can write

n n R
[1—ax < —lﬂ + 7] + =
a a
/ m+1
< [le (:)| + a_n] (13)
(04 04
2 1 1.33
[an+n/2 an—m—l] < at-m

and
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_ x! "+ 18" + "
at(l —am=n)| = a”(l — =) a'(1 — am=n)
- le’ (m)l ')
T =am) an
<|—1 [ CH— |
(1 — a_4) an - am/Z a - a"/2
< 2.24
an
(14)
by using (3), (1) and (2). Let’s take
(A, 71,72.01,by) = (1 -, a) (15)

and

(Mo, ¥1> 15 73) o= <1 -

x4 1
k a’ x’
an(l — am—n) 1 — qm—n
(16)

(b}, b5, b)) :=(-n,a,1) a7)

to apply Lemma 2. It can be easily seen that A; # 0 and
A, # 0. We can choose

(A,A,) := (loga,logx?), (18)
A", AL ALY 1= (loga,logx®, 2.1+ (n—m) -loga)  (19)
since the logarithmic height for y;, y,, 7/, 7,7} are

I
h(a) : < %,h(}c) <logx,

oga
3

1
h( 1 )§10g2+(n—m)~h(a)§0.7+(n—m)-
l_am—n

Also, since
>R =R, +x>x">2"> a%,

B > max {a,| —n|} and B’ > max {| —n|,a,|1]|}, we can
choose

By using Lemma 2, (13), (15), (18) and (20), we obtain
a""(1.33) > |A| > exp
(1.4(=30°)2*3%(1 + log3)log a - logx® - (1 + logn)),

ie.,
(n—m)loga < 2.83-10'". (1 +logn) +1og(1.33)  (21)

and by using Lemma 2, (14), (16), (17), (19) and (20),

2.24a™" > |A,| > exp (—1.4 - 30° - 3%%(1 + log 3)
(214 (n—m)-loga) - loga - logx’ - (1 + logn))

@ Springer

i.e.,
nloga —10g2.24 < 526102 . (2.1 + (n —m)loga) - (1 + logn).

(22)
By using (21) and (22), we get

nloga —log2.24 < 5.26 - 10" - (1 + logn)
+(2.142.83-10' - (1 + logn) + log(1.33)).

So, we findn < 2.17 - 107,
Now, assume z; :=n-loga — a - log x. Then we obtain

|e* 1|<£<045

forn —m > 4. We choose a := 0.45to use Lemma 3. Then,
we write

log(100/55) 1.33

|z,] < 045 o < 1.77 - a7t 23)
and also we obtain
loga a 2.56
< =< = (24)
log x n na"m

1
We take y 1= —IZi“ ¢ Qand M :=2.17- 107 > n. Then,
X

e3> the denominator of the 63rd convergent of y, exceeds M.
Let n —m > 275. So, it can be seen that % > n. Then, we
obtain

1
(1)
log x n

It can seen that the rational number is a convergent of

log a

Let £ be r-th convergent of the contmued fraction of logz nd
¢ = L for some ¢. Then we have gg; > 2 - 10”7 and ¢ € {0, 1,2

,..., 63}. Then we find ay; = max{q;|i =0,1,...,63} =433
and we get

loga P 1
logx gq,| 43502
Thus, we have
2.56 1

> —.
na™m = 435n2
and

.56 .56 1 1
1074 > =22 > =29 5 - >1.14-107%.

67-10 >a275— 435n>435-2~1027> 0

Thus, we find n — m < 275. So, it follows that n < 5.9 - 101¢
from (22). Now, let




Proceedings of the Indian National Science Academy (2024) 90:124-131

129

2 ::—n'loga+a'logx+log(l_lW> (25)

‘We obtain

les — 1] < 224 < 0.01
an

for n > 350 from (14). Let’s choose a’ := 0.01 to use Lemma

3. So, we have the inequality

2.24 log(100/99) _
— <2267,

lzo| < o 0.01 a (26)
and also

loga log ( 1—;»1—” )
0< n( >—a—— <327-a". (27)

logx log x

log

¢ Qand M :=5.9-10'° > n, then
log x

the denominator of the 60th convergent of y exceeds 6M. We

log ( 4=
M,A :=327,B:=a,and w
log x

Lemma 4. Then, we can say that the inequality (27) has no
solution, if

If we determine y =

take y := — :=nin

log(3.27 - g/ €)

< 336.99 <
log a " (28)

for each 4 <n-m <274 without (x,n—m)=(2,5),
2,7, (2,14), (3,5), (3,13), 4,5), (4,14), (5,5), (6,5),
(7,5), (8,5), (9,5), (9,13), (10,5). Son < 336,in this case.
This is impossible since 350 < n.If (x,n — m) = (2,5), (2,7),
(2,14), (3,5), (3,13), 4,5), (4,14), (5,5), (6,5), (7,5),
8,5), (9,5), (9,13), (10,5), then it can be easily seen that

R,—R,_s=R,_ =2
Rn - Rn—7 = 2Rn—3 = 2“'
Rn - Rn—M = 4Rn—5 = 2”’
R,—R,_s =R, =3
R, =R, ;3 =3R, 4 =3
R,—R,_s=R,_ =4
R, =R, 14 =4R, s =4,
Rn _Rn—S = Rn—l = Sa’
R, =R, s =R, =6

n

R,—R, s=R, =T,
R, =R, s =R, =8,
R,—R,_s=R,_; =9%
R, =R, 3=3R,_, =9,
R,-R,_s=R 10°.

n—1 =

These are impossible by Theorem 5. O

Theorem 7 Let 2 < x < 10 be an integer. If the equation
P, — P, = x"has a solution, then

P, e {3,4,5,7,9,12,16,21,28,37, 65, 86, 114,200, 265, 2513}.

Proof Suppose that the Eq. (7) is valid. Let n < 260. Then,
we find

(P,,n,m,x,a) € { (3,5,0,2,1),(3,5,1,2,1),(3,5,2,2,1),(4,6,3,2,1),(4,6,4,2, 1),
(5,7,5,2,1),(7,8,7,2,1),(9,9,8,2,1),(5,7,0,2,2),(5,7,1,2,2),
(5,7,2,2,2),(7,8,5,2,2),(9,9,7,2,2),(16,11, 10,2,2),(9,9,0,2,3),
9,9,1,2,3),09,9,2,2,3),(12,10,6,2,3),(21,12,7,2,4),(28,13, 10, 2,4),
(37,14,12,2,4),(65,16,15,2,4),(37,14,7,2,5),(65, 16,0,2,6), (65, 16, 1,2, 6),
(65,16,2,2,6),(265,21,9,2,8),(2513,29,23,2,11),(4,6,0,3,1),(4,6,1,3,1),
(4,6,2,3,1),(5,7,3,3,1),(5,7,4,3,1),(7,8,6,3,1),(12,10,9,3, 1),
(12,10,5,3,2),(16,11,8,3,2),(21, 12, 10,3, 2),(37, 14,13, 3,2), (28, 13,0, 3, 3),

(28,13,1,3,3),(28,13,2,3,3),(86,17,7,3,4),(5,7,0,4,1),(5,7,1,4, 1),
(5,7,2,4,1),(7,8,5,4,1),(9,9,7,4,1),(16,11,10,4, 1),(21,12,7,4,2),
(28,13,10,4,2),(37,14,12,4,2),(65, 16,15, 4,2), (65, 16,0,4, 3), (65, 16,1,4, 3),
(65,16,2,4,3),(265,21,9,4,4),(7,8,3,5,1),(7,8,4,5,1),(9,9,6,5, 1),
(12,10,8,5,1),(21,12,11,5,1),(28,13,5,5,2),(37, 14, 10,5, 2),(7,8,0,6, 1),
(7,8,1,6,1),(7,8,2,6,1),(9,9,5,6,1),(37,14,0,6,2), (37, 14, 1,6,2),
(37,14,2,6,2),(265,21,15,6,3),(9,9,3,7,1),(9,9,4,7,1),(12,10,7,7, 1),
(16,11,9,7,1),(28,13,12,7,1),(65,16,11,7,2),(86,17,14,7,2),(114,18,16,7,2),
(200,20, 19,7,2),(9,9,0,8,1),(9,9,1,8,1),(9,9,2,8,1),(12,10,6, 8, 1),
(65,16,0,8,2),(65,16,1,8,2),(65,16,2,8,2),(12,10,5,9, 1), (16, 11,8,9, 1),
(21,12,10,9,1),(37,14,13,9,1),(86,17,7,9,2),(12, 10, 3, 10, 1), (12, 10,4, 10, 1)}

with a computer calculation. Now, let n > 260. Since

P0=P1=P2=1, P3=P4=2 and P,=P,+x">P,,
we can taken —m > 1,m > 2 and m # 3. By (7), we write

P,=ta" +sp" +ry" =ta™ +sp" +ry" +x°.
We will use this equation by arranging it as
ta" —x* =P, +—(sp" +ry"),

and

ta" —x* —tad" = =t +ry™) + (" + ry™).

Then we can write

P n n
Ly _ 1‘ LN Ukt
t ta" ta
m—1
S[a " |€(’l)|] (29)
ta” ta
<[ 1 0.5 ] < 1.39
L tgn—m+l1 tatn/2 qn—m+l
and
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.x{l
ta"(1 — am—")

sp™ + ry™ sp" + ry”|
ta™(1 — am—") ta™(1 — am—")

1 [Ie(m)l + Ie(n)l]

t(1 — am™") ar a’
1 [ 0.5 0.5 ]
< - +
¢! —a‘l)’ an - qm/2 - gn . qn/2
< 2.46

a” (30)
by using (4), (1) and (2). To apply Lemma 2, we take

1)y, 7} ’}3’b 3b27b3 -_(1 s Wo Ay by s Uy ™ )
( IYI 2 1 ) a,x,t,—n,a l

and

x4 1
A > ,5 ’7 ! = 1- s Uy Ay
(Ao 71572, 73) ( (1 —amny & t_tam—n>

(32)

B, b, bY) = (=n,a, ). (33)

It can be shown that A; # 0 and A, # 0. Since the logarith-
mic height for y;, 75,73, 7,75, v; are

1 log 23
h(a)g%,h(x)glogx,h(t)g °g3 ,

h(;> <1og2 + (n—m) - h(a) + h(t) + h(©)
t—tam "
loga

3 b

<2794+ n—-m)-
we can choose
(A,Ay,A3) :=(loga,3logx,3.14) (34)
(A],A,AL) := (loga,3logx,8.37,+(n—m) -loga). (35)

Also, since

V> P =P x> x> 20> a%,

B >max {| —n|,a,|—1|}and B’ > max {| —n|,qa, |1|}, we
choose
B=B :=n. 36)

By using Lemma 2, (36), (31), (34) and (29), we have

"""t (1.39) > |A| > exp
(1.4(=30° - 3*% - 3%(1 + log 3) log e log x - 3.14 - (1 + log n)),

ie.,

(n—m)loga < 1.65- 10" - (1 + logn) + log(1.39/a) (37)

@ Springer

and by using Lemma 2, (32), (30), (36), (35) and (33),

246 - a™" > |Ay| > exp (=1.4-30° - 3%3(1 +log3)
‘loga - logx® - (1 +1logn) - (8.37 + (n —m) - log )

i.e.,
nloga —log2.46 < 5.26 - 102 - (1 + log n)(8.37 + (n — m) - log ).

(38)
By using (38) and (37), we obtain

nloga —log2.46 < 5.26 - 10'? - (1 +logn)
(8.37+ 1.65- 107 - (1 + logn) + log(1.39/a)).

So, we find n < 1.54 - 10%0,
Now, assume that

z3 :=nloga +logt—alogx

from (29). Then,

1.39

an—m+l

le® — 1] < <0.8
for n —m > 1. We can choose a := 0.8 to use Lemma 3.
Then, we write

log(10/2
02(10/2) © 139 15 ynm

lz3] = [log(x + D] <

0.8 an—m+l
and so
log @ logt 3.1
0< —a+ < .
n<logx> “ logx| anm (39)
1
If we take y := oga ¢Q, u:=logt/logx and
logx
M :=1.54-10°" > 5, then the denominator of the 71st con-
vergent of y exceeds 6M. Suppose that

(A,B,w) := (3.1, a,n — m) in Lemma 4. Then, if
log(3.1g,,/e)/loga < 348.2 < n—m,

there is no solution to the inequality (39). It follows that
n—m<348andn < 8 - 10'° from (38). Now we will calcu-
late a better for n by using Lemma 4. Let

zy i=—n-loga+a logx+10g< I >
L =N . —_—
(1 —amn)

From (30), we obtain

le — 1] < 220 < 0.01
an

for n > 260. Let’s choose a’ :=0.01 to use Lemma 3.

Thence, we have the inequality
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log(100/99
|z4] < 246 —og( /%9) <248 -a7",
a’ 0.01

and also

logx

1
If we take y = loﬂg Qand M :=8.1-10' > n, then g,
ogx

log <t—l(xﬁ>

<3.58-a™".
log x * (40)

exceeds 6M. We take ;. = _MA :=3.58, B :=a,and

logx

w = n. Then, we can say that the inequality (40) has no
solution, if

log(3.58 - q47/¢€)

<2553<n
log &

for each 1 < n—m < 348. It follows that n < 255. Since
260 < n, this is impossible. O
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